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In this article, we develop methods for estimating the expected time to the first loss
in an Erlang loss system. We are primarily interested in estimating this quantity
under light traffic conditions. We propose and compare three simulation techniques
as well as two Markov chain approximations. We show that the Markov chain ap-
proximations proposed by us are asymptotically exact when the load offered to the
system goes to zero. The article also serves to highlight the fact that efficient esti-
mation of transient quantities of stochastic systems often requires the use of tech-
niques that combine analytical results with simulation.

1. INTRODUCTION

We consider an Erlang loss system with C servers, namely the M/G/C/C queuing sys-
tem. The arrival rate is A. The service times are independent and identically dis-
tributed (i.i.d.). A typical service time is represented as the random variable S and is
assumed to have finite first and second moments that are denoted as E[ S ]and E[S?],
respectively. The distribution function of S is F(-). Define u = 1/E[S]. The random
variable S, has the equilibrium distribution of S, namely F,(y) = u [ F “(x)dx, where
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F<(y)=1—F(y). We are interested in estimating the expected time to the first loss
of a customer in this system, E [T ], when the system starts empty at time zero and the
traffic is light. Define the load offered to this system as p = A/Cu. The stationary prob-
abilities, p;, that there are j customers in this system are given by

1 /A
p]'= . <_>’ j=0’172’-'-7c7
KOt \u

where K(C) is the normalization constant given by

A 1()\)2 1<)\>C
1+=+—=(=)+-+=(=);
uo 20 \pu C!'\u
see Ross [1].

Using simulation to estimate the expected time to the first loss is straightfor-
ward under heavy traffic because a loss takes place relatively quickly. This, how-
ever, is not the case under light and moderately light traffic conditions, which are the
cases we will discuss. In such cases, the efficiency of a simulation can be improved
both by using stratified sampling and by continuing to simulate beyond the first loss,
using, in the latter case, the additional information of the time to empty the system
to estimate the time to first lose a customer. Utilizing these ideas, we propose and
compare three simulation techniques as well as two Markov chain approximations
for the mean time of the first loss.

The first Markov chain approximation is an analytical approximation shown to
be asymptotically exact as traffic goes to zero. The second approximation, which is
also asymptotically correct, requires some (but not extensive) use of simulation. In
particular, the simulation effort required does not grow with the decrease in traffic
intensity. Thus, the second approximation technique is a hybrid one that combines
analytical methods with simulation. We show that even with suitable modification to
estimate the time to first loss, the three simulation techniques require exponentially
increasing time as the traffic intensity decreases. In the crossover region between
heavy and light traffic, the second Markov chain approximation works best. In light
traffic, both approximations work well. Thus, the article, apart from highlighting
new approximation and simulation techniques, also serves to highlight the fact that
efficient estimation of transient quantities of stochastic systems often requires the
use of techniques that combine analytical results with simulation.

2. MARKOV CHAIN APPROXIMATION

We shall define the transition matrix of a Markov chain that plays an interesting
role in determining E[T]. For i = 0,1,...,C — 1, let W, be a random vector com-
prising i + 1 independent components with the first component distributed accord-
ing to F(-) and the rest according to the distribution F,(-). Also, let W, be a
random vector having C i.i.d. components distributed according to F,. Let the
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random variable A be exponentially distributed with mean equal to 1/A. Denote
the kth smallest component of W; as Wi[k]. Define the transition matrix

P, =Peiw T =a<w j=12,.,,0=i<C )
P..=P{a<w!}, o0=i<c, )
Po=Pe(W =4l o0=i<c 3)
Pe,=Priw N =a<wtoT My, j=12,...,0-1, @)
Py = Pr{Wt = 4}, )
Pec=Pr{A < Wt} (6)

In other words, given that an arrival finds i customers whose remaining service
times are i.i.d. F,(-), P; ; gives the probability that the next arrival finds j customers
in the system. Therefore, this is the conditional probability, given that an arrival to a
stationary M/G/C/C queue finds i customers, that the next arrival finds j. Regard the
time for one transition in this chain to be the interarrival time for the M/G/C/C
system.

