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Abstract. This paper presents a new general class of compound autoregressive (Car)
models for non-Gaussian time series. The distinctive feature of the class is that Car models
are specified by means of the conditional Laplace transforms. This approach allows for
simple derivation of the ergodicity conditions and ensures the existence of forecasting
distributions in closed form, at any horizon. The last property is of particular interest for
applications to finance and economics that investigate the term structure of variables and/
or of their nonlinear transforms. The Car class includes a number of time-series models
that already exist in the literature, as well as new models introduced in this paper. Their
applications are illustrated by examples of portfolio management, term structure and
extreme risk analysis.
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1. INTRODUCTION

In finance and economics, the dependence betwen the forecasted values of a
process and the forecast horizon, called the term structure, is an important
topic of theoretical and applied research. In finance, considerable attention is
given to term structures of variables such as interest rates, volatility of
financial assets and optimal portfolio allocations. The forecasts generally
concern the exponential transforms of variables of interest, and therefore,
require the computation of real conditional Laplace transforms. This paper
introduces a new class of non-Gaussian time-series models, called the
compound autoregressive (Car)'. models. The Car models are distinguished
from other processes by their specifications based on the conditional Laplace
transforms. The advantage of this approach, compared with the commonly
used conditional mean- or variance-based specification, is simple derivation
and verification of stationarity and ergodicity conditions. Another advantage,
compared with the conditional density (distribution)-based specification is that
it provides a unified treatment for discrete, continuous and mixed variables.
Furthermore, the conditional Laplace transform specification ensures that any
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forecast of a Car process, or its nonlinear transforms, can be found easily, and
written in a closed form. This characteristic is very important in the term
structure analysis of financial and economic variables, and their nonlinear
transforms. In particular, the use of discrete time Car models facilitates the
term structure analysis of interest rates, commonly conducted in a continuous
time setup that entails restrictive time coherency conditions (see Duffie ef al.,
2003; Gouriéroux et al., 2005).

The class of Car processes is very large and includes a variety of linear and
nonlinear time series. It differs from other extensions of autoregressive moving-
average (ARMA) models that appeared recently in the literature, such as the
generalized linear GARMA models (see Li, 1994; Kuchler and Sorensen, 1997,
Benjamin et al., 2003; Fokianos and Kedem, 2004). The advantage of GARMA
models is simple estimation by partial likelihood. However, the strength of Car
models lies in the availability and closed form of any forecasting distribution.

The paper is organized as follows. Section 2 defines the conditional Laplace
transform of a Car process and derives the closed-form expressions of forecasting
distributions at any horizon. Examples of Car processes are described in Section
3. Weak and geometric ergodicity are characterized in Section 4. A comprehensive
classification of univariate time-reversible Car processes is given in Section 5.
Section 6 illustrates the application of Car to portfolio allocations, term structure
of interest rates, and introduces a new, and so far unexplored, application to
extreme risks. Section 7 concludes the paper. The proofs are given in the
Appendices.

2. THE COMPOUND AUTOREGRESSIVE MODEL

The dynamics of a Car process are defined in terms of the conditional Laplace
transform which is the conditional expectation Elexp (—z'Y,) | ¥,_1], where z is a
complex vector argument, and ¥,_; denotes the g-algebra generated by the lagged
values of the process. Below, we define the Car process and show that the
nonlinear forecasts based on Car and standard Gaussian AR(1) have similar
expressions.

2.1. Definition

DeriNiTioN 1. The vector process Y of dimension n is compound autoregressive of
order p[Car(p)), if and only if the conditional distribution of Y, given Y,_| admits the
conditional Laplace transform:

Elexp(=2'Y) | Yii| = exp[—d| (2)¥iy = -+ = @,(2) Vi p + b(2)], (1)
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where a, # 0, for any multivariate z = u + iw with complex components, such that
the conditional expectation exists.

The conditional log-Laplace transform in eqn (1) is an affine function of the p
most-recent lagged values of the process. This implies that Y is a Markov process
of order p.

The coefficients in the series expansion of the conditional Laplace transform
allow for identification of the conditional moments (if these exist). In particular,
the logarithm of the conditional Laplace transform admits an expansion with
coefficients related to the conditional multivariate cumulant moments (see
McCullagh, 1987). Proposition 1 follows.

Prorosition 1. If the conditional moments of all orders exist and the conditional
distribution is characterized by the sequence of conditional moments, then the
process admits a Car(p) representation if and only if the conditional multivariate
cumulant moments are affine functions of Y,_1,....Y,_,.

In particular, the conditional mean is affine. Therefore, when the conditional
mean exists, a Car process is a conditional linear AR(1) [CLAR(1)] model, as
defined in Grunwald et al. (2000). Like any Markov process, a Car process of
order p is equivalent to a Car process of order 1 obtained by stacking the lagged
values into a vector of dimension p.

_Prorosimion 2. The process Y is a Car(p) process if and only if the process
(Y) = (Y, Y/ ,....Y ,.)) is a Car(l) process.

Proor. See Appendix A. O

Therefore, without loss of generality only Car(1) processes are considered in the
sequel.

2.2. Invariant distributions

ProposiTion 3. The log-Laplace transform of an invariant distribution of a Car(1)
process is a function ¢ such that: b(z) = c(z) — cla(z)].

