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Al. The consumer market game

A1.1 The second-price auction procurement case

Recalling from Assumption 1 that 6 = 6y + s; + s3, the following proposition summarizes

the equilibrium quantities provided by these two resellers in the consumer market:

Proposition A1l. Suppose that the second-price auction is used. In the consumer market,

there exists a unique Nash equilibrium in which

2 (60 + 5w+ st — g (s1)) if 5w < S{'(s1)
q{UI(Sw,Sl) =40, if 51H<Sl) < Sy < S2H(Sl>
100+ swtsi—a'(s)—c), if su>SH(s),
1
q/' () = 5 (Es, [0|5w > 51,81 — Eq,, [quw(5w, 81)]5w > s1] — ¢),

where the two thresholds S (s;) and S (s;) are
St (s1) = min {max{s;,2C — 0y — s, + ¢/ (s1)}, 1} ,
S5 (s) = min {max{s;, 2C — 6y — s, + ¢/ " (s;) + ¢}, 1} .
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Proof. We first disregard the capacity constraint of the winner, and derive her first-order
conditions given s;.

Let T2 = (0 — g — q1) g — ¢(qw — C) T denote the winner’s payoff function. By differentiating
11 with respect to ¢, where ¢, < C, we obtain the first-order condition

1
Qo (Suws S1) = 3 (0 — a(s) — cW{qy,(sw, s1) = C}),
where 1{-} is the indicator function. Similarly, we derive the first-order condition for the

loser:

1

q (s1) = 5 (Es, (0150 > s1] — B, [qu(s1)]50w > s1] — ¢) .

Observing that the differentiation § —¢q; —2¢,,—cll{q, > C}) is decreasing in ¢, the marginal
change of the winner payoff will look like Figure A1.1. Now the optimal quantity ¢! (s, s;)
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Figure A1.1: Marginal change of the winner’s payoff vs quantity.

follows immediately from the comparison between marginal revenue and marginal cost. Note
that the discontinuity occurs when capacity C' is hit. In Figure Al.1, s, falls into the first
case of equation (Al.1) since the marginal change becomes negative before hitting C. s
there equals SIZ(s;) because the marginal change at C' from the right just turns negative.
Likewise, sy = S31(s;) because s, is the largest point whose marginal change is positive for
all ¢, < C. By continuity of ¢! (s, s;), the values of S{’(s;) and SI’(s;) can be obtained by
equating the capacity C' and ¢!!(s,, s;) at the boundary points. O

Note that these two thresholds are greater than s;, and when S2/(s;) does not hit the bound-
ary 1, S (s;) = SI¥(s;) + ¢, i.e. the second threshold is higher. Now we characterize the
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structural property of the points at which the capacity constraint is binding. Figure A1.2

illustrates the general shape of S¥{(s;) and SIf(s;) as functions of s;.
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Figure A1.2: An example to show the shape of S{/(s) and SI!(s) under the second-price
auction procurement case

Proposition A2. The threshold function S{(s;) can be divided into three regions by two
values s7 and s7*, where s7 < s7*.

If0 < s, < 5%, SH(s;)) =1, i.e., the capacity constraint is not binding for all s,,.

If s7 < s < st*, SH(s;) decreases from 1 until it hits the 45-degree line, and

S{I<Sl> — S{I<82) < §9 — Sy, \V/51 < S9.

Finally, when st* < s; < 1, SH(s)) = 51, i.e. ¢I1(sw,5) > C for all s,,.
Likewise, there exist two corresponding thresholds s and si* for S (s;) such that
Sy > 81, So > S17, S5t > Sy,
(A1.3)
Si(s1) — S3¥(s9) < 59 — 51, Vs < so.
Note that according to the values of some parameters, a region could be indistinguishable in
the graph.

Proof. The following lemma is needed to show this proposition:

Lemma Al. In the equilibrium quantities described in equation (Al1.1),

0 < q/'(s2) — q/'(51) < 89 — 51, for signals 51 < ss.



Proof of Lemma A1: The proof is by contradiction. Suppose that there exists s} such that
(g/") (s}) = p} > 1. We can rewrite equation (Al.1) as

1.3 )
a' (1) = 5100 + 551 = oo [ay) (5w, )80 > 1] + 5 — ]

The coefficient s,, term in ¢Zl(s,,, s;) is lower bounded by 0 according to equation (A1.1), and
hence (¢/!)'(s{) = p} > 1 implies that there exists a signal s, such that -2 (qw ) (Suws 51)|,— —g <
% — 2p} < 0. Since ¢! will not change if the capacity is binding, thls can happen only in
cither the first or the third case. But then this implies that (1 —p/) < 2 —2p}, which leads
to pi < 2, a contradiction.

