Start out by talking about examples of situations in which cotracts (ei-
ther explicit or implicit) are in place and point to the particular form of
asymmetric information.

1) PhD student and GSIA. The school devotes faculty time and mogeo
the student. In exchange, the student produces papers and inéets with the
faculty. There are two types of uncertainty here: the schoolaks not know
how smart and skilled is the student. Moreover, there are randorshocks
to the productivity of the student himself. In general, the schol bases the
allocation on the results (grades, papers, participation...)

2) Car Insurance (Collision insurance). The contract works in sin a way
that you have the accident and make the claim. Based upon theaoin, the
insurance pays. However, the insurance does not really know whet the
guy had an accident. Example of Naples.

The objective of contract theory is to model formally this kind of rela-
tionships, by assuming:

1) objective functions for the agents involved (payo funcion)

2) distribution of bargaining power

3) distribution of information

4) an equilibrium solution

and then gure out the arrangement that satisfy that de nition of equi-
librium. Everything will be clearer as we go along.

Positive approach: under which condition the equilibrium catract is
what we observe?

Normative approach: what is the equilibrium contract under sme con-
ditions?

The models of the theory of contracts can be distinguished algrsev-
eral dimensions. A crucial distinction is between complete andcomplete
contracts.

In the case of complete contracts, all variables that may haveampact on
the conditions of the contractual relationship during its wiole durantion (i.e.
all variables on which the provisions of the contract may depel) are taken
into account when the contract is negotiated and signed. Thuke contract
itself may be contingent on a very large number of variables. Thassumption
implies that no unforeseen contingency may arise as the relatiship evolves.
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Any change in the economic environment just activates the ad kgrovisions
of the contract.

When the above assumption does not hold, we say that the contras
incomplete. There are several reasons why, in the real worldcantract may
be incomplete.

Negotiating a contract is often a costly business, which mobiliganan-
agers and lawyers. It must therefore be that at some point the cosf
taking into account an improbable contingency outweigh théene ts
of wrting a speci c cluase in the contract. The contract should ten
be signed without this clause.

The unability (or unwillingness) of courts or other third parties to
verify ex post the values taken by certain variables observedy kall
contractants is another reason why contract will be incompted. It is
no use conditioning the contract on a variable if nobody can dé the
disputes that may arise.

Finally, bounded rationality may force the parties to neglet some vari-
ables whose e ect on the relationship they nd di cult to evalu ate.

For all of these reasons, contracts typically only take into aceint a lim-
ited number of variables that may be the most relevant ones, ormsply those
that are most easily veri able by a court. During the relationslip, some un-
foreseen contingencies may arise, that have an impact on thenddions of
the relationship and the contract gives no clue as to how the pées should
react. As a result, the parties may want to renegotiate the coract.

In this course we will consider exclusively complete contractén partic-
ular, we will focus on situations in which there are two econamagents: an
informed party, whose information is relevant for the commonvelfare, and
the uninformed party. In general, this is a bilateral monoply?® situation.
This implies that we cannot go very far unless we specify how tlparties are
going to bargain over the terms of exchange. In this respect ewvill make
quite a drastic assumption, by allocating all bargaining poweto one of the
parties. This party, known asprincipal, will make atake it or leave it o er

1As we will see a the course progresses, principal-agent models also apply to sitioas
with a continuum of in nitesimal agents, each of whom interacts with the princi pal but
not with the other agents.



to the other party, known asagent The agent will either accept or reject. If
the agent accepts, the parties execute the contract.

According to how the asymmetric information is modeled, we distguish
two kinds of principal-agent contracts. Adverse Selection andoral Hazard.
Adverse Selection is the case in which the uncertainty is with respect to
some inherent characteristic of the agent. i.e. there is asymtrie informa-
tion before the contract is signed. Example: health insurance

In the case of Moral Hazard instead, there is no ex-ante asymmetrihe
asymmetry arises after the contract is signed. We distinguish twcases.

Hidden Action . Here the agent has to take an action that as an e ect
on the Principal's payo function, but the action itself is not observable to
the principal. Example: Firm vs CEO.

Frrkkkkkkkekkkek Time Line from the book by Macho-Stadler

Hidden information.

Here after the contract is signed, some event occurs, that is obgsvle
to the agent only. Example: a contract between the owner of dqgi of land
and the farmer that actually cultivates the land. The harvestis stochastic,
and is not observable to the owner.

Since | have never taught this class before, | know only the lewbound
on what we will be doing. Hopefully, there is going to be time tao more.
At the beginning | will go slow. Then | will go faster and faster.
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We will proceed as follows:
- Start with Hidden Information model.
- Then we will see and Hidden Action model.

- Finally (ad the end of the course) the adverse selection case.
References:

Salanie (1997), chapter 1.
Macho-Stadler and Perez-Castrillo (1997), chapter 1.



