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OPTIMAL RISKY PORTFOLIOS
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Readings and problems

Ã BKM Chapter 7

Ã Read 7.2, 7.3 then7.1. and 7.4. Skip 7.5

Ã Recommended problems 1-3, 11, 12

Ã CFA problems 5, 6, 7, 12a

5

Outline

Ã What is the connection to Chapter 6?

Ã Portfolios of two risky assets

Ã Two risky assets + a risk-free security

Ã Individual choice and the separation property

Ã Extension to many risky assets

Ã Diversifiable and undiversifiablerisk

6
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Recall from Ch. 6: The capital allocation line (CAL)

7

¶rf

sP

¶PErP

P (its composition, 
ErPand sP) 
and rf are given.

The points on the CAL are combined portfolios

8

¶rf

sC

¶P

ErC C is a combination of P and rf. 
It is defined by
y (the proportion in P)
1-y is the proportion in rf

¶
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Which C will an investor choose?
9

¶rf

¶P

¶C

Two people might agree on P and rf, but 
with different risk tolerances, they will 
ŜƴŘ ǳǇ ƛƴ ŘƛŦŦŜǊŜƴǘ /Ωǎ

Ch. 7: Combinations of two risky securities
10

ά9ǉǳƛǘȅέ όŀ ǎǘƻŎƪ 
mutual fund)

ά5Ŝōǘέ όŀ ōƻƴŘ 
fund)

Eǒ

Dǒ

ErE

ErD

sEsD
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On what line do the combinations of D and E lie?

11

Eǒ

D

ǒ

Χ ƻǊ ǘƘƛǎΚ

This?

Approach: Recall how we constructed the CAL

Ã Pick proportions (y, 1-y) to invest in P and rf

Ã Compute ErCand sC

Ã Plot ErCand sC

Ã Repeat for different values of y

Ã We saw that the ErCand sCplot on a straight line

ÄThis will not usually be the case here

12
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Ã ! ǇƻǊǘŦƻƭƛƻ ŎŀƭƭŜŘ άtέ ƛǎ ŘŜŦƛƴŜŘ ōȅ

ÄwE= the weight (proportion) of total portfolio value that is 
ƛƴǾŜǎǘŜŘ ƛƴ Ŝǉǳƛǘȅ ŀǘ ǘƘŜ ǎǘŀǊǘ ƻŦ ǘƘŜ ǇŜǊƛƻŘ όάȅŜŀǊέύ
wD = the weight in debt

ÄwE+ wD = 1

Ã At year end, the actual return on P is rP = wD rD + wE rE

Ã Example

ÄSuppose that the portfolio is 60% in equity.
ÂwE= 0.6 and wD = 0.4

ÄSuppose that rE= 14% and rD = 5%
Â rP = 0.6 x 14% + 0.4 x 5% = 10.4%

13

Ã The expected return on P is
ErP = wD ErD + wEErE

Ã !ǎǎǳƳŜ ǘƘŀǘ 9 ƛǎ άƭŀǊƎŜ ǿƻǊƭŘ ǎǘƻŎƪǎέ ŀƴŘ 5 ƛǎ άǿƻǊƭŘ 
ōƻƴŘǎέ όŦǊƻƳ .Ya ch5)

ÄErD = 6% and ErE= 11% (approx)

Ã The 60/40 stock/bond portfolio has

ÄErP = 0.4 x 6% + 0.6 x 11% = 9%

14
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Risk: the variance of the return on P (s2
P)