Similarly, suppose that there exists s? such that (¢/')'(s?) = p? < 0. Since from equa-

tion (A1.1) the coefficient s, term in ¢!! is upper bounded by %, the term associated

to sy in Es, [¢!/ (sw, $1)|5w > si] contributes at most 3%, We can show that for some
2 whose ¢lf(s2,s7) implies 3(1 — p7) > 1 —2p7 = p} > 3. Hence we conclude that
0 < g/ (s2) — gl (s1) < 59— 51, V51 < so. ]

Now we prove Proposition A2. We will focus on SiZ(s); the proof for Si(s) goes along
the same argument. The first part of equation (A1.3) follows from the fact that SI{(s) >
S{I(s), Vs. In the sequel, s; and s, are two distinct signals and s; < ss.

Case a): ST1(sy) =1

We would like to prove that STf(s;) = 1 as well, i.e., the capacity constraint is never binding
when s; = s;.

Note that Sf(sy) = 1 means that

1 1 1 1
— — — <
90+2+4s2+3c 12_0

and therefore

9+1+1 +1 1< 9+1+1 +1 1<C
0TS T3 0TS T RT3 =

which implies S{Z(s;) = 1.
Case b): 51 < SH(s1) <1 and sy < SH(sy) < 1
Suppose s; < ST(s;) < 1 and sy < Sfl(sy) < 1. Our goal here is to prove that Si/(sy) <
Si(sy). Since in both cases the capacity constraint is not binding for some s,, and binding
for others,
St (s2) = 2C — 0y — 52+ ¢/ (52)
= 511 (51) = (s2 = s1) + (¢]" (s2) — ¢{" (1)),
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and therefore by Lemma Al,
0< S{I<Sl) — S{I(SQ) < §9 — S71.

Case c): SH(s;) = s;.

In this case, we would like to prove that S{Z(sy) = s, as well. The proof is by contradiction.
First we claim that S{’(sy) # 1. If this is not the case, the capacity constraint is never
binding when s; = s5. By the argument in Case a), ST{(s;) = 1 as well since s; < so, which
contradicts the fact ST(s;) = s;.

Therefore, the only possibility is that s, < S{/(s9) < 1. In this case, ST!(sy) = 2C — 6y —
sy + gl (s2), and SH(s1) = s; implies % (90 + 81+ 81 — qu(sl)) > (. Then we can establish
the following inequality:

5{1(32) <251+ 6y)— QZH(SI) — 0y — 52+ QZH(SQ)

Thus,
59 < ST (s9) <281 40y — qi'(51) — Oy — 59+ ¢/ (52),
= 2(s2 — 51) < ' (s2) — /" (1),
= qi"(s2) = q/"(51) > 2(s2 — 51),
which contradicts Lemma A1l. Hence we conclude that S{7(sy) = ss. O

In Figure A1.2, as s; becomes larger, the threshold function S{!(s;) first stays at the upper
bound, and then decreases until it hits the 45-degree line. After that, S7/(s;) coincides with
s;. SH(s;) has a similar graph, except that the thresholds s} and s3* occur at higher values.
Note also that within region I1I, SZ/(s;) could also stay at 1, depending on the ordering of

* k3%
sy and s7*.

A1.2 The first-price auction procurement case

After differentiating the corresponding objective functions and applying the same argument
as in Proposition Al, we obtain the resellers’ best responses. The proof involves routine

algebra and hence is omitted.

Proposition A3. Suppose the first-price auction is used. Define thresholds S{ and S% as

, 2 2 \"
Sll = Hlln{l, (20— §C— §HO> },

, 2 2 \"
521 = mln{l, (QC—l— gC— 590) }



In the consumer market, there exists a unique Nash equilibrium that satisfies the following:
If s, < ST,
1

1
I
w) — =0 52w 56

1 1 1 2
qu(Sl, Sw) = 5(90 -+ st —+ 581 — §C,v51 S Sw-

If ST < s, < S% then
quIU(Sw) = C,
1
q{(sl,sw) = 5(90 + Sy + 51— C — ), Vs; < 4.

Finally, if s, > SE,
1 1

1
I
w___e Sow — 56
qw(s) 30 28 30

1 1 1 1
qu(sl, Sy) = §90 + st + 551 — 307\731 < Sy

Note that ST and SI are regulated by 0 and 1 because the signals have finite support [0, 1].
In the first case, the winner’s optimum is feasible before hitting C, and the loser chooses the
corresponding best response. In the second case, the global optimum of the winner without
considering marginal cost ¢ exceeds her capacity C, and the marginal revenue is less than
c if we increase ¢, above C, therefore the equilibrium turns out to be a corner solution. In
the third case, the optimal order quantity exceeds C.

