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INVESTMENT UNDER UNCERTAINTY

By RoBerT E. Lucas, Jr. aAND EbwarD C. PrRESCOTT

This paper determines the time series behavior of investment, output, and pricss in a
competitive industry with a stochastic deamand. It is shown, first, that the equilibrium
development for the industry solves a particular dynamic programming problem (maximiza-
tion of “consumer surplus™}. This problem is then studied to determine the characteristics of
the equilibrium paths.

L. INTRODUCTION

EXPLANATORY VARIABLES in empirical studies of the demand for investment goods
fall into three broad classes: variables measuring anticipated, future demand—
sales, profits, stock price indexes; variables measuring past decisions, the effects
of which persist into the present—lagged capital stock and investment rates ; and
variables measuring current market opportunitics—interest rates, factor prices,
and, again, profits.! Existing investment theory has concerned itselflargely with the
latter two classes of variables, first by rationalizing the role of prices in determining
a long-run *“‘desired’” capital stock using a static, profit maximizing hypothesis,
later by discovering the optimizing basis for a staggered approach to the desired
stock in ““costs of adjustment’’ which penalize rapid change.? In the present paper,
an uncertain future is introduced into an adjustment-cost type model of the
firm, and the optimal response to this uncertainty is studied in an attempt to
integrate variables of the first category into the existing theory.?

Briefly, we shall be concerned with a competitive industry in which product
demand shifts randomly each period, and where factor costs remain stable. In this
context, we attempt to determine the competitive equilibrium time paths of
capital stock, investment rates, output, and output price for the industry as a
whole and for the component firms. From the viewpoint of firms in this industry,
forecasting future demand means simply forecasting future output prices. The
usual way to formulate this problem is to postulate some forecasting rule for firms,
which in turn generates some pattern of investment behavior, which in turn, in
conjunction with industry demand, generates an actual price series.

! Far reviews of the empirical investment literature, see Eisner and Strotz (7], or, more recently,

Schramm [18).
? We refer ta the body of theory that stems from the work of Haavelmo [10], Eisner and Strotz [7],

and Jorgensan {12]. Mare recent contributions are by Gould [8], Lucas [13, 14], and Treadway [19].

1 A recent paper by Pashigian [16], discusses one-period equilibrium in a competitive industry under
supply and demand uncertainty, a problem closely related to that studied here.
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660 R. BE. LUCAS AND E. C. PRESCOTT

Typically the forecasting rule postulated takes the form of anticipated prices
being a fixed function of past prices—*‘adaptive expectations.’” But it is clear that
if the underlying disturbance (in our case, the demand shift) has a regular stochastic
character (such as a Markov process), forecasting in this manner is adaptive only in
a restrictive and not very interesting sense. Except for an unlikely coincidence,
price forecasts and actual prices will have different probability distributions, and
this difference will be persistent, costly to forecasters, and readily correctible.

To aveid this difficulty, we shall, in this paper, go to the opposite extreme,
assuming that the actual and anticipated prices have the same probability distribu-
tion, or that price expectations are rational.* Thus we surrender, in advance, any
hope of shedding light on the process by which firms translate current information
into price forecasts. In return, we obtain an operational investment theory linking
current investment to observable current and past explanatory variables, rather
than to “expected” future variables which must, in practice, be replaced by various
“proxy variables.”

In the next section, our basic model of the industry is stated. In Section 3, we
examine formally the investment decision from the viewpoint of the individual
firm, clarifying the role of observable securities prices as evaluators of additions
to capital stock. In Sections 4 and 5 competitive industry equilibrium is defined,
and it is shown that equilibrium in this sense exists and is unique. In Sections 6 and
7, we investigate the long-run behavior of industry equilibrium under alternative
assumptions on the nature of the demand shift process. Conclusions are summar-
ized in Section 8.

2. STATEMENT OF THE MODEL

Consider an industry consisting of many small firms, each producing a single
output, ¢,, by means of a single input, capital, k,. We assume that production takes
place under constant returns to scale so that with apprapriate choice of units we
may use k, also to denote production at full capacity. Thus the production function
is:

(1) 0 < q, € kr-

Denote gross investment by x,. Investment and capacity are related in the non-
linear way :

(2) k!+ 1= k!h(x:/kr)a

where k is bounded, continuously differentiable, increasing, and strictly concave.®
Assume that § = h™'(1) exists and satisfies 0 < § < 1, so that k,J is the investment

* This term is taken from Muth [15], who applied it ta the case where the expected and actual price
{bath random variables) have a common mean nalue. Since Muth’s discussion of this coneept applies
equally well to our assumption of a comman distribution for these random variables, it seems natural to
adopt the term here.

* These assumptions on A imply that kh(x/k), regarded as a function of the two variables x and k, is
increasing in both arguments and concave. To see the latter property, let (A%, x%) be 2 convex combina-
tion of (k% x% and (k*, x')and let ¢ = 84°/%, 0 < ¢ < 1. Then x¥k* = (x4 + (1 — ¢Nx'/k')and
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rate which will just maintain the stock k,. Assume also that h(0) > 0, so that even
with no investment in period t, some capital will remain in ¢ + 1ifk, > 0.

Given an initial stock kg, (2) cannot be solved for k; as a linear function of
kg, Xg,...,%,,, a8 is possible with conventional depreciation hypotheses, so (2)
requires some explanation. One entirely plausible possibility is that the true
relationship between physical investment and plant capacity is, in fact, non-linear,
so that a given quantity of, say, machines, makes a better plant (yields more
productive services) the longer the period over which they are assembled. Alterna-
tively, one may assume that the relation between capacity and physical investment
is linear, and regard x, as the dollar value of investment. Then if investment costs
per unit of capacity are a strictly convex function of physical investment per unit of
capacity, (2) is implied.®

Denate the product price by p,. Then ex post, the present value of the firm, using
the discount factor fi = 11 + r), where r > 0 is the cost of capital, is

@ V=% fba - x).

It is evident that the allocation across firms of a given industry stock of capital is
immaterial, so that in the following the notation k,, x,, and g, will be used inter-
changeably for industry and firm variables. (Alternatively, think of a competitive
industry with one firm.)

To complete the formulation of the problem of the individual firm, one must
assume a particular stochastic structure for the price sequence {p,} and postulate
an objective function for the firm. This will be done in Section 4, in the course of
defining industry equilibrium. At this point, however, we already have enough
information for a suggestive, if formal, examination of the decision problem faced
by the indtvidual firm. This is undertaken in the following section.