Proor. By the invariance property and the iterated expectation theorem, we get:

exple(z)] = Elexp(—2'1,)] = E[E[exp(=2¥,) | Yit]]
= E[exp[~a(z) Y1 + b(2)]]
= explcla(z)] + b(z2)]. O
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The conditions of existence and uniqueness of function ¢ are not always
satisfied (see Section 4 for a discussion of ergodicity). When Y, has an invariant
distribution, the conditional Laplace transform can be parameterized either by a
and b, or by a and c. In the first case, functional parameters a and b represent the
time dependence and the distribution of innovations, respectively (see Section
3.1); in the second case, functional parameters ¢ and ¢ represent the serial
dependence and the marginal distribution, respectively. Under the latter
functional parameterization, we get:

Elexp(—Z'Y;) | Y1] = exp[—a(z)' Y-y + ¢(z) — cla(2)]]. (2)

2.3. Nonlinear Forecasting

An important characteristic of Car processes is the existence of closed form of the
forecast of any nonlinear transform of a Car process at any horizon. For
comparison, Grunwald et al. (1996, 2000) focus on linear forecasts, which are less
often used in financial applications. The forecasting distribution of a Car(1)
process at any horizon / is easily obtained by recursive substitution.

Prorosition 4. For a Car(1) process we get:

h-1
Elexp(—2Ya) | Y] = exp | =a™ (@)Y + ) bla™(2)], 3)
k=0

where a°" denotes function a compounded h times with itself.

The nonlinear forecast function of a Car extends the forecast function of an
autoregressive Gaussian model of order 1 where a°(u) = p"u and p is the
autoregressive coefficient. The forecasting distribution has a simple form for a
stationary process Y, which has a stationary (invariant) distribution with log-
Laplace transform ¢, since:

=

-1
Bla™(2)] = c(2) - cla™(2)]
0

=
Il

For a Gaussian autoregressive process, this expression defines the distribution
of innovations at horizon % given the marginal distribution and the
autocorrelation coefficient p.

CoroLLARY 1. For a Car(l) process with log-Laplace transform c, we get:
E[exp(=2Yin) | ¥.] = exp[a”(2) ¥, + c(z) — cla”(z)]]. (@)

Similarly, it is possible to derive a closed-form expression of the joint
conditional Laplace transform for Y, ,...,Y, .
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ProposiTioN 5. We get:
E[exp(zy Yot + -+ 2 Yen) | Y] = explA(t, 0+ 7)Y + B(t, ¢ + b)),

where coefficients A and B satisfy the backward recursions:

A(t+j,t+h) =alzm + A+ j+ 1,64 h)],
and
B(t+j,t+h) =b[zij1 +A(t+j+ 1, t+h)] +B(t+j+1,t+h),
for j < h, with terminal conditions A(t+h,t+h) = 0, B(t+h,t+h) = 0.

Proor. See Appendix B. O

3. EXAMPLES OF CAR PROCESSES

A theoretical advantage of a Laplace transform model compared with a density
model is that this approach provides a unified treatment for discrete, continuous
and mixed variables. Thus, Car processes can represent the dynamics of count
data, non-negative continuous variables, dichotomous variables taking values 0
and 1, and so on, depending on the specification of functions @ and b. In this
section, we show some examples of Car models and comment on the relation
between the Car family and the class of affine processes in continuous time
introduced by Duffie et al. (2003).

3.1. Example 1. compound Poisson process

In risk analysis, the variable of interest Y, is often integer-valued and measures the
number of claims in period (¢, ¢ + 1). Therefore, one may be interested in an
autoregressive specification for (Y;), that has the marginal Poisson distribution,
for instance. It is not possible to use the standard linear AR(1) model such as:
Y, = pY,_1+¢, where [p| < 1 and (¢g,) is a strong white noise, independent of
Y,_:. A stationary, integer-valued Y, would require integer-valued ¢, and pY,_;.
This condition can hold only under the absence of serial correlation p = 0. To
circumvent this difficulty, the deterministic autoregression can be replaced by the
following stochastic autoregression:

Y1

Y, = Zzi,t + &, (5)
i=1
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where ¢, Z;,, i varying, are independent and independent of Y, ;, and the
variables Z;, follow a Bernoulli distribution B(1,p).

In particular, the invariant distribution of a Poisson-distributed ¢,, &, ~ P(4), is
P(A/(1—p)). The processes in this class are called (Integer-Valued autoregressive
INAR) and have been explored in the time series and insurance literature (see, e.g.
McKenzie, 1985, 1988, and Al-Osh and Alzaid, 1987 for the definition, Brannas
and Hellstrom, 2001 for survey, and Edwards and Gurland, 1961 and Gouriéroux
and Jasiak, 2002a for applications to car insurance and insurance premium
updating). The INAR(1) process is a Car process with:

a(z) = —Infpexp(—z) + 1 - p|, b(z) = =4[l —exp(-2)],

C(e) = = 11 = exp(-2).

3.2. Example 2. compounding processes with non-negative continuous values

A process Y, with non-negative values is obtained from two components: an
infinitely divisible distribution on R with Laplace transform exp[—a(u)] and a
distribution on R with Laplace transform exp[—b(u)]. Then the function:

W(u, ) = exp[—a(u)y: + b(u)],

is a well-defined conditional Laplace transform. Thus, under compounding, it is
equivalent to specify: (1) a Car process or (2) function a as an infinitely divisible
distribution and function b as a continuous distribution. The set of alternatives is
quite large. For instance, among the infinitely divisible distributions are
compound Poisson distributions, gamma distributions, stable distributions,
mixtures of exponential distributions, and so on. Moreover, it is possible to
specify a (resp. b) as a discrete distribution and b (resp. @) as a continuous
distribution, or to select distributions ¢ and b with different tail behaviours (see
Section 6.3). In some sense, the Car processes are defined by extending the
definition of the thinning operator. Let Z; denote independent and identically
distributed (i.i.d.) Bernoulli variables with common distribution B(1, p),
p €10, 1]. The thinning operator associated with the sequence Z = (Z;), and
applied to a (deterministic or stochastic) integer-valued function of Y denoted by
N(Y), yields the variable defined as:

N(Y)

ZxN(Y) =)z,

i=1

(see, e.g. Sim, 1990 for such a model for continuous positive variables Z;). Loosely
speaking, the extension consists in replacing the arithmetic sum by a stochastic
integral f(;v ) Z;di, where N is continuously valued. In Car processes, we have
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N(y) = y. This shows that Car processes considerably extend the class of ‘thinning
models defined on the positive real line’, in Grunwald et al. (2000).

