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THE ROLE OF CONDITIONING INFORMATION IN
DEDUCING TESTABLE RESTRICTIONS IMPLIED BY
DYNAMIC ASSET PRICING MODELS'

By Lars PETER HaNSeEN AND ScotT F. RiCHARD

The purpose of this paper is to investigate testable implications of equilibrium asset
pricing models. We derive a general representation for asset prices that displays the role
of conditioning information. This representation is then used to examine restrictions implied
by asset pricing models on the unconditional moments of asset payoffs and prices. In
particular, we analyze the efiect of information omission on the mean-variance frontier of
one-period returns on portfolios of securities. Also, we deduce an information extension
of equilibrinm pricing functions that is useful in deriving restrictions on the unconditional
moments of payoffs and prices.

KEYwWoORDS: Asset pricing, conditioning information, mean-variance analysis, Hilbert
Spaces.

INTRODUCTION

IN A COMPETITIVE EQUILIBRIUM MOBDEL of asset markets, prices are found
endogenously as a consequence of the aggregation of the decisions of econontic
agents. Equilibrium prices are determined by a pricing function that maps uncer-
tain payoffs in the future into prices today. Alternative models of asset prices
imply alternative pricing functions. Two models that imply the same pricing
function are observationally indistinguishable using payoff and price data from
asset markets. Hence we can index observationally equivalent classes of asset
pricing models by their implied pricing functions. Data from sources other than
asset markets are required to discriminate among models within an equivalence
class.

To understand the contribution of this paper, it is convenient to think of the
analysis of asset pricing models as proceeding in two steps. The first step is to
derive alternative pricing functions from more primitive assumptions on the
underlying economic environment, e.g., preferences, endowments, and the techno-
logical opportunities for production. The second step is to deduce the restrictions
that these alternative pricing functions imply for the population moments of time
series data on asset payoffs and prices. While both steps are important, our paper
contributes to the second step of this analysis.

Conditioning information is a crucial ingredient in our analysis of pricing
functions. In most intertemporal models, information accumulates over time and
traders in asset markets form portfolios contingent on information available at
the time trades are made. The accumulated information becomes imbedded in
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asset prices that clear the competitive markets. (For example, see the equilibrium
models of Brock {1980}, Cox, Ingersoll, and Ross {1985), Lucas (1978}, or Richard
and Sundaresan (1981).) Consequently, a pricing function maps payoffs modeled
as random variables into prices that are also modeled as random variables, but
are constrained to be in the information set of traders at the time prices are
quoted. From the vantage point of an outside observer or econometrician there
is no useful sense in which payoffs are random and prices are not. Instead each
of these classes of random variables are presumed to satisfy different informational
constraints. A distinctive feature of our analysis is that the range of the pricing
function is the collection of random variables in the information set of traders
at the time the portfolio decisions are made.

In this paper we consider implications of asset pricing functions for population
maoments of asset payoffs and prices. Although thearetical models assume traders
make calculations conditioned on information available at the time of trading,
it is often canvenient for an econometrician to deduce empirical restrictions that
do not depend on this conditioning information. For this reason, we consider
the restrictions on population or unconditional moments implied by theoretical
models of asset prices. Such moments are limits of time series averages of
observable data for many data generation processes.

In Section 1 we give a motivational example of a class of data generation
processes for portfolio payofis and prices which guarantee that time series
averages canverge {almost surely) to population moments. These data generation
pracesses may be consistent with a variety of asset pricing models. On the other
hand, there are other interesting data generation processes to which our analysis
applies.

The formal analysis in this paper proceeds as follows. In Section 2 we presume
the existence of pricing functions that satisfy two impartant properties. The first
praperty is value-additivity, i.e., the price of a portfolio is the portfolio of the
prices. The second property is continuity, L.e., if a sequence of payoffs goes to
zero, then the sequence of its prices gaes to zero. Other authors have analyzed
asset pricing functions that satisfy these two praperties. See Rubinstein (1976),
Ross (1977, 1978), Harrison and Kreps {1979), and Chamberlain and Rothschild
(1983). The main contribution of this section is to show that alternative asset
pricing functions that embody conditioning information can be represented using
alternative random variables among the collection of payeffs from paortfolios.
This result follows from a conditional counterpart to the Riesz representation of
a linear functional on a Hilbert space. We obtain this representation by extending
conventional Hilbert space analysis to accommodate conditioning information.
This extension is required for the analysis in Sections 3 and 4 and for other
applications as well (Eichenbaum, Hansen, and Richard (1984)).

In Section 3 we discuss the role of conditioning information in determining
the mean-variance implications of asset pricing models. Chamberlain and Roths-
child {1983) showed that the mean-variance frontier implied by a pricing function
can be characterized in terms of two payoffs, one of which is the payoff used in
representing the pricing function. The first step in our analysis shows that the
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same result is true when conditioning information is introduced. We then take
the analysis one step further and characterize the mean-variance frontier calcu-
lated without using conditioning information. In particular, we display the relation
between the conditional and unconditional mean-variance frontiers. This relation
is important because standard approaches to testing mean-variance implications
examine unconditional means, variances, and covariances of returns.

All of the analysis in Section 3 uses pricing functions that map into the space
of random variables in the conditioning information set of traders. The analysis
in Section 4 proceeds along a somewhat different vein. Pricing functions are used
to construct linear functionals defined on a standard Hilbert space of portfolio
payoffs. These linear functionals map into the space of real numbers and are
used to deduce testable restrictions in terms of unconditional moments. The
empirical analyses conducted by Hansen and Singleton {1982) and Brown and
Gibbons (1985) can be viewed as using this approach.

Finally, Section 5 contains our conclusions and an Appendix is included that
contains proofs of the lemmas and theorems presented in the text.

1. DATA GENERATION

In this.section we describe an important class of data generation processes to
which our theoretical analysis applies. We include this description to help in
relating our theoretical analysis to empirical analyses of asset market data that
use summary statistics ¢alculated by taking time series averages. The analysis in
later sections applies to many data generation processes that are not in the class
described here. Consequently, the discussion in this section is meant to be
illustrative rather than exhaustive,

Let (£2, F, Prj define a probability space where {2 is a set of sample points, F
is a sigma algebra of subsets of £2, and Pr is a probability measure. It is convenient
to introduce a deterministic law of motion gaverning the evolution of states of
the world over time. Let S be a measurable, measure-preserving transformation
mapping {2 into itself. This transformation defines the temporal evolution of
states over time in the sense that if « is the state at time zero, then 8'(w) is the
state of the world at time ¢ where S is defined to mean the transformation §
applied ¢ times in succession.

Even though the law of motion is deterministic, the true state will not be
abserved directly. For instance, suppose x is a measurable function (random
vector) mapping £2 into k-dimensional Euclidean space that determines a vector
of observations as a function of the underlying state. If w is the state of the world
at time zero, then x[S'(w)] is the corresponding observation vector at time f.
Hence, we define a vector stochastic process {x,: 1=1,2,...} via

(11 xl(e)=x[S{(w}],

which determines a sequence of time series obsarvations for each initial state of
the world. In general, the observation vector x{w) will not reveal @. Thus even
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though we have a deterministic law of motion governing the state of the world,
x, will not in general be perfectly forecastable given x,_,, x,_5,..., X,

Since S is assumed to be measure-preserving, for any random vector x the
stochastic process constructed via (1.1) is strictly stationary. Such stochastic
processes satisfy a law of large numbers in the sense that {(i/T) ):;’;l x:T=
1,2,...} converges almost surely as long as x has a finite first moment. In general
the limit random vector is E{x| F*) where F* is the sigma algebra of invariant
sets of the transformation S (Brieman (1968, p. 113) or Doob (1953, p. 465)).
When these invariant sets all have probability measure zero or one, we say that
S is ergodic. In this case, E(x]| F*) = E(x) so that time series averages converge
almost surely to the average taken across states of the world using the measure
Pe. For simplicity we assume that $ is ergodic in our analysis (although much
of our analysis also applies more generally with expectations conditioned on F*
replacing unconditional expectatians).

In an environment such as this, an econometrician ¢an learn about moments
of random vectors by calculating time series averages. For the purpose of this
paper, we will adopt the simplifying assumption that for any given state o, the
entire infinite sequence of abservations {x{w): t=1,2,...} is available to the
econometrician. Thus we abstract from some important issues pertaining to
statistical inference,

As is standard in rational expectations models, we presume that economic
agents in this environment make decisions at every date knowing the true probabil-
ity distribution over states of the world. In general, their information will be
limited so that the true state of the world is not revealed to them at any point in
time. To define the common set of information available to all consumers at time
t, let G denote a subsigma algebra of F. We interpret G as the information at
time zero. Define

(1.2) G, ={A,: A, =5"(A) for same A in G}, for t=1,2,....

Then G, is the sigma algebra defining the information available to economic
agents at date ¢ We assume that G, contains G so that {G:t=1,2,..} is
nondecreasing. Finally, for each =1, 2, ..., let I, denote the set of all random
variables that are measurable with respect to G, and let I denote the set of all
random variables that are measurabie with respect ta (.

At any date t economic agents make portfolio decisions based on their current
information. Asset prices are assumed to be measurable with respect to G, and
hence observed by all consumers. A one-period security purchased at time ¢ has
a payoff at time ¢+ 1. The payoff for this security is assumed to be in the
information set of economic agents at the date of payoft (r+1). Let p denote a
random variable that is in I, and is used to define a sequence of such payofis.
The corresponding payoff at time ¢+1 is given by

(13) pilw)=p[S' ()}

Let ( p) denote the time zero price of the payoff p at time one so that m{p) is
a random variable in I We assume that for any payoff sequence that is generated
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via {1.3) for some p {which may be limited to an admissible set of payofls),

(14)  m(pe)o)=m(p)[S'(w}],

where o,(p..,) is the time ¢ price of p,.,.