Reference: Townsend (1982)
Mechanism Design and Revelation principle: Fudenberg and Bile (1991),
section 7.3.

Bottom line.

With public information about individuals' endowments, the gtimal in-
surance arrangement is to have full-insurance. Moreover, thoutcome re-
mains the same when individuals are allowed to repeat arrangents over
time.

With private information, there is no insurance in the one-shibgame:
agents will always claim to have received a low endowment atials receive
a constant payment every period. However, as opposite to the didinfor-
mation case, the repetition of the arrangement can now yield s@ insurance
by exploring long-term relationship.

The model.

We consider an economy with two agents. One, which we call pripal,
is risk-neutral. The other, which we call agent, is risk-averserhe principal
receives a constant endowment of every period. His preferences are repre-
sented by the linear utility in consumption: v(c) = c¢. The risk averse agent
receives 3 endowmeny; 2 Y (Y nite set) in each period with probability

i (where . ; =1) and has a utility function u(c) that satis es u°> 0 and
u®< 0,u’0)= 1 .

The one-period problem with symmetric information.

Consider rst the one-period Pareto problem with public infomation
about the endowments. The e cient allocation is given by solvig the fol-
lowing problem:

X
max i(y Ti) (1)
fTig i
subject to:
X
iuyi + ) = w (2)
i
where T; is the transfer that the risk neutral agent makes to the risk
averse one when the state is
Assuming an interior solution (alternatively, consideringu(c) : <! < ,
of which an example is the negative exponential utility furtoon, u(c) =



exp( Ac) with A > 0), the solution for the problem above can be charac-
terized by:

i+ uyi+T) =0 (3)
1
uyi + Ti) = = (4)
and we are able to conclude that:
yi+ Ti=c foralli (5)

which is to say that agents get full-insurance from the e cientrisk allo-
cation.

In other words, here the contract is a schedul& = u *(w) vy. By
moving w we can gure gyt the set of Pareto-Optimal Allocations. For ever
w in fact the payo s are i((y u Y(w)+ vy;) for the principal and w for
the agent.

The one-period problem with asymmetric information.

Contract theory formalizes this problem as three-step gamd mcomplete
information, where the income of the agent is private infortion.

In step 1, the principal designs a 'mechanism’ or contract, or aentive
scheme. A mechanism is a game in which the agent send a costless messag
and the principal provides an allocation that depends on theealized mes-
sages. The allocation is a decision about the level of some obsbklwavariable
(in this case the transfer). In step 2, the agent either accepts oejects the
contract. An agent who rejects the contract gets some exogersby speci ed
"reservation utility”. In step 3, if the agent accepted the mebanism, plays
the game speci ed by the mechanism itself.

A contract here de nes a message space and a game form to annoenc
the messages. In this case (if we limit to pure strategies) the messagea
mappingY ! . The set can be anything. For simplicity here we assume
that is bounded. Because income is private information, thdlacation T can
depend on income only through the agent's message. Thus theoaktion will
be a functionT : ! < . The Bayesian Equilibrium for this game is going
to be functionsfT ($);$ (vi)g such that:



X
fT ($)g= argmax i(y T )
i
Here it seems important to me that the functionT ($) is de ned for
every$ .

Biru(yi+T (3 () u(vi+T (3) 8563 (vi):

Revelation principle (Myerson (1979)) . It states that the principal
can content herself with 'direct’ mechanisms, in which the messagpace is
the income space and all the agents announce their type truthify. *****x
Change notation, in particular$: Do not confuse$ and w.

Proposition. Suppose that a mechanism with message space and alloca-
tion function T ($) has a Bayesian Equilibrium

$ (): f$ (yi)gyizy

Then there exists a direct-revelation mechanisml( = T $ ) such that
the message space is the income spaceand such that there exists a
Bayesian equilibrium in which all agents announce their tyetruth-
fully.

Consider the new message spa¥e so that the agent gives a message
which in principle is di erent from the true y;. A Bayesian equilibrium for

the new game is given by functions T () ;% (y;) such that

- .0 X -
T () = argmax i(y  Ti(®(yi)

n

8iru(yi+T (B(v)) u(yi+T (B) 86

Basically the Revelation Principle says thath (y;) = vy; is a Bayesian
equilibrium of the new game.



Proof. Consider the allocation ruleT (3) T ($ (1)).
Straight by de nition:
h i
Bi:uvyi+T (yi) =ulyi+T ($ (W)

The condition for Bayesian equilibrium in the original messaggame:
Biru(yi+T ($ (W)= ngJDU[yi +T (3 (vil:
Finally:

8isupu(yi+ T ($ (i) maxu(yi+T (B).
$2 w2y

, sincef$  (1)g,,y

This last weak inequality expresses the fact that in the directevelation
mechanism everything is as if the agent picked an announcemanthe subset
of message$$ ()9, ,y, which is a subset of . The agent thus has, at
most, as many posssibilities for deviating as in the original gam In other

words:

max ulyi+ T () = . $m(g>)<gw ulyi + T ($))

End of First Class.



