20. CONFIDENCE INTERVALS FOR
THE MEAN, UNKNOWN VARIANCE
If the population standard deviation σ is unknown, as it usually
will be in practice, we will have to estimate it by the sample
standard deviation s.
Since σ is unknown, we cannot use the confidence intervals
described previously. The practical versions presented here use
s in place of σ.
Eg 1: A random sample of 8 “Quarter Pounders” yields a mean
weight of x = 0.2 pounds, with a sample standard deviation of
s= 0.07 pounds. Construct a 95% CI for the unknown population
mean weight for all “Quarter Pounders”. (Solution on next
slide).

Remember that s is the square root of the sample variance,
n
2
1
s =
( xi − x ) 2 where x1 ⋅⋅⋅ xn are the data values in the sample.
∑
n − 1 i =1
There are two cases to consider: “Large Sample” and “Small
Sample”.
• If n ≥ 30 (and σ is unknown), just replace σ by s and proceed as
s
before. The CI is X ± zα 2
.
n
This works because X − µ is approximately standard normal,
s n
regardless of the population distribution, when n ≥ 30.
We can think of s as the estimated standard error of X.
n

• Suppose n < 30 (and σ is unknown). To get a valid CI for µ in
this case, we must assume that the population distribution is
normal. This assumption is hard to check, and was not required
before.
The CI is X ± tα 2 s , where tα 2 is defined below.
n
• Don’t forget what you learned earlier: If σ is known, we use
σ
X ± zα 2
, regardless of the sample size. So the only time
n
when you must remember to use tα/2 is when σ is unknown and
n < 30. Otherwise, use zα/2.

SUMMARY OF CONFIDENCE INTERVALS
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* Must assume Normal population if n < 30, σ unknown.

What is tα/2, and why must we use it when n <30 and σ is unknown?
X −µ
does not have an
s n
approximately standard normal distribution, even though we assume
here that the population is normal.

When n < 30, the quantity t =

Instead, t has a “Student’s t distribution with n − 1 degrees of
freedom”.
This distribution was invented by W.S. Gosset (1908), who was
working for Guinness Breweries, and wrote under the pen name of
“Student”.
There is a different t distribution for each value of the degrees of
freedom, df. These distributions are not normal, although they are
symmetrical around zero, and mound shaped.

The quantity tα/2 denotes the
t-value such that the area to
its right under the Student’s t
distribution (with df =n − 1)
is α/2. Note that we use n − 1
df, even though the sample
size is n. Values of tα are
listed in Table VI, Appendix
B. In the table, the degrees of
freedom are denoted by ν.

Eg 1, Solution: We have n = 8, x = 0.2, s = 0.07, α = 0.05,
df = n − 1 = 7. From Table VI, tα/2 = t0.025 = 2.365. Therefore, the
confidence interval is
x ± tα 2 s = 0.2 ± 2.365 0.07 = 0.2 ± 0.059 = (0.141,0.259).
n
8

It’s interesting that this interval contains 0.25, so it seems
plausible that the burgers are really quarter pounders (on
average).

Relationship Between t and z
When df is small (the guideline we're using is df < 29), the t
distribution has “longer tails” (i.e., contains more outliers) than
the normal distribution, and it is important to use the t-values of
Table VI, assuming that σ is unknown.
Due to the long tails in the t distribution, tα/2 is larger
than zα/2, so the confidence interval based on t will be wider
than the (incorrect) one based on z.
So when df is small, the t-based confidence interval correctly
reflects the added uncertainty due to not knowing σ, which must
be estimated.
As df gets large, however, the t distribution approaches the
standard normal distribution.

Therefore, if n is large enough, tα/2 will be extremely close to
zα/2, and the two confidence intervals
s
s
and x ± tα 2
x ± zα 2
n
n
will be virtually identical, so it will not matter which one we
use.
But how large is “large”?
The Traditional Approach (in keeping with the text):
Any value of df ≥ 29 is considered “infinite”. We can then use
the ∞ row of Table VI, which gives zα (that is, tα with df = ∞).
Minitab’s Approach: The df is never truly infinite, so Minitab
always uses tα/2 in computing confidence intervals. (Minitab has
its own “internal tables” to calculate tα/2 for any df).

To be consistent with the textbook, and because our table does not
have listings for all values of df, we will use the traditional
approach whenever we calculate confidence intervals by hand.
Minitab’s approach is actually the correct one, however, and is to
be preferred whenever tα/2 and zα/2 differ appreciably.

Eg 2: Minitab Descriptive Statistics for Chips Ahoy! data:
Variable N
Chips
42

Mean Median
1261.6 1241.5

TrMean
1255.5

StDev SE Mean
117.6
18.1

Let’s construct a 99% confidence interval for µ, the mean number of
chips per bag. The Traditional Approach gives

x ± zα 2

s
= 1261.6 ± 2.576 (117.6) / 42 = (1214.9 ,1308.3) .
n

Minitab’s 1-Sample t output gives a wider interval, since it uses the
exact value, t.005 = 2.701 for df = 41:
T Confidence Intervals
Variable N Mean StDev SE Mean
99.0 % CI
Chips
42 1261.6 117.6 18.1 ( 1212.6, 1310.6)

In the Sampling Lab, each of you constructed your own smallsample confidence interval for the mean. Since we know the mean
for our population, we can see what percentage of the intervals
actually “worked”.

[Sampling Lab Results].
Eg 3: The United States Chess Federation (USCF) has a rating
system, which they use to predict the expected outcome of
tournament games. Each player has a rating between 0 and 3,000
which changes over time. The larger the difference in ratings
between two players, the greater the probability that the higher
rated player will win. A chess game is scored 0 for a loss, 1/2 for a
draw, and 1 for a win. Figure 3 uses confidence intervals to show
that the predicted winning expectency based on the difference in
USCF ratings is quite far from the actual average outcome. In
other words, the USCF ratings don’t work!
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