3.3. Example 3. Continuous time affine processes

Continuous time affine processes have been considered independently by Duffie
et al. (2003). A continuous time Markov process is affine if and only if:

E/Jexp(—2'Y14)] = exp[—an(2)'Y, + by(z)] Vi €R,Vh € RT,Vz € D.

Since the requirement that the log-Laplace transform has an affine form has to
be satisfied for any real positive horizon, it is in particular satisfied for any integer
horizon. Thus, any-time discretized continuous time affine process is a Car (but
there exist many Car processes without a continuous time counterpart). For
example, the autoregressive gamma process (Gouriéroux and Jasiak, 2005) is the
time-discretized Cox—Ingersoll-Ross diffusion process (Cox et al., 1985). It is
defined in two steps by introducing an intermediate latent variable X,. We assume
that: (1) the conditional distribution of Y, given the latent variable X, is gamma
with degree of freedom 6 + X Y, | X, ~ y(d + X)), and (2) the conditional
distribution of X, given Y, ; is Poisson with parameter fSY,_;:
X, | Y,y ~P(pY,_1), where f > 0, 6 > 0. Then,

_ P
T4z

a(z)

b(z) = —d In(1+2), c(z)=—0 1n<1 +1f—ﬁ>.

In particular, the marginal distribution is such that: (1 — )Y, ~ 9(d).

3.4. Example 4. Wishart autoregressive process

Let us consider a Gaussian VAR(1) process: X, = AX,_; + ¢, ¢, ~ N(0,X), and
the matrix process defined by Y, = X,X,/. For any symmetric matrix I’ we get:
(Gouriéroux et al., 2004; Gouriéroux, 2006)
explX/ (27! — 2I') " 'TuUx))

det(ld — 2=T)"/?

Elexp(X,

t+1

LX) X =
Equivalently, this relation can be written:

S exp(Xr, 2p (E71(E! - 2I)7'T4),¥y)
E eXp(ZZVinU,FH)‘)(t} = == i
=

pm det(Id — 25T/

where B;; denotes the (i,j)th element of a matrix B. Therefore, the matrix process
(Y,) is a Markov process with an exponential affine conditional Laplace
transform. The process (Y;) can be considered as a dynamic extension of the
Wishart distribution. The Wishart autoregressive processes (WAR) are dynamic
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models for stochastic, symmetric matrices which extend the autoregressive gamma
process to a multivariate framework.

4. ERGODICITY

The ergodicity and mixing properties of a Car can be derived by using the well-
known sufficient conditions based on Lyapunov functions (see Tong, 1990; Meyn
and Tweedie, 1992, 1999). This section discusses two types of ergodicity
conditions. The condition limy, ...a°"=0 ensures that the transition distribution
at horizon / tends to a limiting distribution. The second condition concerns the
stability of the Jacobian matrix (da/0u’) (0) and ensures geometric ergodicity and
p-mixing.

4.1. Weak ergodicity
Let us consider a Car process with marginal log-Laplace transform ¢. We get:
Elexp(—Z'Yip) | Y] = exp(—a”(2)'Y, + c(z) — c[a”(2)]).
Since the weak convergence is equivalent to the convergence of Laplace

transforms, we get the following property.

ProrosiTioN 6. If there exists an invariant distribution with Laplace transform
exp c(z), where c is continuous at zero, then the conditional distribution of Y, given
Y, weakly converges to the invariant distribution if and only if: lim,_..a°"(z) = 0,
Vz € D.

Proor. Indeed we get

hlim Elexp(—Z'Y,14) | Y| =exp (hlim a(2)' Y +e(z)—c Llim a" (z)] )
=exp c(z). O

Under the condition lim,_..a°"=0, Vz € D, the invariant distribution is
necessarily unique and, at an infinite horizon, the conditional distribution does
not depend on the initial value of the process.

4.2. Geometric ergodicity
Under the condition lim,, ., a°"=0, we have:

Jim [P[Yipy €4 | Y] = msc(4)] =0,
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for any set 4 such that the invariant distribution 7., has mass zero on the
boundary 04 of set 4. Asymptotically valid statistical inference requires a
stronger ergodicity condition such as geometric ergodicity, which is met if and
only if there exists a scalar »>1 such that:

P sup |P[Yin € A | Y, = y] — 1o (4)] < 0,
=1 4

for any y, where the supremum is taken over all measurable sets. The condition
above implies a geometric rate of convergence of the transition distributions.
Proposition 7 is proved in Appendix C.

ProrosiTioN 7. Let us assume:

(A.1.) The conditional Laplace transform admits a series expansion in the
neighbourhood of 0;
(A.2.) The process is a Car process, which satisfies one of the following conditions:
(i) a and b are either distributions on N" or on Z".
(ii) if a and b are both distributions on R” (resp. R™), a is infinitely divisible.

Then the process (Y;) is geometrically ergodic and -mixing with a geometric decay
rate if the largest eigenvalue of the Jacobian matrix (Oa/ou’) (0) has modulus <1,
that is if:

For the univariate Car, the stability condition becomes:

da
@(0)‘<1'

4.3. Relation between weak and geometric ergodicity (for a univariate process)

4.3.1. Non-negative processes

Let us consider a non-negative process and function a which is the log-Laplace
transform of an infinitely divisible distribution. Function « is increasing, concave
and satisfies a(0) = 0. In particular, we get the Lipschitz condition:

da

< —

a(u) < du

Thus the stability condition da/du (0) < 1 (geometric ergodicity) implies
limy,_... a®"(u) = 0, Vu € R (weak ergodicity).