3. THE INVESTMENT DECISION OF AN ENDIVIDUAL FIRM

In this section, we suppose that the objective of the firm is the maximization
of the mean value of the present value expression given in (3), with the stochastic
behavior of prices somehow specified. Since we have omitted variable factors of
production in our formulation, the firm’s supply decision is trivial : produce at full
capacity. Hence the only current decision is the choice of an investment Jevel, in

using the concavity of &,
KPHxIK®) 2 GRPALROIE) + (L — ¢KPhix" k")
= BkOH(xOfKO) + (1 — Bk (xR,

S The strict concavity of the function h gives rise to the “adjustment costs referved to in the intreduc-
tion. The main function of introducing such costs, to anticipate the development somewhat, is to
assute that the model reflects abserved, gradual changes in capital stocks, as opposed to immediate
passage to a long-run equilibrium level. This feature is shared by the adjustment costs imposed in [7],
[8], (13], [14], and [19], although there are differences in form among all of these treatments and the
present one. These differences will not be critical ta any of the arguments which follow.
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which the known (unit) cost of a unit of investment goods is compared to an
expected, marginal return. To compute the latter, one must solve the present
value maximization problem, but it will turn out (predictably) that “solving”
this problem amounts to finding an appropriate “shadow price™ to use in evaluat-
ing an addition to capital stock. From our (economists’) point of view, this difficult
task cannot be avoided, and we undertake it in the following sections, but from a
firm’s point of view it can be, and indeed is, avoided.

From the entrepreneur’s viewpoint, the objective is to maximize the value of all
claims to the income stream (3), and this value is the quantity of capital held times
the value per unit of capital as observed on securities markets. Similarly, the
appropriate valuation to place on an addition to next period’s capital stock (current
investment) is the price per unit, reflected in securities prices, expected to prevail
next period. That is, the burden of evaluating the income stream produced by the
firm is borne not by firms but by traders in the firms® securities.

This fact considerably simplifies the firm’s decision problem {(correspondingly
complicating household’s). In our formulation, additional simplification arises
from the evident fact that the value placed on the claim to a unit of capital will not
depend on the distribution of capital across firms. It is thus treated by each firmasa
parametric market price. Denote by w, the current value of a unit of capital, and by
w¥ the (undiscounted) value per unit expected to prevail next period. For a firm
beginning period t with capital stock k,, an investment x will lead to a next period
value of Bkh(x/kw? (from (2)). The cost of this investment is — x. Hence the firm
must solve:

max [—x + Skh(x/kw!].

The current value of the firm is, of course,
(4} wh, = pk, — x + ,Bkrh(x/ k:}““?‘ -

If the maximum problem is correctly solved, and if there is agreement on w, we
have a second condition:

5) 02 —1 + BH(x/kyw*,  with equality if x > 0.

Solving (5) for x as a function of k,, §, and w gives the investment demand function
as seen by the firm. From the point of view of an outside observer (ourselves),
however, {4) and (5) are sclved jointly for x and w} as functions of k,, p,, and w,.
This yields the observed investment function :

(6) X = krg(wr - P:)s g’() > 0.

We remark at this point that (8) is essentially the function used by Grunfeld in
his empirical study of the investment behavior of several United States corpora-
tions [9]. Grunfeld’s justification for using w, as an “explanatory’’ variable was
that it served as a proxy for the firm’s own estimation of future income streams. Our
argument goes somewhat further, to assert that the firm need not even form its
own estimation of the future, beyond forecasting the value placed on assets in its
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industry next period. (Of course, entrepreneurs, in common with other agents in
securities markets, form judgments on the income streams of thetr own and other
firms. The point is that these judgments are apart from, and irrelevant to, the
investment goods demand decision.)

By aggregating (6) across firms (which leads to an equation of exactly the same
form) one obtains an industry demand function for investment goods, given the
value per unit, w,. But this aggregate function tells us norhing about the develop-
ment through time of capital stock, output, and prices, since the time path of w, is,
as yet, unknown. Equation (6) is a consistency requirement which must hold at
each point in time, but it is not a theory of capital accumulation in the industry.
To obtain such a theory, we must determine how investment and the price w, are
jointly determined on the basis of available information on current and future
industry demand. This problem is studied in the following sections.

4, INDUSTRY EQUILIBRIUM : DEFENITION

To answer the questions raised in the preceding section—that is, to obtain a
theory of the development of the industry through time—we begin with a mathe-
matical formulation of the stochastically shifting industry demand. Given this
formulation, we propose a definition of industry equilibrium involving in addition
to a market clearing requirement, a precise specification of firms’ objective func-
tions. In the next section, we show that there is a unique equilibrium development
for the industry. Characterization of this development is then resumed in Sections
6 and 7.

The industry demand function is assumed to have the usual properties and is
assumed to be subject to random shifts. Specifically,

(7} pe = Dg., 1),

where {1} is a Markov process taking values on the real line E, with a transition
function p(-,-) defined on E* = E x E. For fixed u,p(-,1) is a probability
distribution function on E ; and p(x, - ) is a Baire function on E.” Thus if 4 is a Borel
subset of E, the probability that u,, , € A conditional on u, = u is given by

L pdz, ),

where the notation indicates that the integration is with respect to the distribution
p(-,u), u fixed. For given u,, D is a continuous, strictly decreasing function of g,,
taking on the finite value p(i,) < f < o0 at ¢, = 0, and with {§D{(z, 4,) dz bounded
uniformly in i, and ¢. Assume that D is continnous and increasing in u,, so that an
increase in 4, means a shift to the right of the demand curve.®

7 Baire functions are all memberts of the class of functions consisting of all continuous functions,
pointwise limits of sequences of continuous functions, pointwise limits of sequences of this larger class,
and so an. Alternatively Baire functions are measurable with respect to the Borel sets,

# Further restrictions will be imposed, as needed, on p( -, -) in Sections ¢ and 7.
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To complete the formulation of the problem, we must specify the price-fore-
casting policies of firms, define what is meant by an investment-output policy,
and postulate an objective function for firms. If the industry were in short-run
(one period) equilibrium at each point in time, price and output would be deter-
mined for that period as functions of the shift variable u,. From the vantage point
of time O, the price at time £ will then depend on the initial state of the industry,