We shall prove a property of this Markov chain that motivated us to use it in
approximating E[T]. Define an empty-to-empty cycle as the time taken by the
Erlang loss system starting empty of customers at time O to return to the empty state
again. The length of this cycle has finite expectation. Let this expectation be denoted
as E[T%]. Let E[T,,] be the expected time for the Markov chain starting from
state 0 to return to state 0.

THEOREM 2.1:

E[T2] = E[T,].

Proor: Call an Erlang arrival (whether or not it enters the system) an i arrival if
there are i in the system when it arrives, i = 0,..., C, and let Q; ; denote the long-run
proportion of i arrivals that are followed by a j arrival. Also, let Q; denote the pro-
portion of arrivals that are j arrivals. Then,

0 =200, )

However, using the fact that the long-run conditional distribution (given the number
in system) of remaining service times are i.i.d. according to the equilibrium service
time, along with the fact that Poisson arrivals see time averages, it follows from the
ergodic theorem that Q; ; = P, ;, where the P; ; are the transition probabilities of the
Markov chain. However, then (7) states that the Q,’s satisfy the stationary equations
of the Markov chain and, by uniqueness, must therefore equal them; that is, if the
r;’s are the stationary probabilities of the Markov chain, then

7Tj = Qj’
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as
1/A
0= 0
E [To,o]
and, for the Markov chain with an exponential time between transitions,

R
E[To,]

o

Thus,

E[T5] = E[Tyo].
|

Thus, ignoring the exponential times between transitions, what we have are two
stochastic processes: both regenerative, with one being a Markov chain with tran-
sition probabilities, P; ;, and the other a non-Markovian process with the same states
and satisfying the property that the proportion of transitions out of i that are into j is
also P; ;. The preceding argument then shows that their limiting state probabilities
are equal.

However, although the preceding is a nice motivating argument for using the
Markov chain to approximate the first passage time, 7T, it does not really say much
about whether expected first passage times (except from the regenerative state back
to itself) are roughly equal for the two systems. Thus, it is not clear a priori see why
the Markov chain approximation should be particularly good in very low traffic. To
motivate this, consider the interval [0,7]. (Theorem 2.2 will also provide insight
into the rate of convergence of the approximation to the true value.) Let E [T, ] be
the expected time to reach state C given that the Markov chain started in state 0. Let
ng be the expected number of visits to state 0 during 7y, . Let E [T o ] be the expected
time to reach state 0 given that the Markov chain is in state C. Let Ty, be the time for
the queue to empty after the first loss of a customer. Let N; be the number of arrivals
to the queue that saw j customers during [0, 7 ] and M; be the number of arrivals that
saw j customers during [0, T + Ty, ]. Also, assume that sup, E[S — x|S > x| = k,
where k is finite.

THEOREM 2.2:

E[T] _

li -
o0 E[Ty ]

ProoF: The proof of this theorem is in several steps and indirect. Because 7" and
T + Ty, are stopping times, by Wald’s equation we can equate

AE[T] = E[Ny]+ E[N,]+ --- + E[Nc]. 8)
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Similarly,
ME[T]+ E[Tyz]) = E[Mo] + E[M,] + --- + E[M]. )

We proceed to bound the difference between these two quantities (i.e., bound
AE[Tyz]). Assume that Cp < 1. Modify the queuing system once a customer is lost,
such that every customer that arrives after the loss is routed to the server that had the
maximum remaining work at the time of loss. Assume that customers are no longer
lost—there is infinite waiting space. It can be shown that the time to return to the
empty state with this modification will be greater than the time to return to the empty
state in the original system. In fact, to prove this, note that work for this server is at
every instant larger than the work for any server in the unmodified system. The
expected remaining work at this server after the loss of a customer is less than or
equal to Ck, because the maximum of C nonnegative random variables is surely
less than or equal to their sum. The utilization of this server is Cp. By using the
expected length of a busy period in an M/G/1 queue with exceptional first service
time (see [1]), the expected time to return to the empty state for this server is less
than Ck/(1 — Cp). Thus, the expected time for the system to empty is less than
Ck/(1 — Cp). Therefore,

