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Abstract

We consider a generalized Jackson network with reneging customers in heavy

traffic. In particular, each customer joining a particular station may abandon

the network if his service does not begin within a station-dependent, exponential

amount of time. We establish that in heavy traffic this system can be approximated

by a multi-dimensional regulated Ornstein-Uhlenbeck process.

1 Introduction

In many practical applications, customers faced with long waiting times abandon the
system before receiving service, or renege. We incorporate this behavior into a generalized
Jackson network by assuming that each customer joining a particular station reneges from
the network if his service does not begin within an exponentially distributed amount of
time. Our objective is to study the stationary behavior of the network. Of course, the
stationary distribution of a (conventional) Jackson network without reneging does not,
in general, have an explicit analytical form. Therefore, having little hope of an exact
analysis, we develop heavy traffic limit theorems that support stationary distribution
approximations.

In contrast to the work of Reiman [8] for conventional Jackson networks, our limit
diffusion process is a multi-dimensional regulated Ornstein-Uhlenbeck (O-U) process,
rather than a regulated Brownian motion (RBM). Much is known about RBM; see, for
example, the work of Harrison and Reiman [5] [4], Harrison and Williams [6], Harrison
and Dai [3], and Shen et al [9]. Although work on RO-U processes is more recent, its
stationary behavior also appears tractable. To begin, a straightforward adaptation of
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the algorithm of [9] allows for the numeric computation of the stationary distribution of
regulated O-U. Further, the current work of Reed [7] establishes conditions under which
the stationary distribution of regulated O-U is multivariate normal.

The remainder of this paper is organized as follows. We provide a detailed model
formulation in Section 2. Section 3 sets up our heavy traffic asymptotic regime, and Sec-
tion 4 establishes that a generalized Jackson network with reneging is well approximated
by a multi-dimensional regulated O-U in this regime.

2 Model Formulation

We consider a stochastic network with J service stations. Customers arrive from outside
the network to station j = 1, . . . , J according to a renewal process Aj. Service at station
j is FIFO, and the server works whenever queue j is non-empty. The renewal process
Sj tracks the cumulative number of service completions at station j over the amount
of time the server has worked. We form these renewal processes using 2J independent
sequences of i.i.d. mean 1 random variables {uj(1), uj(2), . . .} and {vj(1), vj(2), . . .},
having respective variances aj and bj. Define

Aj(t) ≡ max

{

n :
n
∑

i=1

uj(i) ≤ λjt

}

and Sj(t) ≡ max

{

n :
n
∑

i=1

vj(i) ≤ µjt

}

for j = 1, . . . , J so that the arrival and service rates at station j are λj ≥ 0 and µj ≥ 0
respectively. We assume λj is strictly positive for at least one j = 1, . . . , J so that outside
arrivals to the network do occur.

When a customer completes service at station j, with probability pjk the customer

departs for station k, and with probability 1 − ∑J
k=1 pjk > 0 the customer exits the

network. The sub-stochastic routing matrix P = (pij) thus has spectral radius less than
one so that our network is open. In other words, each (non-reneging) customer leaves the
network after visiting a finite number of stations. We let the J i.i.d. sequences (indepen-
dent of all other random sequences introduced so far) of J-dimensional random vectors
{ξj(1), ξj(2), . . .} denote the routing of each customer visiting station j. In particular,
for e(k) the kth unit vector in <J ,

ξj(n) =

{

e(k) with probability pjk,

0 with probability 1 −∑J
k=1 pjk > 0,

Let the vector Rj(n) have components

R
j
k(n) =

n
∑

m=1

ξ
j
k(m), k = 1, . . . , J

that denote the cumulative number of the first n jobs completing service at station j that
are routed to station k. Observe that n −

∑J
k=1 R

j
k(n) tracks the number of customers

that leave the network after completing service at station j.