(kg,tg), and on the realization ug,...,u, of the {u,} process between 0 and &
Hence it is natural to define an anticipated price process, for given (kq, u4), as a
sequence {p,} of functions of (1, ..., u,), or functions with domain E'. Similarly,

one may think of an investment-output plan asa sequence {g,, x,} of functions on E',
or as a contingency plan indicating in advance how the firm will react to any
possible realization of the {1,} process. Specifically, let L be the set of all sequences
x={x},t=0,1,..., where x, i3 a number and, for ¢ > 1, x, is a bounded Baire
function on E?, bounded in the sense that for all xe L,

Ixl =sup sup [xfus,...,u)
t {ug,..uyeEr

is finite. We restrict the sequences {p,}, {g,}, and {x,} to be elements of L*: elements
of L with non-negative terms for all (t,u,,...,u,). Then for any price-output-
investment sequence, present value, V, is a well defined random variable with a
finite mean. We shall take as the objective of the firm the maximization of the mean
value of ¥ with respect to the investment-output policy, given an anticipated
price sequence.

It remains for us to link the anticipated price sequence to the actual price
sequence—also a sequence of functions on E*. Typically, this is done by postulating
the process by which firms actually develop forecasts from actual past values and
other information. In this paper, we shall not take this route but rather postulate
a property of the outcome of this (unspecified) process. Specifically, we assume that
expectations of firms are rational, or that the anticipated price at time £ is the same
function of (u,, . . ., 1) as is the actual price. That is, we assume that firms know the
true distribution of prices for all future periods.

These considerations lead to the following notion of competitive equilibrium
for the industry under study.®

? At this point, we make two rather defensive observations on the scape of the definition we are
using. First, we regard firms as mean value maximizers, with respect to the distribution of the demand
shift variable, «,. If this distribution is interpreted as reflecting relative fraquencies of certain physical
events (such asrainfall), then this assumption implies risk-neutral preferences on the part of shareholders.
Alternatively, by imagining this industry as set in an economy characterized by a “state-preference™
maodel (see {1, 4, and 11]), one can reinterpret this distribution as giving the structure of market interest
rates, and our “cost of capital” r as the certainty interest rate. In this case, (8) implies nothing about risk
preferences.

Second, now that the precise content of the “rationality” of expectations is made clear (in the follow-
ing definition), we add a final comment on its “reasonablenass™: we can thiok of no objection to this
assumption which is not better phrased as an objection to our hypothesis that the stochastic compaonent
of demand has a regular, stationary structure. If the demand shift assumption is reasonable, then
expectations rational in our sense are surely more plausible than any simple, adaptive scheme. If the
demand assumption is unreasonable, then adopting an alternative expectations hypothesis will cer-
tainly not improve matters.
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DerINITION : An industry equilibrium (for fixed initial state (k, 1)) is an element
{g°, x2,p} of LT x L™ x L™ such that (7) is satisfied for all (,u,,...,u,} and
such that

® {3 o0t - )5 5 5 ptata - xa)

forall{g,,x,} € Lt x L™ satisfying(1)and (2). (In(8), the expectation of the tth term
in the series is taken with respect to the joint distribution of (i, ..., «,).)

In the next section, we show that the industry has a unique equilibrium in the
sense of the above definition, and, further, that this equilibrium can be obtained by
solving a particular dynamic programming problem. Subsequent sections are
devoted to developing various properties of this equilibrium.

5. EXISTENCE AND UNIQUENESS OF EQUILIBRFUM

In this section, we show that the industry described above has exactly one com-
petitive equilibrium development through time. The device employed to deo this
involves first showing that a competitive equilibrium development will lead the
industry to maximize a certain “conswmer surplus” ¢xpression, and then showing
that the latter maximum problem can be solved using the techniques of dynamic
programming,.

Define the function s(g, u}, ¢ = 0, uc E, by

q
slg ) = L D(z,u)dz,

so that for fixed w, s{g, u) is a continuously differentiable, increasing, strictly con-
cave, positive, and bounded function of g, and for fixed g, s is increasing in u.
Thus s(g,, 4,) is the area under the industry’s demand curve at an output of g,
and with the state of demand w,. Then define the discounted “‘consumer surplus,”
S, for the industry by:

5= E{ 5 #tau) - x1}
(=

The quantity S is used in applied cost-benefit work as a measure of the dollar
value to society of a policy {g,, x,}. For our purposes, however, the welfare signifi-
cance of S is not important. We are interested only in using the connection between
the maximization of § and competitive equilibrium in order to determine the
properties of the latter.

Associated with the problem of maximizing the quantity § is the functional
equation

9) vk, u) = sup {s(k, u) — x + Bjﬁ[kk(g), z] pldz, u)}.
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The main result of this section, linking (9) to the determination of industry equili-
brium, is the following theorem.

THROREM 1: The functional equation (9) has a unique, bounded solution v on
(0, oo} x E, and for all (k, u), the right side of (9) is attained by a unique x(k, u). In
terms of this function, the unigue industry equilibrium, given ky and u,, is given by:

(10) x, = x(k,, 1),
x(k,, 1)
k 4

t

(11) kv, = krh(

(12) 4 = k,, and

(13) pe = Dig,, u),

fort=0,1,2,..., and all realizations of the {u,} process.

The remainder of this section is devoted to the proof of Theorem 1, and to
obtaining some properties of the functions v(k, u) and x(k, u). The reader interested
primarily in the nature of the solutions to the difference equations (10}13)
(that is, in the characterization of the development of the industry) should proceed
directly to Section 6.

The proof of Theorem 1 involves two distinct steps. First, one must connect the
determination of industry equilibrium to the problem of maximizing consumer
surplus. Second, the latter problem must be shown to lead to the functional
equation (9). Both parts turn out to be complicated, although the outlines of each
are familiar.

For the first part, we have the following lemma,

LeMMa 1: Suppose for given (kq,u,) the problem of maximizing S, subfect to
(3H2), over ali{g,, x}e L* x L* izsolved by the sequence {q°,x?}. Then {q?, x, p?},
where p? is obtained from qf using (7), is an industry equilibrium, Conversely, suppose
{q?, x2, p} is an industry equilibrium. Then {g0, x?} maximizes S, subject to (1}(2),

over LT x L%,

Proor: The proof is an application of Theorems 1 and 2 of [5] and of [17].
The basic space used in [5] corresponds to our L »x L, The economy in our applica-
tion consists of a single cansumer whaose preferences, given by S, are defined on
LT x L™ (X in [5]), and a single firm, whose production possibility set
Yo LY x LT consists of all elements satisfying (1) and (2). Pareto optimality in
this economy is then equivalent to maximizing S over Y.