In this paper we will study the pricing of one-period securities in the initial
time period zero. As long as payoff sequences are generated via (1.3) and the
prices of those payoffs evolve via (1.4), an initial period analysis will extend to
subsequent time periods via the transformation S§. Furthermore, any payoff
sequence {p,1: t=1,2,...} or price sequence {m(p+): £=1,2,...} will be a
strictly stationary and ergodic stochastic process whose moments can be calculated
by taking time series averages. Hence, it will be convenient to deduce implications
of asset pricing models in terms of unconditional moments. Although our analysis
focuses on one-period securities, it could be extended easily to accommodate
multi-period securities,

2. PRELIMINARY MATHEMATICAL ANALYSIS

In this section we develop the mathematics that underlies our analysis in
Sections 3 and 4. These same tools turn out to be useful in analyzing other
problems as well. We will use notation that is compatible with that used in Section
1. The transformation S, however, will not play a role in the analysis in this section.

Harrison and Kreps (1979) use Hilbert space methods to represent pricing
functions and Chamberlain {1983) and Chamberlain and Rothschild (1983)
deduce mean-variance implications for returns in a Hilbert space setting. We
follow their lead except that we make one extension. For these other authors,
the range of the pricing function at the date of initial trading, analogous to o«
{introduced in Section 1} is the set of real numbers. As part of their analysis of
continuous time diffusion models, Harrison and Kreps show that prices can be
represented as conditional expectations after the initial trading date when new
information has been revealed. We show this conditional expectations representa-
tion applies to more general stochastic processes and we allow conditioning at
the initial trading date. Hence the range of # in our analysis is the set of random
variables, I, that are measurable with respect to a subsigma algebra, G, of F.

The purpose of this section of the paper is to show how to recast Hilbert spaces
methods to take account of conditioning information. In particular, we will
represent # as a conditional analogue to a linear functional mapping random
variables (payoffs on portfolios of assets) that are measurable with respect to a
subsigma algebra, G,, of F into prices that are measurable with respect to G.
As in Section 1, we assume that G, contains G.

First, we introduce some notation. In Loeve (1978} it is shown that for any
random variable p, E(p*| G} is always well-defined almost surely although it
may equal infinity with positive probability. Let

(2.1)  P'={pinl;: E(p’|G) <},
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where I, is the set of random variable that are measurable with respect to G,.”
The set P satisfies several nice properties that will be described subsequently.
Tao describe these properties, it is convenient to introduce a conditional counter-
part to an inner product on P*. For any p; and p, in P7, let

(2.2) (P1|P2>G:E(P1P2|G)-

A conditional version of the Cauchy-Schwarz Inequality guarantees that the
right-hand side of (2.2) is well-defined and finite.® In accordance with (2.2), we
define a conditional norm to be

23y lplle=Kelpsl"

Both the conditional inner product {-|- )5 and the conditional norm || - {| s map
into I. To define canvergence using these constructs, we must use a notion of
canvergence of random variables that are measurable with respect to . We use
convergence in probability in the following definitions of conditional Cauchy
sequences and conditional convergent sequences.

DEFINITION 2.1: A sequence {p,: j=1,2,...} in P* converges conditionally
to p, if for any &> 0, lim;,., Pt {| p; — pollc > €} =0.

DEFINITION 2.2: A sequence {p;:j=1,2,...} in P" is conditionally Cauchy
if for any >0, lim, .. Pr{[lp;—pilc > £} =0.

Next, we introduce a subset P of P” that is restricted to satisfy conditional-
counterparts to linearity and completeness.

DerFiINITION 2.3: A set P is a conditional linear subspace of P* if for any w,
and w, that are in [ and any p, and p, in P, w p,+ wap, is in P.

DerINITION 2.4: A set P is conditionally complete if every conditional Cauchy
sequence in P is conditionally convergent to some element in P.

It is easily verified that the set P" is conditionally linear. This follows from
the conditional Minkowski Inequality and from the fact that

(24)  |wplg=1Iwl-lrls.
In the Appendix we show that P* is conditionally complete.

? Throughout this paper, equality and inequality relations between random variables are only
required to hold with probability one. We will adopt the usual convention of viewing random variables
in an equivalence class, that are equal with probability one and satisfy apprapriate measurability
restrictions, as being the same random variable.

* To see this, let p* =max (0, p) and p~ =max (0, —p). Then {p, p,)* =p) ps+p; prand {p, p,) "=
Py p:+p7 pY. Conditional versions of the Minkowski, Holder, and Cauchy-Schwarz Inequalities are
valid (Loeve {1978, p. 14}). The conditional Cauchy-Schwarz [nequality implies that p p3, py P31,
Py P37, and pyp3, all have finite expectations conditioned on . Hence (p, p.)" and {p, p,)” have
finite expectations conditioned on G. Following Loeve (1978), we define

E(p p:t GY= E{{p, 2} | G1 - E{{ i p2)" 1G]
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In our analysis we view P as a set of payofls at time one from portfolios
purchased at time zero. One possibility is for P to equal P* in which case P
contains (among other things) all event contingent claims based on information
in I,. We allow P to be a proper subspace of P* to accommaodate situations in
which either the econometrician omits assets from his analysis or the markets
open to economic agents are incomplete. (Markets can be incomplete, even if
the set of payoffs P is conditionally complete in the mathematical sense of
Definition 2.4.)

AssuMPpTiON 2.1: P is a conditionally complete linear subspace of P™.

The restriction that P be a conditional linear space from the standpoint of
economic agents can be motivated by the fact that economic agents are allowed
to adjust their portfolios based on information that is available at the purchase
date of the portfolios.

Next, we introduce a pricing function 7 that maps the set of payofis P into
I We impose two assumptions on the pricing function = and the set of payofis
P. The first assumption is termed value-additivity and requires that the price of
a conditional linear combination of payofts be equal to the corresponding linear
combination of prices for the individual payofis.

AssumeTion 2.2: For any p, and p, in P and any w, and w,y in I, w(w,p+
wapa) = wim(p) +wam{ p,).

The second assumption requires that the pricing function be conditionally
continuous at the zero payoff.

AssuMmpTionN 2.3: If {p;: j=1,2,. .} is a sequence of payoffs in P that converges
conditionally to zero, then for any € >0, lim,_., Pr{{#(p;)| > £} =0.

Assumption 2.3 specifies the sense in which small payoffs have small prices.
Equivalently, it stipulates the sense in which value-additivity holds for an infinite
series of payoffs: If {¥5_ pe:j=1,2,...} converges conditionally to p, then
{Yio, m{pe)ij=1,2,...} converges in probability to 7 ( py). Assumptions 2.2 and
2.3 require that & be the conditional analogue to a continuous linear functional
on a Hilbert space.

Next we consider a different motivation for Assumption 2.3. When there is
free disposal of the good used to denominate the payoffs, prices of payoffs that
are nompegative with probability one will have equilibrium prices that are non-
negative. In this case Assumption 2.3 can be omitted as long as w is defined on
P,

Lemma 2.1: Suppose P = P", Assumption 2.2 is satisfied, and for any p=0 in
P", w(p)=0. Then Assumption 2.3 is satisfied.
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In light of Lemma 2.1, the continuity requirement is implied whenever 7 can
be extended from P to P* in such a way as to preserve nonnegativity and assign
finite prices to all payoffs in that extension.® The assignment of finite prices to
all elements in P* appears to be an important restriction, the plausibility of which
will depend on the particular asset pricing model under investigation.

For our analysis, 1t is convenient to rule out ¢ertain nontrivial pricing functions.

ASSUMPTION 2.4: There exists a pavoff p, in P for which Pt {m(p,) =0}=0.

A sufficient condition for Assumption 2.4 to be valid is that the pricing function
7 be strictly positive on P*;

LEMMA 2.2: Suppose P = P*, Assumption 1.2 is satisfied, and Pr{=(p)>0}=1
Sforany p in P* for which Pr { p >0} = 1. Then Assumptions 2.3 and 2.4 are satisfied.

An example of a pricing function that satisfies Assumptions 2.2 and 2.3 is
w7(p)={p| p*)s for some p* in P. It turns out that all pricing functions have
such a representation. This result is an implication of the conditional analogue
to the Riesz Representation Theorem from the theory of Hilbert spaces.

THEOREM 2.1: Suppose Assumptions 2.1-2.4 are satisfied. Then there exists a
unique payoff p* in P that satisfies w(p)={p|p*)s for all p in P. Furthermore,
Pr{ip*lo>0}=1"

Theorem 2.1 shows that each asset pricing function is uniquely indexed by a
benchmark payoff, p*, in P.

There is a particularly convenient interpretation of p* when # has no arbitrage
opportunities on P*,

DerFiniTION 2.4: A pricing function « has no arbitrage opportunities on P if
for any payoff p in P for which Pr{p=0}=1, Pr({a(p)=s0}n{p=0})=0.

An interpretation of no-arbitrage is that nonnegative payofis that are positive
with positive probability conditioned on G have positive prices.® This restriction
on = is the conditional counterpart to the no-arbitrage assumption used by
Ross (1978).

“ Kreps (1981) gives necessary and sufficient conditions for such an extension when the pricing
function is a (unconditional) linear functional.

i Theorem 2.1 would alsa be true if the notion of convergence in Assumptions 2.1 and 2.3 was
canvergence almast surely instead of convergence in probability. We use convergence in prabability
because it simplifies our proofs. Furthermore, a version of Theorem 2.} remains valid under 2
weakened version of Assumption 2.4, See Hansen and Richard (1985).

% To see that no-arbitrage can be defined equivalently using conditional probabilities, let 1 , denote
that random variable that is one when p is positive and zero otherwise. Then

Pr({W(P)ﬁﬂ}ﬁ{P‘)‘O}FJ
t

as long as Pr ({#(p)=0}) > 0. Therefore, Pr{{={p)=0}~{p=0}) =0if, and oniy if, Pr ({a( p) =0} ~
{E(1,|G)=0}=0.

