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Abstract

We consider a generalized Jackson network with reneging customers in heavy
traffic. In particular, each customer joining a particular station may abandon
the network if his service does not begin within a station-dependent, exponential
amount of time. We establish that in heavy traffic this system can be approximated
by a multi-dimensional regulated Ornstein-Uhlenbeck process.

1 Introduction

In many practical applications, customers faced with long waiting times abandon the
system before receiving service, or renege. We incorporate this behavior into a generalized
Jackson network by assuming that each customer joining a particular station reneges from
the network if his service does not begin within an exponentially distributed amount of
time. Our objective is to study the stationary behavior of the network. Of course, the
stationary distribution of a (conventional) Jackson network without reneging does not,
in general, have an explicit analytical form. Therefore, having little hope of an exact
analysis, we develop heavy traffic limit theorems that support stationary distribution
approximations.

In contrast to the work of Reiman [8] for conventional Jackson networks, our limit
diffusion process is a multi-dimensional regulated Ornstein-Uhlenbeck (O-U) process,
rather than a regulated Brownian motion (RBM). Much is known about RBM; see, for
example, the work of Harrison and Reiman [5] [4], Harrison and Williams [6], Harrison
and Dai [3], and Shen et al [9]. Although work on RO-U processes is more recent, its
stationary behavior also appears tractable. To begin, a straightforward adaptation of
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the algorithm of [9] allows for the numeric computation of the stationary distribution of
regulated O-U. Further, the current work of Reed [7] establishes conditions under which
the stationary distribution of regulated O-U is multivariate normal.

The remainder of this paper is organized as follows. We provide a detailed model
formulation in Section 2. Section 3 sets up our heavy traffic asymptotic regime, and Sec-
tion 4 establishes that a generalized Jackson network with reneging is well approximated
by a multi-dimensional regulated O-U in this regime.

2 Model Formulation

We consider a stochastic network with J service stations. Customers arrive from outside
the network to station j = 1,...,J according to a renewal process A;. Service at station
7 is FIFO, and the server works whenever queue j is non-empty. The renewal process
S; tracks the cumulative number of service completions at station j over the amount
of time the server has worked. We form these renewal processes using 2.J independent
sequences of i.i.d. mean 1 random variables {u;(1),u;(2),...} and {v;(1),v;(2),...},
having respective variances a; and b;. Define

A;(t) = max {n ; Zuj(z) < )\jt} and S;(t) = max {n ; Zvj(z) < ;th}

for j =1,...,J so that the arrival and service rates at station j are A; > 0 and p; > 0
respectively. We assume J; is strictly positive for at least one j = 1,..., J so that outside
arrivals to the network do occur.

When a customer completes service at station j, with probability pj; the customer
departs for station k, and with probability 1 — Zgzl pjr > 0 the customer exits the
network. The sub-stochastic routing matrix P = (p;;) thus has spectral radius less than
one so that our network is open. In other words, each (non-reneging) customer leaves the
network after visiting a finite number of stations. We let the J i.i.d. sequences (indepen-
dent of all other random sequences introduced so far) of J-dimensional random vectors
{&€1(1),£7(2), ...} denote the routing of each customer visiting station j. In particular,
for e(k) the kth unit vector in R”,

£i(n) = e(k) with probability pjp,
=0 with probability 1 — Zizlpjk > 0,

Let the vector R’/(n) have components
Ri(n)=>Y &(m), k=1,...,J
m=1
that denote the cumulative number of the first n jobs completing service at station j that

are routed to station k. Observe that n — 22:1 R{c(n) tracks the number of customers
that leave the network after completing service at station j.



Each customer arrives to station j with a memoryless “patience” clock, and indepen-
dently abandons the network without finishing his service at station j (or reneges) if his
service is not completed within an exponentially distributed amount of time having mean
v !'> 0. For Ny,..., N, independent standard Poisson processes, the evolution equation
for the queue-length process at station j is

J t
Q;(t) = Q;(0) + A;(t) + Y RE(Sk(Bi(1))) — S;(By(t)) — N; (%’/0 Qj(s)d3> :

where @;(0) is the initial number of customers at station j and B;( fo 1{Q;(s) > 0}ds
is the cumulative server j busy time in [0,¢] (with 1 being the 1ndlcator function).