Assumptions I-V of [5] (the convexity of X, the concavity of §, the continuity
of S, the convexity of Y, and the existence of an interior point of ¥) are readily
verifted. If k, > O, the hypotheses of the Remark [5, p. 591] are valid. If k5 = 0,
the unique industry equilibrium occurs when output and investment are zero for
all¢;n the following, we assume k, > 0.
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To prove the second part of the Lemma, one applies Theorem 1 of [5].

To prove the first part of the Eemma, we use Theorem 2 of [5], plus the Remark,
which states that if {7, x?} maximizes § over ¥, there exists a continzous linear
form o on L x L such that {2, x?} maximizes «({g,,x,}) over ¥, and such that
{92, x2} maximizes S over all elements of X which satisfy

o{qe x.}) < of{qr, 7))

It then follows from Theorems 1 and 2 of [17] that there exist elements {a,}, {y,}
of L* such that {¢?, x?} maximizes

(14) E{ Z Blug, — ?rxr]}
=0
over Y, and such that {g°, x?} maximizes S over all elements of X which satisfy

05 E{3 ploa - i < E{ £ g st}

where the expectations in (14) and (15) are with respect to the distributions P, of
(ty,...,u)t=12,....
We next show that for some constant A > 0

(16) Ve K4

almost everywhere, with equality a.e. on any Borel set 4 such that E{y, ,x{} > 0.
({ 4 is the function taking the value | on 4 = E* and 0 elsewhere.) To verify (16),
consider first the case E{yf ,x} = Ofor all z, A. If (16} is false in this case, then for
all A > 0 one can find t, A such that E{y,f ,} > AE{I,}. Then S can always be im-
proved, subject to (15), by increasing 40 over some B < E* with E{I;} > 0 and
increasing x{ over A < E* with E{yJ ,}/E{I ;} sufficiently large, which is a contra-
diction.

For the case where E{yJ x{'} > 0 for some t, A, define A by E{vJ ,} = 1E{I }.
Now if 5,B satisfy E(pJ,} > AE{I,}, § can be increased, subject to (15), by increas-
ing x{ on B and decreasing x? on A. Similarly if E{yf5} < AE{Ig}, S can be im-
proved, subject to (15), by decreasing x on B and increasing x° on A, unless x? = 0
almost everywhere on B. In the latter case, however, E{yJpx?} = 0. Hence (16) is
proved.

In view of (16) and the fact that {g°, x?} maximizes the expression (14} over ¥,

we have
Lis] s ] = 4]

Z ﬁIE{a:QE - '}’,X?} Z 20 ﬁtE{ar‘Iz - )’rxr} = Z ﬁtE{atQE - ’{x:}

(=0 = =0
for all {q,, x,} € Y, with equality if {g,,x,} = {g, x?}. Then letting p? = A~ e,
we have shown that {g], x{} maximizes

[= 4]

Z ﬁtE{pont . xl}

=0

over ¥, or that condition (8) of the definition of industry equilibrium is satisfied.
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To show that (7) is satisfied (almost everywhere) by {¢?, x?, p°}, observe that if
{q?, x?} maximizes S over all elements of X satisfying (15), it also maximizes §
over the subset of X on which x, = 0 whenever x? = 0. Over this set, (16) (and the
fact that x? is clearly O whenever p, = O}implies that the eonstraint {15)is equivalent
to

Lia]

ZO BE{plq — x} < Y BE{plq} — x}.

=0

Since s is strictly increasing in g, this constraint will be binding, so that {4}
maxgmizes

BE{s(q.. u) — plq.)}.

18

]

=0

Then since g° = 0, we have
p? = 31(4?: il""t) = D(q?’ ut)s

which proves that (7} is satisfied (almost everywhere) and completes the proof of
Lemma 1.

We now turn to the study of the problem of maximizing S subject to (1) and (2),
the solution to which will be, by the Lemma just proved, the umque industry
equilibrium. This will be donte by studying the functional equation (9), which is
related to the problem of maximizing § by the principle of optimality, a version of
which is utilized in Lemma 4, below.

To show the existence and uniqueness of a solution ta (9) and to obtain some of
its properties, we utilize the method of successive approximation as applied in [2].
Asa convenient device in this argument, we employ the operator T, taking bounded
Baire functions on (0, o0) x E into the same set of functions, defined by

) Tflu) = sup {s{k, W—x+8 f f(kh(z),z) pldz, u)}.

Then, clearly, solutions to (9} are coincident with solutions to Tf = f. The relevant
properties of T are given by the next lemma.

Lemma 2: () If f is non-decreasing in k, so is Tf ; (it} if f is concave in k, so is Tf ;
(itl} Tf = f has a unique solution, f*; and (iv) for any g, lim,_, , T"g = {*.

Proor: To prove (i), observe that if f is non-decreasing, s(k,u) and
_f STkh{x/k), z]p{dz, 1t) are non-decreasing functions of k for all fixed x.

To prove (ii}, note first that the concavity of fin k implies that fis continuous in
kon (Q, oo}, so that the expression in brackets on the right of (7} is continuous in k.
Further, this expression is finite at x = 0 and tends to — oo as x becomes large
(since f is bounded). Hence, for any k > 0, Tf(k,u) is attained by some x = 0.
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Let k® and k' be on (0, o0), let k¢ be a convex combination, and let x° and x! attain
TF(k°, u) and Tf(k', u} respectively, Then:

Tk, u) = s(k®, u) + sup {—x + ﬁj fIK*h(x/k?), z]p(dz, u)}

> 0s(k, ) — 5 + 08 | TR, 2ptdz, v
+ (1 — E?}s(ki,u] —(1l- G}xl

(- 0 [ FRhx i), 2oz,
— OTF(C, u) + (1 — TS (K, u).

To prove (iii) and (iv), observe that T is monotone (f = g for all (k, u) implies
Tf = Tg) and if a is any constant, T(f + a) = Tf + af. By Theorem 5 of [3],
these two facts imply (iii} and (iv).

Lemma 2 leads directly to a third lemma.

LeMMaA 3: The functional equation (9) is satisfied by a unique bounded Baire
Junction v(k, u) on (0, c0) x E. The function vk, u) is continuous, non-decreasing and
concdve in k for any fixed u. For any (k, u), vo(k, u) is attained by a unigue investiment
rate x(k, u} and x(k,u} is a Baire function, continuous in k.