To analyze the one-period game with private information, wenake use
of the revelation principle and include the truth-telling ®nstraints in the
Pareto problem. The game is:

Message spaceY .

Allocation: fT ()g,,y = fTig. The allocation is what is commonly
referred to as the contract.

X —
max iy Ti) (6)
subject to:
X
uyi +T) = w (7)
uly + Ti) u(y; + Tj)  8isj: (8)

No insurance result.

Note that, sinceu () is strictly monotone, we obtain from (8) thatT; T,
, 8] . By interchangingi andj in (8), we are also able to conclude thaf; T,
, 8.

Hence, and without further considerations, we obtain thafl; = T; = T
for all i and for allj, which is to say that individuals do not get any insurance
in the one-period game with private information.

The two-period problem with symmetric information.

Consider now the two-period version of the above environments.

Here the contract is simply given by functionsT:Y !< andT%Y Y !
< or scheduled T;; Tj 0.

The Pareto problem under public information is the solution & the fol-
lowing problem:

! #
X X
max i (Y T+ iy T 9
fTiTig T j i i) ®)
subject to the consistency requirement:
! #
X X
iou(yi + T+ juty; + Ty) =w (10)



where T; is the transfer from the risk neutral agent to the risk averse
agent when the rst period state wasi and the second period state ig.

We thus allow agents to engage in long-term arrangemenidat is: we
allow for transfer to depend on current and past outcomes. Noticthat
Ty = T; for all i is a particular case of the transfer system that the economy
is allowed to choose. (That is: it is the case of no long-term amgements).

Also, this formulation assumes that both agents have the same disc
factor 0< < 1.

Ignoring nonnegativity constraints (or with a negative expaential utility
for the risk averse agent), the solution to the problem can be clrecterized

by:

it Uy +Ty) = 0, uo(yj"'Tij):} (11)
i+ Uy +T) = 0, uyi+T)= 1 (12)

and hence we can conclude that:
yit+Ti=y+T; =c 8i;j (13)

where the fact that we get exactlyc, = ¢ has to do with the assumption
of equal discount factors for both agents.

We thus obtain the full-insurance result, despite the fact that the game is
repeated one more time. Observe that (13) implies that allowg for second
period transfers to depend on the rst period state is irrelevan the left-hand-
side of this equation says that the same level of (constant) consption can
be obtained with repeated static arrangements.

Bottom line: repetition does not add anything. Exactly the sa alloca-
tion can be achieved by repeating the static contract twice.

The two-period problem with asymmetric information.

Message spaceY .

Allocations: T:Y !< andT®:Y Y !< . Realization are iid. We
will use the following notation:

fT(8)9,.y = fTig andfTO(h;h)g(m;m)zv vy =1Tjg

You have to tell that a modi ed version of the Revelation Pringple holds.
You have to make sure it is optimal to reveal truthfully at any nformation
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node. The rst IC below is standard. The second imposes that the agt
won't lie in the rst period, given that he won't lie in the last.

The allocation is what is commonly referred to as the contr&a©n the
other hand, the Pareto problem under private information ighe solution to:

" #
X X
 max i (Y Ti)+ iy Ty) (14)
ilij g i i
subject to:
" #
X X
i ulyi+ Tp)+ juy + Ty) = w (15)
i j
X ucy; + Tj) ufy; + T) 8isjk (16)
ufyi + Tp) + july; + Tyj) (17)
j X |
ufy; + Te) + july; + Ty) 8ijk

i

where (17) is the rst period truth-telling constraint and (16) the second
period one. This last constraint says that it is always better tdell the truth
in the second period, no matter the rst period state (), for any actual
second period endowmentj | and for any potential rst period report (k).

Following the same reasoning as before, we can interchapgendk in (16)
and use the strict monotonicity ofu( ) to conclude that T; = Ty = T; for
eachi and for allj and k. That is, agents receive no insurance in the second
period. This is really a result we should expect, since the secopeériod
is essentially like a static one-shot arrangement: there is noxigeriod to
make its outcome contingent on this period's reports.

Using this result, we can simplify the notation by de ningT? T; , the
second period transfer as a function of the rst period state only Addi-
tionally, since second period transfers are independent of tkecond period
reports, the constraint (16) actually becomes irrelevant uref this notation.

