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Abstract

Bandwidth-sharing networks as considered by Massoulié & Roberts [33] provide a natural
modeling framework for describing the dynamic flow-level interaction among elastic data trans-
fers in computer and communication systems, and can be used to develop traffic pricing/charging
mechanisms. At the same time, such models are exciting from an Operations Research perspec-
tive as their analysis requires techniques from both stochastic modeling and optimization.

In this paper, we develop a framework to approximate bandwidth sharing networks under
the assumption that the number of users as well as the capacities of the system are large, and
the assumption that the traffic each user is allowed to submit is bounded above by some rate, as
is standard in practice. Under Markovian assumptions, we develop fluid and diffusion approxi-
mations which are quite tractable: for most parameter combinations, the invariant distribution
is multivariate normal, with mean and diffusion coefficients that can be computed in polynomial
time as function of the size of the network.

1 Introduction

Bandwidth-sharing networks as considered by Massoulié & Roberts [29, 33] provide a natural
extension for modeling the dynamic interaction among competing elastic flows that traverse several
links along their source-destination paths in a network. They offer insight into the complex behavior
of communication networks and have also recently been suggested as a tool in analyzing problems in
road traffic [26]. From an Operations Research perspective, bandwidth sharing networks are exciting
since their static behavior is governed by nonlinear optimization problems, while understanding
their dynamics requires a separate set of OR tools, stochastic models.

Contemporary research has devoted a significant amount effort to analyzing bandwidth sharing
networks and a considerable amount of this effort has been devoted to deriving stability conditions
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for bandwidth sharing networks. This question is still not settled in general and is not the subject
matter of the present paper although a variety of results may be found in De Veciana et al. [34, 35],
Bonald & Massoulié [5], Mo & Walrand [30], Massoulié [28], Bramson [13], Gromoll & Williams [21],
and Chiang et al. [14]. Another significant issue, which is more central to the present paper, is
concerned with second order phenomena, i.e. methods to evaluate the performance of bandwidth
sharing models. For the right combination of network topology and bandwidth sharing policy, it is
possible to show that the steady-state distribution of the network not only exists, but is of product
form and is insensitive with respect to the flow size distribution. In some cases, it is even possible
to derive necessary and sufficient conditions for steady-state distributions of this type to exist. This
work is well summarized in Bonald et al. [8].

In general, such nice structure on the network topology and bandwidth sharing policy as men-
tioned above cannot be expected to hold and one has to resort to approximations. Fundamental
papers on fluid limit approximations for bandwidth sharing networks are Kelly & Williams [25]
and Gromoll and Williams [20]. Properties of overloaded bandwidth sharing networks have sub-
sequently been derived by Borst et al. [11, 15]. A diffusion approximation for bandwidth sharing
networks was derived in Kang et al. [23]. Ye and Yao [36, 37] considered diffusion approximations
of some bandwidth sharing networks where the service discipline per class is FIFO rather than PS,
which coincides with regular bandwidth sharing networks in the case of exponential flow sizes. As
we see it, the main message of these works is that the performance of bandwidth sharing networks
in heavy traffic can sometimes be described by a linear transformation of a vector of independent
exponential random variables. Although this line of research is exciting and still ongoing, this com-
putationally tractable insight seems limited to specific network topologies and bandwidth sharing
mechanisms.

This paper proposes a different perspective leading to another class of tractable approximations,
namely multivariate normal approximations. As we shall show, such approximations arise naturally
from the observation that overall system capacity and individual user download speeds may be of
different orders of magnitude. For instance, it is common in applications (see Bonald & Proutiere
[7]) that network capacity is measured in GigaBits or TeraBits per second whereas individual
user maximal download speeds are measured in Megabits. In the present paper, we assume that
individual user download speeds are bounded above by some maximum whereas overall system
capacity may be arbitrarily large. This stands apart from the above mentioned work in which
system capacities and user download speeds are assumed to be comparable. A consequence of our
limit on the maximum individual download speed is that a significant number of users are required
in order to saturate a link. As a result, we consider a system with large arrival rates and system
capacities and view the system on a fixed time scale, whereas many of the above mentioned works
focus on the large-time properties of a network with fixed arrival rates and capacities.

Our framework can be seen as an extension of the many-server scaling found in the literature on
call center approximations. We refer to [16] for a survey and note that the results in this paper for
the most simple case of a single node/class network reduce to the classical diffusion approximation
of Halfin & Whitt [22] for many-server queues. In fact, the model we consider is a highly non-trivial
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example of a Markovian Service Network, as considered by Mandelbaum et al. [27]. Unfortunately,
we could not directly fit our assumptions into theirs, so we verify the necessary details from scratch
in an appendix.

In the call center queueing literature, one often makes a distinction between several qualitatively
different regimes: the Quality Driven (QD), Efficiency Driven (ED), and Quality and Efficiency
Driven Regime(QED). As we shall see in the present paper, in a multi-class multi-node bandwidth
sharing network it is not a priori clear in which regime a class will operate from the outset. This
is actually determined endogenously (rather than exogenously, as is the case in simple call center
models) through the dynamics of the bandwidth sharing allocation algorithm. We provide a key
optimization problem for a model with user impatience that determines whether in steady state
(on fluid scale) the maximal service rate of a class of users will be met or not.

To the best of our knowledge, the first paper to consider diffusion approximations of bandwidth
sharing networks with rate constraints is Ayesta & Mandjes [1]. This work begins with existing
explicit scheduling policies without individual capacity constraints, and then truncates the capacity
constraints at the individual maxima. Our allocation policies take a more integrated approach,
allowing users that operate below maximal capacity to take up bandwidth that is not used by
other (rate-constrained) users, so that bandwidth allocations are Pareto optimal. Moreover, our
framework makes the fluid and diffusion approximations in [1] rigorous, and does not require explicit
knowledge of the bandwidth allocation function. In fact, all that is necessary is a directional
differentiability property that is established in complete generality in Section 2 of this paper, using
results from the sensitivity analysis of nonlinear programs as developed in Bonnans & Shapiro [10].
This directional differentiability result (we actually give a necessary and sufficient condition for
differentiability) is one of the main technical results of the paper. In particular, we hope that the
general methodology we use (which does not seem to be well known in the applied probability
community) will avoid the use of laborious bare hand calculations in the future. We believe that
this connection between stochastic networks and continuous optimization will be interesting for
other works as well.

The limit theorems obtained in this paper are fluid and diffusion limits under Markovian as-
sumptions on the service times and patience times of users. Extensions to general distributions is
currently under investigation and is challenging but promising since one artefact of our scaling is
that our system never empties, thus eliminating many of the problems faced by studies in conven-
tional bandwidth sharing networks. This is substantiated by the fact that the resulting steady-state
diffusion approximations often yield a multivariate normal law, where the means and covariances
can be computed by, respectively, a concave programming problem with polyhedral capacity set,
and a set of linear equations. This results in a computational procedure that has complexity which
is polynomial in the size of the network, and is in principle valid for any network topology and a
large class of utility based bandwidth allocation mechanisms.

The remainder of this paper is organized as follows. A model description is provided in Section
2. Section 3 contains a detailed sensitivity analysis of the bandwidth allocation function. Fluid
and diffusion approximations are presented in Section 4. Section 5 focuses on invariant points for

3



the fluid model. In particular, we focus on a model with user impatience, for which we establish
uniqueness of an invariant point, and we provide sufficient conditions for differentiability of the
bandwidth allocation function in this invariant point, leading to a multivariate normal law for the
diffusion approximation. In Section 6, we illustrate our results with some examples. Proofs can be
found in the remainder of the paper.

2 The Model

Consider a network consisting of J resources and I routes. Each resource is given an index j ∈
{1, 2, ..., J} and a route i is a non-empty subset of {1, 2, ..., J}. We define the J×I incidence matrix
A to be such that Aji = 1 if resource j is an element of route i and zero otherwise.

Intuitively, one may think of a resource j as a server on a network and a route i as a series
of resources through which information is passed. Note, however, that a route is an unordered
set and so we do not distinguish the direction in which information is being passed through the
resources. A flow represents a specific transfer of information along a route. Each flow in the
network is assigned a processing rate and the sum of all processing rates assigned to flows on a
particular route is the bandwidth devoted to route i, which we denote by Λi. Each resource j is
assigned a limited amount of total bandwidth, cj , which it must distribute to each of the routes
passing through it. We therefore obtain the matrix inequality AΛ ≤ c, where Λ = (Λ1,Λ2, ...,ΛI)

′

and c = (c1, c2, ..., cJ)
′
. In addition, we assign to each route i a maximum rate mi at which flows

on that route may be processed. Thus, if zi represents the total number of flows on route i, we
require that Λi ≤ mizi. In matrix notation, this may be written as Imz ≥ Λ, where I is the I × I
identity matrix and m = (m1,m2, ...,mI)

′
and z = (z1, z2, ..., zI)

′
.

Now let Zi(t) be the number of flows on route i at time t and set Z(t) = (Z1(t), Z2(t), ..., ZI(t))
′
.

In what follows, we suppose that there exists some bandwidth sharing policy Λ : RI 7→ RI such that
if the total number of flows on each route at time t is given by Z(t), then the bandwidth devoted
to route i by each resource on route i is given by Λi(Z(t)). In Section 3, detailed prescriptions of
bandwidth allocation policies Λ are given. However, we first state how the system operates given
an arbitrarily chosen bandwidth allocation policy Λ.