ProoF: Let g(k, u) = s(k,u). Then by Lemma 2, lim,_, , T"g = f*, where f/* is
the unique bounded solution to (9). Let o(k, 1) = f*. Since s(k, u} is increasing in
both arguments and strictly concave in k, the limit function v is non-decreasing
and concave in k. Since v is concave in k for fixed u, it is continuous in k on {0, oo).

It follows from these facts that the expression in brackets on the right side of (9)
is a continuous, strictly concave function of x, positive at x = 0 and negative for x
sufficiently large, so that it attains its supremum on {0, co)at a unique x, depending
on k and u. This defines the policy function x(k, u).

To show that x(k, ) is a Baire function, we must show that for all x°,

S(x%) = {tk, ) e(0, o0) x E:xik,u) € x°}

is a Borel set. For x¢ < 0, this is trivial. Now denote the expression in brackets on
the right of (9) by H(x, k, u), and for x® = Oand & > 0, define

S0x% &) = {(k,u)e(0, 00) x E: H(x", I, ) = H(x° + ¢, k, u)}.

Since H is a Baire function, —H(x% k, u) + H(x° + &, k, u) is a Baire function on
0, 0) x E, for each & > 0. Hence S(x% ¢) is a Borel set. Let {s,} be a decreasing
sequence tending to 0 as r tends to infinity. Then

A S, 2
=1

is a Borel set, and since this set equals (using the concavity of H in x) the set S(x°),
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x(k, u) 15 a Baire function. Since the expression in brackets varies continuously
with k, x(k, «) is continuous in k.19

The function x(k, 1) defines, for given (kq, u,), a sequence of Baire functions
lk,, x,} as given by (10) and (11). The next lemma shows that this sequence is the
(essentially) unique optimal policy.

LEMMA 4: For any fixed (kq, 115) € (0, c0) x E, the sequence {k?, x2} defined by (10)
and (11}is an element of Y, and this policy maximizes S over Y. Further, it is the unique
optimal policy in the sense that any other element of Y yielding the same value of S
differs from {k{, x0} at most over sets of P, measure zero.

Proor: From Lemma 3 and the continuity of h, the terms of the sequence
{k2, x‘} are Baire functions, and they clearly sausfy (1) and {2). To show that
{k?,x?} € ¥, then, we need only show that k! and x{ are bounded, uniformly in
{tty,...,u,1).Since the policy x, = Qfor all ¢ is always feasible, we have o(k, 1) > 0
for all k = 0. Then from (9),

—xi(k, u) + ﬁJ‘ I:kh(x(k’ u})’ z]p(dz, u) = ,GJ.ﬁ[kh(O], zlp(dz,u) > 0

for all (k, u), k > Q. Let B be a bound for v so that the term on the left, abave, is
less than

—x(k, u) + BB.

Hence x(k, 1) is bounded from above by 8B. Then if k, > (8B/J). k,., < k,,so that
max[(8B/d), k,] is an uppcr bound for k,.

To show that {k?, x{'} is optimal, it is sufficient to show that it yields the return
olkq, tg) [3, Theorem 6, part (f)]. Define the operator Fy, taking bounded Baire
functions on (0, o0) X E into the same set of functions, by

Fyf(k, u) = s(k, u) — x(k, ) + ﬁf fl:kh(x(k’ 4) ,Z:Ip(dz, ).

The functional equation Fy{ = f has a unique solution, f* [3, Theorem 5], and
this solution, evaluated at (kq, uo), gives the value of S under the policy {k?, x{}.
Since Fyv = v, v = f*, which proves that {k{, x{} is optimal.

To prove uniqueness, let {k}, x}} yleld the same value to S as {k0, x?}, and let
A, be the Borel subset of E* on which x! and x differ, Let t' be the first period in
which the probability of 4, is non-zero. Then the returns from the policies differ by

L] 1
BE {—x, + U[koh(ko),u, +1:| + x} - [koh(ko), U H]} > 0,

10 A theorem in [4, p. 19], suitably specialized to this application, states that if f(x, y) is continuous,
the function g(y) = max, s f(x, y), where S is compact, is cantinuous. Further, if g() is attained at a
unique x{y) for each y, x(y) is also continuous. This fact will be used at various points helow, without
reference.




INVESTMENT UNDER UNCERTAINTY 671

where the expectation is taken with respect to P, ;. This contradicts the assumed
optimality of {k/, x!}, and completes the proof of the Lemma.

The proof of Theorem 1 now follows directly from Lemmas 1, 3, and 4. In the
next two sections, we pursue the study of the unique industry equilibrium as
given by (LO13).

6. LONG REUN EQUILIBRIUM WITH INDEPENDENT ERRORS

Equations (10) and (11} and p( -, - ) determine a Markov process {k,,u,} taking
values on (0, «o) x E which governs the development of k,, x,, and u, through time,
starting from a given (k,, #o). To determine the long run characteristics of this
process, it will be necessary to restrict the {,} process further. In the present section,
we treat the spectal but interesting case where u, and u, are independent for s # &,
or where the transition function p(z, u) does not depend on u.

In this case, the functional equation (9) becomes

(18)  ofku) = max {s(k, w—x+8 j u[kk(if),z] p(dz]},

from which it is clear that the optimal investment rate, x(k, «), will not depend on u.
It follows from (10) and (11) that the time path of capital stock will be deterministic,
following the difference equation

- o] &
(19) k,+1~k,h( 3 )

where x(k,) is the unique investment rate attaining uv(k,, ). Hence we turn our
attention to the existence, unigueness, and stability of stationary solutions to (19),
with results summarized in Theorem 2, below.

A capital stock k¢ > 0 will be a stationary solution to (19} if and only if it is a
safution to

(20) x(k) = ok,
since i(d} = 1. The solutions to (20} are described in the next lemma.

EEMMA 5 Equation (20) has a solution k* > 0 if and only if
(21) j DO, upp(du} > 6 + —— W ( 3
A positive stationary solution, if it exists, must satisfy
(22) .f Dk, ulpldu) = 8 + —— W (5)
50 there is at most one positive solution to (20).