(0) - u, YueR".
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4.3.2. The autoregressive gamma process
For the autoregressive gamma process, we have a(z) = fz/14+z. We see that: if
1—p 1"

-7 -

B#1:a"(z) = ﬁhz{l +
and if
B=1:a"z) =2l —i—hz]*l.
The weak ergodicity condition is satisfied if

hlim a(z2) =0, VzeD<+<=p<1.

Similarly, the geometric ergodicity is satisfied if:

da

In the limiting case f=1,(Y,) is a martingale and, as / tends to infinity, we get:
Elexp(—uYein) | Yi] — Elexp(—uYis)]
=exp(—a” ()Y, + c(u) — c[a(u)]) — exp c(u)

u u
= —_ Y — —_
exp( T P+ c(u) —c¢ L n hu}) exp c(u)

~ i (S0 ) e

We observe a hyperbolic decay rate of the conditional expectation written as a
function of /4, which creates a long memory effect.

4.4. Spectral decomposition of the conditional expectation operator

When the geometric ergodicity condition is satisfied, the rate of convergence of a
prediction at horizon h, E[g(Y,.;)| Y], to the stationary level E [g(Y,.;)] is less
than or equal to a geometric rate, but for some well-chosen transformations g the
rate of convergence can be strictly smaller. Proposition 8 provides insights into
basic transformations that yield different geometric decay rates.

ProrosiTion 8. Let us assume that the Laplace transform exists for any real
argument and that

da

Then the conditional expectation operator ¢ — T, defined by:
To(y) = Ele(Yin) | Yo =),
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admits a spectral decomposition. The eigenvalues are real, and given by:

n

d
20|, n>o,

and the eigenfunction associated with 1, is polynomial P, of degree n.
Proor. See Appendix D. ]

In particular, the fS-mixing coefficient is equal to [|(da/du) (0)|, and the
transformation with the lowest rate of convergence is an affine transformation.
This extends the well-known result for AR(1) Gaussian process with Hermite
polynomials as eigenfunctions.

5. CLASSIFICATION OF REVERSIBLE CAR(1) PROCESSES

In this section, we provide a comprehensive classification of univariate reversible
Car(1) processes and their properties.

5.1. Definition and characterization

The process Y is reversible if its dynamic properties in calendar and reversed time
are identical. Since the process is Markov, the reversibility condition is equivalent
to the symmetry of joint distribution of (Y,,Y,_;) with respect to both arguments.
The Laplace transform for Y, and Y,_; associated with the joint distribution can
be written as:

Elexp(—uY, — vY;_1)] = E[exp(—vY,—1)E [exp(—uY,) | Y_i]]
= Elexp(—(a(u) +v) Y1 + c(u) — cla(u)])]
= exp(cla(u) + v] + c(u) — cla(u)])
= exp[®(u, v)], say.

Prorosition 9. The Car(l) process Y is reversible if and only if ®(u,v) =
cla(u) + v] + c(u) — cla(w)] is a symmetric function of u and v.

The condition above implies some restrictions on functions ¢ and a [see
Appendix F (i), (ii), (iii)].
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Proposttion 10.  When the process Y is reversible:

oo (£) (5218052} 52)

(ii) the function

(i)

=0 (8

Therefore the log-Laplace transform of the marginal distribution of a reversible
Car process satisfies necessarily a Ricatti differential equation:

is quadratic.

2 2
0= o o0+ oo 0) ©

This equation is solved in Section 5.3. Once the marginal distribution is found,
the dynamics of a reversible Car process is characterized by the single parameter
(da/du)(0) equal to the f-mixing coefficient.

5.2. Nonlinear canonical decomposition
Let us assume

da
— 1.
du (0)’ <

For a reversible Car(1) process, the eigenfunctions P,, n > 0, of the conditional
expectation operator are orthogonal with respect to the innerproduct associated
with the invariant probability density function f. We can derive the nonlinear
canonical decomposition of the transition probability (see Lancaster, 1958).

ProrosiTion 11, If

da
@(0)’ <1,

and the stationary Car(1) process is reversible, we have.

fOrlye1) =)

1[0 noon (y,o] , )

where P,, n varying, is an orthonormal basis of polynomial eigenfunctions of the
conditional expectation operator.
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By recursions, we derive the forecasting distribution at any horizon /:

00 hn
70 130) = 100 |1+ 3 [210) Pn<yt>Pn<yt_h>].
n=1

5.3. The classification

This section describes all univariate reversible Car(1) processes. To proceed, we
need to find the expression of function ¢ by solving the Ricatti equation in (6) (see
Appendix E), and to infer function « from Proposition 10. The processes given
below are distinguished with respect to the roots of the characteristic equation:
Bo + P1x + Pox?=0, which can be of degrees 0, 1 or 2. We review their
distributional properties, ergodicity conditions and canonical decomposition (for
the eigenpolynomials, see Wong and Thomas, 1962).