It is convenient for our purposes to represent the queue-length process in terms of
the linearly generalized regulator mapping shown in the appendix. Define the centered
process

X;(t) = Q;(0) + (4 )+ > (RE(Sk(Br(1)) — pisSk(Bi(1))) (1)
+ 3 pii(Sk(Br(t) — e Be(t)) — (S;(Bj(t)) — 1By (t))

t t J
N; (%‘/ Qj(S)dS) + %‘/ Qj(s)ds + (A + > prjin — )t
0 0 k=1

Let the matrix I' have the vector v determine its diagonal, and have all other elements
be 0. Define Y;(t) = p;1;(t), where I;(t) =t — B;(t) is the server idletime. The pathwise
equation for () in matrix-vector format is

Q)= X(t) — /0 IQ(s)ds + (I — PT)Y ().

Since conditions (C1)-(C2) for the linearly generalized regulator mapping defined in the
appendix are satisfied, Proposition 2 shows

(@ Y) = (¢r(X), ¥r(X)). (2)

3 The Heavy Traffic Asymptotic Regime

Our asymptotic regime is one in which the system experiences a high volume of demand
and servers work very quickly. Specifically, we consider a sequence of systems, indexed
by n, where n tends to infinity through a strictly increasing sequence of values in [0, 00).
In the nth system, order arrival and service rates are nA™ and nu™ respectively, where

A" — A and p" — p, (3)



as n — 0o. Henceforth, when we wish to refer to any process or other quantity associated
with the network having order arrival and service rates nA™ and nu”™, we superscript the
appropriate symbol by n.

The following technicalities are needed. All random variables are defined on a com-
mon probability space (2, F, P). For each positive integer d, let D([0,00),R%) be the
space of right continuous functions with left limits (RCLL) in ®¢ having time domain
[0, 00). We endow D([0, o), R¢) with the usual Skorokhod .J; topology, and let M? denote
the Borel o-algebra associated with the J; topology. All stochastic processes are measur-
able functions from (€2, F, P) into (D([0, 00), R¢), M?) for some appropriate dimension d.
Suppose {£"}5°, is a sequence of stochastic processes. The notation " = £ means that
the probability measures induced by the £"’s on (D([0, 00), R?), M?) converge weakly to
the probability measure on (D([0, 00), R?), M?) induced by the stochastic process . For
z € (D(]0,00),R%), M9) and T > 0, let

|z[lr = sup max [z;(t)],
0<t<T J=1,....d
and note that £ converges almost surely to a continuous limit process £ in the J; topology
if and only if
1€" = &llr — 0 as.

for every T > 0.

For a mapping f : D([0,00),R¢) — D([0,00),R?), we say f is Lipschitz continuous
if for any 7" > 0, there exists a constant x (which may depend on T') such that for
T, € D([O, OO), §Rd)

1f(z1) = f@2)llr < Kllz1 — 2.

Also, for x,7 € D([0,0), R?), where 7 is positive and increasing, by “xr o 77, we mean
element-by-element function composition, so that (z o 7),(t) = z;(7;(t)),t > 0,5 =
1,...,d. Finally, for two integers ¢ and j, we define

s 1 =
Y1 0 otherwise.

It is convenient for our analysis to define the fluid scaled processes foreach j =1,...,J
T o —1 An n
éj (t) = n A (t) — Ajt,
S5 (t) n_lSJn(t) — pit,
Vi o —1amn
Nj'(t) = n Nj(nt) —t,
R(t) = n7'Ri(|nt]) —put, k=1,...,J.

