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We analyze a revenue management problem in which a seller facing a Poisson arrival stream of consumers
operates an online multiunit auction. Consumers can get the product from an alternative list price channel.

We consider two variants of this problem: In the first variant, the list price is an external channel run by another
firm. In the second one, the seller manages both the auction and the list price channels.
Each consumer, trying to maximize his own surplus, must decide either to buy at the posted price and get

the item at no risk, or to join the auction and wait until its end, when the winners are revealed and the auction
price is disclosed.
Our approach consists of two parts. First, we study structural properties of the problem, and show that the

equilibrium strategy for both versions of this game is of the threshold type, meaning that a consumer will
join the auction only if his arrival time is above a function of his own valuation. This consumer’s strategy
can be computed using an iterative algorithm in a function space, provably convergent under some conditions.
Unfortunately, this procedure is computationally intensive.
Second, and to overcome this limitation, we formulate an asymptotic version of the problem, in which the

demand rate and the initial number of units grow proportionally large. We obtain a simple closed-form expres-
sion for the equilibrium strategy in this regime, which is then used as an approximate solution to the original
problem. Numerical computations show that this heuristic is very accurate. The asymptotic solution culminates
in simple and precise recipes of how bidders should behave, as well as how the seller should structure the
auction, and price the product in the dual-channel case.

Key words : revenue management; online auction; dual channel; strategic behavior; asymptotic analysis
History : Accepted by Paul H. Zipkin, operations and supply chain management; received February 19, 2004.
This paper was with the authors 9 12 months for 2 revisions.

1. Introduction
In the last few years, Revenue Management (RM) has
widened its focus from capacity control and dynamic
pricing to alternative selling mechanisms proposed
by electronic commerce, such as group purchasing,
online negotiations, and auctions. (See Talluri and
van Ryzin 2004 for a reference on RM methods and
applications, or the survey by Bitran and Caldentey
2003 for an overview of dynamic pricing models.)
Although list pricing is probably still the most famil-
iar and used pricing mechanism, online auctions are
certainly an increasing phenomenon.
Nowadays, a huge variety of products is sold

simultaneously through online posted price and auc-
tion channels, allowing consumers to compare prices
and bid states easily across different channels in real
time. This boost in market information and the cor-
responding reduction in search costs have a signifi-
cant impact on consumers’ purchasing behavior and
should be considered by a seller when designing
online sales mechanisms.
In this paper, we address the problem of an online

seller who is endowed with a fixed initial inven-
tory and faces a stochastic arriving stream of strategic

consumers. To capture different e-business environ-
ments, we consider two alternative formulations.
First, we consider the case in which the seller con-
trols an online auction exclusively and competes with
a third party that manages a list price channel. We
refer to this case as the single-auction channel model.
In the second formulation, the dual-channel model, the
seller is a monopolist and controls both the auction
and list price channels.
For these two scenarios, we are interested in an-

swering the following questions: How should strate-
gic consumers behave, that is, which channel should
each consumer choose? What should the bidding
strategy be of those consumers that enter the auc-
tion? Given consumers’ behavior, how should the
seller manage an online auction to maximize revenue?
What should the length of the auction and the reser-
vation price (i.e., minimum acceptable bid) be? How
should the seller manage parallel online auction and
list price channels to maximize revenue? In particular,
the dual-channel case motivates an important man-
agerial question: How should the seller design both
channels to segment the population of consumers
to extract as much revenue as possible from each
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segment? A seller does not want to offer a business
model that cannibalizes itself, that is, if she offers a
high posted price, she narrows the list price channel,
and middle-to-high valuation consumers are tempted
to join the auction, which could eventually close at
a low price. On the other hand, if she posts a low
list price, she widens the list price channel, pooling
together low- and high-valuation consumers. In both
cases, the seller runs the risk of decreasing revenues.
Our purpose is to shed some light on the trade-offs
that are inherent to this business environment.
More formally, we analyze a single-period model

in which a seller operates a multiunit, uniform price,
online auction, offering multiple units of a homoge-
neous good. The seller announces the inventory put
up for sale Q0, the auction duration T , and the auc-
tion reservation price vR. Consumers with single-unit
demand arrive according to a Poisson process. They
have a private value for the product, independently
drawn from a continuous distribution. They must
decide whether to bid and wait for the auction out-
come at time T , or buy at the posted price �P , and
get the unit instantaneously. As mentioned above, we
consider two variants of this problem:
• In the single-auction channel case, the fixed-price

channel is external and run by another firm, which we
assume has unlimited inventory. Hence, if a bidder is
not among the winners of the auction, he can always
buy the item at the posted price at a later time T ,
although his utility is discounted.
• In the dual-auction and list price channel case,

the seller is a monopolist who manages both the auc-
tion and the list price channels. In this case, an auc-
tion takes place at time T only if there are units left
unsold by then. Hence, supply is limited, and bidders
that lose in the auction have no alternative market in
which to buy the product.
The consumers’ strategy consists of two decisions:

(i) whether or not to join the auction, and (ii) in the
case of joining the auction, what bidding strategy to
use. The supply size under both scenarios produces
different bidding behaviors. Regarding the first deci-
sion, we prove that a symmetric equilibrium strat-
egy exists in both variations of the problem, and it
is characterized by a threshold function in the space
(valuation, time): For a consumer arriving at time t
with valuation v, there is a threshold H�v� such that if
H�v�≤ t, then he will participate in the auction. Oth-
erwise, he will buy at the posted price �P . This partic-
ipation strategy can be computed using an iterative
algorithm (in an appropriate function space) provably
convergent under some special conditions. Unfortu-
nately, this procedure is computationally intensive
and does not lead to simple managerial insights. To
overcome this limitation, we formulate an asymptotic

version of the problem, in which the demand rate
and the initial number of units grow proportionally
large. We get a simple closed-form expression for the
equilibrium strategy in this limiting regime, which is
then used as an approximated solution for the origi-
nal problem. Numerical computations show that this
heuristic is very accurate.
Finally, we analyze the seller’s optimization prob-

lem in both the single- and dual-channel settings, and
plug the consumer’s asymptotic participation strat-
egy into them to compute the optimal values of the
parameters Q0, T , vR (and �P in the dual channel case),
that the seller must announce to maximize revenues.
We can then assert that the asymptotic solution cul-
minates in precise and simple guidelines for how bid-
ders should behave and how the seller should design
the auction and list price channels.
The main insights that we obtained are the follow-

ing. For the single-auction channel case, we find that
the optimal number of units to offer is a nonmono-
tonic function of the external fixed price, �P , and that
it is bounded above by 80% of the average demand.
In addition, the optimal duration of the auction is an
increasing function of �P . In the dual auction and list
price channel case, we find that if the seller’s initial
inventory endowment is small or if her discount fac-
tor is large, then she does not have enough economic
incentives to run a terminal auction; a single fixed-
price channel is the optimal selling mechanism. On
the other hand, if the endowment is large, or the seller
discount factor is small, or buyers are impatient, then
running both channels in parallel is optimal. In any
of these cases, we show that a dual-channel operation
can have a significant impact on revenues compared
to a single fixed-price channel. The magnitude of the
increase in revenues can be as large as 33% for the
case of uniformly distributed valuations.

1.1. Literature Review
Auctions have been extensively studied in the eco-
nomic literature (e.g., see the survey by Klemperer
1999 or the recent book by Krishna 2002). Price dis-
crimination has been argued as one of the main rea-
sons for using them (see Bulow and Roberts 1989).
Maskin and Riley (1989) proved the optimality of the
uniform price mechanism for the single-period mul-
tiunit auction.
Few papers have put auctions in an operational

perspective. Specifically, regarding its connection with
RM, Pinker et al. (2000) study how to run a sequence
of standard multiunit auctions, using bidding infor-
mation to learn about the consumer’s valuation dis-
tribution. Vulcano et al. (2002) characterize an optimal
dynamic auction for a firm selling a fixed capacity
over a finite horizon.
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Thefirm’s choice between auctions andpostedprices
for the single-channel case has also been addressed
(e.g., see Vany 1987, Wang 1993, Harstad 1990).
The problem of jointly managing auction and list

price channels has not received much attention in
the literature. New features like the buy now prices
have been addressed by Budish and Takeyama (2001),
although their model is limited to two bidders and
two valuation types. Within the business-to-consumer
(B2C) framework, the empirical study of Vakrat and
Seidmann (1999) compares prices paid through online
auctions and catalogs for the same product. They
observe that auctions result in average prices 25%
below the catalog ones. They build a simple model
of single-unit auctions with a deterministic number
of bidders, but ignoring consumer choice behavior. In
the infinite-horizon model of van Ryzin and Vulcano
(2004, §3.3), the seller operates auctions and posted
prices simultaneously, and replenishes her stock in
every period. However, the streams of consumers for
both channels are independent, and the seller decides
how many units to allocate to each of the channels
separately.
Our research is mainly motivated by the work of