The above problem can thus be rewritten as:
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X X
max UARDE iy T (18)
friTg | j
subject to:
" #
X X
i u(yi + Ti)+ juyj + Ty = w
i .
ufy + T + july + 19

(19)

(20)

X
u(y; + Te) + july; + T 8irk:

j
If we prevent long-term arrangements in this problem, by catraining
To= T2 = TY8i;k , then the summations in (20) cancel. We can again
interchangei and Kk in this constraint and, by usingu®> 0, we conclude that
T; = Tx and so agents get no insurance.

Therefore, we have to allow for long-term arrangements for @ insur-
ance to be possible here.

Consider a particular case of this problem. We assume there areotw
states only, withy; > vy,.
The incentive constraint (20) can be now written as:

X X
u(y: + Ta) + july; + T) u(yr + To) + ju(y; + T2) (21)

X X
u(yz2 + Tz) + jufy; + T3 u(yz2 + Tq) + july; + Tp):(22)
j j
It is also useful to rewrite the above problem as one of choosingettly
utility levels (current and future) instead of transfers. Hence de ne the
following variables (fori = 1;2):

Ui u(y + Ti)

G yt+ T
w july; + T9
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and de ne alsoc u !(), the level of consumption required to attain a
given level of utility. From the properties ofu we can readily conclude that
c®> 0 and c®> 0.

The original choice variables in terms of the transformed pbdem can be
recovered by (fori = 1;2):

T = du) v
T? V(w)
where we can conclude from the properties ofthat V°> 0 and V%> 0.

The Pareto problem written in terms of choosing y; uy; w?; w9) instead
of (Ty; T2; TA T is then:

X
max Iy ocu+yi+ (Y VW) (23)
fusuzwdwlig
subject to:
iU+ w) = w (24)
i
Up+ W9 Ui+ o) ya)+ w3 (25)
U+ wJ u(yz+ c(uy) yi)+ wy (26)
or still, by de ning y1 Y>> 0 (Y andy; are constants):
X
min e(u) + V(WO (27)
fusuzwdwlg
subject to:
X
Ui+ w) = w (28)
i
u+ wl o ou(c(u)+ )+ w (29)
u+ wg o u(e(u) )+ w? (30)

where we will attach a multiplier to (28) and multipliers ; and ; to
the IC constraints, respectively (29) and (30). It follows fronthe properties
of cand V that the objective function in problem P is strictly convex.

The two benchmark solutions in terms of this transformed prokeim are:
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Full-insurance:

When the endowments are publicly observable, the two IC consints
become irrelevant and the (interior) solution isu; = u, (implying ¢; = ¢,
sinceu®< 0) and w§ = w).

No insurance:

When we constrain transfers to be noncontingent, i.eT; = T, = T, the
solution is trivially given by ¢, = y; + T and ¢, = y, + T, which means that
CL=0C+ .

Therefore, in the intermediate case where endowments areate infor-
mation but we allow for long-term arrangements, we also expeah interme-
diate solution¢; such thatcl' = c;<cy<cll! = ¢ + .

This is exactly the content of the next proposition.

In the solution to problem P, ¢; > ¢, w? > w9, (29) binds and (30) is
slack.

w?{ > w2 and (29) binding imply that ¢; < c,+ , as we want to show.

The proof follows in 5 steps.

Step 1 Both (29) and (30) cannot be slack.

Suppose they are both slack. Then the solution to problem P can be
obtained without these two constraints. However, as we saw abovthis
yields the full-insurance solution,u; = u, and w9 = w3. By replacing this
solution in (29), we nd that u(c;) > u(c, + ), a contradiction since >0
and u®> 0.

Step 2 (29) must bind.

By contradiction, assume (29) is slack. Then (30) must bind by Spel.

Hence, (29) and (30) together imply thatv ~— w?. @therwise, ifwd > w9,
we could slightly increasevd and decrease such that 2, ;wPis constant,
S0 (28) and both (29) and (30) still hold. Strict convexity ofV would in turn

imply that we were not at a minimizer in the rst place, a contradiction.

Also, if (29) is slack we can conclude that, u;. Qtherwise, ifu; > u,,

we could slightly increasau, and decreasel; such that i2:1 iU; is constant,
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so (28) and both (29) and (30) still hold. Strict convexity ofc would in turn
imply that we were not at a minimizer in the rst place, a contradiction.

Therefore,wd  w?andu, uy if (29) is slack.

However, if (29) is slack, then:

up+ wi > u(c(u)+ )+ wj

u(c(u)+ )+ w?
> u(c(u))+ wi

where the rst step follows fromc®> 0 and sincewd w{ andu, U
and the second step follows from > 0 and u®> 0. This is obviously a
contradiction, sinceu(c(uy)) = Uj.

Hence, (29) must bind, whereas (30) may or may not bind.

Suppose for now that (30) actually binds.

Step 3 u; > u».