The functional strong law of large numbers (see, for example Theorem 5.10 in Chen and
Yao [2]) guarantees that for any 7' > 0

A" [lr =0, [§"llz =0, [N"[lr — 0, and [B*"||lr — 0, a.s., (4)



as n — 0o. We also define the diffusion-scaled processes for each j =1,...,J

) = VT AN - At)

1) = Valn T S)(E) — )

NI = vl N (nt) ~ 1)
Bpit) = (e R(nt)) = pat), k=1,

For BA, BS, BN, and B®J, j =1,...,J independent, d-dimensional Brownian motions
having respective covariance matrices C4, C°, OV, and CF  whose (k,[)th element is
defined as

Cit = Mearlra, Cpy = prbidis, Cf = 0, CFF = pin(0m — pin).
the weak convergences
A= B4 §"= BS N"= BN, R = BRI j=1,.../] (5)

as n — oo follow by the functional central limit theorem (see, for example Theorem
5.11 in Chen and Yao [2]). Finally, we observe that the linearly generalized regulator

mapping satisfies a scaling property. Therefore, from equation (2), on fluid scale, letting

Q" =n'Q"Y" =nY", and X =n"tX",
(Q",Y") = (r(X"), ¥r (X)), (6)
and, on diffusion scale, letting Q" = n~'/2Q", Y™ = n~1/2Y", and X" = n"1/2X",

(Q",Y™) = (Pr(X™), Ur(X™)). (7)

4 Multi-dimensional Regulated Ornstein-Uhlenbeck
Approximation

Our first proposition establishes the behavior of a generalized Jackson network with
reneging under fluid scaling. We require this proposition, which is interesting in its own
right, to prove the weak convergence of the queue-length process to a multi-dimensional
regulated O-U process in Theorem 1.

.....

Then, for x(t) =q+ (A — (I — PT)p)t, t > 0,
Q" — ®p(z) and Y — Up(z), a.s.,

as n — Q.



Proof: For each j =1,...,J, from (1),

J
—=n _ n k _ n
Xj() = n7'QRO) + A5(0) + Y Ry (nSE(BR( +Zpk]

k=1

~S; (B} (t) <%/ Q5 ( ) + (A? + Zpkm}i - u?) t.
k=1

Given T > 0, provided we can show there exists C; and Cy (which may be dependent on
T) such that for large enough n

In'5" 0 Blp < O aus., and [T (B)]lr < O as. )
then, from (4) and assumption (3),
X7 — =, as.,

as n — 00. Therefore, because Proposition 2 shows the linearly generalized regulator
mapping is continuous, the representation of (@”,?”) in terms of this mapping in (6)
establishes the stated a.s. convergence.

To see (8), first observe that for ¢ > 0, since the time of the first arrival to station k is
of order n~! in the nth system, for large enough n (where how large n must be depends
on the sample path), 0 < B (t) < t, a.s., since the service discipline is non-idling and
server busy time in [0, ¢] cannot exceed t. Therefore, the strong law for renewal processes
guarantees that for any ¢ > 0,

SE(BE(?))

2 1, a.s., 9
n B (1) ®)

as n — 00. Since B} (t) and S} are non-decreasing in ¢, and By (T) < T, for any € > 0,

nSp(BR(t) < %’%wm < (u+ T, s,

by assumption (3) and the convergence in (9), for large enough n. Finally, the second
inequality in (8) follows because for any € > 0, and for large enough n,

Qi) <A+ Nt < (N+eT, j=1,....J

O

Remark 1 If (A — (I — P")u) > 0, then ¥r(z) = 0, and so from standard ordinary
differential equation theory,

Cr(z)(t) =T (A= (I = P1)p) + (@ =T7' (A = (I = PT)p))e™", t>0.



In particular, the convergence rate to steady-state (which depends on the reneging rate
matrix I') is exponential, and

lim ®p(x)(t) =T\ — (I — PT)p).

t—o0

Additionally, because the convergence in Proposition 1 is almost sure, uniformly on
compact sets, to a continuous limit process, the limit interchange

A= —Pp) = tlggo nll_{go@n(t) = nh—{EO lirtn sup Q' (t) = nh_}ralo litrgglf@n(t) a.s.

is justified.

To set the stage for our main limit theorem, for a given drift a € R/, (possibly
random) initial state ¢ > 0, square matrix M, and B a zero drift Brownian motion
having covariance matrix C', let (Z,Y") be the unique strong solution to the stochastic
equation

t
Z(t) = q+ozt—/ I'Z(s)ds+ B(t)+ MY (t) >0, t >0, (10)
0
Y(0) = 0, Y non-decreasing, and / Z;(t)dY;(t) =0, j=1,...,J.
0

When M has positive diagonal elements, non-positive off-diagonal elements, and a non-
negative inverse, Proposition 2 in the appendix guarantees a unique strong solution to
(10).