5.3.1. Class 1: autoregressive Gaussian process
The Gaussian processes are obtained when f; = i, =0, that is when the
y-function is constant. Then Y, = pY,_; + ¢, where (g,) is a standard Gaussian
white noise, and we get:

e Conditional distribution: Mpy,_;,1); Marginal distribution: A/(0, ljpz);

e Log-Laplace transforms:

5]

u Mz

a(u) =up, blu) = - c(u) = m;

e Geometric ergodicity condition:

da
o=l <1

Polynomial eigenfunctions: Hermite polynomials;
Forecasting distribution at horizon 4:

1 — 2h
N(phyt—hal—pz);
—p

Compound function a : a®(u) = p"u;
y-function:

l .
1 —p?’

y(u) =

Joint log-Laplace transform:

1

= s

W+ 0%+ 2puv).
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5.3.2. Class 2: compound Poisson process
This process is obtained when 5, = 0, ff; # 0, that is when the y-function is affine.

e Conditional distribution: B(y,_1,0)*P(A(1—a)); Marginal distribution: P(1);
Log-Laplace transforms:

a(u)=—log[aexp(—u)+1—a], b(u)=—2A(1—o)[l —exp(—u)],
c(u)=—A[l —exp(—u)];

Geometric ergodicity condition: 0 <a<1;

Polynomial eigenfunctions: Charlier polynomials;
Forecasting distribution at horizon h: B(y,_,o/")«P(A(1—a"));
Compound function a:

a(u) = —log[o exp(—u) + 1 — o'];

y-function: y(u) = —u;
e Joint log-Laplace transform:

W(u,v) = —A(2 — o) + Aoexp(—u — v) + A(1 — a)[exp(—u) + exp(—v)].

5.3.3. Class 3: autoregressive gamma process
This process (see Gouriéroux and Jasiak, 2005) is obtained when the y-function is
quadratic and has a double root, i.e. for 5§, # 0, ﬂf —4p,p, =0.

e Conditional distribution: y(J,y,_1); marginal distribution: (1 — )Y, ~ 7(9);
e Log-Laplace transforms:

Pu

Geometric ergodicity condition:

da

L=<

Polynomial eigenfunctions: Laguerre polynomials
Forecasting distribution at horizon A:

1 — 1 —
1_—/§,ZN“/<5vﬁhl_[§,%h>;

Compound function a:

o —g 1"
a%@_ﬁuP+l_ﬂ4 ;
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e y-function:

5.3.4. Class 4. Bernoulli process with switching regimes
This process is obtained when the y-function is quadratic with two distinct real roots,
i.e.for iy # 0, f7 — 4ByB, > 0. The process is a Markov chain with two states O an 1.

e Conditional distribution: B(1, a(l — y) + yy,_1); Marginal distribution:

B(1, a);

Log-Laplace transforms:

[(1 — (I —o)(1 —y))exp(—u) + (1 —o)(1 —7)
a(l —y)exp(—u) + 1 —a(l —y)

b(u) = log(1 — a(l —7) +a(l —y) exp(—u)),

c(u) = log(aexp(—u) + 1 — a);

a(u) = —log

)

Geometric ergodicity condition:

da
du

| =pl<t

Polynomial eigenfunctions: Two polynomials only, which are the first
Krawtchouk polynomials (see Abramowitz and Stegun, 1970, 22.17).
Forecasting distribution at horizon A: B(1, o(1 — 9" + 7"y, ));

Compound function a:

(1= (1 =) (1 =9")exp(—u) + (1 —o)(1 =y")].
a(1 =y exp(—u) + 1 —a(l —h) ’

a(u) = —log{

y-function: y(u) = —u(1+u);
e Joint log-Laplace transform:

¥ (u,v) =log[(1 —)(1 — a1 = p)) + a1 — 2)(1 = y)(exp(—u) + exp(-v))
+a(l = (1 —o)(1 = 7)) exp(—(u+v))]-

5.3.5. Class 5
Is formed by processes, with a quadratic y-function with conjugate complex roots,
obtained for ff, # 0, f1 — 4fyf, < 0.
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Log-Laplace transforms:

a(u) = arctan[y tan u,

b(u) = —log cos u + log cos arctan[y tan u], c¢(u) = —log cos u;
e Geometric ergodicity condition:
da
—O) =<1
=)=l

Compound function a:
a’(u) = arctan[y" tan u];

y-function: y(u) = 14u%
Joint log-Laplace transform:

¥ (u,v) = —log[cos(u + v) + (1 — y) sin u sin v].

6. STRUCTURAL MODELLING USING REAL CONDITIONAL LAPLACE TRANSFORM

A number of problems encountered in finance, insurance and duration analysis
involve the real conditional Laplace transform as the functional parameter of
interest. This is due to common use of exponential transformations for modelling
positively valued functions such as utility functions, intensity functions, stochastic
discount factors and so on. Some typical examples of models based on conditional
real Laplace transforms are presented in this section. Their common feature is the
importance of the term structure (forecast function) of some variables, such as
prices, interest rates, defaults, extreme risks and so on, which defines the
dependence of the forecast function on horizon 4.

6.1. Portfolio management

The optimal strategy of portfolio management is usually considered in the
conditional mean—variance framework based on the conditional normal
distribution of returns and constant absolute risk aversion (CARA) utility
function (see Markovitz, 1976). The CARA utility function is defined as U(w) =
—exp(—Aw), and is increasing and concave. It depends on the positive risk aversion
parameter 4. A natural extension consists in relaxing the assumption of conditional
normality. Then the optimal portfolio at horizon / is determined by maximizing:

n(;claofﬁ Et{_ exp —A4 [Oflpt+h + 050(1 + rt,t+h)] }7

0

subject to the budget constraint o'p, + o9 = w,, where o« = (ay,...,0,) is the
allocation in the n risky assets, p;,, i = 1,...,n, the price per share of asset i, o the
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quantity of risk-free assets, r, ., the risk-free rate at horizon /4, and w, the amount
invested at time ¢. After eliminating the quantity invested in the risk-free asset o,
we obtain the new optimization:

max E,{—exp[—A4 Y,4]}, (8)

where Y.\, = p;n — (1 + ., p)p, denotes the excess gain. This optimization
depends directly on the conditional real Laplace transform of the excess gain Y. In
the stationary case, this problem is equivalent to minimizing:

%ln E{exp[—A4d Y4} = %C(AOC) - % {a"(40)'Y, + cla”(4a)] },
where Y., = p;on — (1 + r.,15)p; denotes the excess gain. The objective function
is a sum of two terms. The first term does not depend on horizon 4, corresponds to
the static (time-invariant) allocation, and represents the marginal expected utility.
The second term provides the adjustment to the price dynamics through function
a. In the 1.1.d. case, or when horizon / tends to infinity, only the first term in the
criterion function matters, and the optimal allocation is static.