The Lagrangean:
"x "
o(u) + V(W) + Uit w) owo+
1fur+ wiou(o(uy)+) wal+ afup+ wi u(c(u) )

The rst order conditions for problem P are:

(U iquy)+ 1+ 1 u¥e ) Auy)=0 (31)
(uz) icu)+ 2+ e+ ) c(uz) =0 (32)
(W) : VW) + 1+ 1 2=0 (33)
(W) VW) + o+ o =0 (34)

Notice that c(u;) = —2—

u(cr)’

By adding (29) and (30):

15
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up+ uz=u(e+ )+ u(c ) (35)

Dene f(x) u(c+ x)+ u(c; x). Some useful properties of are
that it is strictly concave sincef {x) = uqc, + x) uqc; x) and f %¢x) =
uc, + x)+ u%c;  x) < 0 and also thatf (0) = f (), since f (0) = ui+ Us.
Hence,f (x) must look like:

which implies that we must havef Y0) > 0 (otherwise we violate strict
concavity).
But then f90) = u¥c)+ uqc,) > 0 implies that

u¥c) > u%cy).

Sinceu®< 0, u%is decresasing and thus; > c,. In turn, by monotonicity
of u, we have thatu; > u,, which is what we wanted to show.

Step 4 w? > w39,

From (?7?) and (??) we get:

1 o )

Nuy) = + —1 1 ZW (36)
1 uYc; + )

Aux) =+ SIS 7y (37)

Sinceu; > u, from Step 3,c°> 0 implies that c{u,) > cYu,) and this is
equivalent to:

1 u{c )

— 1 2
1 uycy)

1 uYc; + ) (38)
2

2 gy
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where “‘Eggclg > 1 and uofj‘f,f;; < 1 by virtue of strict concavity of u.

Since ; » makes the LHS of ??) negative and the RHS positive, the
only way this inequality may hold is when , < ;.

Using this fact on (??) and (??) we conclude thatVqw?) > >V qw9),
and from strict convexity of V we nally get that w? > w?9.

Now, recall we concluded thatu; > u, and w9 > w9 by assuming that
(30) actually binds.

If it slacks instead we have , = 0. However, we can check by replacing

> =0 in the proofs of steps 3 and 4 that they will still follow, and lence we

haveu; > u, and w > w9 irrespective of (30) being binding or slack.

Step 5 (30) is slack.

Suppose instead that (30) binds.
Then we saw that, by adding (29) and (30) we get:

up+ U= u(c+ )+ uc ) (39)
which is equivalent to:

u(c) u(c (c+ C1)) = u(c+ ) u(c; + (c+ c1)) (40)
Dene 9 o+ c:. Then this equation can rewritten as:
u(c) u(c; Y= u(c+)  u(e+ 9 (41)

Recall from our previous remark thatw{ > w2 and (29) binding imply
that ¢; <c,+ ,andso 9> 0.

However, (??) contradicts strict concavity of u, as can be seen from the
next gure:

and hence (30) must be slack.
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This completes the proof of the Proposition.

Note that the above Proposition says that truthful revelation n the
present entails giving a smaller transfer in the future if an age reveals
low endowment today (truthfully or not). That is, w9 >w9 meansT?> T2

End of Second Class
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Borrowing and Lending Scheme.

A relevant question is whether the apparent similarity betwee the e -
cient insurance contract and the pure borrowing and lending seme actually
means that the two are equivalent. It turns out that they are rot, which
means the pure borrowing and lending scheme is not optimal.

The pure borrowing and lending scheme would equalize marginaility
of consumption across the two periods, that is:

X
W)= @+ july) (42)
i
wherei and | are the states in the rst and second period.

By evaluating (??) at rst period states i =1;2
P
ufe) _ o | judcy)
uqcz) ijudcy)’
ju(y; + V(w9). By totally di erentiating:

(43)

Recall that w? j
X 0
dw’=dv  july + V(w)
j
hP | 1
we getViw)) = ; ;ufg) ,and so (?) can be rewritten as:

ufey) _ VIwy) VWD) _ VW),
uqc)  vVawd) ' O(uy) (uy)

In the e cient contract, we have (by replacing , = 0 in the rst order
conditions for problem P, (??)-(?7?)):

Clug) =+
1
0
) = Eﬁ)z(;))
Vi) = o+ 2
1
Viwd) = —i:
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Hence,c(u;) = VAW?) and c®(u,) > V qw9), implying that the e cient
contract is characterized by:

VAw? S VAW
Au)  A(uz)

where we had an equality in the pure borrowing and lending same.

The departure from e ciency in the pure borrowing and lendirg scheme
occurs because agents would like to transfer income from thevi@ndow-
ment state to the high endowment one. Instead, the e cient comact makes
consumption in the bad state relatively less desirable so that agis have
the correct incentives not to lie wheny, occurs in order to obtain the high
transfer.

