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A Online Appendix

Proof of Lemma 1
We prove that AV;(x) is decreasing in z by induction on ¢. For ¢ = 0 the theorem trivially holds since
Vo(x) = 0 for all z. For period t—1, the inductive hypothesis (IH) is that AV;_1(z) > AVi_1(x+ 1).
We will then show that if IH holds, then AV;(x) is decreasing as well.

To do so, fix the number of buyers n; and consider a given realization v = (vy, ..., vy, ) of buyers’s

valuations. Define the inner maximized value in (3) in terms of k as follows (see equation (7)):
Hy(z,ng,v) = Zax {R(k) +Vici(x — k)}, (A.1)
and define the difference function
AH(z,ny,v) = Hy(x,ng,v) — Hi(x — 1,n4,0),
Note that for random N; and v,
AVi(z) = En, y|[AH¢(x, N, v)]

Thus, it suffices to establish that AH;(x, ns, v) is decreasing in z to prove that AV;(x) is decreasing
in z. For notational simplicity, we henceforth suppress the arguments ny,v in AH;(z,ny,v) and
simply use AH;(x).

Using (A.1) and Lemma 2 (which holds because AV;_;(x) is decreasing in x by IH), we make

the following two observations (denoted Observations 1 and 2):
1. If kf(x + 1) = kj (z), then AHy(z+ 1) = AV (z — kf (z) + 1)
2. If kf(z+1) = kf(x) + 1, then

AHy(z+1) = ARk (z) +1) and AR (z) +1) > AViq (2 — ki (z) + 1)
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Consider now AH(z + 1) and AH;(x). Given the different values that k;(x) and k*(x + 1) can
take by Lemma 2, there are four cases to analyze.

Case 1: kf(x +1) =kj(z) =kf(x — 1) = k*

In this scenario,

AH(z) = AViq(z—1—-k"+1) (by Obs. 1)
= AV, q(xz—k")
> AVii(x —k*+1) (by IH)
= AH(z+1) (by Obs. 1)

Then, AH(x) > AHy(x + 1).

Case 2: kf(x+1) =k (z) > ki (z — 1)

From Lemma 2, &k} (z + 1) = kf () = kf(x — 1) + 1. Thus,

AHi(z) = AR(kf(z—1)+1) (by Obs. 2)
> AVij(x—1—-ki(z—1)+1) (by optimality of k*(-))
= AVi_i(x —kf(x —1))
= AVii(x —kf(z) + 1)
= AH(z+1) (by Obs. 1)

Then, AH¢(x) > AH¢(z +1).

Case 3: kf(x +1) > ki (z) > ki (z — 1)

From Lemma 2, kj (v + 1) = kf(x) + 1 and kf(x) = kj (x — 1) + 1. Then,

AHi(z) = AR(kf(x—1)+1) (by Obs. 2)
> AR(kj(z—1)+2)
= AR(k;(z) +1)
= AH;(z+1) (by Obs. 2)

Therefore, AH(z) > AH(xz + 1).

Case 4: kf(x +1) > kf(z) = ki (z — 1)

Note that kf(x + 1) = kf (z) + 1. So,
AH(z) = AViq(z—1—-Fki(z—1)+1) (by obs. 1)
= AVii(z —kj(z—1))

AVia(z = K/ (z))
= AVii(z — [k (z) + 1]+ 1)

AR(kf(x) + 1) (by Theorem 1 applied to IH)
AHy(z+1) (by Obs. 2)
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Then, AHy(x) > AH(z + 1).

Thus, AH¢(x) and hence AV;(x) is decreasing as well, which completes the induction proof.

We next show that AV;(x) is increasing in ¢. As above, it suffices to prove the statement for a
particular realization n, v using (8).

Following the notation introduced in (A.1), and using Observations 1 and 2 above, we get that
AH(z) > AVi_q(z — k" (2)),

and from the fact that AV;_4(-) is decreasing, AH;(x) > AV;_1(x). The expectation operator will
then preserve this property. O

Proof of Lemma 2
We start from the LHS inequality. If & (x) = 0, the statement immediately holds true. If £} (z) > 0,
by Theorem 1, AV;_i(x — kj(z) +1) > AVi_1(z+ 1 —kf(x) + 1), and k;(z) is a feasible allocation
quantity when the inventory is x 4+ 1. The optimal allocation k; (z + 1) may be higher, however,
due to the additional unit in stock. Hence, kf(x + 1) > kj (z).

