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1 Introduction

In the note “Dominance and Iterated Dominance” we defined the concept of common
belief (Definition 1 there). Specifically, we said that an event is common belief if all
players believe it, all players believe that all players believe it, and so on ad infinitum.
(The particular event of interest there was the rationality of the players.) In this note
we are going to consider a closely related concept, that of common knowledge, and
use it to prove a famous result on the impossibility of ‘agreeing to disagree.’

2 A Model of Knowledge

Informally, we say that an event is common knowledge if all players know it, all players
know that all players know it, and so on ad infinitum. The definition is just like that
of common belief, with belief everywhere replaced by knowledge.

Let us now give a mathematical set-up in which these ideas can be stated formally.

So, let Ω be a finite set of possible states of the world. The states are to be thought
of as alternative possible descriptions of whatever is relevant to the players. Thus,
only one state is the actual (true) one, although it may well be that no player knows
which state this is, as we shall see. Subsets of Ω are events. (For a typical, if not too
exciting, example, the states are “rainy,” “fair,” and “sunny.” Among the possible
events, then, is that it rains or is fair.)

Player a has a partition Pa of Ω, i.e. a collection of nonempty disjoint subsets
of Ω whose union is Ω. To give an example, suppose Ω = {1, 2, 3, 4, 5, 6, 7, 8, 9}, i.e.
there are nine possible states of the world, and let player a’s partition be:

 

Ω  123  45  678  9 
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(In symbols: Pa = {{1, 2, 3}, {4, 5}, {6, 7, 8}, {9}}.) The partition depicts the in-
formation that player a is assumed to have about the true state. Thus, if the true
state is 3, player a knows that the state is either 1, 2, or 3. He knows that it is not
any of the states 4 through 9. If the true state is 5, then player a knows that it is 4
or 5 (and not any other state). If the true state is 9, then player a knows that it is 9.
And so on.

Suppose that the true state is 2, so that player a knows that the state is either
1, 2, or 3. We can also say that a knows the event {1, 2, 3}. Now consider the event
E = {1, 2, 3, 4}. Does player a know E? Yes. Player a knows that the true state lies
in {1, 2, 3}, so it certainly lies in {1, 2, 3, 4}. What about the event F = {2, 3, 4, 5}?
Does a know F? No! Player a considers it possible that the true state is 1, in which
case the event F does not occur. (Note well that, in fact, the event F does occur,
since the true state is 2, not 1. The point is that - at state 2 - player a does not know
this.)

Next, bring in a second player, viz. player b, and suppose that b has the partition
Pb of Ω given by:

 

Ω  12  345  6  789 

(In symbols: Pb = {{1, 2}, {3, 4, 5}, {6}, {7, 8, 9}}.) Suppose again that the true
state is 2. Then player a knows E. And player b also knows E. Does b know that a
knows E? Yes. Player b knows that the true state is 1 or 2. In either case, player a
knows that the true state is 1, 2, or 3, and therefore knows E. Does a know that b
knows E? No! Player a knows that: either (i) player b knows that the true state is 1
or 2; or (ii) player b knows that the true state is 3, 4, or 5. In case (i) player b does
know E, but in case (ii) player b does not know E.

(You should now be able to see the formal distinction between the concepts of
belief and knowledge. When knowledge is formalized as here, a player cannot know
something that is false. That is, if the player knows an event E, then E is true (the
true state lies in E). By contrast, belief is usually formalized in such a way that it is
perfectly possible for a player to believe something that is false. That is, the player
can assign probability 1 to E, while the true state lies outside E. When we talked
about belief in “Dominance and Iterated Dominance,” we certainly meant to allow
for this possibility—that one player might believe that another player was playing a
particular strategy, when that was not the case.)

3 Common Knowledge

Consider the event G = {1, 2, 3, 4, 5, 6}. We claim that if the true state is 2, then
player a knows G, player b knows G, player a knows b knows G, player b knows a
knows G, and so on indefinitely. That is, the event G is common knowledge. You can
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satisfy yourself that this assertion is true, by going through the kind of arguments
we have been making in the last couple of paragraphs. But there is also another,
very useful way to see that this is true, which uses an important result of Aumann
(“Agreeing to Disagree,” Annals of Statistics, 4, 1976, 1236-1239).