1, dP[‘zj E(ln[G)dPr,
mipl=n) {mip1=a}
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Lemma 2.3: Suppose P= P* and Assumption 2.2 is satisfied. Then 7 has no
arbitrage opportunities on P* if, and only if, Pr {p* >0} =1.

In light of Lemma 2.3, when 7 has no arbitrage opportunities on P*, p* will
be strictly positive with probability one. In this case we can interpret p* as a
measure of the equilibrium intertemporal marginal rate of substitution of the
numeraire good used to denominate prices for the numeraire good used to
denominate payoffs. Harrison and Kreps (1979) use p* to define a new probability
measure such that asset prices can be calculated as conditional expectations. In
our analysis we will continue to use the original probability measure.

In the next section we use the results in this section to study the impact of
omitting conditioning information when studying asset pricing models using time
series data.

3. IMPLICATIONS FOR OMITTING INFORMATION

Chamberlain and Rothschild (1983} and Chamberlain {1983) use Hilbert space
theory to characterize restrictions of asset pricing models in terms of means and
variances of returns. In light of the mathematical results given in Section 2, it is
not surprising that much of their analysis will carry over to a conditional Hilbert
space setting. We show that this is indeed true. Then we proceed to study the
impact of omitting conditioning information in calculating mean-variance
frontiers for infinite dimensional spaces. In particular we compare the mean-
variance frontier conditioned on G to the unconditional mean-variance frontier.

Consider a set of payofis P and a pricing function  that satisfies Assumptions
2.1-2.4. We define two level sets of « that are central to our analysis:

(3.13 R={pinP: «(p)=1}
and
(3.2} Z={pin P: w(p)=0}.

The set R is the collection of all payoffs with unit prices, i.e., the set of all returns.
The set Z consists of all payofis with zero prices. Since P is a conditional linear
subspace and # is a conditional linear functional, the zero payoff is in Z
Assumption 2.4 guarantees that the payoft p,/7(p,) is in R. Hence, both Z and
R are not empty.

In Section 2 we showed that o could be represented as

(33)  a(p)={(p{p*)c foralipinP.

Furthermore, we showed when the pricing function is nontrivial {i.e., when
Assumption 2.4 is satisfied), Pr {z( p*) =0} =0 so that

(34)  r*=p*/mw(p*)

is a well-defined return in R.
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LeEmMMA 3.1: Suppose that (P, ) safisfies Assumptions 2.1-2.4. Then
(1) {r*|z}=0, forallzinZ;

(ii) {(r*[re=(r|ric forallrin R

Lemma 3.1 shows that #* is the minimum conditional second mament return.
This implication carries over when unconditional second moments are used in
place of conditional second moments. By the Law of Iterated Expectations,

(3.5} E(p)=E[plp)s) foranypin P

where the expectation in (3.5} may be infinite. Implication (ii) of Lemma 3.1 and
relation (3.5) together imply that

(3.6) E(r*)< E(r*) foranyrin R

Either side of (3.6) may be infinite. When the left-hand side of (3.6) is infinite,
then {3.6) is interpreted to imply that the right-hand side of (3.6} also is infinite.

The difference between two returns in R is always in Z. Hence singling out
any return. in R as a benchmark, all other returns can be expressed as the sum
of that benchmark return and an element in Z. When r* is used as the benchmark,
we obtain

(3.7} R={r:r=r*+z forsome z in Z}.

This is a particularly convenient representation of R since r* is conditionally
orthogonal to Z [implication (i) of Lemma 3.1].

The set Z is itself a conditionally complete linear subspace of P*. Furthermore,
the conditional expectation operator E(-| G) defines a conditional analogue to
a continuous linear functional on Z. Hence, we have the result:

Lemma 3.2: If (P, w) satisfies Assumptions 2.1-2.3, then [Z, E(-| G)] satisfies
Assumptions 2.1-2.3,

We impase the following additional restriction:
AssumptioN 3.1: There exists a payoff z, in Z for which Pr {E(z,| G)=0}=40.

An equivalent statement of this assumption is that [Z, E(-|G)] satisfies
Assumption 2.4. Assumption 3.1 requires that the conditional expectation aperator
and the pricing function disagree somewhere on Z (with probability one). This
means that prices are inconsistent with risk neutrality. Assumption 3.1 is satisfied,
for instance, when the variance of p* conditioned on & is different from zero
with probability one and P is P,

With the addition of Assumption 3.1, Theorem 2.1 implies that there exists a
unique payeff z* in Z for which

{3.8) (2| 2% =E(2]G) forallzin Z
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Theorem 2.1 also shows that (z*|z*); = E(z**| G) = E(z*| G} is positive with
probability one. Notice that
3.9)  Var(z*|G)=E(z*’| G}~ E(z*| G)’=E(z*| G)(1 - E(z*| G)) =0
implies that with probability one
(3.10)  E(=*|G)={(z*|z%s=1

The random variable z* defines one (conditional) dimension of Z. All remaining
dimensions that are arthogonal to z* conditioned on G must have conditional
mean zero since (3.8) is satisfied. Hence, the set Z can be represented as

(3.11) Z={z: z=wz*+n for some w in | and some » in N}
where N is the set

{312y N={zin Z: E(z|G)=0}.

Combining (3.7) and (3.11) gives the representation

(3.13) R={rr=r*+wz*+n for some win I and some n in N}

Next, we consider solutions to the mean-variance problem conditioned on G

PropLEM 3.1: Minimize {r| r)g for r in R subject to the constraint E(r| G)=w
for some w in L

Notice that the objective function for Problem 3.1 is not real-valued but is a
random variable in I Hence, this objective anly induces a partial ordering on P.
Nevertheless, as we show in the subsequent analysis, Problem 3.1 does have a
solution. Also, notice that {r[ r} 5 in Problem 3.1 could be replaced by the variance
of r conditioned on G without altering the solution. Any return that solves
Problem 3.1 for some w in [ is said ta be on the mean-variance frantier conditioned
on G.

Problem 3.1 can be solved conveniently using the decompasition of returns
given in (3.13). Let

(3.14) w¥*=[w—-E(*|G))/E(z*| G).
Then 7 in R satisfies E{r|G}=w if, and anly if,
(3.15)  r=r*+w*z%+n

for w* given by (3.14) and some n in N. To solve Prablem 3.1, r in (3.15) is set
to zero since the components on the right-hand side of (3.15) are orthogonal
conditioned on G. We have proved the following lemma.

LEMMA 3.3: If (P, w) satisfies Assumptions 2.1-2.4 and [Z, E(-| G}] satisfies
Assumption 3.1, then v, = r* + w*z* is the solution to Problem 3.1 for w* given by
(3.14).
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The characterization of the mean-variance frontier given in Lemma 3.3 is the
conditional counterpart to the characterization of the unconditional mean-vari-
ance frontier given by Chamberlain and Rothschild (1983). (Other than condition-
ing there is a minor difference between our approach and that taken by Chamber-
lain and Rothschild (1983). Our decomposition is conditionally orthogonal while
theirs is not; this is a matter of convenience.) A conditional two-fund theorem
can be obtained as an immediate implication of the characterization given in
Lemma 3.3 (Hansen and Richard (1984}}.

In Section 1 we described a set of circumstances in which unconditional
moments of returns could be estimated using time series data. In these ciccum-
stances, sample means and covariances calculated using time series data converge
almost surely to unconditional means and covariances. The goal of this section
is to study the impact of amitting the canditioning information when calculating
the mean-variance frontier. To this end we confine our attention to the set of
payoffs with finite unconditional second moments:

(3.16} P*={pin P: E{(p?) <x}.
On this set we define an unconditional inner product

(317} {p:| p=E(p,p,) for p, and p,in P*.

{Alternatively {3.17) can be viewed as a specialization of the conditional inner
product (2.2) when  is the trivial sigma-algebra containing only 2 and the null
set.) In addition, we consider the unconditional counterparts to the sets R, Z,
and N Let

(3.18) R*=R~ P¥
(3.19) Z*=ZnP*
and
(3.20) N*={zin Z*%: Ez=0).
We study the relation between solutions ta Prablem 3.1 and solutions to the

following problem.

PrOBLEM 3.2: Minimize {r|#}for r in R* subject to the canstraint that E(r)=¢
for some real number ¢

We are interested in circumstances in which this problem is not vacuous. For
this reason, we make the following assumption.

AssumpTIaN 3.2: There exists a return rg in R*.
Given Assumption 3.2, r, and hence #* are always in R*. Taking the uncondi-

tional expectation of (3.10) gives (z*[2*) =< 1 s0 z* is in Z*. Also, the zero random
variable is always in Z* and N*, Therefore, these three sets are not empty.
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Any solution to Problem 3.2 for some real number ¢ is said to be on the
unconditional mean-variance frontier. Qur strategy for calculating this frontier
is very similar to the one used to calculate the mean-variance frontier conditioned
on G. Applying the Law of Iterated Expectations to (3.8) gives

(3.21})  {z|z*y=E(2) forall z in Z*

Hence, the random variable z* is orthogonal to N* (unconditionaily} so that
elements in Z* can be represented as the sum of a scalar multiple of 2z* and an
element in N*. Consequently, R* can be represented as

(3.22) *={r: r=r*+c*z*+ n* for some real number c*
and some n* in N*}.

Let

(3.23)  c*=[c—E(*)]/ E(z¥).

Then » in R* has expectation ¢ if, and only if,
(3.24)  r=r*+c*2%+n*

for some n* in N* and ¢* given in (3.23). Prablem 3.2 is then solved by setting
n* to zero. We have proved the following lemma.

LeMMA 3.4: Suppose that (P, 7} satisfies Assumptions 2.1-2.4 and 3.2, and
[Z, E(-[G)] satisfies Assumption 3.1. Then the solution to Problem 3.2 is r, =
4+ e*z* for ¢* given by (3.23).

