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Abstract

We study the G/GI/co queue from two different perspectives in the same heavy-traffic
regime. First, we represent the dynamics of the system using a measure-valued process that
keeps track of the age of each customer in the system. Using the continuous-mapping approach
together with the martingale functional central limit theorem, we obtain fluid and diffusion
limits for this process in a space of distribution-valued processes. Next, we study a measure-
valued process that keeps track of the residual service time of each customer in the system.
In this case, using the functional central limit theorem and the random time change theorem
together with the continuous-mapping approach, we again obtain fluid and diffusion limits in
our space of distribution-valued processes. In both cases, we find that our diffusion limits may
be characterized as distribution-valued Ornstein-Uhlenbeck processes. Further, these diffusion
limits can be analyzed using standard results from the theory of Markov processes.

1 Introduction

Limit theorems for infinite-server queues in heavy-traffic have a rich history starting with the
seminal paper by Iglehart [20] on the M /M /oo queue. This work initiated a line of research aiming
to extend Iglehart’s results to additional classes of service time distributions. Whitt [33] studies the
GI/PH /> queue, having phase-type service-time distributions, and Glynn and Whitt [14] consider
the GI/GI /oo queue with service times taking values in a finite set. Furthermore, in [0], [24] and
[31], the G/GI /oo queue is studied with general service time distributions. [28] gives a survey of
these results.

In this paper, we study the G/GI /oo queue as a Markov process. This is accomplished using two
different methods. In the first method we construct a process that tracks the age of each customer
in the system and in the second method we construct a process that tracks the residual service
time of each customer in the system. Although analyzing these processes might at first appear
to be a complicated task, one of the themes that runs throughout the paper is that techniques
originally developed for establishing heavy-traffic limits for finite-dimensional state descriptors may
successfully be applied to the somewhat more abstract infinite-dimensional setting. In our first
approach we establish fluid and diffusion limits for a measure-valued process tracking the age of
each customer in the system using the continuous-mapping approach together with the martingale
functional central limit theorem. In our second approach we establish fluid and diffusion limits



for a measure-valued process tracking the residual service time of each customer in the system.
The representation we use in the second approach was also used by Decreusefond and Moyal [3]
to analyze the M/G /oo queue. Indeed, many of the results and techniques found in this paper
have been inspired by them. However, our proofs are quite different. In particular, in the second
approach we establish the fluid and diffusion limits using the functional central limit theorem and
the random time change theorem together with the continuous mapping approach. We find that for
both the age and residual service time representations the diffusion limit is a distribution-valued
Ornstein-Uhlenbeck process. We then utilize the highly developed theory of Markov processes in
order to study our limits.

Another paper related to ours is Kaspi and Ramanan [23]. Although this work analyzes many-
server queues with general service time distributions, the measure-valued representation of the
system is similar to our representation. Fluid limits are established for the system in a space of
Radon-measure-valued processes. However, when establishing diffusion limits for such processes,
the limit process evidently falls out of the space of Radon-measure-valued process. Indeed, a
significant challenge in our study was choosing a reasonable infinite-dimensional space to work in.
In the work of [8], the space of test functions used is the Schwartz space, or the space of rapidly
decreasing infinitely differentiable functions. This space has the disadvantage of not containing test
functions that would allow one to obtain corresponding heavy-traffic limits for useful functionals
such as number-in-system and workload. In the present paper, we find that the Sobolev space
of infinite order (see [10], [1]) with respect to L?(u.), where p. is the excess distribution of the
service-time distribution, is the tightest space that has all the properties we need to prove limit
theorems and also enables one to use our results to obtain corresponding limit theorems for useful
functionals.

Besides identifying an appropriate infinite-dimensional space to work in, another major contri-
bution of our work is making a connection between the literature on infinite-dimensional heavy-
traffic limits for queueing systems ([16], [15], [7], [23], [8], [17], [9]) and the vast literature on
infinite-dimensional Ornstein-Uhlenbeck processes motivated by applications to interacting parti-
cle systems ([19], [26], [3], [0], [1&], [27], [21], [22], [1]). Our work especially relies on [21] and [22]
to prove continuity of our regulator map.