As an illustration, let us consider a portfolio that includes a risk-free asset with
a constant risk-free interest rate r and a risky asset, with a stable conditional
distribution of the price per share, such that:

Ej[exp(—uY,1)] = exp[—|u|’ Y]],

with 0 < ff<1. The process Y takes positive values, and its conditional moments

do not exist because of the heavy tails of the the stable distribution. In this case,
h . . . .

a®"(u) = "', and the optimal allocation in risky asset:

1
ph-1

(147"
prar=

*_
O(h—

3

does not depend on the current price level. In the long run (A — o), the allocation
in the risky asset o, tends to +o0, and the allocation in the risk-free asset tends to
—oo to satisfy the budget constraint. Thus the investor will borrow the risk-free
asset to acquire more of the risky asset, despite the risk associated with fat tails.

6.2. Term structure of interest rates

A common element in asset pricing models in discrete time is a stochastic discount
factor (sdf), which accommodates both temporal discounting and risk adjustment
(see, e.g. Gouriéroux and Jasiak, 2001). Let us consider the price at ¢ of a zero-
coupon bond with residual maturity /# which pays $1 at date ¢ + h. Its price at ¢,
denoted B(¢, t + h), can be written as:

B(t, t + h) = El‘ [MIA,H-] M 'Mt+h—1,t+h]7
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where M,,,, denotes the sdf between ¢ and ¢ + 1. The sdf depends on the
information available at date 7 + 1 and is positive due to the arbitrage-free
constraints. The stochastic discount factor is often specified as an exponential
affine function of underlying factors (see, e.g. Gouriéroux and Monfort, 2006):

Myssr = exp(o Yoot + ), say.
Then the price of the zero-coupon bond becomes:
B(t,t + h) = exp(Bh)E[exp(e/ Yir1 + -+ + oY), )

A closed-form expression of this price is easily derived when the factor process
is Car. From Proposition 5, it follows that:

B(t,t+ h) = exp(Ph) exp[A(h)'Y, + B(h)], (10)
where A(h), B(h) satisfy the recursive equations A(h) = ala + A(h — 1)], B(h) =
blo + Ah — 1)] + B(h — 1), h > 1, with A(0)=0, B(0)=0. In particular, the
geometric yield defined by:

B(t,t + h) = exp[—hr(t,t + h)],
is such that:
A(h)’
h

y,— B0 (1)

r(t,t+h)=—p— 5

h varying. We get an affine term structure driven by factor Y, and characterized by
functions 4 and B. The discrete time approach presented above is much more
flexible than the standard affine term structure analysis in continuous time (see
Duffie and Kan, 1996).

6.3. Extreme risk

The approach based on conditional Laplace transform is applicable to extreme
risk analysis. Indeed, by the Karamata’s Tauberian theorem the asymptotic
behaviour of a cumulative density function (cdf) at infinity is related to the
behaviour of the Laplace transform at the origin. We have the proposition 12
(see Feller (1971), Chapter 13, Bingham, Goldie, Teugels (1987), Corollary
8.1.7).

Prorosition 12.  For 0 < 6(Y,) < 1, the following relations are equivalent:
(i)
; 1
E[exp(_uYH-]) | Yt] Nl_u()(},’)l(_aYt>7 foru%(),
— u
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(ii)

I(y,Y)

-t fory — oo,
PO - a(r))

PV <y|Y]~1

where [ is a slowly varying function and U denotes the gamma function.

In finance, the extreme risk analysis concerns the conditional Value-at-Risk
(VaR), which is a conditional quantile associated with a small risk level o (see
Gouriéroux and Jasiak, 2002b). Typically, a conditional VaR for horizon / and risk
level o is:

VaR;(h,a) = E}ll(oc),

where F, is the conditional cdf of Y, , given Y,.

Let us consider a non-negative univariate Car process and assume that
a(u) ~ c0u5°, c(u) ~ cu®, for u =0, where 0 < 00 <1, 0 <0 <1. Thus we
allow for different behaviours of ¢ and ¢ in a neighbourhood of the origin or
equivalently of the tails of the conditional and marginal distributions of the process.

Then

@ (u) m copu®,  c(u) e, efa(u)] ~ eq .
Therefore the conditional real Laplace transform at horizon / is equivalent to:
Elexp(—uYiy) | Y] = exp[—a”"(u)Y, + c(u) — c[a”(u)]]
~1-— co7hu53Yt + clu‘sl,
when u ~ 0. When
55 > 61, Elexp(—uYs) | Y]~ 1— couY,.