For each i = 1, ..., I, let (Ei(t), t ≥ 0) be a rate one Poisson processes and let ηi > 0 be the
average arrival rate of flows to route i. We furthermore make the assumption that (Ei(t), t ≥
0), i = 1, ..., I, are independent of one another. The number of flows which have arrived to route
i by time t is then given by Ei(ηit). For k ≥ 1, the size of the kth job to arrive to route i is an
exponential random variable with mean 1/µi. We assume that job sizes are independent of one
another both within a specific route and betweens routes. At time zero, we assume that there are
Zi(0) flows on route i each of whose unprocessed information sizes are i.i.d. exponential random
variables with mean 1/µi. We also assume that each flow arriving to route i impatient and is only
willing to wait an exponentially distributed amount of time with rate γi ≥ 0 to have all of its
information processed before abandoning from the system. Note that this implies that some flows
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may depart prematurely from the system before having all of their information processed.
At a given point in time t ≥ 0, each of the Zi(t) flows along route i must equitably share the total

bandwidth allocated to the route. Since the total bandwidth assigned to route i is Λi(t), this implies
that the bandwidth allocated to each of the Zi(t) flows along route i is given by Λi(Z(t))/Zi(t),
which we define to be 0 if Zi(t) = 0.

Now note that since the information sizes for each flow are exponentially distributed, it follows
that the departure process of service completions of flows of type i is a doubly stochastic Poisson
process with instantaneous rate Zi(t)(Λi(Z(t))/Zi(t))µi = Λi(Z(t))µi. Moreover, the departure of
flows of type i abandoning from the system is also a doubly stochastic Poisson process with rate
γiZi(t). Letting N s

i = (N s
i (t), t ≥ 0) and Na

i = (Na
i (t), t ≥ 0), i = 1, ..., I, be independent, rate one

Poisson processes, the process Z = ((Z1(t), ..., ZI(t)), t ≥ 0) tracking the total number of flows on
each route at each point time t, is given by the solution to the system of equations,

Zi(t) = Z(0) + Ei(ηit)−N s
i

(
µi

∫ t

0
Λi(Z(s))ds

)
−Na

i

(
γi

∫ t

0
Zi(s)ds

)
, (1)

for i = 1, ..., I, and t ≥ 0. This is a set of I equations and it is straightforward to show that
there exists a unique solution Z. In the parlance of [27], (1) is referred to as a time-homogeneous
Markovian service network.

3 The bandwidth allocation mechanism and its properties

We now assign to each flow on route i a utility function Ui. We assume that the utility of a flow
is a function of the bandwidth allocated to that flow. Hence, if Λi total units of bandwidth have
been allocated to route i and there are zi > 0 flows on route i at a given point in time, then each
flow will receive a utility of Ui(Λi/zi). We assume that Ui is a strictly increasing, strictly concave,
twice differentiable function, such that U ′i(0) = ∞. One important family of utility functions are
the weighted α fair utility functions, given by U ′i(x) = κix

−α, with α > 0.
For a given choice of utility functions Ui, i = 1, .., I, we next consider the bandwidth sharing

policy Λ which arise as the solution to the following global utility maximization problem.

(Pz) max
I∑
i=1

ziUi

(
Λi
zi

)
subject to AΛ ≤ C

Λ ≤ mIz.

Note that since the criterium function in the above nonlinear program is strictly concave, it follows
that for each z = (z1, ..., zI) on the interior of the positive orthant, there exists a unique optimal
solution to this problem, which we denote by Λ(z) = (Λ1(z), ...,ΛI(z)).
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In this section, we show that our choice of Λ(·) as defined above is a directionally differentiable,
locally Lipschitz function on (0,∞)I , which in some cases is also differentiable. The results in this
section may be viewed as extensions of Lemma A.3 of Kelly & Williams (2004), and Proposition 4.1
of Borst et al. (2009), who respectively established continuity and Lipschitz continuity of Λ(·) as
defined above for special cases. Our results in this section can be seen as relatively straightforward
examples of the perturbation analysis of nonlinear optimization problems in Banach spaces, a
theory which is nowadays well developed. These techniques however do not seem to have found
widespread use in the Applied Probability community so far. Our main reference for this section
is Bonnans & Shapiro (2000) and all proofs for this section may be found in the appendix.

In order to be clear, we note that throughout this section we assume that z lies in the interior
of the positive orthant, i.e. zi > 0 for all i. Furthermore, we allow the possibility that mi =∞. In
our examples later on, A is an incidence matrix, i.e. Aji = 1 if resource j is used by class of type
i, but we note that our results still hold if the elements of A would be nonnegative, or if A is such
that the interior of the Polyhedral capacity set {Λ : AΛ ≤ C,Λ ≥ 0} is non-empty. This implies
the validity of several constraint qualifications, in particular the Fromovitz-Mangasarian constraint
qualification.

Now let p(z) be a J dimensional vector of Lagrange multipliers corresponding to the capacity
constraints AΛ ≤ C, and let q(z) be a I dimensional vector of Lagrange multipliers corresponding to
the rate constraints Λ ≤ mz. It then follows p(z), q(z) and Λ(z) form a solution of the Karush-Kuhn
Tucker (KKT) conditions for Pz, i.e.

(AΛ(z)− C)p(z) = 0, (Λ(z)−mIz)q(z) = 0, U ′i(Λi(z)/zi) = qi(z) +
∑
j

pj(z)Aji.

Let I(z) be the set of active rate constraints, and let J (z) be the set of active capacity constraints
of (Pz). Denote by γ(Λ, z) the set of Lagrange multipliers of (Pz) and from now on, let (p(z), q(z))
be Lagrange multipliers of (Pz) that also solve the optimization problem

max
(p,q)∈γ(Λ,z)

−
I∑
i=1

dimiqi. (2)

The following is now the first main result of this section and serves as one of the major tools in
establishing the main limit theorem of this paper. Recall that the directional derivative of Λ in a
direction d at a point z is defined as limt↓0(Λ(z + td)− Λ(z))/t, assuming that this limit exists.

Theorem 3.1. Let z ∈ (0,∞)I . Define

vi(z) =
1
zi
U ′′i (Λi/zi), ui(z) =

Λi(z)
zi

vi(z). (3)

Λ(·) is directionally differentiable in any direction d, and the directional derivative Hd(z) is the

6



unique solution to the following quadratic programming problem.

(Dz,d) max − 2
I∑
i=1

ui(z)dihi +
I∑
i=1

vi(z)h2
i

subject to (Ah)j = 0, if pj(z) > 0,
(Ah)j ≤ 0, if (AΛ(z))j = Cj ,

hi = dimi, if qi(z) > 0,
hi ≤ dimi, if Λi(z) = mizi.

An implication of this result is the following:

Theorem 3.2. Λ(·) is locally Lipschitz on (0,∞)I , i.e. for every compact subset E of (0,∞)I there
exists a constant KE such that ||Λ(x)− Λ(y)|| ≤ KE ||x− y|| for all x, y ∈ E.

Some of our results require the stronger result of Λ(·) being differentiable at a point z, which, in
view of the previous theorem, is equivalent to Hd(z) being a linear function in d. A sufficient con-
dition for differentiability is given in the following theorem. Recall that the strict complimentarity
condition holds if all active constraints have strictly positive Lagrange multipliers, i.e. pj(z) > 0 for
all j ∈ J (z) and qi(z) > 0 for all i ∈ I(z). Also, recall that a set of constraints are linearly indepen-
dent if the coefficient vectors on the l.h.s. of these constraints cannot be written as a combination
of one another.

Theorem 3.3. Λ(·) is differentiable at a point z ∈ (0,∞)I if the constraints in I(z) ∪ J (z) are
linearly independent, and if the strict complimentarity condition holds. In this case, Hd(z) is the
solution of

(D′z,d) max − 2
∑I

i=1 ui(z)dihi +
∑I

i=1 vi(z)h
2
i

subject to (Ah)j = 0, j ∈ J (z),
hi = dimi, i ∈ I(z).

Let pd(z) and qd(z) be the vectors of Lagrange multipliers. Then Hd(z), pd(z), qd(z) form the unique
solution of the system of I + |I(z)|+ |J (z)| linear equations

2Hd
i (z)vi(z) = 2ui(z) +

∑
j∈J (z)

pdj (z)Aji + qdi (z)I(i ∈ I(z)), i = 1, ..., I,

(Ahd(z))j = 0, j ∈ J (z),
Hd
i = dimi, i ∈ I(z).
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The proof of Theorem 3.3 follows immediately from Theorem 3.1, exploiting strictly complimenta-
rity and linear independence of the constraints.

Note that since active constraints are required to be independent, we have that |I(z)|+|J (z)| ≤
I and so if the derivative of Λ(·) exists, it may be found by solving a system of at most 2I equations.
Thus, from a computational standpoint, finding the derivative of Λ is not much more difficult than
finding Λ itself.

4 Fluid and diffusion limits

We now introduce what we refer to as the ‘large capacity scaling’ regime. Recall that as mentioned
in the introduction, it is natural to consider a regime in which the capacity of each resource in the
network and arrival rates to the network are arbitrarily large, while individual user rate constraints
remain bounded. In order to model this, we introduce a sequence of networks indexed by n where
the bandwidth allocation policy Λn in the nth system is given by the solution of (Pz), with the
capacity vector C replaced by nC. One may easily verify that this implies that

Λn(z) = nΛ(z/n), (4)

and hence the bandwidth allocation policy scales in a natural way as well in this regime. We also
denote by ηni the arrival rate of flows to route i in the nth network, which we assume grows to
infinity at a linear rate as n grows large, i.e. ηni = nηi.

Our main results in this section are to provide fluid and diffusion limits for the user population
process introduced in Section 2. Define first the fluid scaled quantities, Z̄n(0) = n−1Zn(0) and
Z̄n(t) = n−1Zn(t) for t ≥ 0, and set Z̄n = (Z̄n(t), t ≥ 0). We then have the following fluid limit
result.