Etzion et al. (2006). They analyze simultaneous online
auctions and list price channels in a multiperiod
B2C framework, where a seller with infinite supply
maximizes her average expected revenue. Consumers
arrive according to a Poisson process, and decide
which channel to join. They found two optimal auc-
tion design strategies: short single-unit auctions and
long multiunit auctions.
Our work differs from theirs in the way we model

the supply side, because in our dual channel case
scarcity plays a critical role, as is usually the case
in RM: Given the risk that potentially no item could
remain available for the auction by time T (which
occurs when all the inventory is depleted through the
list price channel), what should the consumer’s par-
ticipation strategy be? In the case of going for the
auction, scarcity induces the standard dominant “bid
your own value” strategy for multiunit uniform price
auctions (see Krishna 2002, §2.2 for a comprehensive
study of bidding behavior). The situation is different
in the single-auction channel case, where the infinite
supply (as is the case in Etzion et al. 2006) induces
no bidder to bid higher than the posted price: In
case he loses, he always has the chance to pay that
price at time T . Now, given both settings, how should
the seller structure the business, accounting for con-
sumers’ strategic behavior?
Etzion et al. (2006) work with additive consumer

utility functions, and characterize the consumer equi-
librium bidding strategy with a single value t̄, such
that all consumers with valuation below the posted
price, and those arriving later than the threshold t̄

with valuation above the posted price, will join the
auction. All other consumers will go to the online cat-
alog. Our equilibrium participation strategy turns out
to be more complex because it is based on a mul-
tiplicative utility function, and as we said above, is
defined by a continuous threshold function in the
space (valuation, time). Furthermore, when comput-
ing the participation strategy in their paper, Etzion
et al. assume that the total number of competing con-
sumers is deterministic. We instead embed the ran-
dom nature of the arrival process in the computation
of the consumer’s participation strategy.1

A distinguishing characteristic of our research is the
asymptotic analysis of the game. We show that the
complex threshold that describes the strategic behav-
ior of the consumers can be easily computed in the
limiting regime where the consumers’ arrival rate
and the number of units offered grow proportionally
large, without missing the predictive power of the
model.
Overall, we believe that the two models share some

features, but contrast in these important dimensions,
which are worth exploring.
Finally, the problem of analyzing the equilibrium of

a system where consumers arrive during a time win-
dow has been addressed by few papers, but they are
oriented to the characterization of the arrival pattern
(e.g., Glazer and Hassin 1983 or Lariviere and Van
Mieghem 2004). In our setting, the arrival process is
exogenous, and we concentrate on characterizing the
Nash equilibrium (in pure strategies) of the participa-
tion behavior of the consumers.
The remainder of this paper is organized as fol-

lows. We introduce the model for both variants of
the problem in §2. In §§3 and 4, we study the con-
sumers’ problem of selecting an optimal participation
and bidding strategy for both the single-auction and
dual-channel models, respectively. We prove the exis-
tence of a symmetric equilibrium within a large class
of participation strategies and use asymptotic analysis
to characterize this equilibrium. The analysis in §§3
and 4 assumes that the initial inventory Q0, the auc-
tion bidding period T , the reservation price vR, and
the posted price �P are fixed. We turn to the seller’s
revenue maximization problem of optimally choosing
Q0, vR, T , and �P in §5. Finally, §6 summarizes our
concluding remarks.
The paper includes two online appendices (pro-

vided in the e-companion).2 Appendix A contains all

1 In the final version of their paper, however, which was later than
our first draft, they included a section in the appendix where they
discussed the stochastic number of bidders assumption.
2 An electronic companion to this paper is available as part of the
online version that can be found at http://mansci.journal.informs.
org/.
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the proofs. Appendix B provides a detailed mathe-
matical description of the dual-channel model.

2. Model Description
We study the problem faced by a firm (seller) en-
dowed with an initial inventory �Q of a homogeneous
product. We take an RM point of view and assume
that the seller cannot replenish her inventory through-
out the selling season. We do, however, allow the
seller to ration by choosing the quantity Q0 ≤ �Q to
put up for sale. The remaining quantity �Q−Q0 is dis-
carded at no extra cost or salvage value.
We discuss two variants of this problem. In the first

variant, the seller manages a single-auction channel,
and there is an external market with infinite supply
where the same product is available at a fixed price �P .
In the second one, the seller is a monopolist manag-
ing both the auction and the list price channels simul-
taneously. During the selling process, she allocates
units through the list price channel. Therefore, for the
seller at time t = 0 and for any arriving consumer, the
effective number of units to be auctioned at time T
is described by a random variable QT , with support
	0
 � � � 
Q0�.
We also assume that the seller announces on her

website the time left for the auction completion, the
inventory Q0 ≤ �Q that she decided to put up for sale,
the reservation price vR, and in the second variant, the
posted price �P as well. In particular, we assume that
there is no update of the inventory level or state of
the bidding process over time. For both settings, we
model the auction as a sealed-bid multiunit uniform-
price (also referred to as �QT + 1�-price) auction. In a
�QT +1�-price auction, the winners are the QT highest
bidders in excess of the reservation price vR, and all
of them pay the value of the maximum between the
�QT + 1�th highest bid and vR.
On the demand side, consumers have single-unit

requests, and visit the seller’s website following a
Poisson process with constant intensity 
. They are
characterized by two quantities: (i) their arrival time,
and (ii) their private valuation for the product. For
notational convenience, we denote the private valua-
tion of a consumer arriving at time t by vt . Observe
that this notation is well defined because, with prob-
ability one, the Poisson process has at most one
arrival at any given time.3 We also assume that the
cumulative probability distribution F of the random
variable vt is a time-homogeneous and differentiable
function with support � � �0
 �v� that admits a density

3 Note that the subscript in vt only refers to a customer index. By
assumption, in our model the distribution of valuations is time
independent.

function f �v�.4 Both 
 and F are common knowledge.
Without loss of generality, we assume from now on
that �v= 1, that is, we scale all prices in this economy
by �v.
When visiting the website, consumers must choose

either to bid or to buy the product at a posted price �P
to maximize their own surplus. We assume that they
are sensitive to delay, and denote by u�t
 �
v− p� the
quasilinear discounted utility function of a consumer
arriving at time t with valuation v who eventually
gets a unit of product at time � at a price p (paid at the
moment of getting it). If the consumer never gets the
object, we use the convention � =	. In particular, we
consider an exponentially discounted utility function
of the form:

u�t
 �
v− p�= �v− p�exp�−w�� − t��
 (1)

where w is a fixed constant shared by all consumers
that captures the consumers’ disutility for waiting.
As a side remark, we note that our main theoretical
results are not especially tight to the functional form
of the utility in (1) as long as it remains increasing in
v− p and decreasing in delay � − t.5
We assume that a consumer arriving at t ∈ �0
T �

chooses at this time whether to enter the auction or
to buy at the fixed price. He bases this decision on
his private valuation, his knowledge of the arrival
rate 
 and the distribution of valuations F , the initial
inventory Q0, the auction remaining time T − t, the
reservation price vR, and the posted price �P . This par-
ticipation strategy can be characterized by a threshold
function H�·� such that a consumer with valuation vt
enters the auction only if his arrival time t exceeds
H�vt�. Pictorially, H�v� divides consumers’ type space
(valuation, arrival time) into two regions—as shown
in Figure 1—one corresponding to the posted-price
buyers and the other to the auction bidders.
The seller’s problem is to design a single-auction

channel in the first model (by setting a value for T ,
Q0, and vR), and a dual auction and list price chan-
nel in the second model (by setting also a value �P ) to
maximize her expected revenue, which is also expo-
nentially discounted over time.

2.1. Discussion of the Model
On a theoretical level, our model is in many ways a
variation of the classical, single-period, private-value

4 Note that setting the lower bound of the valuation support (say v)
to zero is w.l.o.g. In fact, suppose v < 0. Then, because a revenue-
maximizing seller will always choose vR ≥ 0 and �P ≥ 0, we can sim-
ply truncate the distribution of valuations to start at zero without
affecting the outcome of the game. On the other hand, if v > 0, then
at optimality vR > v and �P > v, and we can scale down all prices
in the economy (subtracting v) so that after scaling v= 0.
5 Note that the consumer’s utility function is of the intertemporal
type (e.g., see Mas-Colell et al. 1995, Chapter 20).
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Figure 1 An Example of a Participation Strategy H�v� for the Case
T = 1 and vR = 0
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are 4 winning bids, and 5 losing bids. The vertical dashed line represents the
auction price for this realization of demand.

auction model, but with two main distinctions: a
stochastic arrival process embedded in it, and the
coexistence of the alternative list price channel.
On a practical level, our model shares some of

the limitations of the auction literature, such as the
assumptions that bidders are symmetric or that the
distribution F and the arrival rate 
 are common
knowledge (see Pinker et al. 2003 for further dis-
cussion). On the other hand, our model does cap-
ture important features of the real game. For instance,
our model is able to explain the surge in bids close
to the end of an auction with a sharp deadline, a
phenomenon commonly observed in practice (e.g.,
Roth and Ockenfels 2002). Our result in Proposition 3
supports this fact (see also Figure 1), showing that
the proportion of consumers that go to the auction is
increasing in the elapsed time t.
The fact that when consumers arrive at the web-

site they are only informed about the initial number
of units Q0 is reasonable in the single-auction chan-
nel, but it is certainly a limitation of the dual-channel
model. This contrasts with the business practice of
posting buy now prices while running an auction (e.g.,
eBay.com): Consumers are informed about the num-
ber of remaining units Qt when visiting the website
at time t. This assumption is made for mathematical
tractability, because including this factor in the con-
sumer choice behavior would add an extra dimension
to the current space (valuation, time) for the partici-
pation decision.6 Nevertheless, we think that the kind

6 Gupta and Gallien (2007) provide an online auction model where
real-time information of Qt is revealed, but they need to restrict
the analysis to single-unit auctions.

of arguments and technical tools used in this paper
can be applied to this extension as well. In particular,
we show that in an asymptotic sense (that we make
precise in §§3 and 4), our proposed solution under par-
tial information is also an equilibrium for the game in
which the seller provides full information about the
inventory level and bidding process over time. Hence,
although restrictive, our model can be viewed as an
asymptotically exact first-step approximation of the
more complex game with full information.
Because there is no information update on the re-

maining number of units, consumers have no incen-
tive to wait for a time window between arrival at
the website and the final participation decision; oth-
erwise, they would just be incurring a discount for
waiting.
We model the auction as a multiunit uniform-price

sealed-bid auction. In standard single-period auction
theory, this auction format turns out to be strate-
gically equivalent to the English auction7 (e.g., see
Krishna 2002). Actually, the English auction is by far
the most common online auction format (see Pinker
et al. 2003). Some empirical research supports the
theoretical equivalence between sealed-bid uniform-
price and open English auctions in the online practice
(e.g., Lucking-Reiley 1999).