For the RHS inequality, suppose by contradiction that kj(x+1) > k;(x)+ 1. By the optimality
of kj(x 4+ 1), we know that AR(j) > AVi_1(z+1—j5+1), for j =1,2,...,kf(x + 1). Using the
fact that kj(z + 1) > kf(x) 4+ 2 and setting j = k; (z) + 2,

AR (@) +2) > AViey(@+ 1 - [k (2) + 2] +1) = AVioa (o - [Ki(2) + 1] + 1),
The LHS is decreasing in its argument, which implies that
AR(kj(z) +1) > AR(kj (x) +2) > AVi_q(z — [kf (z) + 1] + 1)
However, this contradicts the optimality of k;(x). O

Proof of Footnote 6
Redefine the profit function for buyer i who bids b & Dy(z) as IL;(b,v;) = P(b)(v; — B(b)). Diffe-

rentiating with respect to b we get

oI, o dpP@®) 4 :
_dP(b) , dP(b)
= v b (by (17))

Since P(-) is strictly increasing, %(b, v;) = 0 if and only if b = v;. Moreover, the derivative is
positive to its left and negative to its right, so b = v; is a maximum.

At points of discontinuity, we use (19) to show that P(v;)(v; — B(v;)) = P(vi)(vi — b) >
P(b)(v; — b), Vb € (b,b]. O

Proof of Proposition 1



Take first a T-period setting, and a particular realization (nsv?),t = 1,...,T of the valuations
across all the periods. For the same realization of valuations, consider now a 27 -period setting,
in such a way that the private values of period ¢ in the T-problem map to the values in periods
2t — 1 and 2t of this 2T -period version. Essentially, we are splitting each period in two to get the
2T-problem, and any such map can be considered.

We proceed by induction on the number ¢ of remaining rounds to complete the sequence of
auctions. Let V7' (z) be the revenue that the seller expects to collect in the last ¢ rounds left in the
T-period problem, 1 <t < T. So, for t = 1, Vi (z) > VT (), that is, if we only have one period
to go for a particular realization of values, we can not do worse than having the same values split
in two periods: the single period rank of them will be optimal.

The inductive hypothesis is V,7(z) > V2T (x). Assume now that we have ¢ + 1 periods to go
in the T-problem, and let compare revenues V.| (z) and Vi, ,(x). For the first of these ¢ + 1
remaining periods in the T-problem, we can argue as in the one-period to-go case, and verify that
its revenue is no lower than the first two periods of the 2t + 2 periods to-go in the 27-problem. For
the remaining ¢ and 2¢ periods respectively, the IH holds, and hence Vtz;l(;v) > VQ%ZJ;Q(;U).

Since the argument is valid for any particular instance of the valuations, it also holds when
taking expectation and hence, VT (x) > V' (z). O

Proof of Proposition 3
Define the empirical distribution by F"(v) = 55 SN I{v; < w}. Tt is well known (see Durrett[15,
Thm. 1.7.4]) that F™ converges uniformly to F' as n — oo. Specifically, sup, |F"(v) — F(v)| — 0,

almost surely. By definition F"(v(;ny) = 1 — k" /N™. Using uniform convergence we have that
‘Fn(?)(kn)) - F('U(kn))| —0 and 1-— kn/Nn —1-— k/N,

which implies that F(v(;n)) — 1—k/N. By the continuity of F it follows that v(ny — F~1(1—k/N).

EN ()

Next, we analyze the asymptotic behavior of x . Since kK < N, we can assume that n is

sufficiently large such that £” < N™. Rewriting V" (v) as
Nn
"N (v) = max{i < min{k", N"} : v > vt} = ZI{%‘ > max(v*, vny) }
i=1
and using the fact that F™ converges to F we get that %xknﬂn(v) — NF(vs), where vy =
max{v*, F~1(1 — k/N)}. If v* > F~Y(1 — k/N) or equivalently k > NF(v*), then NF(vs) =
N F(v*); otherwise, N F(voo) = k.
Similarly, F"(v(zkn v (4)11)) =1 — (¥ N" (v) +1)/N™ — 1 — F(vso) and [E™ (V(ghm N7 (1) 41)) —
F(v(grnnm (y)41y)| — 0. This implies that v(grn nn )41y — Voo, and in turn that "N (1) = v,

almost surely as n — oco. Combining these results we complete the proof. O