Proor: We first show that any solution to (20) satisfies (22). From (18),

ok, u) = stk,u) — ok + 8 J u(k, 2)p(dz)
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(since x = dk is always feasible) for all (k, u) with equality if and only if k satisfies
(20). Then taking the mean of both sides with respect to p(u) and collecting terms :

(23)  Efvlk,w) > ﬁ FE{s(k, )} — K]

with equality if and only if k satisfies (20). If &° satisfies (20), (18) implies
— 8k + BE[u(k, )} 2 —x + PE{v(k*h{x/k)}

forall x = 0. Now applying (23), which holds with equality at &°,

c !8 ¢ _ ¢
— ok +m[E{s(k,u)} 5k

2 —x+ -3 A B[E{s(kch(x/kc]} — Skh(x/k)],
for x 2 0. At x = k%, this inequality holds with equality. At any other value of x,
the right side takes on a smaller value, which is to say that k° maximizes the
expression on the right. Then the first order condition
E{s (k% u)} = E{D(k",u)} = 3 + — h((’i}
is satisfied. If (21) does not hold, no &° > 0 satisfies this condition, so the necessity
of (21)is proved. Further, we have proved that positive stationary solutions satisfy
(22) and, since D is strictly decreasing in k, that there is at most one such solution,
Ta show that (21) is sufficient for the existence of a positive solution to (20),
we must rule out the possibilities that x(k) > dk or x(k} < dkfor all k > 0. To rule
aut the former possibility, recall from Lemma 4 that x(k) is bounded, so that for k
sufficiently large, x(k} < dk. Suppose, contrary to the Lemma, that (22} has a
positive solution k° and that x(k) < dk for all k > 0. Define the function z(k) by

2(k) = max{—ﬁ{s(kl’ u_)}ﬁ— 5k, 0}

so that from (23), z(k) < E{uv(k, 1)} for all & > 0. Now, define the operator Fy on
bounded continuous functions on (0, oc) by

It is readily verified that forany y, zin the domain of Fy,, || Fyy — Fyz|| € Bly — z|.
Also, FyE{ulk, u)} = E{v(k, 1)} where v is the solution to (9), and for any y,

(24) lim Fyy = E{vlk, u)}.

We next show that for z(k) as defined above, Fyz(k) < z(k)for allk < k°
We have, directly from the definitions of z and Fy,

o ]} ]

@) B (k)
e Bék[ﬁ( ) 1] + Sk — x(k).

k
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The strict concavity of s and 2 implies

(26) s[kh(f{g—‘l),u] ~ x(k, u} < Dik, u)k[k(@) - 1}

and

x(k) NG
(27) k(—k~) —t< h(é}[T - ]

Combining (25}, (26), (27), and (22) then gives, for k < k%,
(28) Fyz < 2.

One may also verify that y(k) < z(k) over the interval (0, k7 implies Fywk} < Fyz(k)
on this interval. Thus (24) and (28) together imply

Elo(k, u)} = lim Fyz(k) < z(k), ke{0, kY,
which contradicts (23). This completes the proof of Lemma 5.

It can be shown that v(k) = E{v(k, u}} is differentiable for & > 0.'* Then from
(18), x(k) must satisfy

(29) —1+ 51;'[@(@”#[%] <0

with equality if x{k) > 0. Inspection of (29) reveals that x(k)/k is a strictly decreasing
function of k where x(k} > 0, and that kh(x(k)/k) is a strictly increasing function of k.
Hence if (20} has a solution, k° > 0. Then the results of this section may be sum-
marized in this thearem.

THEOREM 2: Under the hypothesis of independence of the {u,} process, there are
two possibilities for the behavior of the optimal capital stock, k,. If (21) holds, and if
ko = O, k, will converge monotonically to the stationary value &, given implicitly by
(22). If (21) fails to hold, or if kg = O, capital will converge monotonically to zero.

The marginal condition (22), which is satisfied by the long-run capital stock,
has a familiar interpretation. The left side of (22) is the expected marginal value
product of capital. Since in our model the marginal physical product is unity,
this becomes simply expected output price. The right side of (22) is a rental price
or user cost of capital, equal to the sum of a depreciation cost term, ¢, and a capital
or interest cost term, (#/R'(8)).

While capital and investment are varying deterministically as described in
Theorem 2, output each period is supplied to the market inelastically, in a quantity

VLI we let g fk) = E{T"s(k, u)} and a k) = ggk} —~ g,..(k), it can be shown that {i} a,{k) < finB,,
{ii} a, (@) = O, (iii) a{k) > 0, and (iv)|alk) € B, provided A"(k) is bounded, for k 2 k* = 0. Given these
conditions, it follows aj(k} < (§7*/2)B1* B, proving gi(k) converges unifarmly for k = k*. Since g,(k)

converges to u(k) = Eulk, u), w{k} is differentiable for all k = k*. Since this result holds for all k* = 0,
v'{k) exists for all & = 0.
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given by the historically determined capacity of the industry. Fluctuations in
demand then affect price only, in a manner which can be computed from the
demand function (7). (It may be noted that if variable inputs were introduced, the
short-run supply would be upward sloping but not vertical, so that both price and
output would vary with demand shifts. Nevertheless, in this case as well the capital-
investment path will be deterministic.)

While the case of independent errors discussed in this section may appear to be
an unlikely specialization of our general model, it is interesting to note that it
corresponds perhaps more closely than any other analytical model of the industry
to the familiar geometrical dichotomy between short-run and long-run supply.
In the short-run case, capacity is fixed and price and output are determined entirely
by the current demand function and the short-run supply function. In determining
the long-run equilibrium, on the other hand, demand fluctuations play no role,
with equilibrium capacity determined entirely by average, or normal, demand.

7. LONG RUN EQUILIBRIUM WITH SERIALLY DEPENDENT ERRORS

In the case of a serially independent {u,} process, as studied in the preceding
section, a demand shift in period t results in a windfall gain (or loss) for firms in that
period, but yields no information about what the state of demand in future periods
is likely to be. As a result, the current state of demand has no effect an investment
policy, and the capital stock of the industry follows a deterministic difference
equation. In this section, we shall drop the assumption of independent demand
shifts, replacing it with an assumption that these shifts are positively correlated
in a particular way, so that, for example, an upward shift in demand not only
increases price and profit this period but increases the probability that price will
continue to be higher than average over the near future.