3. Single-Auction Channel
In this section, we study consumers’ optimal purchas-
ing strategy (i.e., channel selection and bidding) for
the single-auction model. We assume that the exter-
nal list price �P has been posted and the seller (i.e.,
the auctioneer in this case) has already announced the
parameters of the auction (Q0, T , and vR). The auc-
tioneer’s problem of optimally designing the auction
is postponed to §5.
Let us start discussing the optimal bidding strategy.

In our setting, where the sealed �QT + 1�-price auc-
tion8 operates in parallel to an infinite supply fixed-
price market, it is a weakly dominant strategy for
bidders with valuations below the posted price to
bid their true values, and it is dominant for bidders
above the posted price to bid the posted price. In
other words, if a consumer with valuation v decides
to enter the auction, then he will bid b�v�, where

b�v�=


v if v < �P
�P if v≥ �P

=min	v
 �P�� (2)

7 In a multiunit English auction, bids are open for all to see. As
in the multiunit uniform-price sealed-bid auction, if Q units are
auctioned, the Q highest bidders win, and all the winners pay the
highest losing bid.
8 In this single-auction channel, QT =Q0 because there are no items
sold during the time window �0
T �.
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The optimality of b�v�= v for a low-valuation bidder
with v < �P follows from noticing that for this con-
sumer the auction is the only profitable channel from
which he can get the object. In addition, it is well
known that for the �QT +1�-price auction mechanism,
bidding the true valuation is a dominant strategy,
i.e., the strategy b�v�= v maximizes the low-valuation
bidder’s expected utility independently of other bid-
ders’ strategies. For high-valuation consumers with
v ≥ �P , the posted-price channel is also an alternative
to consider. Furthermore, and contrary to the auction
channel, the fixed-price channel has unlimited supply,
and bidders with v ≥ �P know that they can always
get a unit at this fixed price �P . Therefore, these high-
valuation consumers will never bid above the posted
price, that is, b�v� ≤ �P . In addition, a bidding strat-
egy with b�v� < �P is also suboptimal because under
the �QT + 1�-price auction mechanism this strategy
reduces the bidder probability of winning the auc-
tion (with respect to the strategy b�v�= �P ) and at the
same time does not affect the auction price in the case
the bidder actually wins the auction. Thus, the high-
valuation bidder is better off choosing b�v�= �P .
Interestingly, if we compare the bidding strategy

b�v�=min	v
 �P� of this model and the traditional bid-
ding strategy b�v�= v of the standard �QT + 1�-price
auction, we conclude that, from the auctioneer’s point
of view, the presence of an uncapacitated fixed-price
channel is equivalent to collapsing the range of valu-
ations � �P
 �v� into a single value �P . For further details
about the optimality of b�v�=min	v
 �P�, we refer the
reader to Etzion et al. (2006, Lemma 1).
Equation (2) characterizes the dominant bidding

strategy for all bidders. The probability distribution
of the number of bidders and their valuations is the
only piece of information that we need to fully char-
acterize the output of the auction. We address this
issue in the remainder of this section. Because vR is
kept constant for the rest of this section, we set it
equal to zero (vR = 0), and rescale the bidder’s valua-
tions (and the corresponding probability distribution)
accordingly. That is,

v← v− vR
1− vR 


�P ←
�P − vR
1− vR 


F �v�← F �v�− F �vR + v�1− vR��
1− F �vR� 



← 
�1− F �vR���

(3)

This transformation achieves two objectives. First,
only those consumers with valuation greater than
or equal to the auction reservation price are con-
sidered, the others are discarded. This is true with-
out loss of generality because discarded consumers
have no real impact on the auction output. The sec-
ond objective is that under this scaling, the range of

valuations of the (nondiscarded) consumers remains
�0
1�. The corresponding scaling of the posted price �P ,
distribution F , and arrival rate 
 follows from these
two conditions.

3.1. Participation Strategy and Auction Price
Probability Distribution

Because information about the number of units Q0
to auction, as well as the probability distribution of
consumer valuations F , are common knowledge, we
can characterize the decision of a consumer arriving
at time t, with private valuation v, by a threshold
function H�v� such that the consumer will place a
bid if and only if t ≥H�v�. The fact that we can rep-
resent the participation strategy for all v-consumers
(i.e., those consumers with valuation v) by a single
threshold H�v� is a consequence of the monotonicity
of the utility function in the waiting time. In other
words, if it is optimal for a v-consumer arriving at
time t to wait �T − t� time units for the auction, then
it is also optimal for any other v-consumer arriving
after t.
Two assumptions are used in this representation of

the participation strategy. First, this characterization
is based on the notion of a symmetric equilibrium in
which all consumers use the same threshold function
H�v�. In addition, we assume that a consumer arriv-
ing at time t is incapable of observing the number of
bids already in the system. That is, we assume that
the only information that a consumer uses to decide
whether or not to enter the auction—besides 
, T , Q0,
and F—are his arrival time and private valuation.
We will denote by � the set of participation thresh-

olds from which consumers choose their strategies.
To keep our formulation reasonably simple, avoiding
measure theory technicalities, we restrict consumers
to the use of “well-behaved” participation strategies.
Specifically, we assume that � ⊆�, the set of piece-
wise continuous functions with right and left limits.
Although a restriction, we believe this set � is large
enough to include most strategies that are reasonable
from a practical standpoint.9 In Proposition 1, we will
show that the set � is larger than necessary in the
sense that in equilibrium any symmetric participation
strategy � ∈ � is actually continuous. Note that by
our definition, the elements of � are functions tak-
ing values in �0
T �. Furthermore, for any H ∈� and
any valuation v ∈ �0
 �P�, we must have H�v�= 0 and
b�v�= v. This reflects the fact that any consumer with
valuation in this range cannot afford to buy the prod-
uct in the external market; the auction is his only

9 For instance, it includes the set of càdlàg functions; those that are
right continuous and have left limit. The problem of characterizing
other types of equilibria that are not in � is certainly interesting
from a theoretical perspective, but goes beyond the scope of this
paper.
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potentially profitable channel, no matter his arrival
time. In summary, we define the set of potential bid-
ding strategies as the set of functions

� = 	H ∈�
 H� �0
1�→ �0
T �


such that H�v�= 0 for all v ∈ �0
 �P���
We still need to characterize what the equilibrium
H�v� ∈ � looks like for v ∈ � �P
1�. Consumers in this
range will participate in the auction (and bid b�v�= �P )
only if the expected auction price is small enough to
compensate for the disutility associated with waiting
for the auction closing time T .
For any H ∈ � , let us define a useful random

variable.
• PH�v�: the auction price given that (i) there is a

v-consumer that has joined the auction, and (ii) all
other consumers use the participation strategy H ∈� .
To compute the probability distribution of this price
we need to estimate the number of bidders and their
corresponding valuations. For this, consider H ∈ �
and let us define for all v ∈�

�H�v�� 

∫ 1

v
�T −H�x��dF �x�� 
T�H�v�


where �H�v��
∫ 1

v

(
1− H�x�

T

)
dF �x�� (4)

By the definition of the bidding function H�v�, the
function �H�v� represents the average number of bid-
ders with valuation in �v
1�. Similarly, �H�v� repre-
sents the average fraction of arrivals with valuation
in this range who choose the auction channel. We also
note that the restriction � ⊂� ensures that �H�v� and
�H�v� are well-defined functions continuous in v.
Let us denote by B��H�v�� the random number of

bidders with valuation greater than or equal to v.
Because consumers arrive according to a Poisson pro-
cess with rate 
, B��H�v�� has a Poisson distribution
with mean �H�v�. We can now compute the probabil-
ity distribution of PH�v� given a symmetric participa-
tion strategy H ∈ � . Under a �Q0 + 1�-price auction,
PH�v� < x if and only if (i) x > �P , or (ii) the number
of bidders with valuation greater than or equal to x
is less than or equal to the number of objects in the
auction minus ��x≤ v�. That is,
��PH�v� < x�

=




1 if x > �P
��B��H�x��+ ��x≤ v�≤Q0�

=
Q0−��x≤v�∑

k=0

��H�x��
k exp�−�H�x��

k! if x≤ �P


(5)

where ��E� is the indicator function of event E.
This also follows from the continuity of �H�x� that
��PH�v� < x� is continuous in x ∈ �0
1�− 	 �P
v∧ �P�.