Each customer arrives to station j with a memoryless “patience” clock, and indepen-
dently abandons the network without finishing his service at station j (or reneges) if his
service is not completed within an exponentially distributed amount of time having mean
γ−1

j ≥ 0. For N1, . . . , NJ independent standard Poisson processes, the evolution equation
for the queue-length process at station j is

Qj(t) ≡ Qj(0) + Aj(t) +
J
∑

k=1

Rk
j (Sk(Bk(t))) − Sj(Bj(t)) − Nj

(

γj

∫ t

0

Qj(s)ds

)

,

where Qj(0) is the initial number of customers at station j and Bj(t) ≡
∫ t

0
1{Qj(s) > 0}ds

is the cumulative server j busy time in [0, t] (with 1 being the indicator function).
It is convenient for our purposes to represent the queue-length process in terms of

the linearly generalized regulator mapping shown in the appendix. Define the centered
process

Xj(t) ≡ Qj(0) + (Aj(t) − λjt) +
J
∑

k=1

(

Rk
j (Sk(Bk(t))) − pkjSk(Bk(t))

)

(1)

+
J
∑

k=1

pkj(Sk(Bk(t)) − µkBk(t)) − (Sj(Bj(t)) − µjBj(t))

−Nj

(

γj

∫ t

0

Qj(s)ds

)

+ γj

∫ t

0

Qj(s)ds + (λj +
J
∑

k=1

pkjµk − µj)t.

Let the matrix Γ have the vector γ determine its diagonal, and have all other elements
be 0. Define Yj(t) ≡ µjIj(t), where Ij(t) = t−Bj(t) is the server idletime. The pathwise
equation for Q in matrix-vector format is

Q(t) = X(t) −
∫ t

0

ΓQ(s)ds + (I − P T )Y (t).

Since conditions (C1)-(C2) for the linearly generalized regulator mapping defined in the
appendix are satisfied, Proposition 2 shows

(Q, Y ) = (ΦΓ(X), ΨΓ(X)). (2)

3 The Heavy Traffic Asymptotic Regime

Our asymptotic regime is one in which the system experiences a high volume of demand
and servers work very quickly. Specifically, we consider a sequence of systems, indexed
by n, where n tends to infinity through a strictly increasing sequence of values in [0,∞).
In the nth system, order arrival and service rates are nλn and nµn respectively, where

λn → λ, and µn → µ, (3)



as n → ∞. Henceforth, when we wish to refer to any process or other quantity associated
with the network having order arrival and service rates nλn and nµn, we superscript the
appropriate symbol by n.

The following technicalities are needed. All random variables are defined on a com-
mon probability space (Ω,F , P ). For each positive integer d, let D([0,∞),<d) be the
space of right continuous functions with left limits (RCLL) in <d having time domain
[0,∞). We endow D([0,∞),<d) with the usual Skorokhod J1 topology, and let M d denote
the Borel σ-algebra associated with the J1 topology. All stochastic processes are measur-
able functions from (Ω,F , P ) into (D([0,∞),<d),Md) for some appropriate dimension d.
Suppose {ξn}∞n=1 is a sequence of stochastic processes. The notation ξn ⇒ ξ means that
the probability measures induced by the ξn’s on (D([0,∞),<d),Md) converge weakly to
the probability measure on (D([0,∞),<d),Md) induced by the stochastic process ξ. For
x ∈ (D([0,∞),<d),Md) and T > 0, let

‖x‖T ≡ sup
0≤t≤T

max
j=1,...,d

|xj(t)|,

and note that ξn converges almost surely to a continuous limit process ξ in the J1 topology
if and only if

‖ξn − ξ‖T → 0 a.s.

for every T > 0.
For a mapping f : D([0,∞),<d) → D([0,∞),<d), we say f is Lipschitz continuous

if for any T > 0, there exists a constant κ (which may depend on T ) such that for
x1, x2 ∈ D([0,∞),<d)

‖f(x1) − f(x2)‖T ≤ κ‖x1 − x2‖T .