Taken together, Lemmas 3.3 and 3.4 display the impact of omitting conditioning
information when evaluating whether a return is on the mean-variance frontier.
Natice that any return that is on the unconditional frontier must also be on the
conditional frontier. In ather words, ¥, given in Lemma 3.4 also solves Problem
3.1 for w equal to E{r,| G). The converse is not true, however. A return may be
on the mean-variance frontier conditioned on & and not be on the unconditional
frontier. Far instance, consider ¥, as given by Lemma 3.3. Then as long as w*
as given by (3.14) is not equal to a constant with probability one, r, will not be
on the unconditional mean-variance frontier. A risk-free return can be used to
illustrate this fact. _

When P contains a unit payoff and o has no arbitrage opportunities on P, R
will contain a return that is risk-free. This return is given by

(3.25)  rI=1/(p*|)s

={r*|rs/{r*| De.
Notice that the conditional inner product of any payoft in P with a unit payoff
is just the conditional expectation of that payoff. In this case, the variable z*

used in representing the mean-variance frontier is the conditional residual of
regressing 1 on #*. Hence

(3.26) z*=1—{r*1)at*/{r]| r*)s.
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It is straightforward to verify that z* satisfies (3.8). The risk-free return can be
expressed as

(3.27) ¥ =rf+ 2%

This means that the risk-free return will be on the unconditional mean-variance
frontier if, and only if, r/ equals a constant with probability one.

The implications of the static CAPM are typically portrayed using a single-beta
representation of the risk-return tradeoff. We call a return rp in R a reference
return for a single-beta representation conditioned on G if Pr {Var (r, [ G) =0} =0
and

_Cov[r, r|G]

(3.28) E(|G)—e Varlry| Gl

[E(rg| G}~ al

for all r in R, where the random variable « is in [ In general, any return in R
that is conditionally uncorrelated with r; has a conditional mean equal to «. In
patticular, if a risk-free return v/ is in I, then r/ = & since Cov[r, +|G]=0.

Qur next result establishes the conditions under which being on the conditional
mean-variance frontier is equivalent to being a reference return for a conditional
single-beta representation. It is the conditional counterpart of Roll’s (1977)
Carollary 6.

LemMa 3.5; Suppose (P, w) satisfies Assumption 2.1-2.4, 7 has no arbitrage
opportunities on P, and [ Z, E(-| G)] satisfies Assumption 3.1. Then rg is a reference
return for a single-beta representation conditioned on G if, and only if, vy = r* + w*z*
where w* is in I and

(3.29)  Pr{w*=E(*|G)/(1-E(z*| G))} =0.

The no-arhitrage restriction on  ensures that {1— E(z*|()) is not zero with
prabability one. Condition (3.29) guarantees that the probability that r; is equal
to the minimum conditional variance return is zero.

We call a return r; a reference return for an unconditional single-beta rep-
resentation if Var (r;}> 0 and the unconditional counterpart to (3.28) is satisfied
for all returns in R*, where « is a real number. Notice that the unconditional
version of {3.28) defines a set of restrictions acrass the means of returns and the
population regression coefficients of returns on r,. There is alsa an uncaenditional
version of Lemma 3.5.

CoROLLARY 3.1: Suppose the assumptions of Lemma 3.5 and Assumption 3.2
are satisfied. Then r, is a reference return for an unconditional single-beta representa-
tion if, and only if, vy = r*+c*z* where c* is a constant and

(3.30) " XE(*)/(1-E(2").
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The standard approach to testing whether a return is on the mean-variance
frontier is to test whether a return satisfies a single-beta representation using
regression technigues. Corollary 3.1 gives a defense for this procedure. Under
the class of data generating processes given in Section 1, the unconditional first
and second moments of return processes constructed using elements in R* will
be time invariant and can be estimated using time series averages. In such
circumstances, standard methods can be used to estimate unconditional means
of returns and the slope coefficients for regressions of returns on a hypothetical
reference return.” Such methods are appropriate for testing whether returns are
on the unconditional mean-variance frontier, but are not necessarily appropriate
for testing whether returns are on the conditional mean-variance frontier. Omitting
returns from the analysis, which is often required for the empirical analysis to
be tractable, will not in general restore the validity of the regression methodology
for testing whether returns are on the mean-variance frontier conditioned on G.
Hence an econometrician is not permitted to ignore the conditioning information
when testing whether returns are on the conditional mean-variance frontier.

The analysis in this section has implications for the empirical evaluation of
particular asset pricing models and for the performance evaluation of portfolio
managers. For example, the static Capital Asset Pricing Model of Sharpe (1964},
Lintner (1965), and Mossin (1966} can be interpreted to tmply that the return
on the aggregate wealth portfolio is a reference return for a conditional single-beta
representation, while Breeden’s (1979) continuous time asset pricing nodel
implies that the return on the aggregate consumption portfolio is. But neither of
these portfolios will mecessarily be a reference retwrn for an unconditional
single-beta representation, {e.g., see Cornell (1981)). Along the second vein, our
results are consistent with the finding of Dybvig and Ross {1985) that when
returns from a managed-portfolio are found to be unconditionally mean-variance
inefficient, they still may be conditionally mean-variance efficient. The analysis
in this section gives a characterization of all returns that stay on the mean-variance
frontier when conditioning information is omitted.

4. AN ALTERNATIVE PRICING FUNCTION

In Section 3 we showed that the mean-variance implications of asset pricing
models are sensitive to the omission of conditioning information. In this section
we suggest a method for deducing implications that are expressable in terms of
unconditional moments. Recall that unconditional moments can be estimated
consistently using time series data when the time series are generated by processes
like those described in Section 1.

In this section we restrict our attention to payoffs with finite unconditional
second moments, i.e., payoffs in P*. Conditioning information was essential to

? The standard metheds for inference are often inappropriate, however, because they assume the
time series process for returns are independent and identicalty distributed. These methods can be
madified using the asymptotic distribution thecry in Hansen {1982},
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the analysis in Section 3 because the pricing function # mapped inta I Con-
sequently, some payoffs in P* have prices that are not constant with probability
one. Our approach in this section is to define a new pricing function o*® that is
constructed from « but assigns prices that are real numbers. For this construction
to be valid, we require that the payoff p*, used in representing ar, be in P*.

ASSUMPTION 4.1: {p*| p*}< 0.

Assumption 4.1 will not be satisfied for all choices of numeraire for quating
asset prices. More precisely, let w be a random variable in T for which Pr {w >0} =
1. Then a pricing function 7~ with a different numeraire is given by 7 (p) =
m(p)/w. This pricing function has a benchmark payoff p*/w. If p* satisfies
Assumption 4.1, then it is not necessarily the case that p*/ w will satisfy Assump-
tion 4.1. On the other hand, if p* does not satisfy Assumption 4.1 then one can
always find a random variable w such that p*/w will satisfy Assumption 4.1. For
instance, let w=| p*||. Then E[(p*/w)*| G] =1 implying that p*/w has a finite
unconditional second moment. Therefore, requiring a pricing function to satisfy
this assumption restricts the choice of numeraire.

We define #* ta be

(4.1)  #*(p)=E[=(p)]

Natice that #* maps into the real numbers. This function behaves like the pricing
function 7 when the trivial sigma algebra is used for the conditioning information
set. The only random variables that are measurable with respect to the trivial
sigma algebra are constant over all sample points. We refer to prices calculated
using #* as pseudo-prices.

THeoREM 4.1: Suppase (P, w) satisfies Assumptions 2.1-2.4 and 4.1. Then
(P*, m*) satisfies Assumptions 2.1-2.4 for G given by the trivial sigma algebra
Furthermore, if 1 has no arbitrage opportunities on P, then «* has no arbitrage
apportunities on P*,

Elements in Z* and R* will be assigned the same prices by = and =*, but
many other payoffs in P* will be assigned distinet prices by these functions.
Notice that some payoffs in P* that are not in R* will satisfy #*(p)=1. For
example, suppose there is a unit payoff in P such that the riskfree return,
re=1/E(p*|I), is in R*, but is not a constant. We can use the pseudo-pricing
function 7* to construct a pseudo-riskfree return r¥=1/E(p*), which is a
constant, but is not in R* and is not equal to r. Similarly, some payoffs in P*
that are not in Z* will satisfy «*(z) = 0. Consequently, the set of pseudo-returns
can be larger than R* and the set of payoffs with pseudo-prices that are zero
can be larger than Z*.

In addition to assigning prices that are real numbers, the pseudo-pricing
function s has other nice properties. Far instance, this function is constructed
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s0 that the inner product representation
42y #*(p)=E[{p|p"sl
={plp™

is valid. Hence, p* can be used to represent #* as well as . This feature is
attractive for the following reason. Suppose time series data are available on p*
as implied by a particular asset pricing model. In addition, suppose time series
data are available on asset payoffs and prices. Under the data generation processes
described in Section 1, both E[7( p}] and E( pp*)} can be estimated for any p in
P*, Relations {4.1) and (4.2) imply that these two guantities should be the same.
Consequently, the asset pricing model can be tested by checking whether sample
counterparts to E[7( p)] and E( pp*) could be equal after accounting for estima-
tion error. This procedure can be viewed as an interpretation of the econometric
approach suggested by Hansen and Singleton (1982) for testing intertemporal
asset pricing models.

Notice that payofls can be constructed that are conditional linear combinations
of some initial collection of payoffs as long as the coefficients are measurable
with respect to G. The prices (using « as the pricing function} of the resulting
payoffs are just the conditional linear combinations of the corresponding prices
(again using ) of the initial collection of payoffs. Hence, an analyst is given
great flexibility in constructing payoffs and prices to be used in this procedure,
The conditiona!l weights used in forming payoffs and prices correspond to the
instrumental variables in the Hansen-Singleton analysis. Hansen and Singleton
show formally how to estimate preference parameters and test restrictions using
time series versions of instrumental variables methods.