3.2. Characterization of a Symmetric Participation
Equilibrium H�v�

To characterize a symmetric participation equilibrium
(SPE) H ∈� , we use the following two-step approach.
First, we look at a consumer’s best-response partic-
ipation strategy assuming that other consumers use
a fixed strategy H ∈ � . We denote by ��H� ∈ � this
best-response participation strategy and refer to � as
the best-response mapping on � . Second, we impose
the equilibrium condition ��H∗� = H∗. Before mov-
ing into this analysis, we recall that the optimal strat-
egy for consumers with valuation v≤ �P (independent
of H ) is to enter the auction, and so we must have
��H��v�= 0 for all v ∈ �0
 �P�.
Suppose a consumer—referred to as consumer

�—arrives at time � with private valuation v� > �P ,
and suppose that every other consumer is using the
participation strategy H . If consumer � decides not
to bid and buy a unit through the external fixed-
price channel, then his expected utility would be
u��
 �
v�− �P�. On the other hand, if he decides to bid,
then his profit would be u��
T 
v� − �P� if he does not
get the object (because he can always buy the prod-
uct in the external market at time T ), and u��
T 
v� −
PH�v��� if he indeed does get the object. Thus, a ratio-
nal consumer � enters the auction only if

u��
T 
v� − �P��1−��PH�v�� < �P��
+ Ɛ�u��
T 
v� − PH�v��� � PH�v�� < �P���PH�v�� < �P�
≥ u��
 �
v� − �P�
 (6)

where ��PH�v�� < �P� is the probability that bidder �
gets one of the auctioned objects at a price strictly
less than the posted price. We still need to explicitly
characterize this participation constraint in terms of
the function H�·�, but at this stage note that H�·� is
embedded in Condition (6) through the random vari-
able PH�v�� (see Equation (5)).
Without loss of generality, we assume that �P > 0

(otherwise, the auction is meaningless because con-
sumers will go directly to the external fixed price
channel and get a unit at no risk). This is also con-
sistent with the scaling in (3) where we set vR = 0,
because all the bidders with valuations smaller than
vR will have zero utility, and will quit without pur-
chasing in any of the channels.
We compute the best-response strategy ��H� for

consumer � by looking at the threshold function that
is consistent with (6). First, note that in our setting,
where consumers have the exponentially discounted
utility function defined in Equation (1), Condition (6)
is equivalent to

�P − Ɛ�PH�v�� � PH�v�� < �P�
v� − �P ��PH�v�� < �P�

≥ exp�w�T − ���− 1� (7)
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From this condition, we conclude that, in equilib-
rium Ɛ�PH�v�� � PH�v�� < �P� < �P . That is, no consumer
would have an incentive to bid if the expected auc-
tion price in case of winning is at least what he would
have paid in the external market, at no risk. The fol-
lowing proposition characterizes ��H�.

Proposition 1. For the exponential utility function
(1), Condition (7) is equivalent to

� ≥ T − 1
w
ln
(
1+

∫ �P

0

��PH�v�� < x�

v� − �P dx
)
� (8)

Thus, a consumer arriving at time � with valuation v�
enters the auction if and only if � ≥��H��v��, where

��H��v���




0 if v� ∈ �0
 �P�
[
T − 1

w
ln
(
1+

∫ �P

0

��PH�v�� < x�

v� − �P dx
)]+

if v� ∈ � �P
1��
(9)

This best-response mapping ��H��v�� is continuous in v� .

Because the best-response strategy ��H��v� is con-
tinuous in �0
1�, it follows that � effectively maps �
into � . Furthermore, because an SPE is character-
ized by the fixed-point condition ��H�=H , we con-
clude that a symmetric participation equilibrium of
this game H∗ ∈ � is in fact continuous. Our next
result extends this conclusion and shows that the best-
response strategies are K-Lipschitz continuous10 func-
tions in �0
1�, for an appropriate constant K > 0. This
additional property of the bidding strategies becomes
relevant in our proof of existence of an equilibrium.
However, before we formally address this issue we
need the following lemma.

Lemma 1. For all H ∈ � there is a valuation vH > �P
such that ��H��v�= 0 for all v ∈ �0
vH�. The infimum of
vH over H satisfies

�v = inf
H∈�

	vH�

≥ min
{
1! �P + exp�−wT �

·
(
1+

∫ �P

0
��B�
T �1− F �x���≤Q0− 1�dx

)}
�

In particular, this means that in equilibrium, all
consumers with valuations slightly above the posted
price (i.e., with valuation v ∈ � �P
vH∗ �) will join the
auction regardless of their arrival time. Also, note that

10 We say that a real function f �x� is K-Lipschitz continuous in �
if for all x
y ∈�, there exists a constant K independent of x and y
such that �f �x�− f �y�� ≤K�x− y�.

for some instances of the problem (e.g., when wT is
small) it could be that �v= 1. In these cases, we must
have ��H��v�= 0 for all v ∈ � �P
1� and so H�v�= 0 is
the unique SPE.

Proposition 2. For the exponential utility function (1)
and for all H ∈ � , there is a positive constant K
(independent of H ) such that the best-response strategy
��H��v� is a K-Lipschitz continuous function that satis-
fies ��H��v� = 0 for all v ∈ �0
 �v�. In addition, if �v = 1,
then it is optimal for every consumer, independent of his
arrival time and private valuation, to enter the auction.
That is, if �v= 1, then 	H�v�= 0 for all v ∈ �0
1�� is the
unique (symmetric) participation strategy equilibrium.

Proposition 2 characterizes an SPE for those spe-
cial cases in which every consumer enters the auction.
For the general case, finding a symmetric equilibrium
H�v� or even proving its existence is not an easy task.
A standard way to approach the existence problem
is to prove that the set of bidding strategies � has
the fixed-point property (see Cheney 2001, §7.1, for
details.)11 and that the best-response mapping � is
continuous in � . We will take this approach here,
although we first need to slightly modify our set of
strategies � . From our previous discussion and the
result in Proposition 2, we can restrict the search of a
symmetric equilibrium to those strategies H in � that
are K-Lipschitz continuous and satisfies H�v� = 0 in
�0
 �v�. For this reason, we redefine � to be this set:

� � 	H� �0
1�→ �0
T � s.t. H is K-Lipschitz

continuous and H�v�= 0 in v ∈ �0
 �v���
Note that by Proposition 2, � is a well-defined map-
ping from � to � .

Theorem 1. The set of strategies � equipped with the
uniform norm �X� = sup0≤v≤1	�X�v��� in �0
1� exhibits
the fixed-point property. In addition, for all H
 �H ∈� , the
mapping � satisfies:

���H�−�� �H�� ≤ 
��B�Q0− 1�=Q0− 1�
w

·
(∫ �P

0

�1− F �x��
�v− �P dx

)
�H − �H��

Therefore, � is a continuous mapping and there always
exists an SPE. In addition, if


��B�Q0− 1�=Q0− 1�
w

(∫ �P

0

�1− F �x��
�v− �P dx

)
< 1


then � is a contraction. In this case, the fixed point
��H∗�=H∗ is guaranteed to be unique in � and can be

11 A set � has the fixed-point property if every continuous mapping
�� � →� has a fixed point.
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found through the iteration Hn+1 =��Hn� starting at an
arbitrary H 1 ∈� .

We conclude our characterization of an SPE with
the following proposition.

Proposition 3. For the exponential utility function
(1), an SPE H∗�v� is an increasing and concave function
of v ∈ �vH∗
1�.

The monotonicity of H∗�v� implies that in equilib-
rium consumers with large private valuation are less
likely to enter the auction. High-value consumers lose
more by waiting and thus are less likely to choose the
auction; this leads to adverse selection and a poorer
distribution of values among auction bidders.12

Another interesting property of H∗�v� has to do
with the resulting bidding pattern it induces. Let us
define 
H∗�t� to be the equilibrium bidding rate at
time t. Because of the concavity of H∗�v�, it follows
that 
H∗�t� is increasing and convex in the range t ∈
�0
H∗�1�� and remains constant afterwards at its max-
imum value 
. This bid-speeding-up feature (some-
times referred to as late bidding or sniping) has been
empirically observed in online auctions with a rigid
deadline, like the ones conducted through eBay (see,
e.g., Roth and Ockenfels 2002, Shmueli et al. 2004).13

In this respect, our model provides a simple descrip-
tion of this phenomenon based on consumers’ sensi-
tivity to delay.
Note that extending our analysis to include ran-

domized strategies could extend the scope of our
results. However, in our setting there is no need for
this additional degree of complexity.

Proposition 4. Without loss of generality, we can
restrict our equilibrium analysis to pure participation
strategies.

To summarize, in this section we have character-
ized consumers’ best-response participation strategy
through a continuous mapping �. We have shown
that there always exists an SPE H∗�v� satisfying H∗ =
��H∗�, which is identically zero in the range �0
vH∗ �,
and K-Lipschitz continuous, increasing, and concave
in the range �vH∗
1�. Moreover, we have been able
to characterize those cases in which either H∗�v�= 0
or the algorithm Hn+1 =��Hn� effectively converges
to H∗. Unfortunately, this analysis is not exhaustive
in the sense that there are instances of the problem
for which we do not have a guaranteed method for

12 We thank one of the referees for pointing out this observation.
13 In a different auction-ending rule, bids are accepted after the orig-
inal deadline, as long as there is some recent bidding activity, say
within the last 10 minutes. This is the type of closing rule followed
at Amazon.

computing the equilibrium.14 For this reason, in the
next section we consider an asymptotic regime for
which explicit solutions are obtained. As we will see,
numerical experiments reveal that the behavior of the
asymptotic approximation is satisfactorily accurate.

3.3. Asymptotic Analysis
In this section, we characterize the outcome of the
auction using asymptotic analysis. In particular, we
consider the limiting case in which both the number
of units Q0 and the average arrival rate 
 grow pro-
portionally large. In this regime, we show that char-
acterizing the consumers’ strategy (i.e., the threshold
function H�v�) is equivalent to solving a deterministic
problem, which we can do efficiently (Theorem 3).
Consider a sequence of instances of the problem

indexed by n and let Qn
0 and 


n be the corresponding
number of units to auction and demand rate for
instance n, respectively. All other parameters are kept
independent of n. The asymptotic regime that we con-
sider is defined by

lim
n→	

Qn
0

n
=Q0 and lim

n→	

n

n
= 
� (10)

For each instance n of the problem, we let )n �

Qn
0/�


nT �. Then, limn→	 )n = ), for ) � Q0/�
T �. For
future reference, we refer to ) as the excess-supply ratio,
which can be viewed as a proxy for the average num-
ber of units available per arriving consumer. In this
respect, the case ) < 1 reflects the most interesting
situation in which, on average, there are fewer units
than consumers.
We denote by PnH�v� the auction price for instance n

given that a v-consumer enters the auction. The distri-
bution of this price is given by Equation (5) replacing
Q0 by Qn

0 and 
 by 

n. We are now ready to charac-

terize the asymptotic regime.