In the forthcoming paper [29], the authors build on the work of [141] and [24] to prove heavy-
traffic limits for the G/GI/oco queue in a two-parameter function space. They analyze both age
and residual processes as we do. The main difference between our work and their work is that our
framework, which uses distribution-valued processes, allows one to apply the continuous mapping
approach and other standard techniques to obtain the heavy-traffic limits.

The remainder of the paper is organized as follows. In §2 we derive system equations for both
the ages of customers in the system and the residual service times of customers in the system.
These equations will be the starting point for the main results of the paper. In §3 we present a
regulator map result to be used with the continuous mapping theorem. In §4 we give martingale
results that will be used with the regulator map of §3, to obtain our fluid and diffusion limits. In
§5 and §6 we prove our fluid and diffusion limits, respectively. In §7 we analyze the diffusion limit
for our age process as a Markov process. A corresponding analysis for the limit of residual process
could be conducted similarly.

1.1 Notation

The set of reals, nonnegative reals and nonpositive reals are denoted by R, R and R_, respectively.
We denote by C* the set of infinitely differentiable functions from R to R and by ||-|| ;2 the standard



norm on the space L? (1), where x is some measure on R, i.e. for f € L*(p), || fllz2 = (Jg |f1* dp) 172

Letting (Y denote the ith derivative of ¢ € C for i > 0, we denote the Sobolev space of order m
for m > 0 by

o = {90 € 0%, llgllm =D Pl < OO} : (1)

i=0
For each m > 0, this space is known to be a Hilbert space (see §5.2 of [12]). Furthermore, we
denote the projective limit of the spaces (®™),;,>0 by
[e.e]
o= m ML
m=0
and call ® a Sobolev space of infinite order (see [10]). It is shown in Lemma 5 of [1] that ® is
a nuclear Fréchet space with the topology induced by the sequence of seminorms (|| - ||;m)m>0-

Furthermore, since for each m > 0, ®,,, is a Hilbert space, ® is a countably Hilbertian nuclear space.
® is also a Polish space: It is a complete metric space since it is Fréchet and it is separable by
Assertion 11 of [1].

Our primary objects of study are processes that takes values in the topological dual of @,
denoted by ®'. To be precise, ® is the space of all continuous linear functionals on ® and we refer
to elements of this space as distributions. For u € ®" and p € ® we denote the duality product of
pand ¢ by (i, @) = p(p). For p € @, its distributional derivative, denoted by y’, is the unique
element of @ such that / )

(W 0)=—(m,p), peo

It is clear that g’ is well-defined by the definition of ®. For p € ® and t € R, we can define 7,/ as
the unique element of ® (when it exists) so that

(Tep, 0) = (W, e0), @ €@,

where 7 is the function defined by 7:o(-) = (- — t) (when it exists).

For 0 < T < oo and Polish space E, we denote by D([0,T], E) the space of functions from
[0,T] to E that are right-continuous with left limits everywhere on (0,7]. We equip this space
with the Skohorod J; topology (see [2] or [34]). In the sequel we will be concerned with the cases
E =R, E=D = D([0,00),R) and E = ®. The quadratic covariation of two martingales M
and N in D([0,00),R) is denoted by (< M, N >¢):>0 and the quadratic variation of a martingale
M € D([0,00),R) is denoted by (< M >;)i>0 = (< M, M >4)i>0

In general, nuclear Fréchet spaces are infinite dimensional spaces that possess many desir-
able properties of finite dimensional spaces. For instance, (u)i>0 € D([0,00),®") if and only
if ((ut,¢))i=0 € D(]0,00),R) for each ¢ € ®. In proving our main results we make use of the
following theorem of Mitoma [25].

Theorem 1.1 (Mitoma [25]). Let S be a nuclear Fréchet space and let (u")n>1 be a sequence of
elements of D([0,T],S"), where S’ denotes the topological dual of S. Then u™ = p in D(]0,T],S")
if and only if for each o € S, (1,20 = (it 2))iz0 in D(O, TL,R).