Also, for x, τ ∈ D([0,∞),<d), where τ is positive and increasing, by “x ◦ τ”, we mean
element-by-element function composition, so that (x ◦ τ)j(t) ≡ xj(τj(t)), t ≥ 0, j =
1, . . . , d. Finally, for two integers i and j, we define

δij =

{

1 if i = j

0 otherwise.

It is convenient for our analysis to define the fluid scaled processes for each j = 1, . . . , J

A
n

j (t) = n−1An
j (t) − λn

j t,

S
n

j (t) = n−1Sn
j (t) − µn

j t,

N
n

j (t) = n−1Nn
j (nt) − t,

R
n,j

k (t) = n−1R
j
k(bntc) − pjkt, k = 1, . . . , J.

The functional strong law of large numbers (see, for example Theorem 5.10 in Chen and
Yao [2]) guarantees that for any T > 0

‖An‖T → 0, ‖Sn‖T → 0, ‖Nn‖T → 0, and ‖Rj,n‖T → 0, a.s., (4)



as n → ∞. We also define the diffusion-scaled processes for each j = 1, . . . , J

Ãn
j (t) =

√
n(n−1An

j (t) − λn
j t)

S̃n
j (t) =

√
n(n−1Sn

j (t) − µn
j t)

Ñn
j (t) =

√
n(n−1Nn

j (nt) − t)

R̃
n,j
k (t) =

√
n(n−1R

j
k(bntc) − pjkt), k = 1, . . . , J.

For BA, BS, BN , and BR,j , j = 1, . . . , J independent, d-dimensional Brownian motions
having respective covariance matrices CA, CS, CN , and CR,j , whose (k, l)th element is
defined as

CA
kl ≡ λkakδkl, CS

kl ≡ µkbkδkl, CN
kl ≡ δkl, C

R,j
k,l ≡ pjk(δkl − pjl),

the weak convergences

Ãn ⇒ BA, S̃n ⇒ BS, Ñn ⇒ BN , R̃n,j ⇒ BR,j , j = 1, . . . , J, (5)

as n → ∞ follow by the functional central limit theorem (see, for example Theorem
5.11 in Chen and Yao [2]). Finally, we observe that the linearly generalized regulator
mapping satisfies a scaling property. Therefore, from equation (2), on fluid scale, letting
Q

n ≡ n−1Qn, Y
n ≡ n−1Y n, and X

n ≡ n−1Xn,

(Q
n
, Y

n
) = (ΦΓ(X

n
), ΨΓ(X

n
)), (6)

and, on diffusion scale, letting Q̃n = n−1/2Qn, Ỹ n = n−1/2Y n, and X̃n = n−1/2Xn,

(Q̃n, Ỹ n) = (ΦΓ(X̃n), ΨΓ(X̃n)). (7)

4 Multi-dimensional Regulated Ornstein-Uhlenbeck

Approximation

Our first proposition establishes the behavior of a generalized Jackson network with
reneging under fluid scaling. We require this proposition, which is interesting in its own
right, to prove the weak convergence of the queue-length process to a multi-dimensional
regulated O-U process in Theorem 1.

Proposition 1 Assume maxj=1,...,J |n−1Qn
j (0)− qj| → 0 a.s., as n → ∞ for fixed q ≥ 0.

Then, for x(t) ≡ q + (λ − (I − P T )µ)t, t > 0,

Q
n → ΦΓ(x) and Y

n → ΨΓ(x), a.s.,

as n → ∞.



Proof: For each j = 1, . . . , J , from (1),

X
n

j (t) = n−1Qn
j (0) + A

n

j (t) +
J
∑

k=1

R
n,k

j

(

n−1Sn
k (Bn

k (t))
)

+
J
∑

k=1

pkjS
n

k(Bn
k (t))

−S
n

j (Bn
j (t)) − N

n

j

(

γj

∫ t

0

Q
n

j (s)ds

)

+

(

λn
j +

J
∑

k=1

pkjµ
n
k − µn

j

)

t.