A question emerges as to whether information is lost in testing the implications
using #* instead of . One way to think about this problem is to ask when can
two pricing functions, say 7 and 7™, defined on P imply the same pseudo pricing
function on P*. Suppose these two pricing functions have the representations

{4.3) a(p}={p|p*)c forallpin P
and
(4.4) T (p)={plpTys forall pin P,

where both p* and p* are in P. In addition, suppose p* and p* are in P* and
7 and 7" imply the same pseudo pricing function:

(45)  #*(p}=E[=(p)]

= E[="(p}]
for all p in P*. Then
(46) (p*-pTlp*-pTy=0

since p*—p* is in P* Hence, p* is equal to p* with probability one implying
that = and «#' are the same pricing function. This analysis shows that the
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conditioning down approach used in constructing #* can discriminate among
distinct pricing functions defined on P.
Testing whether

(4.7) {plp*y=E[m{p)] forall pin P*

may be an arduous task. Recall that P is a canditional linear space that will be
infinite dimensional in many, if not maost circumstances. Even if P is generated
by taking all conditional linear combinations of a finite dimensional collection
of primitive payoffs, P* may not be a finite dimensional unconditional linear
space because of the presence of conditioning information in I If relation {4.7)
is tested for only a subset of assets, then restrictions are lost. For instance, let
P~ be an uncenditionally complete linear subspace of P*. Then it is possible to
construct distinct pricing functions on P* that agree an P~. This claim follows
from the analysis in Harrison and Kreps (1979) and Kreps (1981). They show
that when an extension of a pricing function exists that preserves no-arbitrage,
this extension is not necessarily unique. Consequently, distinct pricing functions
on P may imply the same pseudo pricing function when restricted to P~

In summary, models of asset prices are indexed by their pricing function defined
on P. We have shown that conditioning down per se does not prevent one from
distinguishing between models of asset prices. (Of course, two alternative models
of asset prices that imply the same pricing functions are indistinguishable in our
analysis.) On the other hand, the omission of payofls can result in statistical tests
that are not powerful against particular families of alternative models. Nonethe-
less, even with a subset of assets, some discrimination is possible.

5. DISCUSSION AND CONCLUSION

Dynamic models that posit environments with uncertainty and, in particular,
dynamic models of asset pricing require specifications of the changing information
available to economie agents when making their consumption and investment
decisions. Hence, it is convenient, if not necessary, to view both payoffs and
prices as random variables which inherit their randomness from the underlying
state of the economy. For this reason, we introduce conditioning information
explicitly and establish conditions under which equilibrium pricing functions can
be viewed as conditional linear functionals with conditional inner product rep-
resentations. These conditional inner product representations are useful in a
variety of applications, two of which are illustrated in Sections 3 and 4 of this
paper. Bath illustrations analyze approaches to testing asset pricing models using
unconditional moments of payofis and prices.

One approach to deducing testable restrictions of asset pricing models that
was not analyzed in this paper is Ross' (1976) Arbitrage Pricing Theory (APT).
Comments similar te those made in Section 3 also apply to the APT. Ross assumes
that a specified set of primitive asset returns have a factor structure. He shows
that if the number of primitive assets becomes arbitrarily large, then to avoid
arbitrage there must be 2 linear relationship between the expected asset returns
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and their factor loadings. As Shanken (1983) points out, the factor structure is
not robust to the formation of portfolios. Consequently, the analysis is sensitive
to the specification of the primitive securities. Chamberlain and Rothschild (1983)
circumvent Shanken’s objection by making a weaker assumption that only a fixed
number of eigenvalues of the covariance matrix of returns are unbounded as the
number of assets increases. They derive canclusions analogous to those obtained
by Ross without specifying a factor structure on the set of primitive returns,

One way to obtain a dynamic version of the APT is to assume that the restrictions
on the covariance matrices of returns apply ta the conditional covariance matrices.
A factor structure or a restriction on the number of unbounded cigenvalues is
not, however, rabust to conditioning information.? Consequently, unconditional
covariance matrices could not be used directly in such an approach. An alternative
approach, suggested by Stambaugh {1983) and Rothschild {1985}, is to assume
that the restrictions apply directly to the unconditional covariance matrices of
returns. The restriction of a fixed number of unbounded eigenvalues will not,
however, be raobust to portfolio formation because portfolios can be constructed
using weights that are in the conditioning information set of economic agents.
Furthermore, it is more difficult to relate the factors to the underlying state
variables in the economy using an unconditional representation instead of a
conditional representation.
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APPENDIX

In this Appendix we establish conditional versions of several of the impertant Hilbert-space
thearems. We also prove all of the leminas and theorems discussed in the text.
We first prove a conditional version of the Riesz-Fischer Theorern which shows that 1.2 is complete.

THEOREM A.l: If PP ={pin I,: E{p*| G) <)}, then P* is conditionally complete.
To prove Thearem A.l we need a lemma which shows that if {p;:j=1,2,...} is conditionally
Cauchy in P7, then this sequence is Cauchy in probability. Let £2> 0 and define the sets
Ajk(s) =‘[|P, _pkl = é'}'
and

By e)={llp,—pcl > el

“In an earlier version of this paper (Hansen and Richard (1984)) we have an example with an
infinite number of consumers where the endowments satisfy a conditional factor structure. In this
example a dynamic, conditional version of the APT can be faund. There is, however, no unconditional
factor structure so that na upcanditional dynamic version of the APT exists.
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LEMMA Ad: If {p;:j=1,2,...} is a conditional Cauchy sequence, then for any & > 0 there exists
an M(e) such that for j, ic= M(e), Pr{A, ()} <=

PROOE: Let Bj,(e) denate the complement of B, (), and let 8 =min{e/2,{*/2)"?}. Since
{p;:i=1,2,...}is conditionally Cauchy, there exists an M{«) such that for j, k= M{e), Pr {B,(8)} =
&. But on By (8), E[{p;—p)?| G]= &° so that by the definition of conditicnal expectation,

SZBJ' E[(p,—pk)zlG]dPr=j (p;—p:) d Pr.
(8] B8}

Partition B} (8) into the two sets C, = A5(8)nAj(e) and C,= Bj.(8)n Ay{e). Hence for
J k=M(e)

S’BJ‘ (pi—p)YdPr=| (p-p)d Pr+J (p—py dPe
B, (B} €, <

BJ. (p —p.)dPr=2PriC,),
Ty

since the integral over C, is nonnegative and on C,, (p, —p. 1> e Now for j, k= M(e)
Pr{A,(2)}=Pr{Bi(8)n A;(e)l+Pr{B (8} Ay(e)}
= Pr{C,}+Pr{B,(&}}
<8 et +b<e QED
PrOOF OF THEOREM A.l: Suppose {g;:j=1,2,...} is a conditional Cauchy sequence in P*,
First, we show that there is a subsequence {p,4y: k=1,2,...} which converges conditionally to p,
in P*. Then, we show that the original sequence converges conditionally to p,.

From Lemma A.]l and the fact that {p;: j=1,2,.. .} is conditionally Cauchy, we know that we can
canstruct a subsequence { py;,y: k=1, 2,...} which satisfies

@ = Pr{l ity = Pja| =27} <27
and
b =Pr{lpyry—Pulle =T 2t

fork=1,2,....Lets, =iy~ Pisy-Since £, a, <0and Iy, b, <0, the Borel-Cantelli Lemma
guarantees that the following infinite series converge almost surely:

{A.1} Zl[sk|'<m
P

and

(A.2) kEI [EMPt-42

We now construct py and show it is in P*. Define p, by

Po= k):t S+ Py

Relation {A.1) guarantees that p, is well-defined as an almost sure limit sa that p, is in [,. By the
conditienal version of the Minkowski Inequality and {A.2)

o
I pollc = *);1 [2:llg + | 2yl < e,

sa py is in PF.
To show that {p,} converges to p, conditioned on G, note that

‘!E& I Pj(k)_pl:l”G = ,!ln_ﬂ;la

Y
L s,
f=k o

o)
=lim ¥ |8)le=0 almost surely,
b
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by the conditional version of the Minkowski Inequality and (A.2). Since convergence almost surely
implies canvergence in probability, { g, k=1,2,...} converges conditionally ta p,.
Finally, we show that the original sequence {p,: k=1,2,...} converges conditionally to p,. By
the conditional version of the Minkowski Inequality,
e — Polles =V e — Prsllic T iy = Poll -
Since {p,: k~=1,2,...} is conditionally Cauchy and j{k} =k, for any e >0

;!L"Jo Pri{lpe =Pl = €/2} =0.

We have already shown that
Lim Pr{ll prey— ol o = 872} =0.

Therefore,
,[i__rgaPr{Ika—po|1o>e}=0- QED.

PrOOF OF LEMMA 2.1: The proof is by contradiction. Suppase {p,: f=1,2,...} converges condi-
tionally to zero and that there exists an £>> 0 such that

lim sup Pr{|m{p;)| = e} > 0.
e

Let g,=p; +p; whete pf =max {0, p,} and p; =max {0, —p,}. Then by linearity and positivity,
wlg)=a{p])+a(p;)=|nip,)| Hence

{A.3) lim sup Pr{m{g,)=> e}>0.
Jr

Furthermore, [ p [l =141 so that {g;: j=1,2,...} converges conditionally to zero.

Next we show that {=(q,}:7=1,2,...} converges in probability to zera which contradicts (A.3}.
Theorem 4.1.5 in Chung {1974} gives a metric on the space of random variables that induces a notion
of convergence that is equivalent to convergence in probability. Hence, we can establish convergence
in probability to zero by showing that every subsequence cantains a further subsequence that converges
in probability to zero. Let {g}: j=1,2,.. .} be any subsequence of {g,: =1, 2,...}. Then there exists
a subsequence {gk.;: k=1, i ohoff{g¥f=1,2,.. .} such that

a, =Pr{lgfis o> 27 27,
b, =Pr{llgtlle= 2 <27

since {g¥: j=1,2,.. .} converges conditionally to be zero. Using logic that parallels closely the proof
of Theorem A.1, the infinite sum

o
L gfu=a3
k=1

converges almost surely and conditionally to gf, which is in P*. Since g%, is nonnegative, g%,
is nonnegative for all k> Q. Hence, for any { >0

!
kEL wlafu= migd)

Therefare, the infinite sum

oo

L mlqful
k=1

converges almast surely implying that {#{g%,]: £=1,2,...} converges almost surely te zero. Since
convergence almost surely implies canvergence in probability, {ﬂ-[qj‘(k,]: k=1,2,...} converges in
probability to zero. Q.ED.