Observe that in the first case, the loser’s quantity ¢/ (s, $,,) can be expressed as

2
_C,

1 1
4 (51, 50) = 5(90 + Sw + S1) + 6 {00 + sw + s1) — Eg,[0]5w, 51 < Sw]} — 3
where £ {(0) + sw + 51) — Eg [0]5w, 51 < s,]} is the adjusted term resulting from the winner’s
bias on 6 expectation. In other words, although the loser knows both signals and henceforth
has the best prediction of 6, her best response still contains the winner’s bias Ej,[6]s,, s; <

sy]. Likewise, we observe the same phenomenon in the last case.

A2. Equilibrium analysis of the auction game

A2.1 Second-price auction: Proof of Theorem 1

Preliminaries
We start discussing several technical lemmas that lead to Theorem 1 and provide their

economic intuition.



If the losing bid $7/(z) is higher, the winner should expect the demand to be higher, and
therefore the quantity she puts in the consumer market ¢! (y, z) should also be larger, and the
magnitude by which the winning quantity increases should be reasonably bounded. Hence,

we have

Lemma A2.

1
0< qﬁ(y, Z9) — qﬁ(y, 21) < 5(22 —21), Vz1 < 2. (A2.1)

Proof: 'We show the monotonicity by dividing the shape of S¥{(z) into cases. We write
z; € I if z; belongs to region I; z; € I and z; € [11 are defined analogously.
Case 1: y < S{'(z1),y < S{'(z)

In this case, the capacity constraint is not binding, and therefore

1 1 1 1 1
11
0y + = - _
qy (y,Z) 3 0 2y 42 36 127

which satisfies equation (A2.1).

Case 2: (z1,20) € (11,11)

Since when 2 < ST(z) < 1, S{I(z) is decreasing in z, the critical point where ¢(y, 2)
hits the capacity C' comes earlier. It suffices to show that while ¢!f(y, z) is not hitting the
capacity, it is increasing in z.

Following Proposition A1, we first observe that given z, (%q{f (y,z) = %, which means ¢} (y, 2)

is increasing in y with a fixed rate. Therefore, for all y such that 2, <y < ST(2,),

Qo (Y, 22) = a4 (7' (22), 22) — 5[5 (22) — ]

1

2
1

—C = 5[8(=) — y

,since Si1(z1) > ST (2)

—

1
> C - S[SH ) —y

1
=q. (5" (1), 21) — 5[5{1(21) —y], by definition of S{’(z)
= qgul(yvzl)'
Moreover,
1 1
G (Y, 22) — @iy (y, 21) = [C — 5(5f1(22) —y) —[C— 5(51”(21) —y)]
1 1
= §(S{I(Zl> - 5{1(22» < 5(22 - 21)7



Figure A2.1: An example to show the relative positions of 2y, 2, ST(25), and Sif(z;).
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where the last inequality comes from Lemma Al and equation (A1.2).

Remark: Figure A2.1 shows the relationship between 21, 29, S{(22), and S{’(z;). Referring
to Figure Al1.2, we fix the loser’s signal s; inside region II. Now we increase s, along the
vertical line that passes (s;,0), and draw the winner’s quantity ¢, as a function of s, in
Figure A2.1.

Case 3: S{'(z1) <y < S5 (21), 5" (22) <y < 95 (2)

In this case, the capacity constraint of the winner is binding for all z, i.e., q{UI (y,z) =C,Vz.
Thus, the result holds.

Other Cases: The cases y > SI(z)), S (z) <y < SH(z) and y > SH(z)),y > SH(z)
are very similar to Cases 2 and 3 respectively, and the results follow from analogous deriva-
tions. In other cases where z; and z3 belong to different regions in Figure A1.2, we can use the
triangle inequalities by inserting the boundaries of two regions s; and s;* respectively. [
Lemma A2 confirms the correctness of our intuition. When the losing bid increases, the
winner’s expectation of the demand in the consumer market also increases, and therefore
she puts more equilibrium quantity. This can be interpreted as the winner’s overestimation
of the demand if the loser submits a bid higher than 3%/(s). However, the increment of
¢l (y, z) is bounded above.

Furthermore, if the loser’s signal increases, her optimal quantity should also increase at a

reasonable rate:



Lemma A3.

1 3
5(2’2 —21) < q/'(22) — ¢/’ (z1) < 1(2’2 —21), V21 < 2. (A2.2)
Proof: Recall from equation (A1.1) that
[1(2) = 500+ 32— 5o — B lall(,2)ly > 2
q; 0 1 5 B qu \Y,2)|Y = Z].