An illustration can be given for (1+ r)=1.

In this case, the borrowing and lending scheme is characterizby

u°(cy)
u°(cy)

and the e cient contract by

(V) *
(V) *

u’(c) = (Vowd) *
u’(c) < (VW) *:

If agents were allowed to borrow or lend on top of the e cient ontract,
they would rather lend part of the transfer they get in the bad sate (while
the borrowing and lending possibility would not be used in the gl state).
The borrowing and lending scheme does not provide enough ingace since
individuals get an higherc; in the e cient contract.

An alternative way to show the nonequivalence between the optal and
the borrowing and lending contracts is to note that the solutin to the latter
is obtained by replacing the incentive compatibility constaint in the Pareto
problem by a \zero expected transfers" constraintT;+ T 2= T,+ T 2=0.
It can be shown that the incentive constraints for both states & satis ed
on inequality when agents can freely borrow or lend at rate, which implies
that we can improve on this allocation by, namely, increasing, until the
incentive constraint for the good state is satis ed with equaly.
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1 The innite horizon case - The study of
wealth distribution.

A nal note concerns the study of wealth distribution. Since itis appropriate
to think of expected utility as being approximately equal towealth, this
setup can be used to study the properties of the distribution of vadth across
agents. Notice, for instance, that in the e cient contract incentives provide
an intertemporal dependence of expected utilities: if an agereports a low
endowment today, expected utility must be lower, and converkeif an agent
reports an high endowment.

A question of interest is to consider the in nite horizon versionof the
previous setup and to investigate whether there exists a limitg distribution
of expected utilities. We know that this distribution, if it exists, will not be
degenerate since di erent agents have di erent histories of skks.

The full insurance contract when the time horizon is in nite yields
w=u()+ w orw= 29,

A parametric case that is widely used since it provides a closeokin
solution is the negative exponential one. That isy(c) = e ¢ with A> 0
and ¢ 2 <, implying that consumption has a logarithmic form: c(u) =

~In( u).

Sequence Problem.
The risk-averse agent is o0 ered some utility .

We uset (y!) to denote the report an agent plans (at date 0) to give
about his datet endowment if he has actually experienced the history =

fyo;y1; i Wi 0.

A reporting strategy is thus v = fh(yt)gtlzo, where for allt, ¥ :
Y@y,

The truthful reporting strategy is is denoted byp = fi (yt)gtlzo where
B (y') =y forall t andy' 2 v+l

Let T (¥#') denote the transfer that the individual w receives at datet on
the basis of the reporting historyi'.
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Let e AUrT()) = g A mlg ABT(H)) g A BIy[P be the
utility he receives from his consumption.

Thus the principal will assign a sequence = fu (tz)t)gtlz0 to the risk-averse
agent.

If the principal chooses the sequeneeand the agent chooses the reporting

strategy B , then the agent receives a total discounted expected utilitgiven
by v Z
U (U,b) — tut bt yt e Alyt jat]d t+l.

t=0 Yt+1

De ne an allocation as a sequenca such that
w=U(up)

(i.e. the allocation awards utility w if truthful reporting is chosen)
and

U(uip) U(uh) 8h

(truthful reporting is optimal for the agent).

The principal will choose the allocationu that minimizes
X Z

t cuwy d'™,
t=0 Yt+1

Recursive Formulation.
Think now of the principal as choosing a sequence of function;(q) ,
functions of (w; ).

fi (w;¥) is the current utility an agent receives if his expected ulity
entittement from t on is w and he announces the incomi.

w; (w; ) is the expected utlity entittement an agent receives if hiex-
pected utility entittement from t on isw and he announces the incomia.

That is, we can think of the planner as summarizing a con-
sumer's entire report history and his initial entitlement i n a single
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number w that represents his expected utility entittement from the
current period on.

Let

= {00
denote a sequence of such functions.

A sequence de nes a sequencel as follows. Let the sequenciawtgtl:0
solve the di erence equatiorw;.; = g (W;; 1), with initial value wg. Then

u worp = foowe wol T

In other words, a sequence generates a planu. Do the sequence
thing.

We call the sequence an allocation rule if it satis es the two following
conditions8t and 8w

X2
w = i[fe(wiyi)+ gc(wiyil

i=1

fe(wiy)+ ge(wiyn)  fo(wiyz)e AV Y2e g (w;y,)

fe(w;y2)+ ge(wiya)  fe(wiyr)e A2 Y+ gy (w;yy)

Obviously an allocation rule will also generate a cost for the rcipal,
given by

X2 b3 X2
V(W) = iC[fo(wo;yi)] + t

i=1 t=1 i=1

iclfe (g 1 (We 15y 1) Vi)l

V (wo)

i fclfo(wo,yi)I+ V (G (Wo; ¥i))d

What we can prove in this environment:

a) If the allocation u attains w with total cost C, then there is an alloca-
tion rule that attains w with total cost C.
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b) Suppose the allocation rule that attains w with total cost C and u
is the utility plan generated by . Then u is an allocation, andu attains w
with total cost C.