Theorem 2. Suppose the participation strategy H�v�
is fixed. Then, in the limit as n→ 	, the auction price
PnH�v� converges weakly15 to the constant P	

H �v�=min	 �P

�−1
H �)��, where �−1

H �)��min	v ∈ �0
1�� �H�v�≤ )�.

14 In practice, we have been able to find an SPE for all instances that
we have tested using the following small step-size version of the
iteration in Theorem 1 (see Bertsekas and Tsitsiklis 1996, Chapter 4):

Hn+1 = +Hn+ �1−+���Hn�


where + ∈ �0
1� is empirically selected.
15 A sequence of distribution functions is said to converge weakly to
a limit F (written Fn ⇒ F ) if Fn�y�→ F �y� for all y that are continuity
points of F . A sequence of random variables Xn is said to converge
weakly or converge in distribution to a limit X	 (written Xn ⇒X	) if
their distribution functions Fn�x�� P�Xn ≤ x� converge weakly (see
Durrett 1996, §2.2).
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It follows from Theorem 2 that the probability dis-
tribution of the limiting auction price is

��P	
H �v� < x�=



1 if x > �P
 or x≤ �P and )> �H�x�
0 if )< �H�x� and x≤ �P�

Suppose x ≤ �P and ) < �H�x�, that is, there are on
average more bidders with valuation at least x than
units to auction, Q0 <�H�x�. In this situation, there is
a scarcity of units for bidders with valuation greater
than or equal to x. Note that the monotonicity of
�H�x� implies x≤min	 �P
�−1

H �)��, and it follows from
Theorem 2 that the auction price will be higher than x.
On the other hand, when there are more units to auc-
tion than bidders with valuation of at least x, that is,
)> �H�x�, the final auction price will be lower than x
with certainty.
Note that the limiting auction price P	

H �v� does not
depend on v because as the number of units and
consumers goes to infinity, the auction price is unaf-
fected by the decision of one particular bidder. In
other words, we can think of this asymptotic regime
as one in which we have a continuum of marginal
consumers, each one having no impact on the overall
outcome of the auction. In this respect, the asymptotic
regime under consideration is of the fluid type. For
notational convenience, let us define PH � P	

H �v�.
Suppose consumer � with valuation v� arrives at

time � and suppose that every other consumer is
using the participation strategy H .
• If v� ∈ �0
 �P�, the consumer enters the auction

independently of the auction price because the posted
price exceeds his valuation. Thus, we have that
��H��v��= 0 for all v� ∈ �0
 �P�.
• If v� ∈ � �P
1�, then it is optimal for consumer � to

participate in the auction only if

�v� − PH�exp�−w�T − ���≥ v� − �P

or equivalently � ≥ h�v�� (11)

for the auxiliary threshold function h�v��= T − 1/w ·
ln��v� − PH�/�v� − �P��. Because the logarithm in h�v��
goes to 	 as v� ↓ �P , consumers with valuation greater,
but close to �P , will enter the auction. In fact, let us
define vH ≥ �P to be the root of the equation
[
T − 1

w
ln
(
v− PH
v− �P

)]−
= 0 which is equivalent to

vH �min
{ �P exp�wT �− PH

exp�wT �− 1 
1
}
� (12)

Then, by Condition (11) consumer � with valuation
v� ∈ � �P
vH� will always enter the auction indepen-
dently of his arrival time � . On the other hand, con-
sumer � with valuation v� greater than vH will enter

the auction only if his arrival time is greater than
��H��v��, where ��H��v�� = T − �1/w� ln��v� − PH�/
�v� − �P��, for v� ∈ �vH
1�. Clearly, if vH = 1, then every
consumer will enter the auction independently of his
arrival time, in which case H∗�v�= 0 for all v ∈ �0
1�.
In summary, given H ∈ � and the associated auc-

tion price PH , the best-response participation strategy
��H� satisfies

��H��v�=



0 if v ∈ �0
vH�

T − 1
w
ln
(
v− PH
v− �P

)
if v ∈ �vH
1��

(13)

We note that ��H��v� is increasing and concave in v,
for all v≥ vH .
To determine the equilibrium value of the auction

price PH∗ and the corresponding participation strat-
egy H∗�v�, we have to impose the equilibrium condi-
tion ��H∗� = H∗. In this asymptotic regime, we can
solve this fixed-point condition efficiently using Equa-
tion (13) and Theorem 2.

Theorem 3. In the asymptotic regime under considera-
tion, the auction price PH∗ is the unique solution in �0
 �P�
to the equation

F �vH∗�− F �PH∗�+ 1
wT

∫ 1

vH∗
ln
(
v− PH∗

v− �P
)

dF �v�

=min	)
�H∗�0��
 (14)

where vH∗ =min	� �P exp�wT �− PH∗�/�exp�wT �− 1�
1�
and the SPE strategy H∗�v� is given by

H∗�v�=



0 if v ∈ �0
vH∗ �

T − 1
w
ln
(
v− PH∗

v− �P
)

if v ∈ �vH∗
1��

The next result characterizes two extreme outputs
of the game and follows directly from Theorem 3.

Corollary 1. In the asymptotic regime, it follows that
(a) the auction price equals the reservation price, that is,

PH∗ = 0, if

F �vH∗�+ 1
wT

∫ 1

vH∗
ln
(

v

v− �P
)

dF �v�≤ )


where vH∗ =min
{ �P exp�wT �
exp�wT �− 1
1

}
and

(b) all arriving consumers enter the auction, that is,
H∗�v�= 0 for all v ∈ �0
1�, if

F −1�1−)�≤ 1− exp�wT ��1− �P�

in which case PH∗ = F −1�1−)��
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Figure 2 Single-Channel Asymptotic Approximation for the Case with
Valuations Uniformly Distributed in �0�1	, and T = w = 1,
�P = 0�5, and 
= 0�6
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Q0 PH PH
Approx Error (%)

1 0.1249 0.1346 7.20

5 0.1930 0.1979 2.43

10 0.2144 0.2168 1.12

20 0.2312 0.2319 0.30

Note. In this case, the asymptotic price is P	
H∗ = 0�2578.

Using a slight abuse of notation, let H∗�Q0
)� be
the optimal participation strategy if the auctioneer
has Q0 units to auction and the excess supply ratio
(Q0/
T ) is equal to ). In Figure 2, we compare the
optimal asymptotic participation strategy H∗�	
0�6�
(computed using Theorem 3) to four optimal bid-
ding strategies: H∗�1
0�6�, H∗�5
0�6�, H∗�10
0�6�, and
H∗�20
0�6� (computed numerically using the itera-
tion in Theorem 1). From the graph on the top of
Figure 2, we can see that the asymptotic approxi-
mation mimics quite closely consumers’ participation
strategy even for small values of Q0. As a matter of
fact, for values of Q0 greater than 10 units, the bid-
ding strategies H∗�Q0
0�6� and H∗�	
0�6� are almost
indistinguishable.
The table on the bottom of Figure 2 compares the

expected price of the auction PH with the approx-
imated value PApproxH obtained using the asymptotic
participation strategy. In other words, PApproxH is the
expected auction price if every consumer uses the
participation strategy H∗�	
)�. As we can see, for a
single-unit auction the error on the estimate is about
7%. However, for moderate multiunit auctions (with
five or more items) the quality of the approxima-
tion improves considerably quickly. With 20 items the
approximation is almost exact. As we expect, both the
auction price PH and the approximated auction price
P
Approx
H converge to the asymptotic price P	

H as Q0 goes

to infinity. We note that the quality of results reported
in this example were systematically replicated in all
instances of the problem that we considered.
We conclude this section by applying our results

to a particular instance of the problem with uniform
valuations, a distribution widely considered in the
auction literature. In §5, we will use this example to
study the seller’s optimization problem.

Example (Uniform Distribution Case). Suppose
the valuations are uniformly distributed in �0
1�, that
is, F �v�= v. In this case, we can apply Theorem 3 to
get the following cases:
• If �P ≤ �P1�)
wT � where �P1�)
wT � solves

−1
wT

[
�1− �P1� ln�1− �P1�+ �P1 ln

( �P1
exp�wT �− 1

)]

=min	1
)�


then PH∗ = 0 and H∗�v�= �T − �1/w� ln�v/�v− �P���+.
• If �P1�)
wT � < �P < �P2�)
wT � � 1 − exp�−wT � ·

�1− �1−)�+�, then the auction price PH∗ ∈ �0
 �P� solves
�H∗�PH∗�=min	1
)�, which in this case is the same as

1
wT

[
�1− PH∗� ln�1− PH∗�− �1− �P� ln�1− �P�

− � �P − PH∗� ln
( �P − PH∗

exp�wT �− 1
)]

=min	1
)��

• If �P ≥ �P2�)
wT �, then H∗ = 0 and PH∗ = �1− )�+.
Note that in this case �H∗�PH∗�=min	1
)�.
In other words, �P1�)
wT � is a lower bound on the

posted price over which there will be enough people
in the auction such that the resulting auction price
will be positive. �P2�)
wT � is the minimum posted
price, such that all consumers will participate in the
auction. Figure 3 plots the auction price as a function
of the posted price. As we can see, for low values of
the posted price �P , the auction price coincides with
the reservation price at zero. The intuition in this case
is that a low posted price will induce a large frac-
tion of high-valuation consumers to purchase at the
posted price-resulting in fewer bidders left on the auc-
tion; bidders that, moreover, have a low valuation. As
we can see from Figure 3, �P1�)
wT � increases, with )
reflecting the fact that the higher the number of units
in the auction, the lower the value of the bid of the
last winning bidder. On the other extreme, �P2�)
wT �
decreases with ); that is, the higher the ), the lower
the posted price needed to induce all the players to
participate in the auction. In summary, the auction
price PH∗ is a nondecreasing function of �P given by