If we increase z by Az, the term 2z will increase by 2Az. The term E,[¢l] (y, z)ly > 2] is

4
bounded by 0 and 2 5 according to Lemma A2. Therefore, equation (A2.2) is valid. m
Note that this lemma provides tighter upper and lower bounds for the first-order difference
of g/ () than Lemma A1. The next lemma says that if a type-s reseller loses in the auction,

her expected partial payoff will be decreasing in her reported type.

Lemma Ad4. f _7Tz (2,8 y)|z sdy < 0.
Proof: Define g(s f a2, 5,y)|:=sdy.

0
- / Dz (Qlll(zv s)bo+y+s— qﬁ(y, z) — qu(z, s) — c]) |.—sdy

1 17
= [ (P by s =9 ) - (A2
oqt(y,z)  Oqi(z,s)
11 _ THw ) o l )
!z~ 2 5= et

Recalling that ¢/’ (z,s) = ¢/'(z) + 5(s — z) and Proposition A1, we have

(9%”(27 s) _ (A ITY 1

T\z:s =(q") (s) — b%

8q{f<y,z)‘ _Jo ST(2) <y < 85 (2),
0z 7 2[1—(¢/")(s)], otherwise.

Thus, equation (A2.3) can be rewritten as

o(6) = (6 = 3 ) (Balowy = o = BJal! 0 )sv = o o' (5) )

/7

Fal"(6) (=5 9) (1= (8510) = 8) = a6 (@) () - 5 ) (85106) - 51766

= (1= (85() = ST D) ") (al") (5) 1)
(A2.4)

where the last equality follows from the fact ¢/’ (s) = 3 (E,[0]s,y > s] — E,[¢] (v, s)|s,y > s] — ¢).
Since 1— (S (s)—S1!(s)) and ¢{!(s) are positive, and ((¢/7)'(s) — 1) is negative by Lemma A3,
we conclude that g(s) < 0, which completes the proof. O
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The average marginal change of a type-s loser’s partial payoff is obtained by integrating over
her opponent’s signal y, with y > s. For notational convenience, we assume that 7/’(z, s, )
is differentiable with respect to z at boundary points. If it is not differentiable, then we
should look for the subgradients rather than the gradient from the first-order condition.
Now, we complete the proof of Theorem 1.

Main body of the proof

We will first derive a necessary condition that an equilibrium bidding function must satisfy,
and then provide the verification of the proposed bidding function.

1. Necessary Condition

The first-order condition with respect to z is as follows:

O (z]s)

0z

1
(w5, — ()~ s ) + [ pnlvslndy. (A25)

The truth-telling equilibrium requires that the bidder’s optimal strategy is to reveal her own

type. Thus, we conjecture the equilibrium bidding function 31(s) as follows:

1
611(5) = 7T£}I(S,S) — 7TZH(S,S, s) —i—/ gﬂln(z, $,Y)|,=sdy
s 0z

(A2.6)
< 7ll(s,s) —nil(s,s,s),

where the last inequality is given by Lemma A4. Note that by Proposition Al, the equi-

librium quantities ¢!!(z, s) and ¢/!(y) are all uniquely determined for any values z, s, y, and

hence the terms 7ll(s,s), mf!(s,s,s), and %W{I(z,s,yﬂzzs are all unique since these are

generated from ¢X!(z,s) and ¢/!(y). Thus, within the class of symmetric equilibria, if there
exists an equilibrium bidding function that is strictly increasing in the signal, then it must
be uniquely determined by equation (A2.6).

2. Verification: Monotonicity of 5%/(s)

For the second-price auction, our goal is to show that $%/(s) is strictly increasing in s, i.e.,
lim,_, % > 0, Vs € [0, 1]. Except region IV where the capacity constraint is binding

for ¢t (y,y), we obtain

w (2,2) =l (z,2,2) = [my/ (s,8) — 7'l (s,5,8)] = (2= 2004 (5,8) — (1~ %pz)cu”(sa s) + picl{s € V},

where we have ignored the second-order terms and p; is such that ¢/’(z,2) = ¢/'(s,s) +
pi(z — s). We will divide the analysis according to Figure A1.2. Note that ¢!/(s,s) takes

values along the 45-degree line.

10



Case 1: s 1
In this case, p = 3, S{’(s) = S3/(s) = 1. ;From equation (A2.4),

1

o) = | St s, )lemady = 5 (1= (S5(5) — 517 ())) a"(5) (") () —1)

and hence 3 (z) — 6'1(s) = (z—s)(¢} (s, s) — 24/ (s, s) + s¢— §) + 0o(z — s). In other words,
(B) (2) = ¢kl (s, ) — 3q/(s,8) + e — £ > 0 by Assumption 2.