¢) The function V (w), that gives the minimum cost of achieving a given
value w, solves the following Bellman equation.

d) The functionsfy; g are stationary. Thatisf; = f and g = g for every

We can characterize the e cient contract, heuristically fran the nite
horizon setup, as the solution to the following Bellman equain:

X
V (w) = f min Dle(u) + V(W) (44)

uguzwiwdg

subject to:
X

Ui+ w) = w (45)
Cmrw? u(w) ) w (46)
u+ wl o ue(u) )+ w (47)

Here you have to say that:f (w;¥) = ug, f (W;¥) = Uy, g(w; ) = ws,
g(w; ) = w3.

In the nite horizlgn problem, the form of the value function was known
to be given byw? pouly + V (w9), whereas we do not know the general
form of V (w) in the above problem.

Some care is needed to formally justify the legitimacy of usirtye recur-
sive formulation above.

Two interpretation of the above problem were given in the lgrature, both
leading to this same formulation. The setup used in each of them @fs in
some respects:
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[Thomas and Worral (JET, 1990)] Two agents, one risk neutral ah
the other risk averse, leading to a principal-agent formulatin. The
risk-averse future utility becomes arbitrarily negative wih probability
one. The borrower gets deeper and deeper into debt (exponahiutil-
ity allows for negative consumption), and consumption movesown as
debt increases. The contract is therefore not very good at stadizing
consumption over time; nevertheless what apperas to be happenis
that making future utilities low reduces the cost of inducingncentive
compatibility, which is obtained by variations in future utility. So sta-
bility in consumption in the initial periods is obtained at a st of
variation in consumption over time. Thomas and Worral show thkas
I 1, the Second-Best Pareto frontier or (Costrained-Pareto ojpnal
utilities) converge pointwise to the rst-best Pareto Frontier ( rst-best
utilitites), but not uniformly. The principal becomes richer and
richer. The agent becomes poorer and poorer. Crucial role
for negative consumption. Ayiagari & Alvarez impose non-
negative consumption and obtain a non-degenerate limiting
distribution.

[Green (1987)] Large number of risk averse agents plus an intexdiary
which can borrow/lend from some outside source at the rate * 1.
The risk averse agents do not have access to neither a storing teclogy
nor to (say, foreign) borrowing/lending possibilities. The comunity
of individuals is rich at the beginning, becauses > 1, but it becomes
poor over time. That implies that the intermediary must be borowing
from the outside source at the beginning of time and then payingack.

Di erently from Atkeson and Lucas, a period-by-period feas I-

bility constraint is not imposed.

An educated guess fo¥ is of the same form ag, that is,

Vw)= ; ioln( w)

SinceV is strictly convex and strictly increasing, we can use the prewis

results to conclude that (??) binds and (??) is slack, and can be ignored.
After replacing the guess foV in the Bellman equation, the rst order con-
ditions are: (maximize the negative of the objective funabin)
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AU]_
_2+ e A =0
Aus
1
0 1+ =0
0W1
20+ , -0
oW,

kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkhkkkkkkkkkkk kkkkkkkkkkkkkkkkkkhkkkkkkhkkhkkkkkk

Adding the rst two equations (multiply and divide the two conditions
by u; and u,, respectively):

1 2 A _
— + up+ u,+ —+ u u, e =0.
A 1Y1 1 A 2U2 2
and thus:
1 A
A + (Ut Ux)+  Up uge =0

Adding the last two equations (multiply the two conditions by w? and
W,, respectively):

1 2 0
—+  wd+ w i+ =+ w, w ,=0
ko ko

and thus:

—+ (Wt W)+ (W) wp)=0:
0
Adding the two resulting equations:

" #
1 X 0 0
o+ —+ P (Ui + WiO) + [up+ wi u(c(up)+) w 5] = 0.