PH∗ = 	� �P
)
wT �

�




0 if �P ∈ �0
 �P1�)
wT ��
solves �H∗�PH∗�=min	1
)�

if �P ≥ �P1�)
wT ��
(15)
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Figure 3 Auction Price PH as a Function of the Posted Price �P for Four
Different Values of the Excess-Supply Ratio 
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The corresponding number of units sold in the auc-
tion QH∗ satisfies

QH∗ = 
T
� �P
)
wT �


where 
� �P
)
wT ��


�H∗�0� if �P ∈ �0
 �P1�)
wT ��
min	1
)� if �P ∈ � �P1�)
wT �
1�


(16)

and

�H∗�0�=




1
wT

[
�P ln

(
�1− �P��exp�wT �−1�

�P
)
−ln�1− �P�

]

if �P exp�wT � < exp�wT �− 1
1 if �P exp�wT �≥ exp�wT �− 1�

4. Dual Channel with Static List Price
In this section, we study the consumers’ optimal buy-
ing strategy in the face of a monopolistic seller who
has Q0 units to sell, using two parallel channels: a list
price channel in which she sets a constant list price �P
for the entire selling horizon, and the auction that will
take place at time T with the remaining QT units.
Most of the analysis of this dual channel mimics the
steps we used in the previous section. For this reason,
we summarize only the main results here, skipping
many of the mathematical details. A complete analy-
sis of this dual channel model can be found in online
Appendix B.
One of the important differences of this model with

respect to the one discussed in the previous section is
that the fixed-price channel now has a limited supply

of Q0 units. Therefore, bidders that lose in the auction
have no alternative market in which to buy the prod-
uct. Hence, to decide whether to enter the auction or
buy at the fixed price, an arriving consumer must esti-
mate the joint probability distribution of the auction
price (PH ) and the number of units that will be left
unsold for the auction (QT ). In general, this could be
a rather complicated (path-dependent) task because
the state of the system changes continuously. How-
ever, under our assumption that the seller does not
reveal any information about the inventory position
or bidding process over time (see §2 for more details),
the actual computation of PH and QT simplifies con-
siderably. This assumption is certainly restrictive, and
getting rid of it would be an important extension
to our analysis (again, see Gupta and Gallien 2007
for some preliminary steps in this direction). We will
argue at the end of this section, however, that in an
asymptotic sense our equilibrium under partial infor-
mation is also an equilibrium for the general case
with full information. This is a positive conclusion
that validates in part our (simplifying) informational
assumptions.
Another important difference of this model is on

the bidding side. In this new setting the optimal strat-
egy for bidders is b�v� = v as opposed to the strat-
egy b�v� =min	 �P
v� of the previous section. To see
this, note that in this case a high-valuation consumer
(i.e., with v > �P ) who enters the auction and loses
will not get the object at all, because all the units are
cleared at T among buyers with valuations above vR.
Hence, once this high-valuation consumer decides to
enter the auction, the subgame he plays is exactly
equivalent to a �QT + 1�-price auction for which we
know the optimal strategy is to bid the true valuation,
b�v�= v.16
As in the previous section, we analyze the con-

sumers’ participation problem under the scaling in (3),
which we revert to in §5 when we study the seller’s
optimization problem. For simplicity, we will keep the
same notation that we use in the single-channel case,
with the understanding that the value of some quan-
tities (such as �v, vH , or PH ) will be slightly different.
Suppose �P has been selected. As in the previous

section, we restrict consumers’ participation strategies
to the set

� = {
H ∈�� �0
1�→ �0
T � such that H�v�= 0


for all v ∈ �0
 �P�}

16 Note that in this case QT is not a fixed quantity, but a random
variable that depends on the initial number of units Q0 and the
number of consumers that select the fixed-price channel during
�0
T �. The strategy is dominant even for this case, where the num-
ber of units to auction QT is uncertain. The argument is similar to
the one used for the standard uniform price auction.
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and we characterize the decision of a consumer by
means of a threshold function H ∈� , such that a con-
sumer arriving at time t with valuation vt will join
the auction only if H�vt� ≤ t. The following is our
main result from the point of view of the consumers’
game.

Theorem 4. For the dual-channel model with exponen-
tial utility function (1), a K-Lipschitz continuous symmet-
ric equilibrium always exists in � . In addition, for any
symmetric equilibrium H∗ there is a valuation vH∗ > �P
such that H∗�v�= 0 for all v≤ vH∗ .

The existence of vH∗ implies that there is a range of
valuations above the list price �P , such that consumers
with valuations in this range join the auction regard-
less of their arrival time.
Theorem 4 is important from a theoretical stand-

point, but it does not lead to a simple way of char-
acterizing a symmetric participation equilibrium H∗.
As in §3.3, we can tackle the problem of determining
H∗ using asymptotic analysis when both the initial
number of units Q0 and the arrival rate 
 grow pro-
portionally large. Specifically, we consider a sequence
of instances of the dual-channel problem indexed by n
and let Qn

0 and 

n be the corresponding initial num-

ber of units and demand rate for instance n. The
asymptotic regime that we consider is again given by
Equation (10).
For a given participation strategy H ∈� , we define

the auxiliary function

�H−�x��
∫ 1

x

H�v�

T
dF �v�= �F �x�−�H�x�


where �F �x� stands for the tail distribution of the valu-
ations. We also define PnH�v� to be the auction price for
instance n, given that a bidder with valuation v enters
the auction, and Qn

T to be the final random number
of units to auction. The following result characterizes
the asymptotic regime.

Theorem 5. SupposetheparticipationstrategyH�v�and
the static price �P are given. Then, in the limit as n→	:
(i) The rescaled number of units Qn

T /n to sell through
the auction converges weakly to a constant QT � �Q0 −

T�H−�0��+.

(ii) If a final auction takes place (i.e., QT > 0), its
price PnH�v� converges weakly to a constant P	

H �min	v ∈
�0
1�� �H�v�≤ )−�H−�0��, where )=Q0/�
T �.

We can use this result to characterize a symmet-
ric participation equilibrium, H∗, in this asymptotic
regime. Of course, we already know that H∗�v� = 0
in v ∈ �0
 �P�, so we only need to find the behavior of
H∗�v� in v ∈ � �P
1�. We distinguish two cases.
Case 1: Limited-Supply. Suppose that the initial

supply of units is limited in the sense that )≤ 1−F � �P�.
In this situation, consumers with valuation greater
than �P have no incentive to enter the auction because
the auction price is guaranteed to be greater than or
equal to �P . Therefore, the resulting participation strat-
egy is H∗�v�= T for all v ≥ �P , and the auction never
takes place because all the units will be bought at the
posted price (i.e., QT = 0).
We note that H∗�v�= T ��v≥ �P� is not the only SPE

in this case. In fact, let us define �∗ � T)�1− F � �P��−1.
Then, any H of the form H�v�= ��∗ +h�v����v≥ �P�,
for an arbitrary nonnegative and bounded function
h�v�≤ T −�∗, is an SPE. In fact, for such an H , the ini-
tial Q0 units will be depleted by time �∗ (i.e., Q�∗ = 0,
because �∗
�1− F � �P��=Q0). Therefore, any consumer
arriving after �∗ will never get a unit, and so he
becomes indifferent between the two channels.
Case 2: Abundant-Supply. Suppose that initial sup-

ply is abundant in the sense that ) > 1− F � �P�. In this
case, QT > 0, and some consumers with valuation
smaller than �P get units through the auction. From
part (ii) in Theorem 5, it is not hard to see that in
this abundant-supply case, the auction price satisfies
PH∗ = F −1�1 − )�. Therefore, a consumer arriving at
time � with valuation v� ≥ �P enters the auction only
if v�− �P ≤ exp�−w�T −����v�−PH∗�. We conclude that
in this abundant case the unique SPE H∗�v� is given by

H∗�v�=



0 if v ∈ �0
vH∗ �

T − 1
w
ln
(
v− PH∗

v− �P
)

if v ∈ �vH∗
1�

where vH∗ =min
{ �P exp�wT �− PH∗

exp�wT �− 1 
1
}
�

Figure 4 compares the optimal asymptotic strat-
egy H∗�	
)� to four optimal participation strategies
H∗�Q0
)� (Q0 = 1
5
10
20) for the case of ) = 0�5.
As in the single-auction channel case, the asymptotic
approximation is very accurate even for small values
of Q0, and almost identical to the optimal strategy for
values of Q0 greater than 10 units. The table on the
bottom compares the expected value of the auction
price PH and the approximation P

Approx
H obtained using

the asymptotic participation strategy H∗�	
0�5�.
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Figure 4 Dual-Channel Asymptotic Approximation for the Case with
Valuations Uniformly Distributed in �0�1	, and T = w = 1,
�P = 0�6, and 
= 0�5
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We conclude this section with an important remark.
In the asymptotic model that we have considered,
the number of units left for the auction QT and the
auction price PH converge weakly to a determinis-
tic solution. Hence, in this limiting regime (and for
any participation strategy H ∈ � ), consumers have
no real uncertainty about the outcome of the game
(PH
QT ). This certainty implies that a consumer arriv-
ing at time t does not need to know the state of the
system at this time (in terms of remaining inventory
or bidding process) to decide his participation strat-
egy. He can perfectly infer this information based on
the initial inventory, Q0, the fixed price �P , and the
participation strategy H . Therefore, in this asymptotic
regime our equilibrium strategy H∗ computed assum-
ing imperfect information is also an equilibrium for
the full-information case. In other words, the fact that
the seller does not report the evolution of Qt and the
bidding process over time is immaterial in the asymp-
totic limit.