Given T > 0, provided we can show there exists C1 and C2 (which may be dependent on
T ) such that for large enough n

‖n−1Sn ◦ Bn‖T ≤ C1 a.s., and ‖ΓQ
n
(t)‖T ≤ C2 a.s., (8)

then, from (4) and assumption (3),

‖Xn‖T → x, a.s.,

as n → ∞. Therefore, because Proposition 2 shows the linearly generalized regulator
mapping is continuous, the representation of (Q

n
, Y

n
) in terms of this mapping in (6)

establishes the stated a.s. convergence.
To see (8), first observe that for t > 0, since the time of the first arrival to station k is

of order n−1 in the nth system, for large enough n (where how large n must be depends
on the sample path), 0 < Bn

k (t) < t, a.s., since the service discipline is non-idling and
server busy time in [0, t] cannot exceed t. Therefore, the strong law for renewal processes
guarantees that for any t > 0,

Sn
k (Bn

k (t))

nµnBn
k (t)

→ 1, a.s., (9)

as n → ∞. Since Bn
k (t) and Sn

k are non-decreasing in t, and Bn
k (T ) ≤ T , for any ε > 0,

n−1Sn
k (Bn

k (t)) ≤ Sn
k (Bn

k (T ))

nµnBn
k (T )

µnBn
k (T ) ≤ (µ + ε)T, a.s.,

by assumption (3) and the convergence in (9), for large enough n. Finally, the second
inequality in (8) follows because for any ε > 0, and for large enough n,

Q
n

j (t) ≤ A
n

j (t) + λn
j t ≤ (λj + ε)T, j = 1, . . . , J.

�

Remark 1 If (λ − (I − P T )µ) ≥ 0, then ΨΓ(x) = 0, and so from standard ordinary
differential equation theory,

ΦΓ(x)(t) = Γ−1(λ − (I − P T )µ) + (q − Γ−1(λ − (I − P T )µ))e−Γt, t ≥ 0.



In particular, the convergence rate to steady-state (which depends on the reneging rate
matrix Γ) is exponential, and

lim
t→∞

ΦΓ(x)(t) = Γ−1(λ − (I − P T )µ).

Additionally, because the convergence in Proposition 1 is almost sure, uniformly on
compact sets, to a continuous limit process, the limit interchange

Γ−1(λ − (I − P T )µ) = lim
t→∞

lim
n→∞

Q
n
(t) = lim

n→∞
lim sup

t→∞
Q

n
(t) = lim

n→∞
lim inf

t→∞
Q

n
(t) a.s.

is justified.

To set the stage for our main limit theorem, for a given drift α ∈ <J , (possibly
random) initial state q ≥ 0, square matrix M , and B a zero drift Brownian motion
having covariance matrix C, let (Z, Y ) be the unique strong solution to the stochastic
equation

Z(t) = q + αt −
∫ t

0

ΓZ(s)ds + B(t) + MY (t) ≥ 0, t ≥ 0, (10)

Y (0) = 0, Y non-decreasing, and

∫ ∞

0

Zj(t)dYj(t) = 0, j = 1, . . . , J.

When M has positive diagonal elements, non-positive off-diagonal elements, and a non-
negative inverse, Proposition 2 in the appendix guarantees a unique strong solution to
(10).

Theorem 1 Suppose for each j = 1, . . . , J

√
n

(

λn
j +

J
∑

j=1

pkjµ
n
k − µn

j

)

→ θj, (11)

as n → ∞. Then, assuming Q̃n(0) ⇒ q in < for a given initial state q,

(Q̃, Ỹ ) ⇒ (Z, Y ),

where (Z, Y ) satisfy the stochastic equation (10) with α = θ, M = I−P T , and covariance
matrix C having

Ckl ≡ λkakδkl +
J
∑

j=1

µjpjk(δkl − pjl) + µjbj(pjk − δjk)(pjl − δjl).