Case 2: s €11

When s € I1, S (s) =1 and S{i(s) = 2C — 0y — s + ¢i*(s). Therefore,

B1(2) = B"(s) = (2= 2p)ay) (s, 5) — %(pf —3p+3)gi" (s,5) — %pz(l —p)Si'(s) +o(z — s).

Note that from Lemma A3, 1 < p; < 3, and S{/(s) < 1. A sufficient condition for mono-

tonicity under these parameters is that ¢./(s,s) > 12¢/'(s,s) + +=.

Case 3: s Ill

Here we have S4/(s) — S¥(s) =1 — ¢, and therefore

57(2) — 6(5) = (2~ 2000 (5,5) — (1~ 5" (5,5) — 5pu(1 = p) + (1 = 5(1 = p)) + oz — 5).

Note that when 1 < p; < 3, ¢(1 — 3(1 — p)) is always positive. A sufficient condition for
B'1(s) being increasing is that ¢l/ (s, s) > 2¢/'(s,s) + &.

Case 4: s € IV

In this case, the capacity constraint is binding and g(s) = —3(1 — p;)(1 — s)g/' (s, s).

57(2) ~ 57(5) = (2 — 20008 (5,5) — 201" (5,5) — 5pu(1 — ) + oz — 5).

1p(1 — py) achieves its maximum at p; = 2 — /2, and hence if ¢!/(s,s) > 2¢/'(s,s) +
(v2-1)(2—v?2)
2v2
Case 5: s €V

, the monotonicity holds. The constant term is roughly 0.086.

In region V, p = 1, S{! = S}/ = s, and hence g(s) = —3¢/'(s,s). It can be verified that
B (z) — "(s) = (z — 9)(qgL/ (s, 8) — 2q/'(s,s) — §) + 0(z — s), and therefore monotonicity
holds.

We conclude that the bidding function 3%!(s) is strictly increasing since Assumption 2 is
sufficient for all cases.

3. Verification: Incentive compatibility
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We will follow Milgrom and Weber (1982) to verify that the proposed bidding function is
indeed an equilibrium. The idea is to show that a type-s bidder’s payoff is unimodal in her
reported type, and it achieves the maximum at the truth-telling value s.

Suppose the other player adopts that bidding function. Differentiating the expected payoff
with respect to z, we obtain

O (z|s)

0z ov

= (mil(s,2) — 1! (z,8,2)) — (7Ll (z,2) — 7/ (2, 2,2)).

:(71'[](5 Z)_ﬁll(z)_ﬂ_ff(zsZ))+/1£7r11(vsy)| dy
w ) l )9y ; l )9y v=z (A27)

Our goal is to show that if z < s, then

O (z2|s)

5, <0,

and if z > s, then
O (z|s)
0z
We divide the proof into four cases in the sequel.
Case 1: z,s8 < ST (2).
Recall that

> 0.

W{UI(S, Z) - 7TlII<Zv S, Z) = qq{)I(S7 Z) (90 +s+z— Q1IUI<57 Z) - QIII<Z>)

_QZ[I(sz) (90 +z4+s— qu{)I(Z7Z) - QZII(Za S) - C) )

and ¢/(z,s) = ¢/'(z,2) + (s — z). In this case, the capacity constraint is never binding,
and thus ¢(s, 2) = ¢!(z, 2) + (s — 2). After simple manipulations, we can rewrite equa-

2
tion (A2.7) as follows

O (z|s)

- (s = Dl (2.2) = al' (2,2

(Oo+s+2—q,(52) —q'(2) = (o +s+2—q, (2.2) —q" (2,5) = ¢)]

(s = 2)a (2,2) = ai" (2, 2) + cl.

N = 4 N

The multiplicative term ¢f(z, z) — ¢/!(z, z) + ¢ is always positive by Assumption 2. Hence
O (2]s)/0z is positive if s — z > 0 and negative if s — z < 0.
Case 2: SH(2) < 2,5 < SH(2).

12



In this case, ¢fl(s,2) = ¢l (z,2) = C.

O (z]s)

S = qfu(z z)——[90+z+s—0—q{[(z,s)—c]>

SPICE
RICE

Note that C' = ¢/f(z,2) here and [0y + 2+ 22 —c = C] < i[O+ 2+ 52 —c— O] = ¢/'(2)

since s < 1. Thus, by Assumption 2, the multiplicative term is positive and the payoff is

[\3“_. DN | —
l\')l}—k [\')I»—k

[904—2—1—%—0—0]).

unimodal.
Case 3: z,s > S (2)
Mimicking the treatment of Case 1, we get
O (z]s 1
AL _ L= 2) (@) — o (2.2))
where the term in brackets is positive by Assumption 2.