Theorem 1 Suppose for each j =1,...,J
J
Vvn (A? + ZPWZ - M?) — 0, (11)
j=1
as n — o0o. Then, assuming Q”(O) = q in R for a given initial state g,
(@Q.Y)=(Z,Y),

where (Z,Y) satisfy the stochastic equation (10) with « = 0, M = I — PT, and covariance
matriz C' having

J

Cri = MO + Zﬂjpjk(5kl - pjl) + Mjbj (pjlc - 5jk)(pjz - 5jl)-
j=1



Proof: For each j=1,...,J, define 7}'(t) = ; f(f @?(s)ds, and observe from (1) that,
~ J ~
nTEXG() = nTRQRO) + AT + Y R (T SH(BE(D)) (12)
k=1

+ D Sk (BE(t) = 57 (B} () — Njt (/1))

k=1
J

+v/nt <)\? + ZpkjuZ - ,u?) .
j=1

Let 0 be the zero process and observe that for any ¢t > 0, ¥r(0)(¢) = ®r(0)(¢) = 0. Then,
because (11) implies

J
N i — i — 0,

J=1

as n — 00, Proposition 1 (with x = 0) guarantees

Y' > 0and Q" — 0 a.s.,
as n — 0o. Therefore, the convergences

7" — 0and B" — e, a.s.,

hold, as n — oo, where e(t) = ¢ for all ¢ > 0. The random time change theorem then
shows ) 3
N"o71" = 0 and S" o B" = B®, (13)

as n — oo. Furthermore, n=15™ o B™ — pe a.s., and so
R?k on 'Sy o B} = B]R’k o pje. (14)
Therefore, from (5), (11), (12), (13), and (14), we have, in vector form, as n — oo,

J
X"=q+B*+> B%ope+ (P"~1)B°+0,

j=1

a Brownian motion with drift # and covariance matrix C'. Because the linearly generalized
regulator mapping is continuous by Proposition 2, the continuous mapping theorem and
the representation for the queue-length and idle-time processes in (7) establish the stated
weak convergence. U



5 Appendix

We show a result, similar to that of Chen [1], that establishes the existence, uniqueness,
and continuity of a linearly generalized regulator mapping. For d a positive integer,
x € D([0,00),R%) having x(0) > 0, and ', M square matrices of dimension d x d, the
linearly generalized regulator mapping

(q)Fv ‘I}F)(I> : D([07 OO), §Rd) - D([07 OO), [0700)2d>

is defined by
(Pr, ¥r)(z) = (2,1),

where
(C1) 2(t) + [y Tz(s)ds = x(t) + RI(t) > 0 for all t > 0
(C2) 1(0) = 0, I is non-decreasing, and [~ z;(t)dl;(t) =0, j=1,...,J.

Observe that if I" is the zero matrix, we have the conventional reflection mapping dis-
cussed in Section 7.2 of Chen and Yao [2]. We write ®, ¥, where & = & and ¥ = U to
emphasize when we are referring to the conventional reflection mapping.

The key to establishing the existence, uniqueness, and Lipschitz continuity of & and
U is understanding the properties of the following integral equation

mw:ﬂw—zrwm@@. (15)

In particular, define the mapping M : D([0,00),R?) — D([0,00),R?) (which exists
uniquely by Lemma 1) by M(x) = u, and observe that conditions (C1)-(C2) are satisfied
when

(Pr, Ur)(z) = (@, ¥)(M(x)). (16)
We first state a lemma establishing basic properties of integral equations having the form
(15), and then state the main proposition of the appendix.

Lemma 1 Suppose 1 : D([0,00),RY) — D([0,00), R%) is Lipschitz continuous. Then
for any given x € D([0,00),R?), there exists a unique u € D([0,00), R?) that satisfies
the integral equation

ult) = x(t) - / () (s)ds, (17)

and has initial condition u(0) = x(0). Furthermore, the mapping M,, : D([0, 00), RY) —
D([0,00), R?) defined by M, (x) = u is Lipschitz continuous.