Using the incentive compatible and promise keeping constraints:
1 + —+ w =0

0
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and we can solve for

1 1
= — — 4+ —

w A 0
kkkkkkkkkkkkkkkhkkkkkkkkhkkkkhkkkkkkkkhkkkkkkkkkkkkkkkk kkkkkkkkkkkkkkkhkkkkkkkkhkkkkkkkkk
By the Envelope theorem,V(w) =
Thus

1 1 1
- = — — 4+ —
W o w A 0
and thus
o=A1 ).
We have obtained the rst parameter of the value function.
And also
1 1
wA (1 )
*kkkkkkkkkkkkkkkkkkhkkkkkhkkkhkhkkkhkhhkkkhkkkhkkkkkkhkkkkkkkk *kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

Now we want to gure out the parameter .
Replacing ¢ in the rst order conditions:

u, = W (48)
2 s A(C 2 2e A) (49)
W (50)
wg = O(—Zz) (51)

and replacing these in the promise keeping constraint:

2 2 2 2

1 2 1 + 2 _—
A(C 1+ ) A( 2 e *) o 1+ ) ol 2 )
Divide everywhere byw:

2 2 2 2

1 2 1 + 2 =1
A( w+ w) A( 2w we A) o w+ w) o 2w w)

27



To solve for , we guess it to be of the same form as = % with

> 0 being a constant. Now use = sazyand = § . Replacing
this guess above,
3
2 2 2 2
1 2 4 1 + 2 5-1
A
A A(ll) A A(12)+ e 0 A(ll) 0 A(12)+
and (sinceko = A(1 B))
2 3
2 2 2 2
1 2 4 1 + 2 5-1
k +ko e A k + k
A Atl )0 A 2A(:(LJ ) 0 Azl )O 0 Ail )0
or, equivalently,
2 2 2 2
DI (S : L, 3
1t 0 2 ko e 1+ Ko 2 0
or
2 2 1 2
1 + 2 ( )A + 2 =1: (52)
1t 0 2 o€ 2 0
*kkkkkkkkkkkkkkkkkkhkkkkkhkkkkhkkkkkkkkhkkkkkkkkhkkkkkkkk kkkkkkkkkkkkkkkhkkkkkkkkhkkkkkkkkk
De ne
2 2 2
( ) 1 + 2 (1 )A + 2
1t 0 2 o€ 2 0
and note that (0) =1, °(0) < 0 andthat %> 0 since is the sum of
three convex functionsin . Also ( )! +1 as ! 2> 0.

The graph of this function ( ) thus looks like:

o

The function ( ) is continuous. It follows that there exists 0<
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that solves (??). Note that = 0 (and hence = 0 as well) is not a
solution to (??) since it implies that the IC constraint is slack and thus the
full-insurance obtains. We know that it cannot be.

kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk
Using = I to solve for current and expected future utilities in
(??)-(?7?):
w (1
u; = aw(@ ) (53)
1t 0
>W (1
U, = ( Z (54)
2 o€
w
Wy = (55)
1t 0
oW
W = ——— (56)
2 0

and it follows that
Ui > Us

and that
wi<w<w?

We can replace ??)-(??) in the Bellman equation and solve for ;. We
do not do it here.

kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkhkk kkkkkkkkkkkkkkkkkkhkkkkkkhkkhkkkkkk

To characterize the limiting distribution of expected utilties, observe
that:

1+1Wt 0 if Yi= W1

VW+1 = 2Wt H —
S ity =y

and so,

In( wy) +1In - oifyt:yl
In( w) +In —2—ify =y,

In( Wiy ) =

We can write that

IN( War)=IN( W)+ ", E()= 1ln————+ ,lIn

1t 0 2 0
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Therefore,

EIn( w) = 1In( w)+ ,In( wd)
= In( W+ In—>2—+ ,In—2
1t 0 2 0
In( w)+ ( ): (57)

Since endowment shocks are i.i.d., In (W) is i.i.d. as well and In( w;)
is a random walk with positive drift ( () > 0). The drift is positive since

° ) = 0+ 22 )y %0)=0
1t 0 2 0
2 2
) = +10 + —20 >0
1 0 2 0

Since In( w) is a random walk with positive drift (sub-martingale), it
follows that In( w) ! +1 ast! +1 and hence thatw; ! 1 and
u!1 .

We thus conclude that there does not exist a stationary distribiion of

expected utilities, as risk-averse agents get increasingly pep over time,

while the risk neutral agent gets increasingly richer (so thathe aggregate
resource constraint keeps balanced).

The results will change dramatically if we impose& 0 (or some other
lower bound for consumption). In particular, a stationary distibution for
utilities obtains in this case (see Aiyagari and Alvarez (1995))

A nal point is due about the relationship between the nite horizon and
the in nite horizon setups.

In both cases, =0 leads to no insurance. This follows directly from the
incentive compatible constraints.

However, as ! 1 we converge to the full-insurance result in the in nite
horizon setup, since we can check fron??)-(??) that w?! w, wd! w and
L
" Radner and Townsend provide an interpretation of this resultThey set

=Jlandlet T!1 . The economy is then able to sustain full-insurance
allocations as the time horizon extends to in nity. An important point is that
agents only care about in how many periods they will receivecmpensation
when signing the contract. If < 1; the argument of Radner and Townsend
does not work anymore.
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