By applying Tauberian Theorem 6.1, we get:

contr

P[Yin<y|Y]ml——2t
[ t+1 | _t:I y"é[’(l _ 63)

and the VaR:

€1
conts g

VaR,(h, o) ~ |[——S0nl
) l(l—«)ro—é’a)}

When 53 < 01, the application of Tauberian theorem 6.1 implies:

Cl 3y
(1—o)(1=6y)] °
Let us, for instance, discuss the case d,> 0,. There exists the smallest integer H

such that 5OH < 01. For h < H, the conditional VaR depends on the lagged value of
Y and its behaviour is driven by function a. If 7> H, the conditional VaR is

VaR,(h,a) ~ [
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equivalent to the marginal VaR computed from function ¢. In conclusion, the
behaviour of functions a and ¢ in a neighbourhood of 0 provides information on
the dependence of VaR on the risk level and residual maturity for small o.

7. CONCLUDING REMARKS

Several models in finance, credit management and insurance concern the term
structures and are specified in terms of conditional Laplace transforms. This
paper proposed a family of dynamic processes for the analysis of term structures,
called the Car. The Car model represents the conditional Laplace transform as an
affine function of lagged values of a process. The class of dynamic Car models is
quite large. It comprises continuous as well as discrete or qualitative processes,
and is easy to use for nonlinear forecasting at any horizon.

APPENDICES

A. PROOF OF PROPOSITION 2

Let us consider a Car(p) process. The conditional Laplace transform associated with the
conditional p.d.f. of Y is:
Elexp(=2'Y,) | Yioi]
=Elexp(=2\ Y, =Y = = 2,Y 1) | Y]
= exp(—[a(z1) + 2)Yie1 = = [a,_1 (z1) + 2, ]Yipr1 — @ (z1) Yiep + b(z1)).

The above expression of Laplace transform defines a Car(1) process with:

a(z) = [a1(z1) + 22, s ap1(z1) + 2py ap(21)] -

B. JOINT LAPLACE TRANSFORM

We get:
Elexp(ziji1 Yoo+ + 20 Yeen) | Y]
— E{E[exp(Z) Yoot + -+ 2y Yown) | Yeap] | ¥}
= E{explz)y iy Yeejrr A+ j+ 16+ 1) Yoy + Bt +j+ 1,0+ 1) | Y}
=exp{alziyjp + A +j+ 1,0+ 1) Yo + Bt +j+ 1,6+ h)
+blzij + A+ j+ L+ h)]}
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The backward recursion follows by comparing the first and last expressions. The
terminal conditions are satisfied, since

At +h—1,t+h) = a(zen), Blt+h—1,t+h)=0b(z1)

C. GEOMETRIC ERGODICITY

The proof of geometric ergodicity of a Markov process is a multistep procedure which is
well known in the literature (see, e.g. Tong, 1990; Meyn and Tweedie, 1999) and adapted to
Car processes below.

C.1. Choice of a basic o-finite measure

First, we have first to select a o-finite measure @, such as a Lebesgue measure /,, /1;, ora
counting measure » n.0;, > .z:0;, depending on the domain of the conditional distribution
which can be R”, R™", N”, or Z" (see Assumption A.2).

C.2. ®-irreductibility

The chain is ®-irreductible if and only if >,7 | P[Y,4s € 4 | ¥,] > 0, VA with ®(4)>0. This
condition is satisfied by Assumption A.1 of Proposition 7 since P[Y,,;, € A|Y,]>0.

C.3. Definition of the small sets

By the result established by Feigin and Tweedie (1985), which says that every compact set C
such that ®(C)>0 is small, if E[g(Y,.;) | ¥, = y] is a continuous function of y for any
bounded continuous function g. Since E [exp(—iwY, ) | Y, = y] = exp[—a(iw)y + b(iw)],
is continuous in y for any w, the result follows since the set of exponential functions
(exp(—iwy), w varying) is dense in the set of bounded continuous functions and the
dominated convergence theorem applies.

C.4. ©-aperiodicity

The chain is aperiodic if and only if there exists a small set C and a positive integer /i such
that
PY, €C|Y,=y>0 and PV 1 €C|Y,=»]>0, VyeC.

This condition is satisfied for # =1 and any compact set C such that ®(C)>0 by
Assumption A.2.
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C.5. Drift condition

ProrosiTioN C.1  (DRIFT PROPERTY, TONG, 1990, p. 457). Let (Y,) be ®-irreductible and
D-aperiodic. Suppose that there exists a small set C, a non-negative measurable function g
and constant 0<r<1, y>0, B>0 such that:

Elg(Yipr) [ Y=yl <rlg(y) =], »y€C, and Elg(Yin)| Y=y <B,yeC,

then (Y,) is geometrically ergodic.

The drift condition is applied for a compact set C = {y : ||¥|| < K}. Then, the Lyapunov
function g can be quadratic. This choice is due to the special form of the first- and second-
order conditional moments. Indeed we have:

da ob

EY | Y, =y = —@(0))/4'@(0)7

E[Y Y, | Y =)

82
- (WE[exp(—uYM) | Y, :y])uzo

n 2a_ 2 a w ,
:nya ,(0) | &6(0) {8 (0) +817(0)} [_y,a ), O]
=1

Ouou’ Oudu’ o’ 4 ou' ou u

For a large value of y, these conditional moments are equivalent to:

a da ,0d

o
B[V [ Y=yl ~ =220, B[V Xy [ V=]~ 22 (00 5 -(0),

The conditional moments of a Gaussian vector autoregressive model
Y, =YY 1 +u, utNN(07Q)7

are obtained by substituting ¥ = (9a/0u/')(0) in the last expression. This explains the
condition given in Proposition 7. More precisely, let us first assume that the Jacobian
matrix (Ja/0u’)(0) can be diagonalized with eigenvectors e;, j = 1,...,n and eigenvalues 4,
j=1,...,n. The following form of the Lyapunov function can be used:

2
g(v) = max|ley|".
J

The conditional expectation E[g(Y,,;) | Y, = y] is quadratic in y and continuously
valued. Thus the second condition of the drift property is satisfied. Moreover:

Elg(tn) | ¥ =) < max E( il | % = y) ~ max|,y.

for large y. Thus it follows from Feigin and Tweedie (1985; Theorem 1), that the first
condition of the drift property is satisfied if max_,-\/lj\2< 1. When the matrix (9a/du’)(0)
cannot be diagonalized, the Lyapunov function can be modified following the lines in Tong
(1990), proof of Theorem A.1.7.
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C.6. Mixing conditions

The geometric ergodicity implies f-mixing with geometric decay (see Davidov, 1973; or
Doukhan, 1994, Chap. 2.4).