Theorem 4.1. If Z̄n(0)⇒ Z̄(0) ∈ (0,∞)I as n→∞, and n−1ηni → ηi as n→∞, for i = 1, ..., I,
then Z̄n ⇒ Z̄ as n→∞, where Z̄ is the unique, strong solution to the system of equations,

Z̄i(t) = Z̄i(0) + ηit− µi
∫ t

0
Λi(Z̄(s))ds− γi

∫ t

0
Z̄i(s)ds, (5)

for t ≥ 0, for i = 1, ..., I.

Note that the system of equations (5) represents an autonomous system of ordinary differential
equations and it may be solved numerically using an iterative approach.

We now assume that Z̄(0) in the statement of Theorem 4.1 is constant. By (5), this then implies
that Z̄ is a deterministic function. In our next result, we center the user population process Zn

by Z̄ and then rescale by a factor of
√
n. For each n ≥ 1, define the diffusion scaled quantities

Z̃n(t) = n1/2(Z̄n(t) − Z̄(t)) for t ≥ 0 and set Z̃n = (Z̃n(t), t ≥ 0). The following result provides
a weak limit for the diffusion scaled user population process Z̃n and it is the main result of this
section.
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Theorem 4.2. Let ξ̃i = (ξ̃i(t), t ≥ 0), i = 1, ..., I, be independent, Brownian motions with in-
finitesimal variance

σi(t) =
√
ηi + µiΛi(Z̄(t)) + γiZ̄i(t),

for t ≥ 0.
If Z̃n(0)⇒ Z̃(0) as n→∞, and

√
n(n−1ηni −ηi)→ βi as n→∞, for i = 1, ..., I, then Z̃n ⇒ Z̃

as n→∞, where Z̃ is the unique, strong solution to the stochastic differential equation

Z̃i(t) = Z̃i(0) + ξ̃i(t) + βie− µi
∫ t

0
(HZ̃(s))i(Z̄(s))ds− γi

∫ t

0
Z̃i(s)ds, (6)

for t ≥ 0, and i = 1, ..., I.

In general, the limit process Z̃ in Theorem 4.2 may exhibit complex behavior depending on
Z̄ and the smoothness of Λ(·) at each point along Z̄(t) along the fluid limit path Z̄. We now,
however, present several cases in which the diffusion limit (6) may be explicitly solved. We first
assume that the bandwidth allocation policy Λ(·) is differentiable at each point along the path of
its fluid limit Z̄. This then implies that Hd(Z̄(t)) is a linear function of d for each t ≥ 0 and so we
may write Hd(Z̄(t)) = H(Z̄(t))d for a particular matrix H(Z̄(t)). Let ξ̃(t) = (ξ̃1(t), ..., ξ̃I(t))

′
for

t ≥ 0 and let β = (β1, ..., βI)
′
. Also, let Iµ is the I × I matrix such that (Iµ)ii = µi for i = 1, ..., I,

and zero otherwise, and, similarly, let Iγ be the I × I matrix with (Iγ)ii = γi for i = 1, ..., I, and
zero otherwise. We then have the following result. Its proof is standard and an example of it may
found, for instance, in [24].

Proposition 4.3. Suppose that the conditions of Theorem 3.3 hold at Z̄(t) for each t ≥ 0 and let
Φ(t) be solution to the matrix-valued ODE

Φ̇(t) = −(IrH(Z̄(t)) + Iγ)Φ(t),

for t ≥ 0, with initial condition Φ(0) = I. The solution to (6) is then given by

Z̃(t) = Φ(t)
(
Z̃(0) +

∫ t

0
Φ−1(s)d(ξ̃(s) + βs)

)
, (7)

for t ≥ 0. Moreover, if E[||Z̃(0)||2] <∞, then

E[Z̃(t)] = Φ(t)
[
E[Z̃(0)] +

∫ t

0
Φ−1(s)βds

]
,

and, for 0 ≤ s ≤ t,

E[(Z(s)− E[Z̃(s)])(Z(t)− E[Z̃(t)])
′
]

= Φ(s)
[
E[(Z(0)− E[Z̃(0)])(Z(0)− E[Z̃(0)])

′
] +
∫ s∧t

0
(Φ−1(u)σ(u))(Φ−1(u)σ(u))Tdu

]
Φ
′
(t),
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where σ(u) is the I-dimensional column vector with ith component

σi(u) =
√
ηi + µiΛi(Z̄(u)) + γiZ̄i(u).

Also, if Z̃(0) is Gaussian distributed, then Z̃(t) is Gaussian as well.

Suppose now that Z̄(0) is an invariant point for the fluid limit ODE (5) so that Z̄(t) = Z̄(0)
for t ≥ 0. This then implies that H(Z̄(t)) = H(Z̄(0)) for all t ≥ 0 and, that

σi(u) = σi =
√
ηi + µiΛi(Z̄(0)) + γiZ̄i(0),

for u ≥ 0. From (6), we then conclude that Z̃ is a time-homogeneous, multi-dimensional Ornstein-
Uhlenbeck process. In Section 5, a precise characterization of all invariant points for (5) is given.
We close this section with the following result whose proof is also standard and may be found in
[24].

Proposition 4.4. Assume that Z̄(0) is an invariant point for (5) and let A = IrH(Z̄(0)) + Iγ.
If each eigenvalue of A has a positive real part, then Z̃(t) ⇒ Z̃(∞) as t → ∞, where Z̃(∞) is a
normal random variable with mean

E[Z̃(∞)] = β

∫ ∞
0

e−tAdt,

and variance-covariance matrix

E[(Z̃(∞)− E[Z̃(∞)])(Z̃(∞)− E[Z̃(∞)])
′
] =

∫ ∞
0

e−tAσσ
′
e−tA

′
dt.

5 Invariant points

Recall now that ηi is the arrival rate of flows of class i, µi is the inverse of the mean service time
of flows of type i, and γi is the reneging rate of flows of type i. Consider those points z ∈ (0,∞)I

which satisfy
ηi = µiΛi(z) + γizi. (8)

We refer to such points as invariant points for the fluid limit and we sometimes also call them fixed
points. Our main result in this section is to show that assuming the system is not overloaded, there
exists a unique fixed point.

Consider the first the case of γi = 0 for all i, i.e. no impatience. We then have that (8) reduces
to

Λ(z) = ρ. (9)
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From (9), it follows that there do not exist invariant points unless Aρ ≤ C. In other words, the
system is not overloaded. We therefore assume that Aρ ≤ C. In order to determine which values
of z satisfy (9), we observe that the KKT conditions for (Pz), combined with (9), yield

U ′i(ρi/zi) = qi +
∑
j

Ajipj , pj(Aρ− C)j = 0, qi(ρi −mizi) = 0.

From these equations and the non-negativity constraints on the Lagrange multipliers, it follows
that z is an invariant point for (Pz) if and only if there exists constants non-negative constants pj
and qi such that

zi =
ρi

U ′−1
i

(
qi +

∑
j Ajipj

) . (10)

Note also pj and qi must further satisfy pj = 0 if (Aρ)j < Cj , and qi = (U ′i(mi)−
∑

j pjAji)
+. The

sufficiency of the above statement is straightforward. The only non-trivial part for necessity is to
observe the fact the the KKT conditions are necessary, and to verify the expression of qi. The latter
follows by examining the three cases where U ′i(mi)−

∑
j pjAji is strictly positive, zero, or strictly

negative separately, and by the necessity of the KKT conditions. Note that in the underloaded
case of (Aρ)j < Cj for every j, then pj = 0 for all j, so that qi = U ′i(mi), implying zi = ρi/mi.

The characterization of invariant points in the presence of impatience is more challenging. In
what follows, we assume ηi > 0 for all i. Suppose that z is an invariant point for (Pz), so that it
satisfies (8). Our approach now is to substitute this expression for z into the KKT conditions for
(Pz), and to identify a concave programming problem for which the new set of equations forms the
KKT conditions. This idea has been applied to a separate problem in Borst et al. (2009). This
substitution results in the equations

U ′i(Λiγi/(ηi − µiΛi)) = qi +
∑
j

pjAji, pj((AΛ)j − Cj) = 0, qi(Λi −
diηi

γi + diµi
) = 0.

Define the function Gi by G′i(x) = U ′i(xγi/(ηi − µix)). We see that G′i is strictly increasing, hence
Gi is strictly concave.

Define now the optimization problem (Q) as follows:

max
Λ

∑
i

Gi(Λi)

subject to

AΛ ≤ C, Λi ∈
[
0,

miηi
γi +miµi

]
.

Note that the RHS is smaller than ρi. Given the fixed point z, set Λ∗ = Λ(z), p∗ = p(z) and
q∗ = q(z).

11



It follows easily that these parameters form a solution to the KKT conditions for (Q) (since the
conditions can be rewritten in terms of those of (P ), using the fixed point equation for z). Thus,
Λ∗ solves (Q).

Thus, if z is a fixed point, then Λ(z) is an optimal solution of (Q). Since (Q) must have
a unique solution (the criterium function is strictly concave), Λ(z) is unique. Since z can be
expressed explicitly in terms of Λ(z) (using the fixed point equation), it follows that z is unique as
well. Actually, a reverse argument ensures that z exists and is computable: simply solve (Q), and
its solution Λ yields the desired fixed point.

In addition, Λ(·) is differentiable at the invariant point z if the active constraints of (Q) are
linearly independent and if the strict complementarity condition is satisfied for (Q). This follows
since the Lagrange multipliers for (Pz) can be expressed in those of (Q), and the active constraints
are identical in both programs.