Case 4: General case.
Now we consider the case where the capacity constraint is binding only for one of ¢!!(s, ) and

¢! (z, z). This includes both z < S/(2) < s < SH(2) and ST!(2) < z < S} (2) < s. In this

case, ¢l (s,z) —qll(z,z) = 1p(s—2), where 0 < p < 1. We can rewrite 7./ (s, z) — 7/ !(z, s, 2)

as follows:

II( II

s,2) —m (2,8,2)
~ (e 5@ ) (46— - 3t -9) - (6 + 5 9)
=t e2) = afl e )+ 5= 2) () -l )+ 3o (1 30) -2 - =),

and hence

1
T = (5= 2) () = )+ 41 = 3o = 2) = (5= ).

Note that Cases 1 and 2 can be regarded as two special cases of this general case, with p =1
and p = 0 respectively, which bounds % (1 — —p) (s — z) from below and above. Thus the
multiplicative term is positive according to Cases 1 and 2, and the payoff is unimodal in this
case as well. O
Remark: It can be verified that the assumption needed to guarantee the monotonicity of
bidding function 3'!(s) is stronger than that for the unimodality of resellers’ expected payoffs
(incentive compatibility). This phenomenon does not occur in the conventional auctions (e.g.,

Milgrom and Weber (1982)). Similar results apply to the first-price auction as well. See the
proof of Theorem 2.
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A2.2 First-price auction: Proof of Theorem 2

Preliminaries
We first present the equilibrium quantities. In all cases, the formulas for ¢/ (y, z) are obtained
from Proposition A3, and following them we calculate ¢ (z,s) as the corresponding best

responses.

Proposition A4. Suppose that the first-price auction is used. If a type-s bidder that behaves

as a type-z wins the auction, then:

If 2 < S,

4 (y,2) = 500+ -2+ 5y — =¢,

o+ 1s+1c, s<2(C—16,—1c),
dh(z9) = C 2(C -0 —0) S5 <2(C~ o+ §o)
100+ 3s—2c, s>2(C — 16+ §0)

If ST <2< Sk then

1
qu(y,Z)Zé(«%—l—z—{—y—C'—C),
Ho+3s—32+3C+1c, s
Gu(2,8) = § C, 1o
S

}LQO—F%S—%Z—FiC—}lc, Z%C’—l%—l—%z—k%c.

Finally, if = > S1,
4 (y,2) = %90 + %IZ + %y - %c,
300+ 35+ 3¢, s <20 — 26, — 3¢,
¢t (z,8) =1 C, 2C’—§90—%c§3§20—§90+§c,
%Go—i-%s—%c, sZZC—%HO—l—%c.
The payoffs wk(z,s,y) and 7! (s,y) in both cases can be expressed as follows:
To(28:Y) = @u(2,8) (B0 + 5 +y = au,(2,8) — 4 (y,2)) — (a2, 5) = O)F,
i (s,y) = ¢/ (5,9) (o +y+5—ai(y,9) — 4/ (s,9) — ).
Main body of the proof
1. Necessary condition

The first-order condition of I1f(z|s) is

(A2.8)

7 (2, 5,2) — B1(2) — il (5,2) + / (s y)dy — / (5 (2)dy = 0.
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Rewriting the above equation, we find an expression of (3!)'(z) as follows:

66 =2 (s w2+ [ wlatesidy = 6

The closed-form solution of 3!(z) can be obtained from this differential equation by the
same procedure in Krishna (2002, Proposition 6.3). Note that the proof of Proposition 6.3
in Krishna requires the signal affiliation to guarantee the unimodality for the last steps in
his derivation. In our case signals are non-affiliated, but unimodality is guaranteed from
Assumption 3.

Together with the incentive compatibility condition, the bidding function is

5= [ (whrrn) =+ [ o) el a29)

L(y|s) = exp (— /y %dv) - %

Plugging L(y|s) in equation (A2.9), we obtain the bidding function $!(s). Since Proposi-

where

tion A4 guarantees that ¢l (z,s) and ¢/ (y, z) are unique, all terms in equation (A2.9) are
known, i.e., there is only one bidding function that satisfies the first-order condition. Thus,
if there exists a symmetric, strictly increasing equilibrium, it must be uniquely determined
by equation (A2.9).

Next, we will show that 7l (z, s,y) is decreasing in z, for all pair (s,y). This leads to the

conclusion 37(s) < 1 fo ( (y,y,y) — m (y,y)) dy. Observing equation (A2.8), the differen-
tiation can be expressed as follows:

2 I _ 2 1 9 v v - 2 I o Cr +

Tw(2,8,Y) = 5-4u(2,8) (o + 5 +y — qu(2,8) = ¢/ (y,2)) — c5-(qu(2,5) = C)
0z 0z 0z
5 5 (A2.10)
al(zs) (—aqixz, 9 i)

Note that by Proposition A4, —= qw(z s) <0and 1< %ql[(y, z) < 3. Thus, the last

term of equation (A2.10) is negatlve. Observe that the first two terms can be combined into
L (z,5)2ql(z,s) regardless of whether ¢/ (z,s) > C or not. Hence it is negative as well
because 2¢.(z,5) <0, and we conclude that 7} (z, s, y) is decreasing in 2.