D. SPECTRAL DECOMPOSITION OF THE CONDITIONAL EXPECTATION OPERATOR

D.1. Preliminary lemma
Lemma D.1.  We have:
E[Y | Y] = Pa(¥i),

where P, is a polynomial of degree n, and its coefficient of the highest degree is: [(da/du)(0)]".

Proor. We have just to compare the series expansions of:

2 u"
Elexp(—uY,) | Y] ZJEY | Y],
n=0
and of:
o~ [—a(w)Yi + b))
expl-aw 1 +b0] =3 b
vt RSO O A
T\ & a0 AR k)
to prove the proposition. ]

In particular, the Car processes are such that
E[Y|Y 1] = oY + B,

that is they satisfy a weak linear AR(1) model as defined by Grunwald et al. (2000).

D.2. Spectral decomposition

From Lemma D.1, the space of polynomial functions of degree less than or equal to 7 is
invariant with respect to the conditional expectation operator. The operator restricted to
this space can be represented by a diagonal matrix, with diagonal elements 4, j = 0, ..., n.
The result follows directly.
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E. REVERSIBILITY CONDITION

(1) The reversibility condition can be written as:

cla(u) + v] = cla(u)] — {C[ v) +ul —c(u)} — c(v) +cla(v)] =0, Vu,
21 (de 0 de de ;
= ;F {w a(u)] — du/ } ]zl: {duf ~qw (0)}a(v) ,

By equating the coefficients of the term v/, we deduce that there exist constants d /i such
that:

V) du/ Zd,kdk ) +dy, V. (E.1)

(i1) Let us first consider the condition corresponding to j = 1. We get:

de de da de de
law] - 0 =50 Fw - 0]

Thus, if de/du is invertible, we get an expression of function a:

de\ '[da de de de
aw=(5) [G0[Ew-Eo]+5ol (E2)
(iii) The condition written for j = 2 implies a constraint on function c¢. Indeed this
condition can be written as:

Let us introduce the function:

i =ee (4w,

the change of variable v = dc¢/du(u), and use equation E.2, so that the condition becomes:

. %(o)w%(o) (1 —%(0))} —%(0): {w(v)—%@} ($<0>)2+$<°> {v_%(())} T

Thus there exist scalars a;, j = 1,...,4 such that:
Pouv+ o) = oalp(v) + ozv + g, Vo (E.3)

We deduce that function y is quadratic.
(iv) Case 1 =, =0

The function ¢ is quadratic, whereas the function a is linear by E.2: c(u) =
Swu + Sau’,a(u) = yyu, and it is easily checked that the joint log-Laplace transform:

O(u,v) = 051 + v7) + 2027,uv + 61 (u + v),

is symmetric in # and v. We get a Gaussian process with mean m = —4J; variance 29, and
autocorrelation p = ,/9;.
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(v) Case 1 #0, =10
By integrating the differential eqn (6), we get the necessary form:

c(u) = 61u+ 6,(1 — exp dsu),

and, by eqn (E.2), we deduce the necessary form for function a:
1
a(u) = glog[ao exp(o3u) + (1 — ag)].

Then we get:
D(u,v) =01 (u+v) + 02(2 — 0rg) — d20t9 exp[03(u + v)] — 02(1 — atp) (exp J3u + exp O30).
(vi) Case B} —4BoBr =0, pr # 0
By integrating the differential eqn (6) we get the necessary form:
c(u) = 01u + 07 log(1l + d3u),
and by eqn (E.2), the necessary form for function a:

a(u) = . aw
1 + (1 — 061)531,{.
Then the joint log-Laplace transform is symmetric:

®(u,v) = 61 (u+ ) + 0> log{1 + 3 (u + v) + 55(1 — o Juv}.

Up to a change of scale and location, we get the autoregressive gamma process.

(vii) Case i1 — 4foB, > 0, 2 # 0
The necessary form for function c is:

c(u) = d1u + &, log[oaexp(dsu) + 1 — o,
and by eqn (E.2), the necessary form of function a:
(1= (1 =a)(1 —y))exp(dsu) + (1 —e)(1 —7)
a(l —yp)exp(dsu) + 1 —a(l —7p)
Then the joint log-Laplace transform is symmetric:
(1, v) = &1 (1 + v) + 6 log[(1 — #)(1 — (1 — 7))
+ a1 — a)(1 — ) (exp(d3u) + exp(d30)) + (1 — (1 = 2)(1 = 7)) exp(ds(u + v))]

a(u) = —

-
5y 08

This case is associated with the Bernoulli process with switching regimes.
(viii) Case 7 — 4ByB> <0, f # 0
The necessary form for function c is:

c(u) = 61u + 8, log[cos(d3u + d4)] — 2 log cos(da),

and by eqn E.2, a necessary form for function a:
1
a(u) = 5 [arctan(y tan(dsu + 04) + (1 — 7) tan ds) — O4l.
3

Then the joint log-Laplace transform is symmetric:
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D(u,v) = 01(u+v) — 02 cos 04
sin dsu sin 03v

+ 0, log|cos(d3(u+v) + d4) + (1 — ) 05 04
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