Ã sD and sEare the standard deviations of rD and rE

Ã rDEis the correlation between rD and rE

Ã The correlation term arises because the risks in D and E 
might

ÄǊŜƛƴŦƻǊŎŜ ŜŀŎƘ ƻǘƘŜǊ ό5 ŀƴŘ 9 άƳƻǾŜ ƛƴ ǘƘŜ ǎŀƳŜ 
ŘƛǊŜŎǘƛƻƴέύ ƻǊ

ÄƻŦŦǎŜǘ ŜŀŎƘ ƻǘƘŜǊ ό5 ŀƴŘ 9 άƳƻǾŜ ƛƴ ƻǇǇƻǎƛǘŜ 
ŘƛǊŜŎǘƛƻƴǎέύ

15

s s s s s r= + +2 2 2 2 2 2P D D E E D E D E DEw w w w

Examples

Ã wŜƛƴŦƻǊŎƛƴƎ όάǇƻǎƛǘƛǾŜƭȅ ŎƻǊǊŜƭŀǘŜŘέύ Ǌƛǎƪ

ÄAn insurance company offers hurricane insurance to 
1,000 homeowners in the Florida Keys.

ÂIf there is one claim, there are likely be many claims.

Ã hŦŦǎŜǘǘƛƴƎ όάƴŜƎŀǘƛǾŜƭȅ ŎƻǊǊŜƭŀǘŜŘέύ Ǌƛǎƪ

ÄCompany A and B are adversaries in a law suit

ÄAn investor holds stock in both A and B

ÂLŦ ! ǿƛƴǎ ǘƘŜ ǎǳƛǘΣ ƛǘǎ ǎǘƻŎƪ ǿƛƭƭ ǊƛǎŜ ŀƴŘ .Ωǎ ǿƛƭƭ Ŧŀƭƭ Χ

ÂΧ ŀƴŘ ǾƛŎŜ ǾŜǊǎŀ

16
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Correlation between the return in the Nikkei index 
and the return on the S&P 500 index

Ã We get a sample of (say) annual returns on the Nikkei and the 
S&P

Ã ²Ŝ Ǉƭƻǘ ŜŀŎƘ ȅŜŀǊΩǎ ǊŜǘǳǊƴ ǇŀƛǊ ŀǎ ŀ ǎŜǇŀǊŀǘŜ ƻōǎŜǊǾŀǘƛƻƴΦ

17

return on Nikkei over 2005

return on 
S&P over 
2005

ǒάнллрέ

ǒάнллсέǒάнллтέ

Some simulated data
18

y = 0.9482x + 0.0506

R2 = 0.3972
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y = -0.8613x + 0.0726

R2 = 0.51
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A sample of data withr = 0.630 A sample of data with r = ï0.714
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y = -0.8x + 0.05

R2 = 1
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y = 0.02x + 0.05

R2 = 1
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y = 0.009x + 0.0468

R2 = 0.0001
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Sample with r= +1:

Sample with r= ï1:

Sample with rº0:
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Bloomberg analysis 1980-2006
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Notes

Ã The best fit line is positively sloped ςso we have positive 
correlation

Ã .ΩōŜǊƎdoes not report the correlation (r) directly.

Ã LƴǎǘŜŀŘΣ ǘƘŜ ǊŜƎǊŜǎǎƛƻƴ ǊŜǇƻǊǘǎ άwнέ

Ã R2 = r 2, so r= sqrt(0.109) = 0.330

Ã Next page: using correlation and covariance to describe 
stock portfolios.

21

Example of risk calculation

Ã !ǎǎǳƳŜ ǘƘŀǘ 9 ƛǎ άƭŀǊƎŜ ǿƻǊƭŘ ǎǘƻŎƪǎέ ŀƴŘ 5 ƛǎ άǿƻǊƭŘ 
ōƻƴŘǎέ όŦǊƻƳ .Ya ch5)

ÄsD = 9% and sE= 18% (approx)

ÄA representative estimate for the correlation is r= 0.3

Ã A portfolio with wD = 0.4 and wE = 0.6 has risk

22

s s s s s r

s s

= + +

= + + ³ ³ ³ ³ ³

= + + =

= = =

2 2 2 2 2

2 2 2 2

2

2

0.4 9 0.6 18 2 0.4 0.6 9 18 0.3

12.96 116.64 23.33 152.93

152.93 12.37%

P D D E E D E D E DE

P P

w w w w
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.ŀŎƪ ǘƻ Χ ǘƘŜ ǇƻǊǘŦƻƭƛƻ t ŦƻǊƳŜŘ ŦǊƻƳ 5 ŀƴŘ 9