6 Examples

We now provide examples illustrating how the methodology of this paper may be used to analyze
different bandwidth sharing networks.

6.1 Connection with queues in the Halfin-Whitt regime

We first provide a basic example that connects our work with some result from the call center
queueing literature. We consider a network with a single resource and single route so that I = J = 1.
Furthermore, we assume that η1 = 1 and that C1 = m1 = µ = 1. In this case, it is straightforward
to see that the bandwidth allocation function is simply Λ(z) = min{z, 1} for any utility function
U1(·) and so our model is equivalent to an M/M/n queue. Also, since ρ = 1, the set of invariant
points is [1,∞). In order to simplify matters, we now take U1(x) = log x and, in the ‘large capacity
scaling” regime, we assume that ηn = n− β

√
n+ o(

√
n).

We now determine the directional derivative of Λ and the point z = 1. It is clear from the ex-
plicit expression Λ(z) = min{z, 1} that Hd(1) = d1(d < 0), however, it is instructive to obtain this
result from the general procedure outlined in Theorem 3.1. Since both the capacity and the rate
constraints are active at z = 1, all non-negative pairs (p, q) with p+q = 1 are Lagrange multipliers.
Problem (2) is to minimize dq and results in p(1), q(1) = (0, 1) if d < 0 and p(1), q(1) = (1, 0) if
d > 0. Consequently, Hd(1) is the maximizing value of the quadratic function 2dh− h2 subject to
the set constraints h = 0, h ≤ d if d > 0 and the set of constraints h ≤ 0, h = d if d < 0. It is then
straightforward to see that this results in the directional derivative Hd(1) = d1(d < 0) given above.

Applying Theorem 4.2, we now conclude that the diffusion limit for the user population process
becomes the solution to the SDE

dZ̃(t) = −(β + Z̃(t)−)dt+
√

2dW (t), t ≥ 0, (11)
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where W (·) is a standard Brownian motion. Assuming β > 0, the steady-state distribution of this
diffusion is not Gaussian but is still computable. We refer to Halfin & Whitt [22] for further details.

6.2 A single link with multiple customer classes

We now consider a network with a single resource but multiple routes so that J = 1 and I ≥ 1.
We assume that the resource operates at unit capacity so that c = 1. We assume that the utility
functions are given by weighted proportional fairness, i.e. Ui(x) = κi log x. As it turns out, the ratio
κi/di plays a significant role in our anlaysis, suggesting that users with a higher maximal service
rate should be given more weight in the service allocation. The computations in this section may
be used for pricing schemes. For example, users may have to pay a price for a certain value of di
and a service provider can optimize over κi to maximize profit.

The program (Q) determining the equilibrium fluid point can be solved explicitly in this case
as follows. Set ρ̄i = diηi

θi+diµi
. If

∑
i ρ̄i ≤ 1, then the equilibrium fluid point is given by Λ∗i = ρ̄i,

and z∗i = ηi
θidi+µi

, implying that all classes are served on maximal scale when served in isolation. If∑
i ρ̄i = 1, then the active constraints are not independent, implying that Λ(·) is not differentiable

at z∗.
We next focus on the overloaded case

∑
i ρ̄i > 1. In this case, it is not difficult to verify that

the solution to (Q) can be computed as follows:

1. Order the indices i such that κ1
d1
≤ κ2

d2
.....

2. Solve p∗ from
I∑
i=1

ηi
θi
κi

min{κidi , p}+ µi
= 1,

and set i∗ = max{i : κidi < p∗}.

3. Set Λ∗i = ηi
θi
κi

min{κi
di
,p∗}+µi

, and note that Λ∗i = ρ∗i if i > i∗.

Note that p∗ ≥ κi∗+1

di∗+1
. If equality holds, then qi∗+1 = 0, implying that the strict complimen-

tarity condition will not hold, and Λ(·) will not be differentiable in the point z∗ given by z∗i =
1
θi

(ηi − µiΛ∗i ). If p∗ > κi∗+1

di∗+1
, then Λ(·) is differentiable at z∗, and its derivative can be computed

by solving a simple set of linear equations.
The connection with the QD, ED and QED regimes mentioned in the introduction is the fol-

lowing. One may say that all flows of type 1 ≤ i ≤ i∗ operate in the ED regime while all other
flows of type i > i∗ operate in the QD regime, with the exception of flow i∗ + 1, which operates in
the QED regime when p∗ = κi∗+1

di∗+1
. Note also that all flows operate in the ED regime when κi is

chosen proportional to di.

13



Figure 1: A linear network with two nodes and three routes.

6.3 A linear network

As our final example, we consider a linear network which consists of I nodes and J = I + 1
routes. Routes 1 though I are the singletons {1} through {I}, respectively, while route I + 1 is
equal to {1, ..., I}. An illustration of a linear network with I = 2 is provided in the figure above.
Intuitively, one expects that if route I + 1 is assigned a high utility function, it will tend to draw
capacity away from the remaining routes.

In order to begin our analysis, we assume that we are at a point z ∈ RI+1
+ such that all

constraints in (Pz) are active. We then have that the KKT conditions for (Pz) reduce to the system
of equations qi(z) = U

′
1(Λi/zi)− pi(z) for i = 1, ..., I and qI+1(z) = U

′
I+1(ΛI+1/zI+1)−

∑I
i=1 pi(z).

This then implies that the solution to problem (2) may be expressed as the solution to the linear
program

Rz max
I∑
i=1

(dimi + dI+1mI+1)pi(z)

subject to pi(z) ≤ U
′
i (Λi/zi), i = 1, ..., I,

I∑
i=1

pi(z) ≤ U
′
I+1(ΛI+1/zI+1)

pi(z) ≥ 0, i = 1, ..., I.

Now relabel indices such 1 through I such that dimi ≤ di+1mi+1, for i = 1, ..., I − 1, and let

π(z) = max

j > 0 :
I∑
i=j

U
′
i (Λi/zi) ≥ U

′
I+1(Λi/zI+1)

 . (12)

Solving the dual of (Rz) and then relating the solution back to the primal problem, one obtains
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that the solution to (Rz) is given by pi(z) = 0 for 1 ≤ i < π(z), pi(z) = U
′
i (Λi/zi) for i > π(z), and

pπ(z) = U
′
I+1(Λi/zI+1)−

I∑
i=π(z)+1

U
′
i (Λi/zi).

Now using the KKT conditions for (Pz), one sees that qi(z) = U
′
i (Λi/zi) for 1 ≤ i ≤ π(z) − 1,

qi(z) = 0 for i > π(z) and, by complimentary slackness, that

qπ(z) =
I∑

i=π(z)

U
′
i (Λi/zi)− U

′
I+1(Λi/zI+1).

Now note that by (12) we have that pπ(z) > 0 and let us assume first that qπ(z) > 0. The linear
program (Dz,d) in Theorem 3.1 is then given by

(Dz,d) max − 2
I+1∑
i=1

ui(z)dihi +
I+1∑
i=1

vi(z)h2
i

subject to hj = −hI+1 = 0, j = π(z), ..., I,
hj ≤ −hI+1, j = 1, ..., π(z)− 1,
hi = dimi, i = 1, ..., π(z),
hi ≤ dimi, i = π(z) + 1, .., I + 1.

It is straightforward to see that the only feasible solution to this linear program is hi = dimi for
i = 1, ..., π(z), hi = dπ(z)mπ(z) for π(z) < i ≤ I and hI+1 = −dπ(z)mπ(z).

On the other hand, suppose that qπ(z) = 0. Then, the linear program (Dz,d) in Theorem (3.1)
becomes

(Dz,d) max − 2
I+1∑
i=1

ui(z)dihi +
I+1∑
i=1

vi(z)h2
i

subject to hj = −hI+1 = 0, j = π(z), ..., I,
hj ≤ −hI+1, j = 1, ..., π(z)− 1,
hi = dimi, i = 1, ..., π(z)− 1,
hi ≤ dimi, i = π(z), .., I + 1.

Noting that the feasible region to this linear program may be reduced, we then see that the optimal
solution to (Dz,d) is given by hi = dimi for i = 1, ..., π(z) − 1, hj = −h? for j = π(z), ..., I, and
hI+1 = h?, where h? is the optimal solution to

(Dz,d) max 2

(
−uI+1(z)dI+1 +

I∑
i=1

ui(z)di

)
h+

I+1∑
i=1

vi(z)h2

subject to −dπ(z)mπ(z) ≤ h ≤ −dπ(z)−1mπ(z)−1.
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7 Proofs of properties of the bandwidth sharing function

In this section, we provide proofs of the results in Section 3. In particular, we provide results on
the differentiability of Λ as a function of z. We first provide the proof of Theorem 3.1. We follow
Section 5.2.3 of Bonnans & Shapiro (2000).

Proof of Theorem 3.1. Let

max
I∑
i=1

U
′
i

(
Λi
zi

)
hi +

(
Ui

(
Λi
zi

)
− Λi
zi
U
′
i

(
Λi
zi

))
di

subject to (Ah)j ≤ 0, j ∈ J (z), hi ≤ midi, i ∈ I(z)

be the linearization of Pz at (Λ(z), z).
The Lagrangian associated with Pz may be written as

L(Λ, z, p, q) =
I∑
i=1

ziUi

(
Λi
zi

)
+

J∑
j=1

pj((AΛ)j − Cj) +
I∑
i=1

qi(Λi −mizi).