Proof: For each j = 1, . . . , J , define τn
j (t) ≡ γj

∫ t

0
Q

n

j (s)ds, and observe from (1) that,

n−1/2Xn
j (t) = n−1/2Qn

j (0) + Ãn
j (t) +

J
∑

k=1

R̃
n,k
j (n−1Sn

k (Bn
k (t))) (12)

+
J
∑

k=1

pkjS̃
n
k (Bn

k (t)) − S̃n
j (Bn

j (t)) − Ñn
j

(

τn
j (t)

)

+
√

nt

(

λn
j +

J
∑

j=1

pkjµ
n
k − µn

j

)

.

Let 0 be the zero process and observe that for any t > 0, ΨΓ(0)(t) = ΦΓ(0)(t) = 0. Then,
because (11) implies

λn
j +

J
∑

j=1

pkjµ
n
k − µn

j → 0,

as n → ∞, Proposition 1 (with x = 0) guarantees

Y
n → 0 and Q

n → 0 a.s.,

as n → ∞. Therefore, the convergences

τn → 0 and Bn → e, a.s.,

hold, as n → ∞, where e(t) = t for all t > 0. The random time change theorem then
shows

Ñn ◦ τn ⇒ 0 and S̃n ◦ Bn ⇒ BS, (13)

as n → ∞. Furthermore, n−1Sn ◦ Bn → µe a.s., and so

R̃
n,k
j ◦ n−1Sn

k ◦ Bn
k ⇒ B

R,k
j ◦ µje. (14)

Therefore, from (5), (11), (12), (13), and (14), we have, in vector form, as n → ∞,

X̃n ⇒ q + BA +
J
∑

j=1

BR,j ◦ µe + (P T − I)BS + θ,

a Brownian motion with drift θ and covariance matrix C. Because the linearly generalized
regulator mapping is continuous by Proposition 2, the continuous mapping theorem and
the representation for the queue-length and idle-time processes in (7) establish the stated
weak convergence. �



5 Appendix

We show a result, similar to that of Chen [1], that establishes the existence, uniqueness,
and continuity of a linearly generalized regulator mapping. For d a positive integer,
x ∈ D([0,∞),<d) having x(0) ≥ 0, and Γ,M square matrices of dimension d × d, the
linearly generalized regulator mapping

(ΦΓ, ΨΓ)(x) : D([0,∞),<d) → D([0,∞), [0,∞)2d)

is defined by
(ΦΓ, ΨΓ)(x) ≡ (z, l),

where

(C1) z(t) +
∫ t

0
Γz(s)ds = x(t) + Rl(t) ≥ 0 for all t ≥ 0

(C2) l(0) = 0, l is non-decreasing, and
∫∞

0
zj(t)dlj(t) = 0, j = 1, . . . , J .

Observe that if Γ is the zero matrix, we have the conventional reflection mapping dis-
cussed in Section 7.2 of Chen and Yao [2]. We write Φ, Ψ, where Φ = Φ0 and Ψ = Ψ0 to
emphasize when we are referring to the conventional reflection mapping.

The key to establishing the existence, uniqueness, and Lipschitz continuity of ΦΓ and
ΨΓ is understanding the properties of the following integral equation

u(t) = x(t) −
∫ t

0

ΓΦ(u)(s)ds. (15)

In particular, define the mapping M : D([0,∞),<d) → D([0,∞),<d) (which exists
uniquely by Lemma 1) by M(x) ≡ u, and observe that conditions (C1)-(C2) are satisfied
when

(ΦΓ, ΨΓ)(x) = (Φ, Ψ)(M(x)). (16)

We first state a lemma establishing basic properties of integral equations having the form
(15), and then state the main proposition of the appendix.