To proceed, we need to define a third partition of Ω, given the two partitions
Pa and Pb. Say that one partition refines another partition if every member of the
first partition is a subset of a member of the second partition. The meet of the two
partitions Pa and Pb is then the partition of Ω, to be denoted by Pa ∧ Pb, such
that: (i) both partitions Pa and Pb are refinements of Pa ∧ Pb; and (ii) there is no
refinement of Pa ∧Pb that satisfies (i).1 Let us go straight to an example. Given the
partitions Pa and Pb as depicted above, the meet Pa ∧ Pb is readily seen to be the
partition:

 

Ω  12345  6789 

(In symbols: Pa ∧ Pb = {{1, 2, 3, 4, 5}, {6, 7, 8, 9}}.) You should satisfy yourself
that this partition satisfies conditions (i) and (ii) above, and that no other partition
does.

We are now ready to state Aumann’s result characterizing common knowledge.

Theorem 1 Fix some event E ⊆ Ω, and let ω ∈ Ω be the true state of the world.
Then E is common knowledge (when the true state is ω) if and only if E contains the
member of Pa ∧ Pb that contains ω.

Before the proof of this result, let’s check what it says in our example. Take the
event of interest to be G = {1, 2, 3, 4, 5, 6} and the true state ω to be 2, as before.
As can be seen from the picture above, the member of the meet that contains ω is
{1, 2, 3, 4, 5}, which is obviously contained in G. Thus Proposition 1 implies that G
is common knowledge at ω, as we asserted above.

The idea of the proof can be seen in the following picture:

1Note the implicit assumption that there is only one such partition. This is always true, as should
become clear shortly.
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b’s partition 

There are nine possible states, and the true state is the lower-right one (labelled
ω). The circles enclosing a node or nodes give (part of) the partition of each player.
The member of the meet that contains ω is then the event E consisting of the states
enclosed by the dotted lines. The key to understanding Proposition 1 is then to see
that E can be ‘built up from the inside,’ so to speak. That is, we can start with the
state ω, look at the member of a’s partition that contains ω, then look at each of the
members of b’s partition that intersect this set, then, for each such set, look at each
of the members of a’s partition that intersect that set, and so on. You should satisfy
yourself that if we take the union of all the sets in this procedure, we end up with
precisely the set E.2 You can also see that the procedure identifies what a knows
(when the true state is ω), what a knows b knows, what a knows b knows a knows,
and so on.3 This is the essence of the proof of Theorem 1, and a formal proof can be
written out along these lines.

To check our understanding, let us suppose instead that player a’s partition is
given by the picture below. As before, start with state ω. Look at the member of a’s
partition that contains ω; this identifies what a knows at ω. So at ω, player a knows
E, since E includes the member of a’s partition that contains ω. Now ask: Does a
know that b knows E? Yes! The event E includes every member of b’s partition that
intersects the member of a’s partition that contains ω. Now ask: Does a know that b
knows that a knows E? Here the answer is no! To see this, we need to look at every
member of a’s partition that intersects a member of b’s partition that intersects the
member of a’s partition that contains ω.

2You should also check that the same would be true if we had started the other way round, that
is, if we had started with ω, but then looked at the member of b’s (not a’s) partition that contains
ω, and so on.

3And hence, using the preceding footnote, what b knows (when the true state is ω), what b knows
a knows, and so on.
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b’s partition 

The following diagram indicates one such member of a’s partition (the dark-gray
oval):

 

a’s partition member 

ω

E 
 ω’

ω1 

ω0

b’s partition member 

a’s partition member 

Notice that, at ω, player a considers it possible that the true state is ω0. But if the
true state were indeed ω0, player b would consider it possible that the true state was
ω1, in which case a would consider ω′ possible. But E does not contain ω′. Hence,
player a does not know that b knows that a knows E. And certainly, then, the event
E is not common knowledge.

4 The Agreement Theorem

We now add one more item to the preceding set-up, and then we will be able to state
and prove Aumann’s famous theorem on the impossibility of ‘agreeing to disagree.’

Specifically, we suppose that the two players a and b have a common probability
measure p on the set of states Ω, giving the likelihoods that they attach to each of
the states. E.g. the players assign probability 1/2 to rain, probability 1/3 to fair,
and probability 1/6 to sun. (Of course, the assumption that the two players assess
the same (prior) probabilities to the states is a strong one. It is usually termed the
Common Prior Assumption.)