2. Verification: Monotonicity of 57(s)
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Similar to Milgrom and Weber (1982), a sufficient condition for the monotonicity of bidding

function in the first-price auction is that the integrand of 3!(s) is increasing, i.e.,

Y0
Wi(y,y,y)—ﬂf(y,yH/ a—ﬂi(u,y,v)lu:ydv
0 u

is increasing in y. Recall that 27l (u,y,v)|uzy = —a.(y,y) 24! (v,u)]uzy by equation
(A2.10), the integral is —3 [ ¢l (u,u)du if S{ <y < Si, and is —§ [ ¢l (u,u)du other-

wise. Note also that

Ly, y) — (v, y) = Wy +y+y—da(y,y) —a (y,y) — clg(y,y) — C)']
—q (0o +y+y— by y) — ¢ (y,y) — .

Now we will divide our analysis into three cases, depending on the regions to which y belongs.
Case 1: y < ST
We first consider the case y € ST. Let

61—(2:) _ﬁl(y) :W{U(Z,Z,Z) _7Tl +f0 u w u, 7U)|u:zdv]
—[mL(y,y,y) — 7 yy) + [ ZmL(u, y, v)]uzydv].

Our goal is to show that lim,_,, 51(2%’51@) > 0, Vy. Note that in this case ¢l (2, 2) = ¢% (y,y)+
1(z—y) and ¢/ (2, 2) = ¢/ (y,y) + 3(z — y). Therefore after some algebra, 3’(z) — 5'(y) can
be rewritten as (z — y)[2¢.(y, y) — ¢/ (y,y) + 3¢] + o(z — y), where lim,_q o(z)/z = 0. Hence
lim,_,, ﬁl(i%gl(y) > 0 by Assumption 3 in this case.

Case 2: y > S

Similar to Case 1 except that 8'(z) — (y) = (z — v)[2¢},(v,y) — ¢/ (v,y)] + o(z — y), and
hence the result holds.

Case 3: ST <y < St

In this case the capacity constraint is binding, i.e., ¢} (z,2) = ¢ (y,y) = C, and ¢/ (z,2) =
qi (y, y)+(2—y). It can be verified that 5'(2)— 5" (y) = (z—y) (545 (y, ¥) =24/ (¥, y)) +o(z—y),
which is strictly positive under Assumption 3. The proof of monotonicity is now complete.

3. Verification: Incentive compatibility

We will show that the expected payoff of a type-s bidder is unimodal in the reported type

z with maximum achieved at z = s. Plugging the bidding function 3!(z) into the expected
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payoft, we obtain

%HI( ) = mu(z8,2) = B(2) = m/(s,2)
+ [ s aleds— [5Gy
= (ml(z,8,2) — 7Tll(8 2)) = (mo(2,2,2) = 7 (2,2)) .
Recall that
mo(z,8,2) =7 (s,2) = ¢h(2,8)[00+s+2—qh(z8) —q (2,2) — (g (2,8) — C)T]

—ql(5,2)[B0 + 2 + 5 — 4L (2, 2) — al (5, 2) — ], (A2.11)

and

il (5,2) = al(2.2) + 5 (5~ 2).

In the following, we will divide the problem into cases to prove that the differentiation is
positive when z < s and negative if z > s.
Case 1: ¢l (z,5) < C and ¢\ (z,2) < C

In this case, the capacity constraint is not binding. Thus

dh(zr5) = dh(z )+ 505~ 2).

Plugging it into equation (A2.11), we obtain

0

&HI( z|s) = %(s —2) (q{U(Z,Z) —q/(2,2) +e),

where the multiplicative term ¢ (2, 2) — ¢/ (z, z) + ¢ is positive by Assumption 3.
Case 2: ¢l (z,8) =q¢.(z,2)=C
In this case, there is no difference between ¢! (z,s) and ¢l (z,z). After some algebra, the

differentiation becomes

1) = 3 2) (0~ a2 + ol

Now the multiplicative term is
I I 1 I I 1
20k (2,2) — gl (2) = 705 = 2)] 2 2 (a2 2) — dl (5,2) - 1(1-2) ),

and hence the differentiation is positive if and only if z < s.
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Case 3: General case.
We first rewrite the expression for 7 (2, s, z) — 7/ (s, z). After some algebra, we obtain that if
Si <z <85, my(2,5,2) = qy(2,5) (a4,(2, 8) + 12); otherwise, T}, (2, 5, 2) = q5,(2, 5) (4 (2, 8) + 72).