Denote the set γ(Λ, z) of Lagrange multipliers of Pz. The dual to the linearization of the above
linear program may be written as

max
(p,q)∈γ(Λ,z)

DzL(Λ, z, p, q)d.

which may be written explicitly as

max
(p,q)∈γ(Λ,z)

I∑
i=1

(
Ui

(
Λi
zi

)
− Λi
zi
U
′
i

(
Λi
zi

))
qi −

I∑
i=1

dimiqi. (13)

Now let S(DLd) denote the set of optimal solution to the dual of the linearized problem. It
then follows that the set of optimal solution to the linearized problem may be written as

S(PLd) =

h :

(Ah)j = 0, if pj(z) > 0,
(Ah)j ≤ 0, if , (AΛ(z))j = Cj

hi = dimi if qi(z) > 0
hi ≤ dimi if Λi(z) = mizi

.

Now let O(Λ, z) be the value of the objective function of Pz and note that the Hessian of O
with respect to Λ and z is equivalent to that of L(Λ, z, p, q). In particular, we have that

∂O

∂zi∂Λj
= 0
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for i 6= j and

∂O

∂zi∂zi
=

Λ2
i

z3
i

U
′′
i

(
Λi
zi

)
,

∂O

∂Λi∂Λi
=

1
zi
U
′′
i

(
Λi
zi

)
,

∂O

∂Λi∂zi
= −Λi

z2
i

U
′′
i

(
Λi
zi

)
.

By (5.2.125) of Bonnans and Shapiro we now have that the directional derivative of Λ in a direction
d is given by the optimal solution h to the optimization problem given by the Theorem.

We next provide the proof of Theorem 3.2.

Proof of Theorem 3.2. Let E be a compact subset of (0,∞)I . We show that there exists a constant
KE such that for any d with ||d|| ≤ 1 and for each z ∈ E, ||Hd(z)|| ≤ KE . This then implies that
Λ is Lipschitz continuous on E.

In order to begin, note that Hd(z) is the optimal solution to the quadratic programming problem
Dz,d given by Theorem 3.1. Moreover, note that for a fixed d, there can exist at most 22(I+J)

different combinations of constraints for Dz,d and hence, 22(I+J) different feasible regions. Let
us label these feasible regions by f(d; 1), f(d; 2), ..., f(d; 22(I+J)) where d is meant to indicate the
dependence on the choice of direction d. Note also that by the existence of the directional derivative,
it follows that f(d; k) is always non-empty. We now claim that there exists a compact set C ∈ RI

such that for any choice of direction d with ||d|| ≤ 1 and k = 1, ..., 22(I+J), there exists an element
x(d; k) ∈ C such that x(d; k) ∈ f(d; k).

Let el be the I-dimensional vector of all zeros except a 1 in the lth position and let (el; k) be a
point arbitrarily chosen from f(el; k). Also, let −el be the I-dimensional vector of all zeros except
a −1 in the lth position and let x(−el; k) be a point arbitrarily chosen from f(−el; k). Next, let C
be the convex hull of the points x(el; k) and x(−el; k) for l = 1, ..., I and k = 1, ..., 22(I+J). Clearly
C is compact and so we now claim that C has the required property above.

Let d = (α1(d), ..., αI(d)) ∈ RI such that ||d|| ≤ 1 and let k ∈ {1, ..., 22(I+J)}. We now claim
that

x(d; k) =
I∑
l=1

(max(αl(d), 0)x(el; k) + max(−αl(d), 0)x(−el; k)) (14)

is an element of both C and f(d; k). Since ||d|| ≤ 1, |αl(d)| ≤ 1 for l = 1, ..., I and so x(d; k) ∈ C.
Next note that if (Ax(el; k))j = 0 and (Ax(−el; k))j = 0 for j ∈ {1, ..., J} and l = 1, ..., I, then
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since by (14)

(Ax(d; k))j =

(
A

(
I∑
l=1

(max(αl(d), 0)x(el; k) + max(−αl(d), 0)x(−el; k))

))
j

=
I∑
l=1

(A (max(αl(d), 0)x(el; k) + max(−αl(d), 0)x(−el; k)))j

=
I∑
l=1

max(αl(d), 0)(Ax(el; k))j +
I∑
l=1

max(−αl(d), 0)(Ax(−el; k))j ,

it follows that (Ax(d; k))j = 0 as well. In a similar manner, if (Ax(el; k))j ≤ 0 and (Ax(−el; k))j ≤ 0
for l = 1, ..., I, then since max(αl(d), 0) ≥ 0 and max(−αl(d), 0) ≥ 0, it follows that (Ax(d; k))j ≤ 0
as well. We therefore see that the first two sets of constraints in the quadratic programming problem
will be satisfied. Next note that for i = 1, ..., I,

xi(d; k) =
I∑
l=1

(max(αl(d), 0)xi(el; k) + max(−αl(d), 0)xi(−el; k)).

Thus, since

di =
I∑
l=1

(max(αl(d), 0)(el)i + (max(−αl(d), 0)(−el))i,

it follows that if xi(el; k) = mi(el)i and xi(−el; k) = mi(−el)i for i ∈ {1, ..., I} and l = 1, ..., I,
then xi(d; k) = midi. In a similar manner, if max(αl(d), 0) ≥ 0 and max(−αl(d), 0) ≥ 0, if
xi(el; k) ≤ mi(el)i and xi(−el; k) ≤ mi(−el)i for i ∈ {1, ..., I} and l = 1, ..., I, then xi(d; k) ≤ midi.
Thus, we see that the second two sets of constraints in the quadratic programming problem are
satisfied as well and so the set C satisfies the desired properties.

Now for each i = 1, ..., I, let

vui (E) = sup
z∈E
|vi(z)| and uui (E) = sup

z∈E
|ui(z)|,

and

vli(E) = inf
z∈E
|vi(z)| and uli(E) = inf

z∈E
|ui(z)|.

Note that these values are finite since vi and ui are continuous on E and E is compact. Moreover,
they are strictly positive. Let z ∈ E and d = (d1, ..., dI) ∈ RI with ||d|| ≤ 1. It then follows
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that for any h ∈ RI , since Ui is strictly concave for each i = 1, ..., 1 and hence vi(z) < 0 for all
z ∈ E ⊂ (0,∞)I and also since |di| ≤ 1 for i = 1, ..., I, we have that

− 2
I∑
i=1

ui(z)dihi +
I∑
i=1

vi(z)h2
i ≥ −2

I∑
i=1

uui (E)|hi| −
I∑
i=1

vui (E)h2
i . (15)

Next, define

κ(E) = inf
h∈C
−2

I∑
i=1

uui (E)|hi| −
I∑
i=1

vui (E)h2
i ,

which is finite since C is compact. Also note that κ(E) < 0 as it is easily shown that C 6= {0}. It
then follows from (15) that the optimal value of Dz,d must be at least κ(E) since there exists at
least one feasible point of Dz,d in C.

Now for each i ∈ {1, ..., I} note that

sup
hi∈R
−2ui(z)hi + vi(z)h2

i ≤ sup
hi∈R

2uui (E)|hi| − wli(E)h2
i

where the inequality follows since vi(z) < 0 and since both uui (E) and wli(E) are finite and wli(E)
is strictly positive. Set

bi(E) = sup
hi∈R

2uui (E)|hi| − wli(E)h2
i ,

and note that bi(E) > 0. We may now write that if h?(z, d) is the optimal solution to Dz,d, then

I∑
l=1,l 6=i

bl(E) + (−2ui(z)dih?i + vi(z)(h?i )
2) ≥ −2

I∑
l=1

ul(z)dlh?l +
I∑
l=1

vl(z)(h?l )
2

≥ κ(C),

from which it follows that

2|ui(z)|h?i + vi(z)(h?i )
2 ≥ − 2ui(z)dih?i + vi(z)(h?i )

2 ≥ κ(C)−
I∑

m=1,m 6=i
bm(E). (16)

From (16) we may obtain the inequality

h?i (z, d) ≤ −2
|ui(z)|
vi(z)

+
1

h?i (z, d)
(κ(C)−

∑I
l=1,l 6=i bl(E))

vi(z)

= 2
|ui(z)|
|vi(z)|

+
1

h?i (z, d)
|(κ(C)−

∑I
l=1,l 6=i bl(E))|
|vi(z)|

,
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which implies that

h?i ≤ max

{
1, 2
|ui(z)|
|vi(z)|

+
|(κ(C)−

∑I
m=1,m 6=i bm(E))|
|vi(z)|

}
.

Taking the supremum of the righthand side above over all z ∈ E, we find that

h?i (z, d) ≤ max

{
1, 2
|uui (E)|
|vli(E)|

+
|(κ(C)−

∑I
m=1,m 6=i bm(E))|
|vli(E)|

}
,

for all z ∈ E. Since the quantity on the righthand side above is independent of d, this completes
the proof.

We also have the following result which is used in the appendix.

Proposition 7.1. For each z ∈ (0,∞)I , Hd(z) is Lipschitz continuous as a function of d with
Lipschitz constant ζz. Moreover, ζz is uniformly bounded over each compact subset of (0,∞)I .

Proof. Let z ∈ (0,∞)I and recall that by definition, Hd(z) = limt→0 t
−1(Λ(z + td) − Λ(z)). Also

recall by Theorem 3.2 that Λ is locally Lipschitz on (0,∞)I . Thus, suppose that Λ has Lipschitz
constant Kz

r on Br(z), the open ball of radius r centered at z, where r is sufficiently small such
that Br(z) ⊂ (0,∞)I . If then follows that for d1, d2 ∈ RI ,

||Hd1(z)−Hd2(z)|| =|| lim
t→0

t−1(Λ(z + td1)− Λ(z))− lim
t→0

t−1(Λ(z + td2)− Λ(z))||

=|| lim
t→0

t−1(Λ(z + td1)− Λ(z + td2))||

= lim
t→0

t−1||Λ(z + td1)− Λ(z + td2)||

≤Kz
r lim
t→0

t−1||td1 − td2||

=Kz
r ||d1 − d2||.