5



Fix some event E ⊆ Ω. If the true state is ω, what probability—what posterior
probability, if you like—will player a assign to E? At ω, player a knows that the true
state lies in the member of Pa that contains ω. Denoting this set by Pa(ω), it follows
that player a will calculate the conditional probability of E given Pa(ω):

p[E|Pa(ω)] =
p[E ∩ Pa(ω)]

p[Pa(ω)]
.

Likewise, if the true state is ω, the posterior probability that player b will assign E
will be the conditional probability:

p[E|Pb(ω)] =
p[E ∩ Pb(ω)]

p[Pb(ω)]
,

where Pb(ω) is the member of b’s partition Pb that contains ω.4

Theorem 2 (Aumann) Fix some event E ⊆ Ω and a state ω ∈ Ω. If player a’s and
player b’s posterior probabilities of E are common knowledge at ω, then they must be
equal.

In brief, the theorem says that the two players cannot agree to disagree! Before
the proof, let us do an example.

Example 1 5Let the set of states Ω = {1, 2, 3, 4, 5, 6, 7, 8, 9}, and let the common
prior assign probability 1/9 to each state. Player a has the partition Pa = {{1, 2, 3},
{4, 5, 6}, {7, 8, 9}}, while player b has the partition Pb = {{1, 2, 3, 4}, {5, 6, 7, 8}, {9}}.
Let the event E of interest be {3, 4}. Note that player a’s posterior probability of E
will be 1/3, 1/3, or 0, according as he knows that the true state lies in the first, second,
or third member of his partition. Similarly, player b’s posterior probability of E will
be 1/2, 0, or 0, according as she knows that the true state lies in the first, second, or
third member of her partition.

Let the true state be ω = 1. Then player a’s posterior probability of E is 1/3,
while player b’s posterior probability of E is 1/2. According to Theorem 2, it must
then be the case that the posteriors aren’t common knowledge, since they are unequal.
Let us check that this is indeed so. Player a does know b’s posterior—specifically, that
it is 1/2. Also, player b knows a’s posterior. This is because b knows that either a
knows {1, 2, 3} or a knows {4, 5, 6}. In either case, player a has a posterior of 1/3,
so b knows a’s posterior. Next, let us see whether b knows that a knows b’s posterior.
As above, player b knows that either a knows {1, 2, 3} or a knows {4, 5, 6}. In the
first case, we already saw that a knows b’s posterior. In the second case, i.e. when a
knows {4, 5, 6}, player a knows that either b knows {1, 2, 3, 4} (as, in fact, she does)

4Note the implicit assumption that p[Pa(ω)] > 0 and p[Pb(ω)] > 0. This will follow from assuming
that p gives every state positive probability, i.e. the players consider every state of affairs definitely
possible. Of course, if the set of states were infinite, we would have to proceed differently.

5Taken from the article by Geanakoplos and Polemarchakis cited below.
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or b knows {5, 6, 7, 8}. If the former, then b’s posterior is 1/2 (as, indeed, it is); if
the latter, then b’s posterior is 0. Thus, player a would not know b’s posterior, if a
knew {4, 5, 6}. Since b considers it possible that a knows this, the conclusion is that
player b does not know that a knows b’s posterior. Certainly, then, the posteriors
aren’t common knowledge.

Proof of Theorem 1: First, let (Pa ∧ Pb)(ω) denote the member of the meet of
Pa and Pb that contains ω. Now use the assumption that a’s posterior is common
knowledge at ω. By Theorem 1, it must then be true that there is a number q, say,
such that p(E|π) = q for every member π of Pa that is contained in (Pa ∧ Pb)(ω).
Writing

p[E|(Pa ∧ Pb)(ω)] =
∑

π∈Pa,π⊆(Pa∧Pb)(ω)

p(E|π)p[π|(Pa ∧ Pb)(ω)],

we see that
p[E|(Pa ∧ Pb)(ω)] = q. (1)

Next use the assumption that b’s posterior is common knowledge at ω. By Theorem
1 again, it must be true that there is a number r, say, such that p(E|ρ) = r for every
member ρ of Pb that is contained in (Pa ∧ Pb)(ω). Paralleling the above argument,
we then get

p[E|(Pa ∧ Pb)(ω)] = r. (2)