PrROGF OF LEMMA 2.2: Suppose p in P satisfies Prip=0l=1Letp,=p+2""forn=1,2,3,...
se that #(p,)=w(p)+27"w{1) > 0 with probability one since « is strictly positive. Letting a0
shows that «( p}=0 with probability one. Hence = is positive and Lemma 2.1 implies Assumption
2.3 is satisfied. To establish Assumption 2.4, consider the unit payoff on {2, so strict positivity implies
Pri{=(1}=0h=1. QED.
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QOur next thecrem establishes the conditional version of the Classical Prajection Thearem for
Hilbert spaces. First we prave three preliminarcy lemmas.

LEMMA A.2: Let H be a conditional linear subspace of P*, and let p he an arbitrary element in P*,
If there is an by in H such that

(A4) le—holla=<lp—hle

Sfor all k in H, then hy is unique. A necessary and sufficient condition that b, in H be the unigue element
of H satisfying {A.4) is that the error element p— h, be conditionally orthogonal ro H.

ProaF: We show first that if h, satisfies (A.4), p — h, is canditionally orthogonal to . Let h be
any element in H and let
_ {0 it |alle =0,
{(p=hy|Ms/lkIl%  otherwise.

Notice that w is in [ so that
lp—ho—whlG = llp— kol &+ w [ All% — 2w{p — k| A}
=llp—hlls— Wil E

Since h, satisfies (A.4) and hy+ wh is in H, w must be zero with prabability one. But w is zero only
when {p — ky| h) 5 is zero. Since our choice af k in H is arbitrary, p — kg is conditionally orthagonal
to H.

We now show that if p— R, is conditionally orthogonal ta H, then 4, is the unique minimizing
element. For any h in H,

lp—hil%=1p—ho+bo—hll%=1p = kol + |l — B %-
Hence if hy# h on a set of positive probability, then [p— k| s> || p— kgl on that set. Q.ED.

Our next two lemmas use the space Li={p in P*: | p| <} where || p|| = (Ep*)"/%. Mean-square
convergence o this space is defined using the unconditional norm | - ||. It is a well-known result that
L% is complete.

Lemma A3: Suppose {p,:j=1,2,...} converges in mean-square to p, in L2 Then this sequence
also converges conditionally to p,.

Proor: Note that
li £, = poll &1=lim |l p; = poll* = 0.

Therefore, {[|p;—poll&:5=1,2,...} converges in probability to zere implying that {p,: j=1,2,...}
canverges conditionally to zero. QRED.

LEMMA A4 Suppose H is a conditionally complete linear subspace of PY. Then H* ={hin H: ||h]| <
oo} is a (mean-square) closed linear subspace of 12,

PROOFE: The set H* is a subspace of L? because H is a conditional linear subspace of P* and
unconditional linear combinations of random variables with finite second moments themselves have
finite second moments. To prove that H* is closed, let {k,:j=1,2, . .} be any mean-square Cauchy
sequence of H*. Since L7 is camplete, this sequence converges in mean-square to an element kg in
I? Lemma A.3 and the conditional closure of H guarantee that h, is jn H*. QED.

We now prave a conditicnal apalogue to the Classical Projection Theorem.

THEOREM A.2: {Conditional Projection Theorem): Suppose H is a conditionally complete linear
subspace of P*. Corresponding to any element p in P*, there is a unique element h, in H such that
lp—holle = | p— k|| for all k in H. Furthermore, a necessary and sufficient condition that h, in H be
the unigue minimizing element is that p — hy be conditionally orthagonal to H.



CONDITIONING INFORMATION 609

ProoF: The uniqueness and orthogonality have been established in Lemma A.2. We now establish
the existence of 2 minimizing element. This is accomplished by examining a subset of P* for which
unconditional second moments are finite. We apply the Classical Projection Theorem directly to this
subset and then we extend this solution to all of P™.

Let

H*={hin H: |hlj <}

Then Lemma A.4 implies that H* is a closed (in mean-square) linear subspace of L2. We calculate
the conditional projection of p in P* onto H in terms of an unconditional prajection onto H*. There
are two cases. In the first case, | pl| <o, By the Classical Projection Theorem there exists an h; in
H* which satisfies

E(|lp~holl%)= E(||p—hll%) forall hin H*.
We next prove by contradiction that
lp—hola=<lp—hle foralihin H,

which establishes the thearem for this case. Suppose there exists an # in f such that

(A.5) lp—hlle<lp-hole
on a set A in &, where Pr{A)>0. Let
. [han A,
= {ho an A",

Since A is in G, A is a canditional linear combination of h and h, where the coefficients are the
indicator function of A and A, respectively. Hence k is in H. [nequality (A.5) implies that

(A6) E(|lp— A% < E(l p - holl b} < 0.

Therefore, £ is in H* and satisfies (A.6), contradicting the assumption that kg is minimizing in H*.
In the second case, Ep? = o so we must transform p in order to use the result of ¢ase one. Let
p=p/o, where v in [ is defined by

o { lple when|pll>0,

1 otherwise.

Now || fllg =1, implying  is in L? since E(||5||%) < 1. From case one we know there exists an &,
in H* such that

§5—Fole=lif-hlis forall hin H.
Let hy = ohq so that
fip—holles =1’|1,5'£0Hc.=5”||5—h/ﬂﬂc =|p—hle,
for all A in H, since h/o is in H. QED

Next we prove a conditional versian of the Riesz-Frechet Representation Theorem. We begin with
a preliminary lemma.

LEMMA A.5: Suppose (P, o) satisfles Assumptions 2.1-23. Then Z={p in P: w{p)=0} is a
conditionally complete linear subspace or P.

PROOE: Tt is an immediate consequence of the conditicnal linearity of = that Z is 2 conditional
linear subspace of P To prave that Z is conditionally complete let {z,: f=1,2,...} be a conditional
Cauchy sequence in Z Since P is conditionally complete this sequence converges conditionally to
an element p, in P. Furthermore, {z; —py:j =1, 2,.. .} converges conditionally to zero implying that
{m{z,—p,):j=1,2,...} converges in probability to zero. However,

(2, —po) = w2, )~ 7( po) = ~m( o).
Consequently, m{p,) is zero and p, is in Z Therefore, Z is conditionally complete. QE.D.
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PrROOF OF THEQREM 2.1: Let p, satisfy Assumption 2.4 and let z, be its canditional projection
onta Z Then =( py) = w{ py— 2,) since 7(z,) is zero. Define the benchmark return r* by

(A7} r*=(pa—24)/ m{ o).

Notice that r* is conditionally arthogonal to Z Given any p in P, p—w(p)r* is in Z since
alp—m(p)r*]=n{p)— ai p)m{r*) =0. Hence, {p—7(p)r*|r*5 =0 or

(A.8) (plrye = wlp)lr* %

We digress to show by contradiction that Pr{||+*||; =0} =0. Suppase [[r*[ s =0 on a set A where
Pr{A)>=4. Hence an A, r*=0. Define a zero payoff
{r* on A,

0  otherwise.

By Assumption 2.2 w{z)=0, but by (A.7) w{z)=1 on A, establishing the contradiction.
Returning to the main proof, divide {A.8) by ||#*|% and define

pr=rt/r%
to get

m(p)={p|p*)s-

The element p* is clearly unique since if p’ is any element of P for which «(p) ={p| p"s for all
p, we have (p*| p*) = (p'| Yo = (p'l Pl 0 that [ p* — p'll; = 0. Since || p*]| g = 1/ *]l, it Fallows
that Pr{|[p*[[s>0}=1. QED.

ProOF oF LEMMA 2.3: First we show that Pr{p* >0} =1 implies no arbitrage. Let p in P* be
such that Pr{p =0} = 1. Since w{p}= E(pp®| 1), Pr {n{p) =0} = 1. If Pr{#{p) = 0} =0, then the result
follows. Otherwise Pr {#{p)=0}> 0, so that

0=I r(p)dPr=-[ pipdPr.
{mip)=0} {mw{p]=0}

Since Pr{p* > 0} = 1, we must have Pr{{ p =0} ~n{m(p}=0}) = Pr {{=( p) = 0}), implying P {{={p
0~ {p>0}}=0. The result follows from the fact that Pr{{=(p)=0}n{p=0}
Pri{m{p)=0ln{p=>0}=0.

Next we show that no arbitrage on P implies Pr{p*>0}=1. Suppose to the contrary that
Pr{A) >0 where A={p*=0}. The indicator function, 1, =0, is in P*. We know that (1 )= since
{1} ={p*I1 s} Therefore, Pr({m(1,)=0}~{1,>0}) =Pr{l,>>0}=Pr(A}>0, establishing the
required contradiction. QRED.

)=
=

PROGF OF LEMMA 3.1: This proof fallows directly from Theorem 2.1 and its proaf. [n the proof
of Thearem 2.1, r* = p*/#( p*} was constructed to be conditionally otthagonal te Z. It remains to
show that r* satisfies {ii). For any r in R, r—+* is in Z so that

(R ng ={r* Mg = r*|| 5
Consequently,
oslr=rg=lrls-2r* [N +Ir*I%
=(el5 =115,
establishing that {ji) is satisfied. QED.
PrOOF OF LEMMA 3.2: We have already shown Z is a conditionaliy compiete subspace of P,
hence Assumption 2.1 is satisfied. Assumption 2.2 follows directly from the conditional linearity af

the conditional expectation operator. Finzily Assumption 2.3 fallows from the conditional version
of the Cauchy-Schwarz Inequality since |E(z| G)[ = ||z 5- QED
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Proor oF LEmMMa 3.5: The proof of the “if"' part proceeds in three steps. The first step
is to shaw that Pr{t=E{z"|G)=0}=Pr{Var(z*|G)=0}=0. Nate that Var{z*|G)=
E(z*?| GY— E(z*| GY*= E(z*| GY(1— E{z*|G)) is zero if, and only if, 1— E(z*[ G} is zero since
E{z*| G) is positive with probability ene by Theorem 2.1. We can establish a cantradiction by
supposing that Pr{Var (z*| G) =0} > 0. Define

A_{n if Var (z*| G} =0,
o if Var (2*[G) =0,
so that £ is in Z Note that Var(Z|G)=0 implying # is in 7 so that E{Z|G)=% Alsa when
Var(z*| G) =0, E{(z*| G} =1 implying
_{0 if Var (z2*| G}= 0,
1 if Var{z¥| G)=0.
Since (%) =10 this contradicts no-arbitrage.