Thus

O 111 (+1s) = {(s = 2) (ah(2,2) = 4l (2,2) + (3p(1 = 3p) =

e (s —2)+ 2pz) ifz< S,
(s —2) (¢5(z,2) — g/ (z,2) + (3p(1 = 3p) — L

pz) otherwise.

0z

Let us consider the term (3p(1—3p)—7)(s—2)+gpz. When s—z <0, (5(1—-5)—1)(s—2) > 0
since £(1—£) < 1 for p € [0, 1]. With the last term being positive, we obtain by Assumption 3
that 211/ (z|s) is negative for z > s.

It remains to show that this holds for z < s as well. When s—z > 0, both (3p(1—1p)—1)(s—
z) and %pz are minimized at p = 0, which corresponds to Case 2. Thus, the multiplicative
term is bounded below by Case 2 and hence is positive for all cases. O]
Remark: From the proofs of Theorems 1 and 2, the monotonicity of bidding functions

is relatively hard to guarantee when the capacity constraint is binding in both auctions,

i.e., Case III for the first-price auction and region IV for the second-price auction. In these

1
w

regions, as the signal s increases, 7’ (s, s) and 7ll(s, s, s) are restricted by the capacity con-
straint, while 7/ (s, s, s) and 7!/ (s, ) keep growing without any constraint. This phenomenon
makes it harder to ensure that bidding functions are monotonic.

Proof of Theorem 3

To prove Theorem 3, it suffices to show the following monotonicity result:

Suppose that ¢l (s,) + ¢ (5w, 51) > ¢ (5w, 1) + gt (s;). Then for all y > s,

0 W)+ q (v, 50) = ai (v, ) + ¢ (51), Yy > S, (A2.12)
and
qfv(sw) + q{(sw, z) > q{uj(sw, z) + qu(z), Vz < s. (A2.13)

Given that s; is fixed and y > s, in inequality (A2.12), let pl, pIf denote the coefficients
of winner’s signals in the first-price and second-price auctions respectively. pl pXl capture

the marginal change of the total quantities resulting from one unit change in s,. The
7

w I

monotonicity is equivalent to the fact pf > pl!, and hence in the sequel we will verify it.

According to Lemma A3, we know that 1 < p! < 3. Since ¢/’(s;) is independent of the

1

winner’s signal, the bounds of plf are 0 < pll < 2. Therefore, pl, > pl! in all cases of

inequality (A2.12).
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Now we focus on inequality (A2.13). Given that s, is fixed and s; > 2z, we compare the
coefficients of loser’s signals between these two auctions (similarly to the treatment for in-
equality (A2.12)). Let pf, pH denote these coefficients. It suffices to show that pf < pif
in all cases. First we observe from Proposition A3 that p; = 1, Vs, € [0,1]. Combining

Proposition A1 and Lemma A3, we obtain

0+ = <p'<

IN

+

Y

1w

N | —
DN | —

which implies 3 < p/’ < §. Hence, p| < p/’

bounds, i.e., 3 < pff <3 O

. In fact it can be shown that p/! has tighter

A3. Supplement to the numerical experiments

Figure A3.1 compares the total quantities Q7 (sy, so) and Q! (s, s3) provided to the consumer
market. Since the resellers are symmetric, the graph is symmetric; and Q7(sy, so) turns out
to be higher in the upper-left and lower-right corners. This is consistent with Theorem 3
and Figure 3 since larger quantities in the consumer market corresponds to lower prices for

the consumers.

0.9

Q
V
QO

0.7
0.6
osh Q”>Q
0.4r
0.3r
ool Q'>q" |

0.1r

reseller 2 signal S,

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
reseller 1 signal S,

Figure A3.1: Total aggregated quantity provided to the consumer market under both auction
mechanisms.

In Figure A3.2, we plot the bidding function of a type-s reseller. Note that the bidding
function in a first-price auction is lower than that in a second-price auction for all signals.

Since in the first-price auction the bid is the payment when the reseller wins, she decreases
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her bid to maintain her rent (similar results are reported in Krishna (2002, Chapter 6)).
Moreover, the bidding functions inferred here are lower than the counterparts under the
conventional auction (as mentioned in Section 3.2), and the difference becomes larger as the

signal is higher.

44

—©O— First—price auction

42r | 4— First—price auction (conventional)
—— Second-price auction

—H8— Second-price auction (conventional)

Equilibrium bidding function

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Reseller signal s

Figure A3.2: Comparison of reseller bidding functions under both auction mechanisms.
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