To study the case of dependent errors, it will be necessary to impose some addi-
tional restrictions on the {u,} process, with the general aim of assuring that the
distribution of (k,, u,) will converge to a stationary distribution which is indepen-
dent of the initial state of the industry, (kg, ug). First, we require, for all v € E and
all non-degenerate intervals A < E,

(30) fp@mn>m
A

so that for any 4, and any non-degenerate subinterval of E, «,, , will fall in that
subinterval with positive probability. Similarly, it assures that 4, ., will fall in that
subinterval with positive probability, or that

Bl prlugs, e Al = 5] > 0

for all 4, € E and all non-degenerate subintervals A of E. Assumption (30) does not
preclude the possibility that the left side of (31) may approach 0 as s approaches
infinity. We shall rule out this possibility explicitly by adding

(32) lim ptle,, € Alu, = 1y} > 0
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for all u,, A as above, where the limiting value does not depend on the value of u,.
That is, u, has a limiting distribution which does not depend on the initial value u,
and which assigns positive probability to all non-degenerate intervals of E. It
follows from (31) and (32) that for any fixed A4 the terms of the sequence (31},
s=1,2,...,are uniformly bounded away from zero.

We also wish to insure that the relation between current and future demands is
always positive (so that a high demand this period always signals high demand for
the future} by requiring that

(33) ., ¥l
be a strictly increasing function of 4, for all x € E and that

im pr{u,, 2z xuj =1,
=

(34) .
lim pr {“H-l = xlu:} =0,

for all x e E. An example of a process satisfying the restrictions (30), (32}, (33),
and (34) is:

Uepy = pU, + &,

where 0 < p < 1, and where {¢,} is a sequence of independent, identically distri-
buted normal random variables. Finally, in addition to the assumption (Section 2)
that D(k, u) (and hence s(k, u) also) is an increasing function of u, we add the
restrictions that the limits

35) 5k = lim sk, u),

(36) sk) = lim s(k, u),

exist, and convergence is uniform in k.

Qur first task, given these restrictions , is to decompose the set of possible states
of the (k,, u,) process, the set (0, co) x E, into transient sets (sets which cannot be
entered, and which will be departed with probability ultimately approaching 1)
and ergodic sets (sets which once entered cannot be departed, and which contain

- no transient subsets). To do this, we develop some additional notation and prove
some preliminary lemmas.

Since [uv(k, 2)p(dz, u) is a bounded, increasing (by (33)) function of u, the limits

(37 i(k) = lim fﬁ(k, z)pldx, u),

(38)  uk)= lim _[a(k, 2)p(dz, u),

exist for all fixed k. We wish to show that convergence is uniform in k and ta exhibit
functional equations solved by #i(k) and v(k). To this end, we first introduce another
lemma.
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LeMMA 6: Let f(k, u) be a bounded Baire function an (0, co) x E, such that
lim f(u) = Fk) and lim f(k,u) = f(K)

exist, and convergence is uniform. Then
tim [ 702t = 709 and 1o [ £ 2ptdr) = f00,
and convergence is uniform.

Proor: Let B be a bound for f. Then for x € E,

|f(k] - [ s 2otz

[ vw - stz + [ 176 = sk etz

<[ pdzwy + sup 709 - f0al pldnw.

For x sufficiently large, | (k) — f(k, 2)| is arbitrarily small, uniformly in k, while
| £p{dz, u}is bounded by 1. For any fixed x, however large, the first term on the right
is made arbitrarily small by choosing u sufficiently large, applying (34). The proof
for fik) is similar.

As an application of Lemma 6, we have the next lemma.

LeMMa 7: The function wik), defined in (37), satisfies the functional equation

(39) k) = sup {étk) —x + ﬁﬁ[kk(%)]}

and an analogous functional equation is satisfied by v(k).

Proor: We first show that
(40) lim o(k, 1) = b{k)

uniformly in k. Define the operator T as in Section 3, and let Ok, u) = 0 on
0, c0) x E. Let Ok, u) = T"0(k, u). Then, by Lemma 3, lim,,_ T"0 = uv(k, u),
uniformly in & and w. It will then be sufficient to show that 0,k u) converges
uniformly to the limit 0,(k) as « — <o, for all n. For n = 1, the proposition is true,
since 0,(k, u) = sk, 1), and s(k, u) converges unifarmly to §(k) by (35). Suppose
0,(k, u) converges uniformly to 0,(k). By the definition of the operator T,

0,.4(k, 1) = sup {s(k, b — x + ﬁfon[kh(z), z:lp(dz, u}}.
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Oursl) = 0+ sup §x = g0 i3] |1

Since 0,(k) 2 0,(k, u),
“é (k] n + l(ka L!}

S——

enferefofof]

Let

7¢]

20 ke Z:! p(dzs u)} + E(k) - S(k, u}

fof] - e{ s o

By Lemma 6, the induction hypothesis, and {35), the term on the right is arbitrarily
small, uniformly in kh(x/k), for u sufficiently large. Thus 0, ,(k, v} converges
uniformly to 0,.,(k) and lim, , ., 0,(k). This completes the proof that the converg-
ence in (40) is uniform.

Now

£ igg + s(k) — sk, u).

o(k) = lim sup {s(k W—x+ f f olkh(x/k)]p(dz, u)}.
By (33),{40), and Lemma 6, the expression in braces converges uniformly in k ; thus,
the supremum and limit operation can be interchanged to obtain (39). The proof
for p(k) is similar

The limit functions 6{k} and p{k} share the properties of continuity, monotonicity,
and concavity with _f o(k, 2)p(dz, 1) regarded as a function of k for fixed u. Then, as
in Section 4, §(k} and p(k) are attained at unique values x(k) and x(k) respectively,
and these functions are continuous. Also as in Section 4, the functions (1/k)%(k) and
(1/k)x(k) are decreasing and the functions kh[(1/k)x(k)} and kh[(1/k)x(k)] are
increasing. Finally,

(k) = lim xtk, u)
and
x(k)y = lim x(k,u)

for all k.

From (33), x(k, u} is an increasing function of u, so that x(k) > x(k) for all k such
that x(k) > 0. By an argument used to prove Lemma 4, x(k) < dk for k sufficiently
large. Let k be the least positive solution to (k) = &k (or O if there is no positive
solution) and let k be the greatest positive solution to x(k}) = k {or 0 if there is no
solution). Then since x(k) < x(k) if %(k) > O, eitherk =k = 0,0r 0 € k < k < 0.

We now prove another lemma.