If (¢)¢>0 € D([0,00),®") and t € [0,T], we can define the distribution fot s ds as the element

of ® such that for all ¢ € ®,
t t
</ usds,<p> =/ (ks ) ds.
0 0
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Let (F:)i>0 be a filtration on an underlying probability space (2, F,P). A process M €
D([0,00),®") is a @ -valued Fy-martingale if for all ¢ € ®, ((My, ¢))¢>0 is a R-valued Fi-martingale.
For two ®'-valued martingales, M and N in D([O,oo),q)/), their tensor quadratic covariation
(< M, N >4)>0 is given for all t > 0 and all ¢,1) € ® by

< M7N >t (@7¢) =< <M790>»<N,¢> >t

and the tensor quadratic variation (<< M >>{)i>0 of a ®-valued martingale M € D([0,c0), ®")
is given by (<< M >>¢)i>0 = (< M, M >¢)i>0. Two ®'-valued martingales, M and N, are said
to be orthogonal if < M, N >= 0 identically. Corresponding notions for the optional quadratic
variation process [M] are defined analogously.

2 System Equations

In this section, we obtain semi-martingale decompositions of the distribution-valued process A =
(A¢)t>0, which keeps track of the age of each customer in the system, and the distribution-valued
process R = (R¢)>0, which keeps track of the residual service time of each customer in the system.
We begin by treating the age process A in §2.1 and then move on to the residual service time
process R in §2.2.

2.1 Ages

Consider a G/GI /oo queue with general arrival process (E;)i>0 € D([0,00),R). We denote by
7; and 7; the arrival time and service time, respectively, of the ith customer to enter the system
after time 0—, for ¢ > 1. These service times are independent and identically distributed (iid) with
cumulative distribution function (cdf) F with mean 1, complementary cumulative distribution
function F' =1 — F, probability density function (pdf) f and hazard rate function h € C5°.

Define (A¢)¢>0 € D(]0,00), D) so that A;(y) denotes the number of customers in the system at
time t > 0 that have been in the system for less than or equal to y > 0 units of time at time t. At
time 0—, we assume that there are Ag(y) customers present who have been in the system for less
than ¢y > 0 units of time and we denote by

—7 = inf{y > 0]Ao(y) > i}

the “arrival” time of the ith initial customer to the system for i > 1. Ay = Ap(co) denotes the
total number of customers in the system at time 0—. We also denote by 7; the remaining service
time at time 0 of the ith initial customer in the system. The distribution of 7j;, conditional on the
arrival time 7;, is given for x > 0 by

1—-F(—7+x)
- F(—7) 2)

We denote by fz and h; the conditional pdf and hazard rate function associated with this distri-
bution, respectively.

We now derive system equations for a measure-valued process that tracks the age of each
customer in service. First note that by first principles we have for y > 0,

P > z|7i] =

Ao Et
A(y) = Z -z <yyLie<i,) + Z Liri<yyLt—r<ni}- (3)
=1 =1

Our first result provides an alternative way to write (3).



Proposition 2.1. For each t > 0,

Ao Ao(y) E; Ei—y
At(y) = Ao(y) o Z 1{77¢St/\(y+ﬁ)} - Z 1{ﬁi>y+ﬂ'} + E; — Z 1{77i§(t—7'z’)/\y} o Z 1{77i>y}'
i=1 i=Ao(y—t)+1 i=1 i=1
(4)
Proof. By (3), we have that
Ag o
Ai(y) = Z 1{t*ﬂ'§y}1{t<ﬁi} + Z 1{t*Ti§y}1{t*Tz‘<77i}
i=1 i=1
Ao(y) Ey
= > Ly rcylpeny + D Lpon<y Litrnen)
i=1 i=1
Ao(y) Ey
=AW+ Y Qprcylpcny — D+ E+ Y (Lpor<pLi—n<n) — 1) (5)
i=1 i=1
However,
Li-z<gylicny — 1= Lp—sn<yy La<ey + Lp—s>y) (6)

= (Lp-rnenlien + Yp-rmon Lnmrm<yy) + Limsp s>y

and, similarly,

Lir<yplp-micn) = 1= Loy Lip<i—n} + Li—n>y) (7)
= (Lrzp Ymst—ry + Lomronp Lm<yy) + Limrony Lnosuy
Substituting (7) and (6) into (5) and summing over Ag(y) and E: completes the proof. O

We now provide an intuitive explanation for the terms appearing in (4). The first term represents
the number of customers in the system at time 0— that have been in the system for less than or
equal to y units of time; the second term represents the number of departures by time t of those
initial customers that had total service times less than or equal to y units of time; and the third
term represents the number of initial customers that had been in the system for less than or equal
to y units of time at time 0— but have been in the system for time greater than y units of time at
time t. The fourth, fifth and sixth terms represent similar quantities but for customers that arrive
to the system after time 0—.