Ã P is defined by

ÄwE= the weight in equity

ÄwD = the weight in debt

ÄwE+ wD = 1

Ã The expected return on P is ErP = wD ErD + wE ErE
Ã The risk in P is

23

s s s s s r

s s s s s r

= + +

= + +

2 2 2 2 2

2 2 2 2

Variance: 2

Standard deviation: 2

P D D E E D E D E DE

P D D E E D E D E DE

w w w w

w w w w

Strategy

Ã Pick wD

Ã Set wE= 1 - wD

Ã Calculate ErP and sP

Ã Plot ErPand sP

Ã Repeat for different values of wD

Ã These calculations will be done via a spreadsheet

Ä Two_security_portfolio.xlsx

Ä There are three worksheets
ÂBASIC

Âa±t όάaƛƴƛƳǳƳ ±ŀǊƛŀƴŎŜ tƻǊǘŦƻƭƛƻέύ

Â+RiskFree(addition of a risk-free security)

24
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Calculations for wDҐ лΣ лΦмΣ лΦнΣ ΧΣ лΦфΣ м
25

Two-Security Portfolios: BASIC Worksheet

Parameters for two securities:

Er s Corr (r)

D 6.00% 9.00% 0.3

E 11.00% 18.00% 0.004860

w(D) w(E) ERP sP

1 0 6.00% 9.00%

0.9 0.1 6.50% 8.81%

0.8 0.2 7.00% 8.96%

0.7 0.3 7.50% 9.45%

0.6 0.4 8.00% 10.21%

0.5 0.5 8.50% 11.20%

0.4 0.6 9.00% 12.37%

0.3 0.7 9.50% 13.66%

0.2 0.8 10.00% 15.04%

0.1 0.9 10.50% 16.49%

0 1 11.00% 18.00%

26
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Note that starting from D, we 
can reduce sP (risk) and 

increase ErP by blending in 
ǎƻƳŜ ά9έ
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The portfolio opportunity set

Ã ¢ƘŜ ǎƘŀǇŜ ƻŦ ǘƘŜ ƭƛƴŜ όάǇƻǊǘŦƻƭƛƻ ƻǇǇƻǊǘǳƴƛǘȅ ǎŜǘέύ ƛǎ 
highly dependent on the input parameters

Äparticularly the correlation, r

Ã ²ŜΩƭƭ ǘǊȅ ǾŀǊƛƻǳǎ ǾŀƭǳŜǎ ƻŦ r

ÄExample, to set r= -0.3:

27
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Two-Security Portfolios: BASIC Worksheet

Parameters for two securities:

Er  s Corr (r)

D 6.00% 9.00% -0.3

E 11.00% 18.00% -0.004860

With r= -0.3
28
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With r= 0
29
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With r= -1
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With r= +1
31
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Suppose one of the assets is risk-free: sD = 0
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The minimum variance portfolio (MVP)

Ã άmimimumǾŀǊƛŀƴŎŜέ Ґ άƭƻǿŜǎǘ Ǌƛǎƪέ
Ä¢Ƙƛǎ ƛǎ ƴƻǘ ƴŜŎŜǎǎŀǊƛƭȅ ǘƘŜ άōŜǎǘέ ǇƻǊǘŦƻƭƛƻ ŦƻǊ ŀƴ ƛƴŘƛǾƛŘǳŀƭ

Ã Two_security_portfolios.xlsx 
ÄMVP worksheet

33

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

A B C D

Parameters for two securities:

Er  s Corr (r)

D 6.00% 9.00% 0

E 11.00% 18.00% 0.000000

Min Var Portfolio Short Sales No Short 

Allowed Sales

w(D) 0.80000 0.80000

w(E) 0.20000 0.20000

ERP 7.0000% 7.0000%

sP 8.0498% 8.0498%
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