
11. COUNTING RULES
In order to calculate probabilities, we often need to count how 
many different ways there are to do some activity.

For example, how many different outcomes are there from 
tossing a coin three times? (Many people think that the answer 
is 6. Is this right?)

To help us to count accurately, we need to learn some counting 
rules.

Multiplication Rule: The number of ways of doing a compound 
activity is the product n1 n2 ··· nK , if the activity can be broken 
into K stages where the number of choices at the kth stage is nk ,
for each of the possible choices at the previous stages.

Eg: If we toss a coin 3 times, the total number of outcomes is 
(2)(2)(2) = 8:

HHH,HHT,HTH,HTT,THH,THT,TTH,TTT.

Eg: If Race 1 has 10 horses and Race 2 has 9 horses, how many 
daily doubles are possible? (In a daily double, the bettor must 
correctly pick the winner of both races). 

Eg: In a race with 9 horses, how many exactas are possible?
Trifectas? (In an exacta, you must correctly pick the first two 
finishing horses, in order. In a trifecta, you must correctly pick the 
first three horses, in order).

Eg: How many 7-digit phone numbers are possible? (First digit 
cannot be 0 or 1). Do you see why we need area codes?



• Factorial Notation: If n is a positive integer, define n! 
(“n factorial”) by

n! = n (n−1) (n−2) ···(2) (1) .
Define 0! = 1.

Eg: 3! = 3 · 2 · 1 = 6.

• Choice Rule: The number of different ways of choosing x
objects from a total of n objects is

if the order does not matter.
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• (“n choose x”) is the number of subsets of size x which

can be formed from a set of n objects. The order in which we list 

the elements is not important to us. The quantity        is sometimes

called a binomial coefficient. Since we can select x objects by not

selecting          objects, we see that

Eg: Consider the set of n = 3 stocks, {IBM, Digital, Apple}.
There are three possible portfolios of two stocks from this set,
namely {IBM, Digital}, {IBM, Apple}, {Digital, Apple}. This 
result is consistent with the Choice Rule, since 
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• For a set of 1000 stocks on the NYSE there are more than
8.25 trillion mutual funds consisting of an equal number of shares 
of 5 stocks. We start to see why there are so many mutual funds.
In fact, the existing funds don't even scratch the surface of what's 
possible.

Eg: The number of flights connecting n cities

(disregarding direction) is 

This may require a huge number of planes.

If all of these flights must originate at a hub city, the required 
number of flights becomes just n – 1. This is one big reason why 
hubs are used.
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Arrangement Rule:  The number of arrangements of n things 
taken x at a time is n(n − 1) ··· (n − x + 1). In this case, we care 
about the order in which the elements are listed.

(Both the Choice Rule and the Arrangement Rule can be proved 
from the Counting Rule).

Eg: In a team with 9 batters, there are a total of 9! = 362,880 
batting orders.  For the “top of the batting order” (first three
batters) there are (9)(8)(7) = 504 arrangements.

Eg: What is the probability of obtaining a flush (5 cards of the 
same suit) in a 5 card poker hand dealt from a fresh deck?



Eg: What's the probability of a full house in poker?
(A full house consists of 3 cards of one kind and two of 
another kind, for example, three kings and two aces).

Eg: [My poker trick. Do trick, calculate probability].

Eg: In the game of craps, we are interested in the total from tossing 
two dice. This total is a discrete random variable. Here is the 
probability distribution:

x p(x)
2 1/36 = 0.0278
3 2/36 = 0.0556
4 3/36 = 0.0833
5 4/36 = 0.1111
6 5/36 = 0.1389
7 6/36 = 0.1667
8 5/36 = 0.1389
9 4/36 = 0.1111
10 3/36 = 0.0833
11 2/36 = 0.0556
12 1/36 = 0.0278



To see this, imagine that one die is red, the other is green. 
There are 36 = 6×6 equally likely simple events, consisting 
of the red and green outcomes (in order).

Note that 7 is the most likely outcome, while 2 and 12 are 
the least likely.

A “crap” is a 2, 3 or 12. The probability of throwing a 
“crap” on any given roll is 4/36 = 0.11.

In a 5-dollar “Odds bet”, you can bet, for example, that a 6 will 
come up before a 7. Such a bet is paid at odds of 6 to 5, that is, 
a winning five dollar bet is paid six dollars, in addition to the 
original five dollars wagered.

These are actually the correct odds (the only completely fair 
bet in the casino!).

This follows since there are 5 ways to throw a six on any given 
roll, and 6 ways to throw a seven.

The expected loss on an odds bet is zero!
On the average, you will lose 6 times out of every 11 (total of 
30 dollars, that is, six 5-dollar bets) and win 5 times out of 
every 11 (total of 5 × 6 = 30 dollars).



New York State runs a 6/51 Lotto. 
Twice each week, the Lottery 
Commission selects 6 winning 
numbers (and one bonus number) 
at random from 1,...,51.  Prior to 
this drawing, players select 6 
numbers from a ticket of 51. 

Lotteries

To win the First Prize (main jackpot), a ticket must match all 6

winning numbers. Since there are possible selections, the 

probability of winning First Prize is

To win Second Prize, the player must match 5 of the 6 winning 

numbers as well as the bonus number. There are                

ways to make such a match, so the probability of winning Second 
Prize is
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To win Third Prize, the player must match 5 of the 6 winning 
numbers without matching the bonus number. Since there are 
44 non-winning non-bonus numbers, the number of ways to 
win Third Prize is

Thus the probability of winning Third Prize is
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Since the winning numbers are selected at random, there is no 
strategy for number selection that will improve your odds of 
winning.

But you can still maximize the amount you win (if you ever do 
hit a jackpot) by avoiding popular choices such as the “lucky 
numbers” 7, 11, 21 or the “dates” 1,...,31, or any obvious 
patterns on the ticket.

The idea is to share the jackpot with as few others as possible.
Other things to avoid are arithmetic progressions, previous 
winning combinations, and “hot” or “cold” numbers.
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Quick Pick gave a higher average payoff than manual play, for the 98 
winning tickets considered. About 63% (62/98) of the winning tickets 
were Quick Pick. This is very close to the percentage of Quick Pick 
sales for all tickets sold, which is about 62% (Data not shown).

So Quick Pick doesn’t improve your chances of winning, but it does 
increase the average dollar amount of jackpot winnings.

A good (but not 
foolproof) way to 
avoid popular 
numbers is to use 
“Quick Pick”: 
Instead of selecting 
your own numbers, 
let the computer 
select them at 
random.