Thus, since by Theorem 3.2 Λ is locally Lipschitz on (0,∞)I , it follows that for fixed r > 0, Kz
R is

uniformly bounded over E, which completes the proof.

8 Appendix: Additional proofs

In the appendix, we provide the proofs of the fluid and diffusion limits stated in Section 4. We
relegate these proofs to the appendix as they are of a more standard nature. Although our setup
does not appear to allow a direct application of the results found in [27] on Markovian service
networks, it is not too far apart either. In Subsection 8.1, we provide the proofs of our fluid limit
results, and in Subsection 8.2 we provide the proofs of our diffusion limit results.
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8.1 Fluid Limit Proof

In this subsection, we provide the proof of Theorem 4.1. We begin with the following two lemmas.
For each n ≥ 1, t ≥ 0 and i ∈ {1, ..., I}, let Ēni (t) = n−1Ei(nt), N̂

s,n
i (t) = n−1(N s

i (nt) − nt) and
N̂a,n
i (t) = n−1(Na

i (nt)−nt). Also define the processes Ēni = {Ēni (t), t ≥ 0}, N̂ s,n
i = {N̂ s,n

i (t), t ≥ 0}
and N̂a,n

i = {N̂a,n
i (t), t ≥ 0}. We then have the following result.

Lemma 8.1. If Z̄n(0) ⇒ Z̄(0) as n → ∞ and n−1ηni → ηi as n → ∞ for i = 1, ..., I, then for
i = 1, ..., I,

N̂ s,n

(
µi

∫ e

0
Λi(Z̄n(s))ds

)
⇒ 0, as n→∞,

and

N̂a,n

(
γi

∫ t

0
Z̄ni (s)ds

)
⇒ 0, as n→∞.

Proof. Let i ∈ {1, ..., I} and note that by (1), we have that for each t ≥ 0, Z̄ni (t) ≤ Z̄ni (0) +
Ēni (n−1ηni t). Thus, since Λi(z) ≤ mizi, it follows that for each t ≥ 0 and n ≥ 1,∫ t

0
Λi(Z̄n(s))ds ≤ tmi(Z̄n(0) + Ēni (n−1(ηni t)). (17)

Now, for each i ∈ {1, ..., I} and t ≥ 0, by the functional weak law of large numbers and the
assumption that n−1ηni → ηi as n → ∞, it follows that Ēni (n−1ηni t) ⇒ ηit as n → ∞. From (17),
this then implies that for each t ≥ 0 the sequence{∫ t

0
Λi(Z̄n(s))ds, n ≥ 1

}
(18)

is tight. However, by the functional weak law of large numbers, N̂ s,n
i ⇒ 0 as n → ∞, and and so

it follows by the fact that (18) that

N̂ s,n
i

(
µi

∫ e

0
Λi(Z̄n(s))ds

)
⇒ 0,

as n→∞. Similar reasoning shows that

N̂a,n
i

(
γi

∫ t

0
Z̄ni (s)ds

)
⇒ 0,

as n→∞, which completes the proof.
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Our next result shows that the fluid scaled process Z̄n may be bounded away from the origin
when n is large.

Lemma 8.2. If Z̄n(0) ⇒ Z̄(0) ∈ (0,∞)I as n → ∞ and n−1ηni → ηi as n → ∞ for i = 1, ..., I,
then for each T ≥ 0 and ε > 0, there exists constants KT

ε > 0 and nTε ≥ 1 such that for sufficiently
large n ≥ nTε ,

P

(
inf

0≤t≤T
min

i=1,...,I
|Z̄ni (t)| > KT

ε

)
> 1− ε.

Proof. Let i ∈ {1, ..., I}, n ≥ 1 and t ≥ 0. By equation (1), the definition of Z̄n(t), N̂ s,n
i (t) and

N̂a,n
i (t), and the fact that n−1Λni (Zn(t)) = Λi(Z̄n(t)), it follows that

Z̄ni (t) = Z̄ni (0) + Ēni (n−1ηni t)− n−1N s
i

(
µi

∫ t

0
Λi(Z̄n(s))ds

)
− n−1Na

i

(
γi

∫ t

0
Z̄ni (s)ds

)
.(19)

Now consider the solution Ȳ n
i = {Ȳ n

i (t), t ≥ 0} to the equation

Ȳ n
i (t) = Z̄ni (0) + Ēni (n−1ηni t)− N̂ s,n

(
µi

∫ t

0
Λi(Z̄n(s))ds

)
− N̂a,n

(
γi

∫ t

0
Z̄ni (s)ds

)
(20)

−(γi + µimi)
∫ t

0
Ȳ n
i (s)ds,

for t ≥ 0. Since the function gi(x) = (γi + µimi)x is Lipschitz continuous, by Lemma 1 of [32] one
express the unique solution to this equation by writing

Ȳ n
i (21)

= Ψγi+µimi

(
Z̄ni (0) + Ēni (n−1ηni e)− N̂ s,n

(
µi

∫ e

0
Λi(Z̄n(s))ds

)
− N̂a,n

(
γi

∫ e

0
Z̄ni (s)ds

))
,

where for each a ∈ R, Ψa : D([0,∞),R) 7→ D([0,∞),R) is a Lipschitz continuous map such that
for each x ∈ D([0,∞),R), Ψa(x) is the unique solution to integral equation

z(t) = x(t)− a
∫ t

0
z(s)ds, (22)

for t ≥ 0. By the assumptions of the lemma and Lemma 8.1,

Z̄ni (0) + Ēni (n−1ηni )− N̂ s,n

(
µi

∫ e

0
Λi(Z̄n(s))ds

)
− N̂a,n

(
γi

∫ e

0
Z̄ni (s)ds

)
⇒ Z̄i(0) + ηie,

as n→∞. Thus, by the continuous mapping Theorem and (21),

Ȳ n
i ⇒ Ȳi = Ψγi+µimi(Z̄(0) + ηie),
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as n→∞. However, by (22), we may explicitly write that

Ȳi(t) =
ηi

γi + µimi
+
(
Z̄(0)− ηi

γi + µimi

)
e−(γi+µimi)t > 0,

for t ≥ 0, where the inequality follows from the fact that Z̄(0) ∈ (0,∞)I . It is then straightforward
to show that this then implies that for each T ≥ 0 and ε > 0, there exists a KT

ε > 0 such that for
sufficiently large n ≥ nTε

P

(
inf

0≤t≤T
min

i=1,...,I
|Ȳ n
i (t)| > KT

ε

)
> 1− ε. (23)

We now show that Z̄ni (t) ≥ Ȳ n
i (t) for each n ≥ 0 and t ≥ 0 and i = 1, ..., I, which, by virtue of

(23), completes the proof. First note that since Λi(z) ≤ mizi, it follows from (19) that

Z̄ni (t) ≥ Z̄n(0) + Ēni (n−1ηni t)− N̂ s,n

(
µi

∫ t

0
Λi(Z̄n(s))ds

)
− N̂a,n

(
γi

∫ t

0
Z̄ni (s)ds

)
(24)

−(γi + µimi)
∫ t

0
Z̄ni (s)ds.

Subtracting (20) from (24), one obtains that

(Z̄ni (t)− Ȳ n
i (t)) ≥ −(γi + µimi)

∫ t

0
(Z̄ni (s)− Ȳ n

i (s))ds.

Thus, by Gronwall’s inequality, it follows that

(Z̄ni (t)− Ȳ n
i (t)) ≥ 0 · exp(−(γi + µimi)t) = 0,

which completes the proof.

We now present the proof of Theorem 4.1.

Proof of Theorem 4.1. For each ε > 0, let Cε be the compact subset of RI defined by Cε = {z ∈
RI : ε < zi < ε−1, i = 1, ..., I}. Next, let Λε : RI 7→ RI be such that Λε(z) = Λ(z) for z ∈ Cε
and extend Λε to the remainder of RI in order to make Λε Lipschitz on all of RI . Note that by
standard Lipschitz extension theorems, such an extension is always possible since, by Theorem 3.2,
Λ is Lipschitz on Cε.

Now, for each n ≥ 1, define the process Z̄n,ε = {(Z̄n,ε1 (t), ..., Z̄n,εI (t)), t ≥ 0} to be the unique
solution to

Z̄n,εi (t) = Z̄ni (0) + Ēni (n−1ηni t)− N̂ s,n

(
µi

∫ t

0
Λi(Z̄n(s))ds

)
− N̂a,n

(
γi

∫ t

0
Z̄ni (s)ds

)
−µimi

∫ t

0
Λεi (Z̄

n,ε(s))ds− γi
∫ t

0
Z̄n,εi (s)ds,
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for i = 1, ..., I. By Lemma 1 of Reed and Ward [32], it follows since Λε is Lipschitz continuous that
for each x ∈ D([0,∞),RI), there exists a unique z ∈ D([0,∞),RI) such that

zi(t) = xi(t)− µi
∫ t

0
Λεi (z(s))ds− γi

∫ t

0
zi(s)ds, (25)

for t ≥ 0 and i = 1, ..., I. Moreover, the map Ψε : D([0,∞),RI) 7→ D([0,∞),RI) such that
z = Ψε(x) is Lipschitz continuous. Hence, we may write

Z̄n,ε = Ψε

(
Z̄n(0) + Ēn(n−1ηni e)− N̂ s,n

(
µi

∫ e

0
Λi(Z̄n(s))ds

)
− N̂a,n

(
γi

∫ e

0
Z̄ni (s)ds

))
.