AE[Ty | = A . 10
Tul=A1= e (10)
Using (8)—(10), we obtain that when Cp < 1,
C
SEM;,—N)| =2 ) (11)
i=0 1=Cp

We next derive the equations that the E[M;]’s should satisfy, namely

c—1

E[A’I]] = 2 Pi,jE[Mi] + Pc,jE[Mc](l - Pc,c), j=L2,...,C—1, (12)
i=0

Cc—1

E[M:)(1—Pcc) = 2, P cE[M,]. (13)

i=0

These equations can be justified as follows. We shall denote an arrival that finds i
customers as an i arrival and an arrival immediately after an i arrival that finds j
customers as an ij arrival. Let N; ; be the number of ij arrivals during [0,T]. Let R;
and R; ; be the number of i arrivals and ij arrivals during the interval (7, T + Ty ], for
i=0,1,2,...,C — 1. Define R to be the number of C arrivals that are immediately
folloyved by an arrival that sees less than C customers and define R ; analogously.
Let M be the number of C arrivals that are immediately followed by a customer that
sees less than C customers. Clearly,
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R(): 1.

In the equation for R, we have equated transitions into state C and transitions out of
state C; thus, transitions from state C to state C (lost customers) are not counted.
Define the cycle for the M/G/C/C queuing system that starts with an empty queue,
loses a customer, and ends with the subsequent return to the empty queue as a “Zero
to Hit to Zero” or simply a ZHZ cycle. The last return to the empty state in a ZHZ
cycle can be written as

c
Ry = 2 R;o.
i=1

Now, notice that either we can count the last visit to state O (i.e., R) or the first visit,
but not both visits in M. Thus, adding the above equations and using the facts that
R, +N;=M;andthatR; ; + N, ; =M, ;, 0 =i= C — 1, we obtain

i,jo

Cc—1
M. = EMi,j+RC,j’ j=0,1,2,...,C—1,

i=0

Cc—1
Mc= D M.

i=0

The M/G/C/C system regenerates after every ZHZ cycle. The proof of Theo-
rem 2.1 showed that the fraction of arrivals that see i customers that are followed by
an arrival that sees j customers is given by P; ;. By the renewal reward theorem [1],
the rate of i arrivals is given by E[M;]/(E[T ]+ E[Tiz]) (i.e., the expected number
of i arrivals during a ZHZ cycle divided by the expected length of a ZHZ cycle). Sim-
ilarly, the rate of ij arrivals is equal to E[ M, ;]/(E[T ]+ E[Tyuz]). The ratio of these
two quantities is the fraction of arrivals that see i customers that are followed by
an arrival that sees j customers. Thus, E[M;;]=P;;E[M;],0=i<C. By asimi-
lar argument, E[Mc] = E[Mc](1 — Pc¢), and E[Rc ;1= E[Mc](1 — Pc,c)Pc ;,
0 = < C. These identities yield (12) and (13).
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Now, we proceed to examine the Markov chain approximation. Consider the
equations