Lemma 1 Suppose η : D([0,∞),Rd) → D([0,∞),Rd) is Lipschitz continuous. Then
for any given x ∈ D([0,∞),Rd), there exists a unique u ∈ D([0,∞),Rd) that satisfies
the integral equation

u(t) = x(t) −
∫ t

0

η(u)(s)ds, (17)

and has initial condition u(0) = x(0). Furthermore, the mapping Mη : D([0,∞),Rd) →
D([0,∞),Rd) defined by Mη(x) ≡ u is Lipschitz continuous.

Proposition 2 Suppose M has positive diagonal elements, non-positive off-diagonal el-
ements, and a non-negative inverse. Then, for each x ∈ D([0,∞),<d) having x(0) ≥ 0,
there exists a unique (z, l) satisfying (C1)-(C2). Furthermore, the mappings ΦΓ and ΨΓ

are Lipschitz continuous.



Proof: The proof is immediate from the representation (16), Lemma 1, and Theorem 7.2
of Chen and Yao [2], which establishes the existence, uniqueness, and Lipschitz continuity
of the mapping (Φ, Ψ). �

Proof of Lemma 1: For T > 0, let κ be such that for x1, x2 ∈ D([0,∞),<d), the
inequality ‖η(x1) − η(x2)‖T ≤ κ‖x1 − x2‖T holds.

Existence: We use the method of successive approximations to construct a solution to
(17) on [0, T ]. Let u0 ≡ 0 and recursively define

un+1(t) = x(t) −
∫ t

0

η(un)(s)ds.

Choose δ so that κδ < 1. Partition the interval [0, T ] into bδ−1T c intervals of length δ,
and one interval of length T − bδ−1T cδ. Let

c ≡ ‖x‖T + T‖η(0)‖T ,

and observe that for any 0 < t ≤ T ,

‖u1 − u0‖t ≤ ‖x‖t + t‖η(0)‖t ≤ c. (18)

Furthermore, for n = 1, 2, . . .

‖un+1 − un‖δ ≤ δκ‖un − un−1‖δ,

and so repeated iteration shows

‖un+1 − un‖δ ≤ (δκ)nc.

Now suppose for a given positive integer k,

‖un+1 − un‖jδ ≤ jnj(δκ)nc, j = 1, . . . , k, (19)

for all n = 1, 2, . . . , and so

‖un+1 − un‖(k+1)δ = ‖
k+1
∑

j=1

∫ jδ

(j−1)δ

(η(un) − η(un−1)) (s)ds‖(k+1)δ (20)

≤
k
∑

j=1

δκ‖un − un−1‖jδ + δκ‖un − un−1‖(k+1)δ

≤ knk(δκ)nc + δκ‖un − un−1‖(k+1)δ.

From (18) and (20),
‖u2 − u1‖(k+1)δ ≤ (k + 1)δκc.



Repeatedly iterating (20) shows that for all n = 1, 2, . . . ,

‖un+1 − un‖(k+1)δ ≤
(

k

n
∑

i=1

ik + 1

)

(δκ)nc

≤ (knk+1 + 1)(δκ)nc.

Therefore, by mathematical induction, (19) holds for all positive integers k. In particular,
(19) holds for k = dδ−1T e, and so

‖un+1 − un‖T ≤
dδ−1T e
∑

j=1

δκ‖un − un−1‖jδ ≤
dδ−1T e
∑

j=1

jnj(δκ)nc → 0,

as n → ∞. We deduce that the sequence of approximating functions un tends to the
limit function u? ≡ limn→∞ un in D([0, T ],<d) (when viewed as a Banach space under
the uniform norm on compact sets). Finally, to see u? is a fixed point of the mapping

f(u) ≡ x(t) −
∫ t

0

η(u)(s)ds,

observe that f is Lipschitz continuous since ‖f(u1) − f(u2)‖T ≤ κT‖u1 − u2‖T .

Uniqueness: Suppose that u and v both satisfy (17). Let

4(t) ≡ u(t) − v(t) =

∫ t

0

(η(v) − η(u))(s)ds.