However, since by Lemma 8.1, the assumptions of the theorem and the functional weak law of large
numbers

Z̄n(0) + Ēn(n−1ηni )− N̂ s,n

(
µi

∫ e

0
Λi(Z̄n(s))ds

)
− N̂a,n

(
γi

∫ e

0
Z̄ni (s)ds

)
⇒ Z̄(0) + Ē(ηe),

as n → ∞, it follows by the continuous mapping theorem that Z̄n,ε ⇒ Z̄ε = Ψε(Z̄(0) + Ē(ηe)) as
n→∞.

Now note that by (19), we have that for each i = 1, ..., I, and T ≥ 0,

sup
0≤t≤T

|Z̄ni (t)| ≤ Z̄ni (0) + Ēni (n−1ηni T ).

However, since n−1ηni → ηi and Z̄ni (0)⇒ Z̄i(0), it follows that the sequence{
Z̄ni (0) + Ēni (n−1ηni T ), n ≥ 1

}
is stochastically bounded. Hence, {sup0≤t≤T |Z̄ni (t)|, n ≥ 1} is stochastically bounded as well.

We now have that since the map Ψε is unique, it follows by Lemma 8.2 and the fact that
{sup0≤t≤T |Z̄ni (t)|, n ≥ 1} is stochastically bounded that for each T ≥ 0,

lim
ε→0

lim sup
n→∞

P

(
sup

0≤t≤T
||Z̄n(t)− Z̄nε (t)|| > 0

)
= 0. (26)

Since for each ε > 0, Z̄nε ⇒ Z̄ε as n → ∞, it follows by (26) that {Z̄n, n ≥ 1} is tight and hence,
relatively compact. Consider an arbitrary subsequence along which Z̄n converges weakly to some
limit Z̄. By Lemma 8.2, it follows that for each T ≥ 0,

P

(
inf

0≤t≤T
min

i=1,...,I
|Z̄i(t)| > 0

)
= 1. (27)
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Hence, by (26) and the definition of Λε, it must be that Z̄ satisfies (5) almost surely. Since our
chosen subsequence was arbitrary, it remains to show that Z̄ is the unique, strong solution to (5)
and that (5) uniquely characterizes Z̄ in law order to complete the proof.

Suppose that Z̄ satisfies (5) almost surely. Clearly, for each T ≥ 0 ,

sup
0≤t≤T

||Z̄(t)|| ≤ ||Z̄(0)||+ T sup
i=1,..,I

ηi.

Moreover, by (27), inf0≤t≤T mini=1,...,I |Z̄i(t)| > 0. Hence, for each ω, Z̄ satisfies (5) with Λ replaced
by Λε for ε sufficiently small where the choice of ε may depend on ω. Since Λε is Lipschitz continuous
on compact subsets of (0,∞)I , it follows by Lemma 1 of [32] that Z̄ is the unique, strong solution
to (5). It is now straightforward to see that (5) uniquely characterizes Z̄ in law since for each δ > 0,
we have that P (Z̄ = Ψε(Z̄(0)+ηe)) > 1−δ for ε chosen sufficiently small, where Ψε is a continuous
map.

8.2 Diffusion Limit Proof

In this section, we provide the proof of Theorem 4.2. In order to begin, for each i = 1, ..., I,
t ≥ 0 and n ≥ 1, let Ěni (t) = n−1/2(Ei(nt) − nt), Ñ s,n

i (t) = n−1/2(N s
i (nt) − nt) and Ña,n

i (t) =
n−1/2(Na

i (nt)− nt). Also, define the processes Ěni = {Ěni (t), t ≥ 0} for i = 1, ..., I. Now let

Ẽni (t) = Ěni (n−1ηni t) (28)

S̃ni (t) = Ñ s,n
i

(
µi

∫ t

0
Λi(Z̄n(s))ds

)
, (29)

C̃ni (t) = Ña,n
i

(
γi

∫ t

0
Z̄ni (s)ds

)
, (30)

and define the RI -valued processes Ẽn = ((Ẽn1 (t), ..., ẼnI (t)), t ≥ 0), S̃n = ((S̃n1 (t), ..., S̃nI (t)), t ≥ 0)
and C̃n = ((C̃n1 (t), ..., C̃nI (t)), t ≥ 0).

Next, recall the definitions of Z̃n(t) = n1/2(Z̄n(t)− Z̄(t)) and Z̃n = {Z̃n(t), t ≥ 0} from Section
4. By (1), (5), and (28)-(30), we may write that for each t ≥ 0, n ≥ 1 and i ∈ {1, ..., I},

Z̃ni (t) =Z̃ni (0) + Ẽni (t)− S̃ni (t)− C̃ni (t) +
√
n(n−1ηni − ηi)t (31)

− γi
∫ t

0
Z̃ni (s)ds− µi

∫ t

0
n1/2(Λi(Z̄n(s))− Λi(Z̄(s)))ds.

Now, for each i = 1, ..., I, let Ẽni = {Ẽni (t), t ≥ 0}, and let Ẽn = (Ẽn1 , ..., Ẽ
n
I ),

S̃n =
(
Ñ s,n

1

(
r1

∫ e

0
Λ1(Z̄n(s))ds

)
, ..., Ñ s,n

I

(
rI

∫ e

0
ΛI(Z̄n(s))ds

))
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and

C̃n =
(
Ña,n

1

(
γ1

∫ e

0
Z̄n1 (s)ds

)
, ..., Ña,n

I

(
γI

∫ e

0
Z̄nI (s)ds

))
.

The following is our first result. Recall that in our diffusion limit results, we are assuming that
Z̄(0) is a constant.

Proposition 8.3. If Z̄n(0) ⇒ Z̄(0) as n → ∞, then (Ẽn, S̃n, C̃n) ⇒ (Ẽ, S̃, C̃) as n → ∞, where
Ẽ = (Ẽ1(η1e), ..., ẼI(ηIe)) is such that Ẽi is a standard Brownian motion for each i = 1, ..., I, and
S̃ = (S̃1, ..., S̃I) is such that S̃i is a Brownian motion with infinitesimal variance at time t given by

(σsi )
2(t) = µiΛi(Z̄(t))

and C̃ = (C̃1, ..., C̃I) is such that C̃i is a Brownian motion with infinitesimal variance at time t
given by

(σai )2(t) = γiZ̄i(t).

Moreover, all of the Brownian motions in the above are independent of one another.

Proof of Proposition 8.3. By Theorem 4.1, Z̄n ⇒ Z̄ as n→∞. Hence, for each i = 1, .., I,∫ e

0
Z̄ni (s)ds⇒

∫ e

0
Z̄i(s)ds, (32)

as n→∞. Moreover, in a similar fashion to as in the proof of Lemma 8.2, using the boundedness
of Z̄ away from zero, the local Lipschitz continuity of Λ and the continuous mapping theorem [4],
it may be shown that for each i = 1, ..., I, Λi(Z̄n(e))⇒ Λi(Z̄(e)) as n→∞, and hence∫ e

0
Λi(Z̄n(s))ds ⇒

∫ e

0
Λi(Z̄(s))ds, (33)

as n→∞.
Now recall that by the functional central limit theorem [4], (Ěn, Ñ s,n, Ña,n) ⇒ (Ě, Ñ s, Ña) as

n → ∞, where Ě, Ñ s and Ña, are standard I-dimensional Brownian motions, independent of one
another. The result now follows by that fact that n−1ηni → ηi as n → ∞, (32), (33), the random
time change theorem [4] and the definitions of Ẽn, S̃n and C̃n.

In order to prove Theorem 4.2, we first must show that the family of processes (Z̃n, n ≥ 1) is
tight.

Proposition 8.4. If Z̃n(0) ⇒ Z̃(0) as n → ∞ and
√
n(n−1ηni − ηi) → βi for i = 1, ..., I, then

{Z̃n, n ≥ 1} is tight.
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Proof. We must verify that {Z̃n, n ≥ 1} satisfies conditions (i) and (ii) of Theorem xxx of [4]. We
begin with condition (i). Let T ≥ 0. Since Z̄n ⇒ Z̄ as n → ∞ by Theorem 4.1, it follows by
Prohorov’s theorem [4], that for each ε > 0, there exists a CTε such that

P

(
sup

0≤t≤T
||Z̄n(t)|| ≤ CTε

)
> 1− ε,

for all n ≥ 1. Thus, by Lemma 8.2, there exists a second constant such KT
ε such that for all n ≥ nTε ,

P

(
sup

0≤t≤T
||Z̄n(t)|| < CTε and inf

0≤t≤T
||Z̄n(t)|| > KT

ε

)
> 1− ε. (34)

Since by Theorem 3.2, Λ is locally Lipschitz on (0,∞)I , it follows that Λ is Lipschitz continuous
on each compact subset of (0,∞)I . Let κr,ε be the Lipschitz constant for Λ on the closed ball of
radius r centered at the origin intersected with the set zε = {z ∈ RI

+ : zi > ε, i = 1, ..., I}. It then
follows by (31) and (34) that for n ≥ nTε , with probability at least 1− ε,

|Z̃ni (t)| (35)

≤
∣∣∣Z̃ni (0) + Ẽni (t)− S̃ni (t)− C̃ni (t) +

√
n(ηni − ηi)t

∣∣∣+mi

∫ t

0

∣∣∣n1/2(Λi(Z̄n(s))− Λi(Z̄(s)))
∣∣∣ ds

+ γi

∫ t

0
Z̃ni (s)ds

≤
∣∣∣Z̃ni (0) + Ẽni (t)− S̃ni (t)− S̃ni (t) +

√
n(ηni − ηi)t

∣∣∣+ (miκCTε ,KT
ε

+ γi)
∫ t

0

I∑
i=1

|Z̃ni (s)|ds.