Next, for ¢,y > 0, define D° = (D}):>0 € D([0,00), D) by

o Ao NN (y+77)
D) =3 (1pnciniin) - /0 he(u)du | | (8)
=1
and define D = (Dy)>0 € D(]0,00), D) by
Ey mA(t—Ti)\y
Dy(y) = Z L<(t—r)Ay} — /0 h(u) du 9)
=1



It then follows from (4) that

Ao i AEA(y+77) Bt rnin(t—ri) Ay
Ay = Aoy) + B~ DR) = Do) = | hawdu=3 [ h(u) du
i=1 i=1
Ao(y) Ei—y
- Z L s>y — Z Lisyy (10)
i=Ao(y—t)+1 i=1

To study the age process as a distribution-valued process, we use a Sobolev space of infinite
order ® 4 as the test function space, where ® 4 is defined as in (1) with p set to the excess of the
service time distribution:

w(A) = /AF(y) dy, for A€ B(R;) (11)

Since h € Cp°, for each ¢ € ® 4 the integrals (F,¢) and (Fe, ) both exist, where F. denotes the
distribution associated with Fg, the cdf of the stationary excess distribution of F', i.e. Fe(y) =
Jg F(x) d.

We associate with the process A defined above the process A taking values in <I>/A, as defined
in §1.1, such that for each ¢t > 0 and ¢ € ® 4,

(Ap, ) = /Rw(y) dAy(y)- (12)

We similarly define corresponding processes, D and D, associated with D° and D, respectively.
We also associate with Ag a <I>:4—valued random variable Ag. It is easy to see that for each ¢ > 0, the
quantities A;, DY and Dy are well defined elements of ‘I>:4. It is also easy to see by right-continuity
of the sample paths of A, D? and D that A, D°, D € D([0, c0), <I>:4)

By integrating test functions ¢ € ® 4 with respect to each of the terms in (10) it follows that

Ao — 75+ (i AL) Bt niN(E—Ti)
(A, @) = (Ao, ) — (D} + Dy, ) — Z/ ] p(y)h(y) dy — Z/O e(y)h(y) dy
i=1"Y"Ti i=1
Ao(y) Ey—y
/ @(y)d Z 1{—7:i+ﬁi>y} + Z 1{"7i>y} : (13)
Ry i=Ag(y—t)+1 i=1

We then have the following two propositions, which allow us to simplify (13):

Proposition 2.2. For each t > 0,

Ao 77:2‘4’(772‘/\25) Ey 177;/\(th7;) t
Z/ ] e(y)h(y) dy+Z/O e(y)h(y) dy:/o (As, ph) ds.
i=1" T i=1

Proof.

Ao —Fi+ (7Nt Bt rnin(t—T)

Z/ ) e(y)h(y) dy+2/0 p(y)h(y) dy

i=1" T i=1

Aot E: ot
= Z/ 1{0§8Sﬁ¢}90(5 —Ti)h(s — 7;)ds + Z/ 1{0Ss—n§m}90(5 —1)h(s —1;)ds
=170 i=1 70
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Ao

t E,
- /0 (Z Liogscn (s = T)h(s = 7:) D _ Ljosern#(s = m)h(s = n>> s

i=1 i=1

t
- / (As, oh) ds.
0

Proposition 2.3. For each t > 0,

Ao(y) Ey—y ¢ )
—/ e(y)d DI FEESTEGS N N =Et90(0)+/ (As, ) ds.
Ry i=Ag(y—t)+1 i—1 0

Proof. Integrating by parts, we have that

Ao(y) Et—y

—Ere(0) = / e | Y. Nrsasn + D Luow
R+ i=Ag(y—t)+1 i=1
AO(y) Et—y
:/ Z L sqiisyy Z Lini>y} ¢'(y) dy
R+ i=Ap(y—t)+1 i=1
AO FEy
= /R (Z 1{7:i272,17*7~'i+77i2%7~'i+y§t} + Z 1{m>y,n+y<t}> Qpl(y) dy
+ \i=1 i=1