Suppose ry = r*+ w*z* where w* is in I Pr{w*=0}=0, and v = E(r*[G)/[1 - E(z*| G)]. The
second step is to prove that Pr {var (#,| G} =0} =0. Let , = r* + 02*. By direct computation we find
that

Y

Var (r3| G) — Var {r,| G) = Var {z*| G}(w* - 8},

which is positive with probability one by step one.
The final step is to show that r, is a reference return for a single-beta representation conditioned
on G Define

we [E(+**| G) - E(r*| G)w*]| E(z*| G)
{v—w*) Var (2*| G)

By step one, the denominator of {A.9) is nanzero with probability ene. Let 7 be any return in R.
Then r=¢*+w2*+ 4 for some w in I and some # in N. Using the conditional orthogonality of r*,
z* and #n, we find that

E{ry| G)= E{+*| G) + w*E(2*| G);
E(r| G) = E(+*| G) + wE(z*| G);
Var {rs [ G) = Var (r*[ G)+ w* Var (*| G) - 2w* E(r*| GYE(2*| G);

(A9)

and
Cov (ry, ¥| Gy = Var (r*| G) + ww* Var (2* | G} — (w+ w*}E(+*| G)E(2*| G).

It is straightforward but tedious to verify by direct substitution that (3.28) holds.

The proof of the *only if" part of Lemma 3.5 also requires three steps. First we show that
Pr{E{rs[G)=0}=0. Note that ry=rg+z*/E{z*|G) is a return in R and that E{(ry|G}=
E(ry|G)+ 1. This in turn implies that

Cav (rq, rg| G)

= PR 3 - Lo —
1+ E(rg |Gy~ = E(ry| G}~ Vac (1,1 G) [E{ral G)—a]l.
Therefore,

Cov (1, 1| G) _ ] B
Vet | [EGal D mal

implying that Pr{E(r; |G} =a}=0.

The second step is to show that ry = r*+ w*z*, for some w* in L Since r, is a return, it can be
represented as r, =r*+w*s*+n, for some w* in [ and same n in N. Let 7, = r*+w"z* Since
E(ty| G) = E(r,|G) and v, is in R, part one and (3.28) imply that E(r;| G) = E(r, 1| G). Since ¥,
2*, and n are conditionally orthoganal, E{n?| G) =0 implying that Pr{n =0} =1.

The final step is to prove that w* satisfies (3.29). Let A ={w" = v} and suppose to the contrary
that Pr{A)>0. It is easily calculated that on A, Cov {ry, rs[G)/Var{rs| G} =1:

Covry, rs| G)=Var(rg| G)+Cav{z*, rs[ G}/ E(2*| G)
=Var(rﬁ|G)+uE(z“lG),(E(z*lG)—[E(r*[G]+uE(z*|G]]
=Var{rg| G)= 0.
Hence, Cav (ry, rs| )/ Var{rz| G} =1 on A. This contradicts (A.10). QED.

(A.10) 1= [
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PrOOF OF COROLLARY 3.1: Let P~ ={p in P*: w(p) = ¢ for some real number c}, where P* is
defined in (3.16). Clearly R*, Z* and N* are subsets of P~ and +* is in P™. We will prove that
(P, =) satisfies the requirements of Lemma 3.5 far G ¢qual to the trivial sigma algebra. If {p,: j=
1,2,...} is a mean-square Cauchy sequence in P, then it converges in mean-square to an element
Po in P*. Lemma A.3 shows that {p,:j=1,2,...} converges conditianally to p,. Hence, {m{p):i=
1,2,...} converges in probability to m( py). Since #{ p;) = ¢, for some real number ¢, x{p,) = ¢, for
some real number . Consequently, py is in P~ proving that P~ is ¢losed in mean-square. Also, an
{uncoanditional} linear combinatien of payoffs with constant prices has a canstant price. Therefore,
P” satisfies Assumption 2.1. The pair (P, ) satisfies Assumptian 2.2 trivially. Suppase {p;:j =
1,2,...} in P~ converges in mean-square to zero. Lemma A.3 implies that this sequence converges
conditionally to zero. Since ( P, ) satisfies Assumption 2.3, {w(p,): j =1, 2, ...} converges in probabil-
ity to zero. However, 7{p,;) =¢; for some real number ¢;. Therefore, {g:j=1,2,...} converges to
zero and (P, ) satisfies Assumption 2.3. Since r* is in P, (P7, &) satisfies Assumption 2.4. [f o
has no arbitrage opportunities on P, then # has no arbitrage opportunities on a subset of F. Finally,
z*isin P~ and E{z*)>0. Hence, [2*, E{-]] satisfies Assumption 3.1 unconditicnally. QED.

ProoF OF THEOREM 4.1: We shaw in turn that {P*, %) satisfies Assumptions 2.1 through 2.4
when G is replaced by the trivial sigma algebra. Lemma A.4 shows that P* satisfies Assumption 2.1.
It follows from the linearity of the expectations operator that (P*, #*) satisfies Assumption 2.2. The
Cauchy-Schwarz Inequality implies that |=*(p)[ <] p*| [ p|- By applying this inequality, it can be
verified that { P*, *) satisfies Assumption 2.3. Theorem 2.1 guarantees that «*{ p*) = E[{p*| p*)1c]>
0 so that (P*, #*) satisfies Assumption 2.4.

Finally, suppose # has no arbitrage opportunities on P. Let p =0 and let A= {p >0} have positive
probability. Then m*{p}=E[#{p)]=]. v(p) d Pr=0. QED.

REFERENCES

BREEDEN, [} T. {1979): “An Intertemporal Asset Pricing Model with Stochastic Consumption and
Investment Oppartunities,” Journal of Financial Economies, 7, 265-296.

BrEIMAN, L. (1968): Probability. Reading, Massachusetis: Addisan-Wesley.

Brock, W. A (1980): "“Asset Pricing in an Econamy with Production: A ‘Selective’ Survey of Recent
Work on Asset-Pricing Models,” in Dynamic Optimization and Mathematical Ecoromies, ed. by
P.-T. Lin. New York: Plenum Press.

BrownN, D. P, aND M. R. GiBRONS {1985): “A Simple Econometric Approach for Utility-Based
Asset Pricing Models,” Journal of Finance, 40, 359-381.

CorNELL, B. {1981): “The Consumptiaon Based Asset Pricing Model: A Note an Potential Tests and
Applications,” fournal of Financial Economics, 9, 103-108.

CHamMmBERLAIN, G. (1983): “Funds, Factors, and Diversification in Arbitrage Pricing Madels,"
Ecorometrica, 51, 1305-1323,

CHAMBERLAIN, G., AND M. ROTHSCHILD {1983): “*Arbitrage, Factor Structure, and Mean-Variance
Analysis on Large Asset Markets,” Econometrica, 51, 1281-1304,

CHUNG, K. L. (1974): A Course in Probability Theory, 2nd Ed. New Yark: Academic Press.

Caox, 1. C.,, 1. E. INGERSOLL, AND 8. A. Ross (1983): “An Intertemporal General Equilibrium
Model of Asset Prices,” Econometrica, 51, 363-384.

Dooas, I. L. {1953): Stachastic Processes. New Yoark: John Wiley.

Dyavia, P, aND 8. A. Ross (1985): “Differential Information and Performance Measurement Using
a Security Market Line,” Journal of Finance, 40, 383-400.

EICHENBAUM, M., L. P. HANSEN, aND 8. F. RICHARD (1984): “The Dynamic Equilibrium Pricing
of Durable Consumption Goods,” Carnegie-Mellon Working Paper.

Hawnsen, L. P, (1982): “Large Sample Properties of Generalized Method of Moments Estimators,”
Econometrica, 50, 1029-1054,

HanseN, L. P., AND 8. F. RICHARD (1984): “A General Approach for Deducing Testable Restrictions
Implied by Asset Pricing Models,” Carnegie-Mellon University Working Paper.

{1985): “The Role of Conditioning Information in Deducing Testable Restrictions [mplied
by Dynamic Asset Pricing Models,” N.O.R.C. Discussion Paper 85-13.

Hansew, L. P, AND K. I. SINGLETON {1982): “Generalized [nstrumenta]l Variables Estimation of
Nonlinear Rational Expectations Models,” Economerrica, 50, 1269-1286.

HARRISON, J.,, AND D. KREPS (1979): “Martingales and Arbitrage in Multiperiod Securities
Markets,” Journal of Economic Theory, 20, 381-408.




CONDITIONING INFORMATION 613

KRrEPs, D. (1981): “Arbitrage and Equilibrium in Economies with Infinitely Many Commodities,”
Journal af Mathematical Economics, 15-35.

LINTNER, T. {(1965): “Valuation of Risk Assets and the Selection of Risky Investments in Stock
Partfolios and Capital Budgets,” Review of Economics and Statistics, 13-37.

Loeve, M. (1978): Probability Theory, Vol. 2, 4th Edition. New York: Springer-Vedag,.

Lucas, R. E., JrR. (1978): “Asset Prices in an Exchange Economy,” Econometrica, 46, 1426-1446,

Mossin, J. {1968): “Equilibrium in a Capital Asset Market,” Econometrica, 34, 768-7383.