Then, by the Lipschitz property of η, for any t > 0,

|4(t)| ≤
∫ t

0

|(η(v) − η(u))(s)|ds ≤ tκ‖4‖t,

which implies 4 ≡ 0 on [0, κ−1]. For κ−1 < t < 2κ−1,

|4(t)| ≤ ‖4‖κ−1 + (t − κ−1)κ‖4‖2κ−1 = (t − κ−1)κ‖4‖2κ−1 ,

which implies 4 ≡ 0 on [0, 2κ−1], since (t − κ−1)κ < 1. Iterating this argument implies
4 is the zero function.

Lipschitz continuity: Because η is a Lipschitz mapping,

‖Mη(x1) −Mη(x2)‖t ≤ ‖x1 − x2‖t + tκ‖Mη(x1) −Mη(x2)‖t,

which implies, for t ≤ (2κ)−1,

‖Mη(x1) −Mη(x2)‖t ≤ (1 − tκ)−1‖x1 − x2‖t. (21)



For (2κ)−1 < t ≤ 2(2κ)−1 = κ−1, use of (21) and the Lipschitz continuity of η shows

‖Mη(x1) −Mη(x2)‖t = sup
0≤s≤t

max
j=1,...,d

∣

∣

∣

∣

∣

∣

∣

∣

∣

x1(κ
−1) −

∫ (2κ)−1

0
η(Mη(x1))(s)ds

−x2(κ
−1) +

∫ (2κ)−1

0
η(Mη(x2))(s)ds

−x1(κ
−1) + x2(κ

−1) + x1(s) − x2(s)

+
∫ t

(2κ)−1 (η(Mη(x2)) − η(Mη(x1))) (s)ds

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤ (1 − (2κ)−1κ)−1‖x1 − x2‖(2κ)−1 + 2‖x1 − x2‖t

+(t − (2κ)−1)κ‖Mη(x2) −Mη(x1)‖t

≤ 4‖x1 − x2‖t + (t − (2κ)−1)κ‖Mη(x2) −Mη(x1)‖t,

and so the inequality

‖Mη(x1) −Mη(x2)‖t ≤
4

1 − (t − (2κ)−1)κ
‖x1 − x2‖t

follows. Since only a finite number of intervals of length (2κ)−1 partition the interval
[0, T ], iterating as above establishes Lipschitz continuity of the mapping Mη. �

References

[1] Chen, H. (1990). Generalized regulated mapping: Fluid and diffusion limits. Notes
prepared for Avi Mandelbaum.

[2] Chen, H. and Yao, D. D. (2001). Fundamentals of Queueing Networks: Perfor-
mance, Asymptotics, and Optimization. Springer-Verlag, New York.

[3] Dai, J. G. and Harrison, J. M. (1992). Reflected Brownian motion in an orthant:
Numerical methods for steady-state analysis. Annals of Applied Probability 2, 65–86.

[4] Harrison, J. M. and Reiman, M. I. (1981). On the distribution of multidi-
mensional reflected Brownian motion. SIAM Journal of Applied Mathematics 41,

345–361.

[5] Harrison, J. M. and Reiman, M. I. (1981). Reflected Brownian motion on an
orthant. Annals of Probability 9, 302–308.

[6] Harrison, J. M. and Williams, R. J. (1987). Multidimensional reflected
Brownian motions having exponential stationary distributions. Annals of Probability
15, 115–137.

[7] Reed, J. E. (2004). Queueing networks with reneging and the multi-dimensional
reflected O-U process. PhD thesis. Industrial and Systems Engineering, Georgia
Institute of Technology. In progress.



[8] Reiman, M. I. (1984). Open queueing networks in heavy traffic. Mathematics of
Operations Research 9, 441–458.

[9] Shen, X., Chen, H., Dai, J. G. and Dai, W. (2002). The finite element method
for computing the stationary distribution of an SRBM in a hypercube with applica-
tions to finite buffer queueing networks. Queueing Systems 42, 33–62.