=
Il

c—1
= > P, j=12,...,0-1,
i=0
o (14)
Xo=1+ 2 P;ox;.
i=0

We note that (a) when the Markov chain starts out in state 0, x; is the expected
number of time periods spent in state j before entering C, and (b) that (14) can be
proven by use of Wald’s equation. Thus, the sum xy + x| + --- + xc_; represents the
expected number of transitions minus 1, until absorption in state C, given that the
Markov chain is started in state 0. (The minus 1 accounts for the fact that the final
transition to state C is not counted in the sum xy + x; + --- + x~_;. The additional
one in the expression for x, accounts for the fact that the chain starts in state 0.) For
the final step in the proof, let e denote a column vector of dimension C whose
components are equal to 1, let e; denote the unit vector again of dimension C that has
a | as its jth element and the rest of its elements equal to zero, let ( ); denote the ith
component of a vector, and let Q denote the C X C matrix whose elements are P; ;,
i=0,1,2,...,C—1,j=0,1,2,...,C— 1. Lete” and Q7 denote the transposes of the
corresponding matrices. Let (P¢ ;) denote a column vector whose components are
Pco,Pciy-os Pec—1- Let (I — Q7)7! denote the inverse of the matrix (1 — Q7).
Observe that this matrix is nonnegative due to its expansionas I+ Q7+ (Q7)? + ---
This expansion converges because the matrix Q does not include the last row and
column of the matrix P. From (14),

c—1
> xj=el(I—-Q7) ey 15)
j=0

We also observe by referring to (14) that e”(I — Q") '¢; is the expected number of
transitions minus 1 until absorption in state C when the chain is initially in state j.
Therefore, from the lower triangular structure of the transition matrix, we infer that
e’(I— Q") e, is greater than e’ (I — Q) '¢; for j > 0. Thus,

Ce™(I—Q07) e, >e"(I— Q") e. (16)
From (12),

Cc—1

D EM]—e"(I-0") e[| =e"(I—07) " [(e; = (Pc;)(1 = Pe.c ) E[Mc])|

j=0
= @T(I_ QT)_1 |(51 - (PC,j)(l - Pc,c))|
T T\—1 Ck
+e'(I—-Q") (PC,j)(l _Pc,c) m’
17)
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where we have used (10) to bound E[M] with 1 + A(Ck/(1 — Cp)). The first term
on the right-hand side of (17) is less than or equal to e’(/ — Q) 'emax{l —
PcosPe.ty- s Pe,c—1}- The second term is less than e’ (I — Q) 'e(Ck/(1 — Cp)).

From these observations, using (16) as well as the facts that Pco and M,
go to 1 when A goes to 0, we obtain that e”(I — Q7) " '|(e; — (P¢,;)(1 = Pc.c))| +
e"(I= Q") (Pc;)(1 = Pc c)(Ck/(1— Cp)) divided by E [T, ] also goes to 0. Thus
using (11), (15), and (17), we obtain the theorem. u

Itis worth noting that when the service times have the New Better than Used (New
Worse than Used) property, then, due to the structure of the Markov chain, the ap-
proximation gives a lower bound (upper bound) for the hitting time when the S,’s are
replaced by S’s in computing the transition matrix (P; ;). (Anonnegative random vari-
able H is said to be New Better than Used (New Worse than Used) if (H — x| H > x) =<
H(H—x|H>x) =, H);see[1].) To see this, assume that the arrival times are gen-
erated firstand stored as{a, a»,...,}. Given this sequence of arrivals, the residual ser-
vice times found by arriving customers are independent random variables. Assume
that the service times have the New Better than Used property. When the first arrival
takes place, replace the residual service times by independent service times drawn from
F(-). Thereafter, let the system evolve as usual. The hitting time will be stochasti-
cally smaller in this system compared to the original system (given the sequence of
arrivals); see, for example, [4]. Therefore, the expected hitting time will be smaller
with this modification. By repeating this construction (i.e., induction over the a;’s),
it follows that the expected hitting time will be smaller when the service times are re-
placed each time by S’s. The proof for the New Worse than Used case is similar. It is
also interesting that these bounds continue to hold even when the arrival process is
not Poisson (e.g., see [3] for a method of establishing bounds under a “lack of an-
ticipation” assumption).

The Markov chain approximation proves to be accurate for light traffic. The
Markov chain approximation is, however, not quite as useful under other traffic
conditions.