RICHARD, 8. F,, AND M. SUNDARESAN (1981): “*A Continuous Time Equilibrium Model of Forward
Prices and Futures Prices in a Multigood Economy,” Journal of Financial Economics, 9, 147-371.

RotL, R, (1977): “A Critique of the Asset Pricing Theory's Tests: Part 1, Journal of Financial
Econarnics, 4, 129-176.

Ross, 8. A. (1976): “The Arbitrage Theory of Capital Asset Pricing,” Journal of Economic Theory,
13, 341-360.

{1977}: “*Return, Risk, and Arbitrage,” in Risk and Return in Finance, Vol. 1., ed. by 1. Friend

and J. L. Bickster. Cambridge, Massachusetts: Ballinger Publishing Co., 189-218.

{1978): “A Simple Approach to the Valuation of Risky Streams,” Journal of Business, 3,
453-476.

ROTHSCHILD, M. (1985): “Asset Pricing Theory,” Working Paper, Department of Economics,
University of California-San Diego.

RUBINSTEIN, M. (1976): *“The Valuation of Uncertain Income Streams and the Pricing of Options,”
Beil Journal of Economics and Management Science, 7, 407425,

SHANKEN, I.{1982): “The Arbitrage Pricing Theory: [sit Testable " Journalof Finance, 37, 1129-1140.

SHarPE, W. F. (1964} “Capital Asset Prices: A Theory of Market Equilibriom Under Conditions
of Risk," Journal of Finance, 429-442.

STaMBAUGH, R. F. (1983): “Arbitrage Pricing with Informatien,” feurnal of Financial Econamics,
12, 357-369.




http://www.jstor.org

LINKED CITATIONS
- Pagelof 3-

You have printed the following article:

The Role of Conditioning Information in Deducing Testable Restrictions Implied by
Dynamic Asset Pricing Models

Lars Peter Hansen; Scott F. Richard

Econometrica, Vol. 55, No. 3. (May, 1987), pp. 587-613.
Stable URL:

http://links.jstor.org/si ci?sici=0012-9682%28198705%2955%3A 3%3C587%3A TROCI1%3E2.0.CO%3B2-Y

This article references the following linked citations. If you are trying to access articles from an
off-campus location, you may be required to first logon via your library web site to access JSTOR. Please
visit your library's website or contact a librarian to learn about options for remote access to JSTOR.

[Footnotes]

"L arge Sample Properties of Generalized Method of Moments Estimators
Lars Peter Hansen

Econometrica, Vol. 50, No. 4. (Jul., 1982), pp. 1029-1054.
Stable URL:

http://links.jstor.org/si ci ?sici=0012-9682%28198207%2950%3A 4%3C1029%3A L SPOGM %3E2.0.CO%3B2-O

References

A Simple Econometric Approach for Utility-Based Asset Pricing M odels
David P. Brown; Michael R. Gibbons

The Journal of Finance, Vol. 40, No. 2. (Jun., 1985), pp. 359-381.
Stable URL:
http://links.jstor.org/sici 2sici=0022-1082%628198506%62940%63A 2%63C359%3A A SEAFU%3E2.0.CO%3B2-9

Funds, Factors, and Diversification in Arbitrage Pricing Models
Gary Chamberlain

Econometrica, Vol. 51, No. 5. (Sep., 1983), pp. 1305-1323.
Stable URL:

http://links.jstor.org/si ci ?sici=0012-9682%28198309%2951%3A 5%3C1305%3A FFADIA%3E2.0.CO%3B2-1

NOTE: The reference numbering fromthe original has been maintained in this citation list.


http://links.jstor.org/sici?sici=0012-9682%28198705%2955%3A3%3C587%3ATROCII%3E2.0.CO%3B2-Y&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0012-9682%28198207%2950%3A4%3C1029%3ALSPOGM%3E2.0.CO%3B2-O&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0022-1082%28198506%2940%3A2%3C359%3AASEAFU%3E2.0.CO%3B2-9&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0012-9682%28198309%2951%3A5%3C1305%3AFFADIA%3E2.0.CO%3B2-1&origin=JSTOR-pdf

http://www.jstor.org

LINKED CITATIONS
- Page2 of 3 -

Arbitrage, Factor Structure, and Mean-Variance Analysison Large Asset Markets
Gary Chamberlain; Michael Rothschild

Econometrica, Vol. 51, No. 5. (Sep., 1983), pp. 1281-1304.
Stable URL:

http://links.jstor.org/sici?sici=0012-9682%28198309%2951%3A 5%3C1281%3AAFSAMA %3E2.0.CO%3B2-B

An Intertemporal General Equilibrium Model of Asset Prices
John C. Cox; Jonathan E. Ingersoll, Jr.; Stephen A. Ross

Econometrica, Vol. 53, No. 2. (Mar., 1985), pp. 363-384.
Stable URL:

http://links.jstor.org/si ci ?sici=0012-9682%28198503%2953%3A 2%3C363%3AA I GEM 0%3E2.0.CO%3B2-D

Differential Information and Perfor mance M easurement Using a Security Market Line
Philip H. Dybvig; Stephen A. Ross

The Journal of Finance, Vol. 40, No. 2. (Jun., 1985), pp. 383-399.

Stable URL:

http://links.jstor.org/sici?sici=0022-1082%28198506%2940%3A 2%3C383%3A DIA PMU%3E2.0.CO%3B2-M

L arge Sample Properties of Generalized M ethod of M oments Estimators
Lars Peter Hansen

Econometrica, Vol. 50, No. 4. (Jul., 1982), pp. 1029-1054.
Stable URL:

http://links.jstor.org/si ci ?sici=0012-9682%28198207%2950%3A 4%3C1029%3A L SPOGM %3E2.0.CO%3B2-O

Generalized Instrumental Variables Estimation of Nonlinear Rational Expectations Models
Lars Peter Hansen; Kenneth J. Singleton

Econometrica, Vol. 50, No. 5. (Sep., 1982), pp. 1269-1286.

Stable URL:

http:/links.jstor.org/sici 2si ci=0012-9682%28198209%2950%63A 5%3C1269%3A G| V EON%3E2.0.CO%3B2-G

The Valuation of Risk Assetsand the Selection of Risky Investmentsin Stock Portfolios and
Capital Budgets

John Lintner

The Review of Economics and Satistics, Vol. 47, No. 1. (Feb., 1965), pp. 13-37.

Stable URL:

http:/links.jstor.org/sici 2si ci=0034-6535%28196502962947%3A 1%3C13%3A TV ORAA %3E2.0.CO%3B2-7

NOTE: The reference numbering fromthe original has been maintained in this citation list.


http://links.jstor.org/sici?sici=0012-9682%28198309%2951%3A5%3C1281%3AAFSAMA%3E2.0.CO%3B2-B&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0012-9682%28198503%2953%3A2%3C363%3AAIGEMO%3E2.0.CO%3B2-D&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0022-1082%28198506%2940%3A2%3C383%3ADIAPMU%3E2.0.CO%3B2-M&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0012-9682%28198207%2950%3A4%3C1029%3ALSPOGM%3E2.0.CO%3B2-O&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0012-9682%28198209%2950%3A5%3C1269%3AGIVEON%3E2.0.CO%3B2-G&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0034-6535%28196502%2947%3A1%3C13%3ATVORAA%3E2.0.CO%3B2-7&origin=JSTOR-pdf

http://www.jstor.org

LINKED CITATIONS
- Page3of 3-

Asset Pricesin an Exchange Economy
Robert E. Lucas, Jr.

Econometrica, Vol. 46, No. 6. (Nov., 1978), pp. 1429-1445.
Stable URL:

http://links.jstor.org/sici?sici=0012-9682%28197811%2946%3A 6%3C1429%3AAPIAEE%3E2.0.CO%3B2-|

Equilibrium in a Capital Asset Market
Jan Mossin

Econometrica, Vol. 34, No. 4. (Oct., 1966), pp. 768-783.
Stable URL:

http://links.jstor.org/si i ?sici=0012-9682%28196610%2934%3A 4%3C768%3AEIACAM%3E2.0.CO%3B2-3

A Simple Approach to the Valuation of Risky Streams
Stephen A. Ross

The Journal of Business, Vol. 51, No. 3. (Jul., 1978), pp. 453-475.
Stable URL:

http://links.jstor.org/sici?sici=0021-9398%28197807%2951%3A 3%3C453%3AASATTV %3E2.0.CO%3B2-6

The Arbitrage Pricing Theory: Isit Testable?
Jay Shanken

The Journal of Finance, Voal. 37, No. 5. (Dec., 1982), pp. 1129-1140.
Stable URL:

http://links.jstor.org/si ci ?sici=0022-1082%28198212%2937%3A 5%3C1129%3A TAPT11%3E2.0.CO0%3B2-U

Capital Asset Prices: A Theory of Market Equilibrium under Conditions of Risk
William F. Sharpe

The Journal of Finance, Vol. 19, No. 3. (Sep., 1964), pp. 425-442.
Stable URL:

http://links.jstor.org/sici?sici=0022-1082%28196409%2919%3A 3%3C425%3A CAPATO%3E2.0.CO%3B2-O

NOTE: The reference numbering fromthe original has been maintained in this citation list.


http://links.jstor.org/sici?sici=0012-9682%28197811%2946%3A6%3C1429%3AAPIAEE%3E2.0.CO%3B2-I&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0012-9682%28196610%2934%3A4%3C768%3AEIACAM%3E2.0.CO%3B2-3&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0021-9398%28197807%2951%3A3%3C453%3AASATTV%3E2.0.CO%3B2-6&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0022-1082%28198212%2937%3A5%3C1129%3ATAPTII%3E2.0.CO%3B2-U&origin=JSTOR-pdf
http://links.jstor.org/sici?sici=0022-1082%28196409%2919%3A3%3C425%3ACAPATO%3E2.0.CO%3B2-O&origin=JSTOR-pdf