Thus, for n ≥ nTε , with probability at least 1− ε

sup
0≤t≤T

I∑
i=1

|Z̃ni (t)|

≤ sup
0≤t≤T

I∑
i=1

∣∣∣Z̃ni (0) + Ẽni (t)− S̃ni (t)− C̃ni (t) +
√
n(ηni − ηi)t

∣∣∣
+(miκCTε ,KT

ε
+ γi)

∫ T

0
sup

0≤s≤t

I∑
i=1

|Z̃ni (s)|dt,
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and hence, by Gronwall’s inequality, we obtain that for n ≥ nTε , with probability at least 1− ε,

sup
0≤t≤T

I∑
i=1

|Z̃ni (t)| (36)

≤ sup
0≤t≤T

I∑
i=1

∣∣∣Z̃ni (0) + Ẽni (t)− S̃ni (t)− C̃ni (t) +
√
n(ηni − ηi)t

∣∣∣ eMT
∑T
i=1(µi+γi).

Now since {
sup

0≤t≤T

I∑
i=1

∣∣∣Z̃ni (0) + Ẽni (n−1ηni t)− S̃ni (t)− C̃ni (t) +
√
n(n−1ηni − ηi)t

∣∣∣ , n ≥ 1

}

is stochastically bounded by Proposition 8.3, it follows by (36) that{
sup

0≤t≤T

I∑
i=1

|Z̃ni (t)|, n ≥ 1

}

is stochastically bounded as well, which verifies that condition (i) is satisfied.
We now show that condition (ii) is satisfied. Let δ, ε > 0 and then note that similar to (35), by

(31) and (34) it follows that that for n ≥ nTε , with probability at least 1− ε,

|Z̃ni (t+ δ)− Z̃ni (t)|

≤
∣∣∣(Z̃ni (0) + Ẽni (t+ δ)− S̃ni (t+ δ)− C̃ni (t+ δ) +

√
n(ηni − ηi)(t+ δ)

)
−
(
Z̃ni (0) + Ẽni (t)− S̃ni (t)− C̃ni (t) +

√
n(ηni − ηi)t

)∣∣∣
+mi

∫ t+δ

t

∣∣∣n1/2(Λi(Z̄n(s))− Λi(Z̄(s)))
∣∣∣ ds+ γi

∫ t+δ

t
Z̃ni (s)ds

≤
∣∣∣(Z̃ni (0) + Ẽni (t+ δ)− S̃ni (t+ δ)− C̃ni (t+ δ) +

√
n(ηni − ηi)(t+ δ)

)
−
(
Z̃ni (0) + Ẽni (t)− S̃ni (t)− C̃ni (t) +

√
n(ηni − ηi)t

)∣∣∣
+ (miκCTε ,KT

ε
+ γi)

∫ t+δ

t

I∑
i=1

|Z̃ni (s)|ds.

However, since by Proposition 8.3 and the assumptions of the proposition, the sequence{
Z̃ni (0) + Ẽni (e)− S̃ni (t)− C̃ni (t) +

√
n(ηni − ηi)e, n ≥ 1

}
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is tight and since as was just proven, the sequence{
sup

0≤t≤T

I∑
i=1

|Z̃ni (t)|, n ≥ 1

}

is stochastically bounded, it follows that condition (ii) is satisfied.

Now for each n ≥ 1 and i = 1, ..., I, let

ε̃ni (t) = µi

∫ t

0
n1/2(Λi(Z̄n(s))− Λi(Z̄(s)))ds− µi

∫ t

0
(HZ̃n(s))i(Z̄(s))ds,

for t ≥ 0 and set ε̃n = {(ε̃n1 (t), ..., ε̃nI (t)), t ≥ 0}. We next have the following result.

Proposition 8.5. If Z̃n(0)⇒ Z̃(0) as n→∞, then ε̃n ⇒ 0 as n→∞.

Proof. For each n ≥ 1 and i = 1, ..., I, let ε̃ni = {ε̃ni (t), t ≥ 0}. It suffices to show that ε̃ni ⇒ 0
as n → ∞ for i = 1, ..., I. Let ε > 0 and recall the definition Λε from the proof of Theorem
4.1 to be such that Λε(z) = Λ(z) for z ∈ Cε, where Cε be the compact subset of RI defined by
Cε = {z ∈ RI : ε < zi < ε−1, i = 1, ..., I}, and Λε is arbitrarily extended as a Lipsschitz continuous
function to the remainder of RI .

Now, for T ≥ 0, let ε > 0 be such that Z̄(t) > ε for 0 ≤ t ≤ T and define

ε̃n,εi (t) = µi

∫ t

0
n1/2(Λεi (Z̄

n(s))− Λεi (Z̄(s)))ds− µi
∫ t

0
(HZ̃n(s))i(Z̄(s))ds,

for 0 ≤ t ≤ T . Note that by (34) it follows that for each δ > 0, there exists an nTδ such that for
all n ≥ nTε , sup0≤t≤T |ε̃

n,ε
i (t)− ε̃ni (t)| = 0 with probability at least 1− δ. Hence, it suffices to show

that

sup
0≤t≤T

|ε̃n,εi (t)| ⇒ 0,

as n→∞, in order to complete the proof.
First, recall that by Proposition 8.4 the sequence {Z̃n, n ≥ 1} is tight. Thus, by Prohorov’s

theorem, for every sequence there exists a subsequence {nk} such that Z̃nk ⇒ Ỹ as nk → ∞.
Moreover, by the Skorohod representation theorem, there exists an alternative probability space
(Ω,F , P ) on which are defined a sequence of random elements {Ẑnk , nk ≥ 1} such that Ẑnk is equal
in law to Z̃nk and, moreover, such that Ẑnk → Ŷ almost surely.

Now for each n ≥ 1, define the map Υn,ε
i : D([0,∞),RI) 7→ D([0,∞),R) by setting

Υn,ε
i (x) = µi

∫ e

0
(1/n−1/2)(Λεi (Z̄(s) + n−1/2x(s))− Λεi (Z̄(s)))ds− µi

∫ e

0
H
x(s)
i (Z̄(s))ds.
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Note that by Proposition 7.1 and Theorem 3.2, the map Υn,ε
i is continuous with respect to the

uniform topology. Moreover, Υn,ε
i (Z̃n) = ε̃n,εi . Hence, Υnk,ε

i (Ẑnk) is equal in law to ε̃nk,εi and so it
suffices to show that

sup
0≤t≤T

|Υnk,ε
i (Ẑnk)(t)| → 0,

almost surely as nk →∞.
Note that we may write,

Υn,ε
i (Ẑn) = µi

∫ e

0
((1/n−1/2)(Λεi (Z̄(s) + n−1/2Ẑn(s))− Λεi (Z̄(s)))− (HẐn(s))i(Z̄(s)))ds.

Also, recall that since Ẑnk → Ŷ , it follows that for each T ≥ 0, supnk≥1 sup0≤t≤T ||Ẑnk(t)|| < ∞.
Thus, since for each T ≥ 0 there exists a compact subset ET ⊂ (0,∞)I such that Z̄(t) ∈ ET for all
0 ≤ t ≤ T , it follows by Proposition 7.1 and Theorem 3.2 that

sup
0≤t≤T

|
∣∣∣((1/n−1/2)(Λεi (Z̄(t) + n−1/2Ẑn(t))− Λεi (Z̄(t)))− (HẐn(t))i(Z̄(s)))

∣∣∣
≤ sup

0≤t≤T

∣∣∣(1/n−1/2)(Λεi (Z̄(t) + n−1/2Ẑn(t))− Λεi (Z̄(t)))
∣∣∣+ sup

0≤t≤T

∣∣∣(HẐn(t))i(Z̄(t))
∣∣∣

≤ KE sup
0≤t≤T

|Ẑn(t)|

< ∞.

Thus, by the bounded convergence theorem, it suffices to show that

((1/n−1/2)(Λεi (Z̄(t) + n−1/2Ẑn(t))− Λεi (Z̄(t)))− (HẐn(t))i(Z̄(s))) → 0,

as n → ∞. However, this immediate by the definition of Hd(z), Proposition 7.1 and the fact that
Ẑnk → Ŷ as nk →∞.

We are now in a position to provide the proof of Theorem 4.2.

Proof of Theorem 4.2. By (31) and (37) we have that

Z̃ni (t) = Z̃ni (0) + Ẽni (t)− S̃ni (t)− C̃ni (t)− ε̃ni (t) +
√
n(n−1ηni − ηi)t (37)

−µi
∫ t

0
(HZ̃n(s))i(Z̄(s)))ds,

for t ≥ 0 and i = 1, ..., I. Recall that by Proposition 7.1, for each z ∈ RI
+, Hd(z) is Lipschitz

continuous as a function of d. Moreover, the Lipschitz constant is uniformly bounded for all
z in a compact subset of (0,∞)I . Hence, since by Lemma 8.2, inf0≤t≤T Z̄(t) > 0, it follows
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that the Lipschitz constant of Hd(Z̄(t)) is uniformly bounded over the interval [0, T ] for each
T ≥ 0. By (37) and a straightforward modification to Lemma 1 of [32] to allow for time varying
drift functions, we may then write Z̃n = M(Z̃n(0) + Ẽn − S̃n − C̃n +

√
n(n−1ηn − η)e − ε̃n),

where M : D([0,∞),RI) 7→ D([0,∞),RI) is a continuous function. The result now follows by the
hypothesis of the theorem, Propositions 8.3 and 8.5 and the Continuous Mapping Theorem [4].
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[28] Massoulié, L. (2007). Structural properties of proportional fairness: stability and insensitivity.
Ann. Appl. Prob. 17, 809–839.
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