Proposition 2 Suppose M has positive diagonal elements, non-positive off-diagonal el-
ements, and a non-negative inverse. Then, for each x € D([0,00),R?) having x(0) > 0,
there exists a unique (z,1) satisfying (C1)-(C2). Furthermore, the mappings ®r and Wy
are Lipschitz continuous.



Proof: The proof is immediate from the representation (16), Lemma 1, and Theorem 7.2
of Chen and Yao [2], which establishes the existence, uniqueness, and Lipschitz continuity
of the mapping (P, V). O

Proof of Lemma 1: For T > 0, let x be such that for z1,2, € D([0,00),R%), the
inequality ||n(x1) — n(z2)||r < K||z1 — 22||r holds.

Existence: We use the method of successive approximations to construct a solution to
(17) on [0,T)]. Let ug = 0 and recursively define

i (£) = 2(t) — / () (5)ds.

Choose § so that kd < 1. Partition the interval [0,7] into [§~'T| intervals of length 4,
and one interval of length T'— [6~'T'|d. Let

¢ = [lzllz + Tln(0)|z,
and observe that for any 0 <t < T,
lur = wolle < [l + £lln(0)[|: <@ (18)
Furthermore, for n = 1,2, ...
[tns1 = tnlls < Ok[lun — un1lls,
and so repeated iteration shows
[tns1 — unlls < (0r)"C.
Now suppose for a given positive integer k,
[ttt — unlljs < jn?(0k)"C, j=1,... k, (19)

forallm=1,2,..., and so

s = allaens = U3 [ () = ) GNdslars (20)

= Ji-s
k
< Z Ok || tn, — Un—1||j5 + 0K ||t — Un—1|| (k1)
j=1

< knF(0K)"C + 0k ||ty — Un—1](k+1)s-

From (18) and (20),
|ug — w1 ||kr1)s < (k4 1)dkE.



Repeatedly iterating (20) shows that for all n = 1,2, ...,

[tnt1 = tnll k415 < (kzlk + 1> (0r
=1
< (kn"t 4 1)(6k)"e.

Therefore, by mathematical induction, (19) holds for all positive integers k. In particular,
(19) holds for k = [6'T], and so

[6—17] [6—17
|tns1 — unllr < Z IRy — up—1]j5 < Z gn? (0k)"e — 0,

as n — 0o. We deduce that the sequence of approximating functions u, tends to the
limit function u* = lim, . u, in D([0,T],R¢) (when viewed as a Banach space under
the uniform norm on compact sets). Finally, to see u* is a fixed point of the mapping

observe that f is Lipschitz continuous since ||f(u1) — f(u2)||7 < T ||uy — us||7.

Uniqueness: Suppose that u and v both satisfy (17). Let

Aft) = u(t) —o(t) = /0 (n(v) = n(u))(s)ds.

Then, by the Lipschitz property of n, for any ¢ > 0,

(0) </ (0(0) — () (3)]ds < th]| Al

which implies A = 0 on [0, k7. For k71 <t < 2k71,
[AB] < N A1 + (= £ D l2w1 = (¢ — 78I A |21,
which implies A = 0 on [0,2x7], since (t — k™!)x < 1. Tterating this argument implies

/A is the zero function.

Lipschitz continuity: Because 7 is a Lipschitz mapping,
My (1) = My(@2)|le < llzg — alle + trl| My (21) — My(z2) ],
which implies, for ¢ < (2x)71,

My (1) = My(z2)lle < (1= tr) " [log — z2]]e. (21)



For (2k)™' <t <2(2k)™' = k71, use of (21) and the Lipschitz continuity of 7 shows

w1 (57 = Jy™ My () (s)ds
M)~ My(e)le = sup max | 208D+ n(My(ra))(s)ds

o<s<ti=lond | =21 (K1) 4+ 2o(KY) + 21(8) — 22(s)

+ Jiomy 1 (MM (22)) = n(M (1)) (5)ds

< (1= @) Mo — zalle + 2 —
(= (28) V)Rl My (2) = My ()],
< Ay — aall+ (£ (20) )l My (2) — My () |

and so the inequality

M 1) = M) < 1

\fl - Ith

: |
i~ (20) )n

follows. Since only a finite number of intervals of length (2x)~! partition the interval

[0,

T, iterating as above establishes Lipschitz continuity of the mapping M,,. O
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