From equations (1) and (2) we must have q = r, as required. �

5 Extensions

Geanakoplos and Sebenius (“Don’t Bet on It: Contingent Agreements with Asym-
metric Information,” Journal of the American Statistical Association, 78, 1983, 424-
426) extend Aumann’s Agreement Theorem as follows. Consider a random variable
X : Ω → 
, to be thought of as a bet between the two players a and b. Thus, if the
true state is ω, player a has to pay the amount X(ω) dollars to player b. Of course,
this may be a negative amount in some states, in which case it is really b who pays
a. The simplest kind of bet, which is the ‘everyday’ kind, is where

X(ω) =

{
+m if ω ∈ E,
−m if ω /∈ E,

for some number m and event E ⊆ Ω. That is, player a pays b the amount $m if the
event E occurs; otherwise, player b has to pay a this amount. The notion of bet here
encompasses such bets, but also allows for more complicated ones.

Theorem 3 (Geanakoplos and Sebenius) Fix some random variable X : Ω→ 
 and
a state ω ∈ Ω. It cannot be common knowledge at ω that both players have strictly
positive conditional expectations from the bet.
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In words, two risk-neutral players cannot both expect to profit from a bet, when
both know that both expect to profit, both know that both know, etc. The proof of
this theorem mirrors closely the proof of the basic Agreement Theorem, and is left as
an exercise.

Finally, let us mention one other extension of Aumann’s original paper, viz. “We
Can’t Disagree Forever,” by J. Geanakoplos and H. Polemarchakis, Journal of Eco-
nomic Theory, 28, 1982, 192-200. This paper imagines a back-and-forth procedure in
which the two players a and b take turns in announcing their posterior probabilities
of the event of interest.

To see how this works, return to Example 1 above. The steps are as follows:

1. Player a announces 1/3. This tells player b that a observed {1, 2, 3} or {4, 5, 6}.
Player b knew this already, and so simply announces a probability of 1/2.

2. Player b’s announcement tells a that b observed {1, 2, 3, 4}. Player a knew this
already, and so again announces 1/3.

3. Now b can conclude that a observed {1, 2, 3}. The reason is that if a had
observed {4, 5, 6}, he would have concluded that the true state was 4 when b
announced 1/2, and hence announced a probability of 1. But he didn’t. Thus,
player b now announces 1/3. Agreement is reached.

Geanakoplos and Polemarchakis show that by announcing their posteriors back-
and-forth, two players will always reach agreement. Here is a—perhaps somewhat
terse—way of seeing why this is so. For simplicity, assume announcements are made
simultaneously. (Nothing hinges on this.) After each round, the players use the
announced posteriors to refine their partitions. By the assumption that the set of
states Ω is finite, there must be a round after which no further refinement is possible.
This says that both a’s and b’s partitions are refinements of the partition generated
by the (current) posteriors. But this then says that the posteriors are now common
knowledge. Now apply the Agreement Theorem.
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6 Example

The following example practices some of the ideas in this note.

Example 2 You toss a fair coin repeatedly until it comes up Heads. If the coin first
comes up Heads on the nth toss, where n is odd, you privately inform Ann that the
first Head occurred on either the nth or the (n + 1)th toss and you privately inform
Bob that the first Head occurred on either the (n− 1)th or the nth toss. (If the coin
comes up Heads on the first toss that is what you tell Bob.) If the coin first comes
up Heads on the nth toss, where n is even, you privately inform Ann that the first
Head occurred on either the (n − 1)th or the nth toss and you privately inform Bob
that the first Head occurred on either the nth or the (n+ 1)th toss. This procedure is
announced to Ann and Bob beforehand.

Before you toss the coin, Ann and Bob contemplate making the following bet with
each other: Ann will pay Bob $100 if the coin first comes up Heads on an even-
numbered toss, while Bob will pay Ann $100 if the coin first comes up Heads on
an odd-numbered toss. (You agree to announce, ex post, which of these two events
occurred.)

You now start tossing the coin and find that the first Head occurs on the 6th toss.
Hence you inform Ann that the first Head occurred on the 5th or 6th toss and Bob
that the first Head occurred on the 6th or 7th toss.

Once you have given Ann and Bob their respective pieces of information, will each
want to go ahead with the bet? What will each think about the other’s willingness to
proceed? Will they, in fact, proceed?
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