5. Seller’s Optimization Problem
In the previous two sections we have studied the opti-
mal buying strategy from the consumers side, assum-
ing that the parameters of the auction and list price
channels are fixed. In this section, we turn to the
seller’s problem and derive some managerial guide-
lines to support an optimal design of the auction and

the list price channels. For simplicity, and given the
accuracy of the asymptotic approximation, we will
work under this limiting regime. Furthermore, we
will assume that the original distribution of valua-
tions is a standard uniform, that is, F �Unif�0
1�. We
use this uniform distribution to make the exposition
cleaner, but we note that the general case uses exactly
the same line of arguments.
As with most asymptotic analysis, the results in this

section have to be interpreted with caution. This is
because our fluid-type scaling in (10) has the prop-
erty of “washing away” the stochasticity of the prob-
lem, capturing only first-order effects. Nevertheless,
our numerical, experiments (together with the weak
convergence results) suggest that this deterministic
approximation is indeed robust even for small inven-
tory levels.
The first step in formulating the seller’s problem is

to revert to the scaling in (3) and write the optimiza-
tion in terms of the original parameters. The unscaled
arrival rate, excess-supply ratio, and posted price are


→ 
�1− vR�
 )→ Q0


T �1− vR� =
)

1− vR 


�P →
�P − vR
1− vR �

(17)

In the asymptotic regime under consideration, how-
ever, it turns out that there is no loss of general-
ity in taking vR = 0. This follows from: (i) the fact
that in this asymptotic limit the final auction price
(PH∗ ) is a deterministic function of Q0 and vR; and
(ii) the seller’s ability to ration the number of units
to auction. Therefore, for those instances in which
0<vR = PH∗ ,17 there is a revenue-equivalent solution
with vR = 0 and the same auction price PH∗ , but with
(possibly) fewer units being auctioned.18

We will take advantage of this property to simplify
the analysis (and notation) of the seller’s optimization
problem.

5.1. Single-Auction Channel: Auctioneer’s
Optimization Problem

In the single-auction channel, the auctioneer has con-
trol over the duration of the auction (T ) and the num-
ber of units to allocate in the auction Q0. We assume
that the auctioneer is endowed with �Q units and

17 These are the only instances in which the choice of the reservation
price affects the seller’s revenue.
18 From a practical standpoint, we can implement the asymptotic
solution by setting the reservation price vR equal to the resulting
auction price minus a safety factor SF > 0. That is, vR = PH∗ − SF
where PH∗ is the auction price computed using asymptotic analysis.
In this way, the safety factor will somehow recapture the stochastic-
ity of the arrival process, acting as a hedge in case the true number
of arrivals is below its expectation.
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uses a discount factor + to penalize future payoffs.
Hence, the auctioneer is interested in solving (possi-
bly numerically) the following problem:

VA� �Q�=max
T 
)

{
e−+T PH∗�)
T 
 �P�QH∗�)
T 
 �P�

subject to 0≤ )≤
�Q

T

}

 (18)

where PH∗�)
T 
 �P� and QH∗�)
T 
 �P� are the auction
price and number of units sold in the auction as a
function of ) = Q0/�
T �, T , and the fixed price �P .
These values are computed in Equations (15) and (16),
respectively.
As we can see, the optimal choice of T trades off

the time value of money (captured by the discount
factor exp�−+T �) with the corresponding volume of
demand and auction payoff. On the other hand, the
optimal choice of ) (or equivalently Q0) balances the
auction price and demand. This rationing decision is
due to the fact that (under a multiunit uniform price
auction) expected revenues are not guaranteed to be
increasing in the number of units. We will solve the
optimization problem in (18) in two steps. First, we
discuss this rationing decision for a given T and then
determine the optimal value of T .
In Proposition 5 below, we show that the normal-

ized revenue PH∗�)
T 
 �P�×QH∗�)
T 
 �P� is unimodal
in ) for every T and �P . This allows us to drop the
supply constraint ) ≤ �Q/�
T � with the understand-
ing that if the unconstrained solution )∗ exceeds this
upper bound, then we will have to truncate the solu-
tion to )∗ = �Q/�
T �.
In the asymptotic regime under consideration, con-

dition (15) implies that the auctioneer must restrict
the choice of ) so that �P ≥ �P1�)
wT �. Hence, we can
simplify the search of an optimal solution imposing
the condition �H∗�PH∗�=min	1
)�. In addition, condi-
tion (16) implies that QH∗ = 
T min	1
)�. Finally, we
note that if )≥ 1, then PH∗ = vR = 0, and so it is in the
auctioneer’s interest to do some rationing, selecting
)< 1. This implies that at optimality, QH∗ = 
T).
The following proposition characterizes an optimal

solution ()∗
PH∗ ) for a fixed T . Before we state the
result, we define �P� �P� as the unique root in � �P0
 �P� of
the equation
[
�ewT − 1��1− �P�

�P − �P
]1−2 �P

=
[
�ewT − 1��1− �P�

�P − �P
]1− �P

where �P0 �
� �P + 1− exp�wT ��+

2− exp�wT � �

Proposition 5. The revenue 
T)PH∗�)
T 
 �P� is uni-
modal in ) for every T and �P . In addition, the optimal
(unconstrained) excess-supply ratio )∗ and corresponding
auction price PH∗ satisfy:

Case 1. If �P < 1− e−wT /2, then

)∗ = 1
2wT

[
ln
(
1− �P� �P�
1− �P

)
+ �P ln

(
�ewT − 1��1− �P�

�P − �P� �P�
)]

and PH∗ = �P� �P�.
Case 2. If �P ≥ 1− e−wT /2, then )∗ = PH∗ = 1/2.

Note that in Case 2 the price �P is sufficiently large
that no arriving consumer will buy in this chan-
nel. Hence, in equilibrium, the resulting game looks
exactly like a standard multiunit uniform-price auc-
tion. The corresponding )∗ and PH∗ are the optimal
design parameters for this auction in our large-
capacity and sales volume setting.19

The following corollary is immediate.

Corollary 2. It follows from Proposition 5 that in
the limit as consumers become increasingly time sen-
sitive or the auction time grows large, limwT→	 )∗ =
limwT→	 PH∗ = �P/2. On the other hand, in the limit as
consumers become increasingly patient or the auction time
is short, then limwT ↓0 )∗ = 1− �P and limwT ↓0 PH∗ = �P .

Figure 5 shows the behavior of )∗, PH∗ , and the
auctioneer’s revenue as a function of �P . As expected,
both the auction price and revenues are nondecreas-
ing in �P . On the other hand, the optimal ) (or equiv-
alently, the optimal number of units Q0 to offer) is
nonmonotonic in �P . Although we cannot get a closed-
form solution for the maximum value of )∗ as a func-
tion of �P and wT , we can numerically show that )∗ is
always bounded above by 0.8. Hence, independent of
�P , w, and T , the optimal number of units to auction
should never exceed 80% of the average demand 
T .
We also note that, consistent with Case 2 in the propo-
sition, when the fixed price is sufficiently large (i.e.,
�P ≥ 1− exp�−wT �/2) the fixed-price channel has no
effect on the choice of )∗ and the auction output.
We conclude this subsection by discussing the opti-

mal choice of T . Figure 6 depicts the auctioneer’s opti-
mal revenue as a function of T for three values of �P .
Naturally, revenues increase with �P . Less obvious is
the fact that the optimal T ∗ is bounded above by +−1

(in Figure 6, this value is represented by the dashed
line). To see this, note that (i) the optimal normal-
ized revenue )∗PH∗�)∗
T 
 �P� is nonincreasing in T for
every �P , and (ii) the function 
T exp�−+T � is max-
imized at T = +−1. Hence, the auctioneer’s revenue
function 
T exp�−+T �)∗PH∗�)∗
T 
 �P� attains its max-
imum in �0
+−1�. Furthermore, Figure 6 also reveals
that T ∗ is increasing in �P . In other words, the higher
the fixed price, the longer the duration of the auction.

19 This outcome is also equivalent to the optimal design parameters
of a list price channel (see Talluri and van Ryzin 2004, §6.2.6.2).
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Figure 5 Optimal Excess-Supply Ratio 
, Auction Price PH∗ and Revenues as a Function of Posted Price �P
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From Case 2 in Proposition 5, it follows that the upper
bound T ∗ = +−1 is attained if �P ≥ 1− exp�−w/+�/2.

5.2. Dual Channel: Seller’s Optimization Problem
In the dual-channel case, the seller must solve (pos-
sibly numerically) a more complex problem than the
one in §5.1, as she also controls the list price chan-
nel �P . To write down the seller’s optimization prob-
lem, we introduce one more piece of notation. We
denote by 
F ∗�t
)
T 
 �P� the demand intensity for the
fixed-price channel at time t given �)
T 
 �P�. Com-
bining the results in §4 and the uniform distribution
assumption, it is not hard to show that (see also the

Figure 6 Auctioneer’s Revenues as a Function of T for Three Values
of �P
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online Appendix B)


F ∗�t
)
T 
 �P�=





�1− �P���t�1− �P�≤ )T �
if )≤ 1− �P




[
1−

�P exp�w�T − t��− �1−)�+
exp�w�T − t��− 1

]+

if )≥ 1− �P�

The seller’s optimization problem is given by

VD� �Q� = max
T 
)
 �P

{∫ T

0
e−+t
F ∗�t
)
T 
 �P� �P dt

+ e−+T PH∗�)
T 
 �P�QH∗�)
T 
 �P�

subject to 0≤ )≤
�Q

T

}
� (19)

Unfortunately, the optimization problem above does
not admit a simple analytical solution and we must
rely on numerical computations to derive an optimal
solution �)∗
 �P ∗
T ∗�. Nevertheless, we have been able
to identify some useful properties of an optimal solu-
tion that we summarize in the following proposition.