From (17), we can visualize that the rate of convergence to the true expected
hitting time is rather slow. There are several ways in which the approximation E[T |~
Xo+x;+ -+ +xc_; + 1 can be improved. We suggest a particular modification that
proves to be robust under moderate traffic conditions. For the Markov chain, let
be the expected number of times state 0 is visited during [0, Ty, ] and let E[To] be
the expected time to reach state O starting from state C. Then, it can be shown that

no _
)\(E[TO,C + TC,O])

Po (18)

(i.e., the fraction of time the M/G/C/C system is empty). In other words, when we
look at the “zero to reach state C to return to zero state” cycle in the Markov chain,
the fraction of transitions into state 0 during this cycle equals the fraction of time that
the queue is empty. (This cycle is not identical to the ZHZ cycle in the M/G/C/C
system, but the expected fraction of time spent in each state during the two cycles are
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identical—a proof of this can be constructed following the lines of Theorems 2.1 and
2.2.) We suggest the following approximation based on this insight:

E[TC,()] . E[THZ]
E[T,c]l  E[T]’

19)

namely that the ratio of the expected time to return to the empty state to the expected
time to lose a customer are approximately equal for the queue and the Markov chain.
Based on (19), we obtain

ElTocl+ ElTcol  EIT]+ E[T]

ElTyc] ET] 20

We know that the expected length of an empty-to-empty cycle for the M/G/C/C
queue is equal to 1/Ap,, namely the reciprocal of the rate at which customers see an
empty queue. By an application of Wald’s equation, the expected length of a ZHZ
cycle should equal this quantity divided by the probability of losing a customer in an
empty-to-empty cycle (denoted by py), OF

E[T]+E[Tyz] = . (21)
/\poploss
Using (18) and (21), we obtain
U 1
= . (22)
(E [To,c + TC,()]) (E [T] + E[THZ])ploss
Finally, combining (20) and (22), we get
1
E[T]~ E[To,c] . (23)

0 Floss

Note that as A goes to zero, ngpj. tends to 1 because at most one customer is lost
before the queue empties. To see this, let ¢ be the expected number of arrivals to the
queue that see an empty system in a ZHZ cycle. From (21),
1
ny=—. 24)
Pioss

We can show that E[T¢o]/E [T, ] goes to zero as A becomes small. By an applica-
tion of Wald’s equation,

E[To,c + Tc,o] = noE[To,o]- (25)
Similarly,

E[T+ Ty, ] = n{E[T,2]. (26)



176 S.M. Ross and S. Seshadri

Therefore, from Theorems 2.1 and 2.2 and (24)—(26),

= lim Ny Pross — 1.
A—=0

When the queue is lightly or moderately loaded, we can estimate p, quite quickly
and accurately by simulation [i.e., estimate the probability of losing a customer in an
empty-to-empty cycle (using, e.g., Method 1 given in Sect. 3)]. Intuitively, the prod-
uct 719 pjoss should be greater than 1 when E [T, ] overestimates the expected hitting
time and should be less than 1 when it underestimates the expected hitting time.
Thus, this correction.

3. SIMULATION
3.1. Method 1

We let B denote the total amount of time that the system has been at capacity by time
T. Then, B is exponential with rate A and can be used as a control variable (because
it is clearly positively correlated with T and with N). Perhaps the easiest way to see
that B is exponential is to consider its hazard rate function. Think of B as the lifetime
of some item and suppose that the item has just reached age x (i.e., the total time at
capacity is now equal to x). Then, the probability that the item dies before an addi-
tional small time / elapses (i.e., that the total time at capacity does not reach x + h)
is just the probability that a new arrival comes within time /, namely Ah. Therefore,
the hazard rate function of B is A, implying the result; see [2].

Let 7, be the time point at which the cumulative time at capacity is equal to b.
The raw simulation estimator is

El = TB'

Method 1(a). A variance reduction possibility can also be obtained if we first
generate the value of B, and, then, if B = x, we stop the simulation when the total time
at capacity is equal to x. We can then make use of antithetic variables by generating
B from a random number U and using 1 — U to obtain a second value of B. We can
then run the simulation until the total time at capacity is the maximum of the two
generated values of C and thus obtain two values of 7.

3.2. Method 2

We know that

E[T]= J:OE[TlB = b]Ae " db.