LemMa 8: (i) For all k 2 k, there exists hq < 1 (not dependent on k) such that the
event hl(x(k, u)/k)] € hy has positive probability, for all t and all u,; (ii) for all
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0 < k < kthere exists hy > 1 (not dependent on k) such that the event h[(x(k, u/k)] =
hy has positive probability, for all t and all u,.

Proor: We prove (i) only, since the proofs of the two parts are essentially the
same. For any k, the event (1/k)x(k) € (1/k)x(k, u) < (1/2k)[x(k) + x(k)] has posi-
tive probabitity, by (31) and the definitions of X(k) and x(k). For k = k, (1/0)x(k) <
(L/k)%(k) = 8, so that the occurrence of this event implies

1 §d 1
Ex(k’ u) < 3 + EJ_c(k) < 8.

Letting 1o = A[(8/2) + (1/2k)x(k)] < 1, (i) is proved.

Using Lemma 8, we can prove the next lemma.

LemMMA 9: Thesets T, = (0,k) x Eand T, = [k, w0) x E are transient, and the set
B = (k. k) x E contains all ergodic sets.

Proor: Since {k,, u,} takes values in T, U B T, (for k, > ), it is sufficient to
show that (i) if (ky,ug)é T, (i =1,2), (k,u)é¢ T, with probability 1 for all ¢ =
1,2...;and () for all (ko,uote T, v Ty,

lim pr {(k, u) € B} = 1.

To prave (i), we show that prik,., = Kik,u)] = 0 for (k,,u) e T; v B. For
k, < k, we have

kips < fqh(ﬁ—g(fq)) < Eh(%ﬂﬁ)) 3

since kh((1/k)x(k)) is an increasing function of k. A similar argument rules out
passage into T, from B T;.

To prove (ii), let (ky,u,) € Ty Since x(kg, 1) < kg for all u, we have-k, < kg for
all 2. Let ky < 1 be the number whose existence was established in Lemma 8. For
some t*, koht < k. Hence if the event h[(x(k, «)/k)] < ko occurs t* times in t
periods, &, < k. Since the probability that this event occurs is bounded away from
zero, the probability that it will not occur 1* times in ¢ periods goes to zero as ¢
becomes large. A similar argument applies if (kq, o) € Ty .

Next, we have the final lemma.
LeMMA 10: The set B = (k, k) x E constitutes the single ergodic set.
Proor: It has been shown (Lemma 9) that all ergodic sets are contained in B.

To show that B is a single ergodic set, it is sufficient to show that for some ¢ = 1,
all (kg , uo) € B, and all non-degenerate rectangular subsets 4 of B, that

pr {(k,, w) € Allkg, uo)} > 0.
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Let A= {ku)eB: k, <k <k, 4, <u<u,, where k<k, <k, <k and
U, < Uy, Uy, 4, € E. Suppose, to be specific, that k, < k,. Then for any finite t one
can choose 0, > @, > 1| such that k.0, = k, and k,84 = k,, and lim,_ 6, = 1.
By choosing t large enough, the event hlx(k, u)/k] = 8, has positive probability for
all k < k,, so that the event

0, < A{xtk,u)/k] < 9,

has positive probability. Hence the probability that this event will accur ¢ consecu-
tive times is positive, asis the probability that u, € u, < u,, for any u,_ . Hence the
lemma is proved.

Lemmas 9 and 10 accomplish the division of the set (0, ca) x E of passible states
of the {k,, u,} process into two transient sets and a single ergodic set. In doing this,
nothing has been assumed to assure that the ergodic set B is non-empty, or
equivalently, that %(k) = 6k has a positive solution £ The following theorems
characterize the long-run behavior of the system under the hypothesis that B is
non-empty. We return to the questions of verifying this hypothesis, and of charac-
terizing the system when it is false, below,

TueoreM 3: If B is not empty, for all (k, u) and all (kq, u,), the limit
lim pr {k, < k,u, < (ko o)} = P(k,u)
(o
exists, and does not depend on (ky, uo). The function P(k, u) is a probability distribu-

tion on (0, a0} x E, assigning probability zero to all subsets of T, w T, and positive
probability to all Borel subsets of B with positive areq.

ProOOF: See [6, Theorem 3.7, p. 214, and surrounding text].

Since under the limiting distribution, &, lies on a bounded interval with prob-
ability 1, the mean of k, k* say, exists and is positive. Then we have the following
“stability” theorem.

THEOREM 4: If B is not empty, then for any initial state (kq. ttg),

lT
LR I
ELmTZ, k

Tow I =g
with probability 1.
Proog: The result follows from (6, Theorem 6.2, p. 220].

To verify the hypotheses of Theorems 3 and 4, we wish to determine when the
equation ¥(k) = dk has a positive solution. This question is analogous to the
question of the existence of a positive solution to x{k} = 4(k} studied (and solved)
in the preceding section. We have the following theorem.
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THEOREM 5: The ergodic set E is non-empty (x(k) = Sk has a positive solution) if and
only if

(41) hm Do, u)>5+h(5)

Proor: The proof follows that of Lemma 5, with the operator | f(u)p(du) on
functions f replaced by lim, ,, f(u). This replacement is justified by Lemma 7.

If (41) fails to hold, capital stock in the industry will go to zero with probability
one, since x(k,, u,) < &k, for all (k,, u,). Thus Theorems 3, 4, and 3 provide a com-
plete description of the long-run behavior of the industry under the assumptions of
this section.

8. CONCLUSIONS

The object of this paper has been the extension of “‘cost-of-adjustment™ type
investment theory to situations involving demand uncertainty. In doing so, we
have tried to go beyond formulations of the “price expectations affect supply,
which in turn affects actual price’ variety, to consider the simultaneous determina-
tion of anticipated and actual prices. This involves studying the determination of
industry equilibrium, in addition to the individual firm’s optimizing behavior, a
step which radically alters the nature of the problem.

Generally, the equilibrium behavior of capital stock, output, and price through
time is similar to the certainty case studied in [14] : the interplay of shifting demand
and the costs of varying capacity leads to a difference equation in capital stock.
The stationary character of the demand shifts leads capital stock to settle down,
either with certainty or “on average,” to a long-run equilibrium level, determined
by interest rates, adjustment costs, and average demand levels.

An interesting feature of our theory is the role played by securities prices in
informing firms of the market (not “‘shadow™) price placed on additions to capital
stock. We have found (Section 3) that securities prices as a variable in a firm level
investment function have a much stranger justification than simply as a “proxy”
variable for future demand.

Carnegie-Mellon University
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