Proposition 6. (a) Suppose that T is fixed and define
2 = +T exp�−+T �/�1 − exp�−+T ��. Then, the optimal
solution �)∗
 �P ∗� satisfies 1− �P ∗ ≤ )∗ ≤ �1− �P ∗�exp�wT �.
Furthermore,
Case 1. If �Q/�
T �≤ �1− 2�/�2− 2�, then

VD = �
T exp�−+T �/2�)∗ �P ∗

where )∗ = 1− �P ∗ = �Q/�
T �.
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Case 2. If �Q/�
T � ≥ �1 − 2�/�2 − 2�, then VD is
bounded by

V1 �

T exp�−+T �

2
)1P1 ≤ VD

≤ 
T exp�−+T �
2

�P 22 − �1−)2�22�� V2


where )1 = 1 − P1 = min	1/2! �Q/�
T ��, )2 = min	 �Q/
�
T �! �3− 2�/�4− 2�� and P2 = �1/2��1+ �1−)2�2�.

The lower and upper bounds V1 and V2, respectively, are
asymptotically tight in the following sense

lim
w↓0

VD = V1
 lim
w↓0

)∗ = lim
w↓0
�1− �P ∗�= )1 and

lim
w→	VD = V2
 lim

w→	)
∗ = )2
 lim

w→	
�P ∗ = P2�

(b) The optimal time T ∗ is bounded above by the unique
nonnegative root of

�Q

T

= 1− exp�−+T �−+T exp�−+T �
2− 2exp�−+T �−+T exp�−+T � �

The optimality condition )∗ = 1 − �P ∗ in Case 1
implies that the auction price equals the fixed price,
and so all units are sold through the fixed-price chan-
nel. Note that 2 is a decreasing function of +T , and
so the condition �Q/�
T � ≤ �1 − 2�/�2 − 2� tends to
be satisfied for small values of �Q and large values
of +T . If �Q is small, then the seller can target this lim-
ited inventory to high-valuation buyers, and there is
no need for an auction. On the other hand, if +T is
large, then any revenue collected in the auction will
be penalized by a small discount factor exp�−+T �,
and so the seller has no economic incentive to run an
auction.
In Case 2, when �Q/�
T � ≥ �1 − 2�/�2 − 2�, it is in

the seller’s best interest to operate both channels. In
this case, we cannot get a closed-form solution, but
we derive upper and lower bounds for the seller’s
revenue. The lower bound V1 is derived, assuming
that the seller chooses (suboptimally) to operate only
the fixed-price channel (i.e, )1 = 1 − P1). The upper
bound V2 is obtained, assuming that all buyers with
valuation greater than the posted price will buy in
this channel, independently of the expected auction
price.
Interestingly, these bounds are asymptotically opti-

mal. Intuitively, the first asymptotic result implies that
as consumers become increasingly patient �w ↓ 0�,
the seller is unable to segment the population using
the two channels. Consumers are willing to wait
for the auction if the auction price is below the fixed
price. Hence, in the limit w ↓ 0, the auction price must
equal the fixed price, and all units are sold through
the fixed-price channel. This is the worst possible

scenario for the seller because the revenue reaches
the lower bound V1. From a practical standpoint, we
can interpret this result as suggesting that the seller
should choose a fixed price and initial inventory so
that most of this inventory is sold through the fixed-
price channel.
On the other hand, if consumers become increas-

ingly impatient �w → 	�, then the seller can per-
fectly segment these consumers among those that can
afford to pay the fixed price and those that cannot.
This gives the seller the ability to separate consumers
exclusively based on their valuation and to optimally
design the fixed price and the auction to achieve the
maximum possible revenue V2. The auction in this
case is an effective selling mechanism that comple-
ments the fixed-price operation well.
The previous discussion raises an important ques-

tion regarding the value of a dual-channel operation
versus a traditional fixed-price channel. To address
this question, we will compare the expected revenue
collected using both channels, VD, and the one col-
lected using the fixed-price channel only. Note that if
the seller uses only the fixed-price channel, she will
choose a fixed price equal to max	1/2! 1 − �Q/�
T ��
and collect a revenue equal to V1 in Proposition 6.
Figure 7 plots the ratio VD/V1 as a function of �Q/�
T �
(left panel) and w (right panel) for three different
values of +. Consistent with the results in Proposi-
tion 6, when �Q/�
T � or w are small or + is large,
the ratio VD/V1 is close to one. Hence, in these cases
there is little advantage in running an auction. On
the other hand, for small values of + or large values
of �Q/�
T � or w, the seller can significantly increase
her discounted revenue by operating both channels
(close to 22% in the examples in Figure 7). We can
get an upper bound on this relative revenue increase
by replacing VD by the upper bound V2. After some
straightforward manipulations, combining Case 2 in
Proposition 6 and the fact that 2≤ 1, we get that

1≤ VD
V1

≤ V2
V1

≤ 4
4− 2 ≤ 4

3



that is, the seller can increase her revenues by as much
as 33% by adding a terminal auction to a fixed-price
operation. This upper bound is reached in the limit as
w→	 and �Q→ 
T .

6. Concluding Remarks
In this paper, we have proposed a model to ana-
lyze the problem faced by a seller when designing
a single-channel online auction, or when managing a
dual online auction and list price channel. The key
to building this model is to understand consumers’
strategic behavior, provided they choose to either join
the auction or buy the product at the posted price.
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Figure 7 Optimal Dual-Channel Revenue �VD� over Optimal Single Fixed-Price Channel Revenue �V1�
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The private information of the consumers has two
dimensions: the arrival time and the private value for
one of the units being offered. Using a time-sensitive
utility function, we showed that their participation
equilibrium strategy is of the threshold type, that is,
a consumer will join the auction if and only if his
arrival time is higher than a function of his own val-
uation. Of course, for consumers with values below
the list price, the optimal strategy is always to partici-
pate in the auction. For consumers with higher values,
the threshold is nondecreasing in their own valuation.
Interestingly, we found that there is always a range
of values greater than the fixed price for which it is
also optimal to enter the auction, regardless of the
arrival time. We also found that, in equilibrium, the
auction bidding rate is an increasing function of time
(sniping); a phenomenon that is frequently observed
in practice. In this respect, our model provides a sim-
ple explanation for this late bidding behavior based
on consumers’ sensitivity to delay.
At a theoretical level, we proved that a symmetric

participation equilibrium always exists. We also pro-
posed a contraction algorithm in a function space to
find this threshold and proved its convergence under
some conditions. When these conditions are not sat-
isfied, we managed to find the fixed point of the
algorithm by slightly perturbing the values of each
iteration.
In general, the exact algorithm is computation-

ally intensive and does not lead to clean managerial
insights. To overcome these limitations, we proposed
an asymptotic analysis for both settings. In this
asymptotic regime the initial number of units and
the demand rate grow proportionally large. In the
limit, we showed that there is weak convergence to
a unique equilibrium that we were able to charac-
terize in closed form. Using numerical experiments,
we also showed that this solution is indeed a good
approximation even for moderate values of the inven-
tory and arrival rate. Because of the simplicity and

accuracy of the asymptotic analysis, we proposed to
solve the seller’s optimization problem using this lim-
iting regime. In the case where the seller controls
only the auction, we found that the optimal num-
ber of units to offer is a nonmonotonic function of
the fixed price �P . Although we could not character-
ize this optimal supply in closed form, we derived a
simple analytical expression for it and showed that
it is always bounded above by 80% of the average
demand. In terms of the optimal duration of the auc-
tion, we found that this optimal time is an increasing
function of the fixed price, and it is bounded above
by +−1 (the inverse of the seller discount factor). This
upper bound is attained if �P ≥ 1− exp�−w/+�/2.
In the case in which the seller is a monopolist con-

trolling both channels, we found that the auction is
only useful if the excess-supply ratio �Q/�
T � exceeds
the threshold �1−2�/�2−2� (see Proposition 6). Hence,
if the initial endowment �Q is small or the discount
factor + is large, then the seller does not have enough
economic incentives to run a terminal auction; a sin-
gle fixed-price channel is the optimal selling mecha-
nism. On the other hand, if the excess-supply ratio is
sufficiently large, then running both channels in par-
allel is optimal. In the latter case, we showed that a
dual-channel operation can have a significant impact
on revenues compared to a single fixed-price channel.
The magnitude of the increase in revenues can be as
large as 33% (for the case of uniformly distributed val-
uations), an upper bound that is reached in the limit
as consumers’ sensitivity to delay w grows large.
We believe that the techniques used to derive the

equilibrium participation strategy here, in particu-
lar the asymptotic analysis, can also be used when
extending our model to incorporate the number of
remaining units as part of the information structure
of the bidders. That would mean adding one coordi-
nate to the threshold, leading to a three-dimensional
surface, but we have not explored this direction in
detail.
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Other possible extensions are related to the seller’s
optimization problem. In our formulation, we have
included the capital cost. However, for example, in
the dual-channel case, one can easily add some hold-
ing cost for keeping the units until the end of the time
horizon, such that the seller has an incentive to give
more units through the list price channel. One could
also add a penalty cost for keeping units at the end
of the horizon, or a shortage cost for not being able to
serve a consumer if the units are depleted before the
time scheduled for the auction.

7. Electronic Companion
An electronic companion to this paper is available as
part of the online version that can be found at http://
mansci.journal.informs.org/.
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