Ag Ey
= / Lizs g minymty<n @ () dy + ) / Ly, mry<ty® (y) dy
i=1 7R+ i=1 7R+
Ao ot Ey o
= 2/ Lio<s—t<—mtn} P (s — Ti) ds + 2/ Lio<s—r<n}¥ (s — 7i) ds
i=1 "0 i=1"0
t Ao / 2 ’
= /0 (Z Locs—ric—rsi}? (8 = 7) + Y Logsmr<ny @ (5 - Ti)) ds

[0
IS

1
Ry
S
Combining Propositions 2.2 and 2.3 with system equation (13), we arrive at

(¢ (1)Qu(d) ) ds
t g0/> ds.

t

(Ars0) = (Ao, o) + (E — DY — Dy o) /0 (Ao hp) ds + /0 (Au) ds, (14)

where we define the <I>/A-valued process £ = E.§g so that (&, ¢) = Eyp(0) for each ¢ € ® 4 and
t > 0. In general, we refer to (14) as the semi-martingale decomposition of A for reasons that
become clear in §4.



2.2 Residuals

We next move on to the residual service time process R. As in §2, customers arrive to the system
according to a general arrival process (Et)¢>0 € D([0,00),R) and we denote by 7; and n; the arrival
time and service time, respectively, of the ith customer to arrive to the system after time 0—.
Customer service times are iid with cdf F'. We assume the service-time distribution has a bounded
hazard rate function, but here we make no assumptions on the smoothness of the hazard rate
function as we did in §2.1. Assuming the boundedness of the hazard rate is helpful in defining our
space of test functions. In general, we could drop all assumptions on the service time distribution,
but this would require us to restrict our space of test functions.

Let R¢(y) denote the number of customers at time ¢ > 0 that have less than or equal to y € R
units of service time remaining. Note that as in [3], we allow y < 0 so that in addition to keeping
track of customers present in the system at time ¢, we also keep track of customers who have already
departed the system. We assume that at time 0— there are Ry(y) customers in the system that
have less than or equal to y > 0 units of service time remaining. We let Ry = Rp(oc) denote the
total number of customers present in the system at time 0—. By first principles, it then follows

that
Ey

Rt(y) = RO(t + y) + Z 1{m—(t—n)§y}' (15)

=1

The following Proposition presents an alternative form of (15).

Proposition 2.4. For each t > 0 and y € R,

Et Et
Ry(y) = Ro(y) + (Ro(t +y) — Ro() + D Limyt + D Linsy(rtn)—t<y}- (16)
i=1 i=1

Proof. By (15),

Et Et
Ri(y) = Ro(t+4) + Y Liy—(t—r<yy = Ro(y) + (Ro(t +y) — Ro)) + > Lin—t-ry<yy-  (17)
i=1 =1
However,
Lin—(t—m)<yy = Ym<yy T Limisymi—(t—m)<y}- (18)
Substituting (18) into (17) and summing over Fy, completes the proof. O

We now give an explanation for each of the terms appearing in (16). The first term represents
the number of customers in the system at time 0— with less than or equal to y units of service time
remaining. The second term represents the number of customers that arrived to the system with
greater than y units of total service time but at time ¢ have less than or equal to y units of service
time remaining. The third and fourth terms can be explained analogously but for customers that
arrive to the system after time 0—.

For each y > 0 and ¢t > 0, define G = (Gy)i>0 € D([0,00), D) by

Ey

Gi(y) =Y (Lpy<yy — F() -

=1



By Proposition (2.4), R;(y) may then be rewritten as

Ey
Ry(y) = Ro(y) + (Ro(t +y) — Ro(v)) + Go(y) + BEeF(y) + > Lysy (riam)—t<yy-  (19)
i=1
To study this residual process as a distribution-valued process, we will use another Sobolev
space of infinite order @ as the test function space, where ®r here is defined as in (1) with
W= p— + g, where

pe)= [ Pl)dy, for AcBR.) (20)
and p_ is Lebesgue measure on R_. Notice p here is defined just as p in (11). The assumption
that h is bounded implies that for each ¢ € &% the integrals (F, ¢) and (Fe, ¢) both exist.

Now associating <I>1R—valued processes R, G and F to R, G and F, respectively, as in (12), and
plugging in test functions and integrating each of the terms in (19), we get that for each ¢ € ®g,

(Resg) = (Ro, @) + / () d(Ro(t + ) — Ro(y)

R
Ey
+ <gt> 90> + Et<-7:a 90> + /]R(P(y) d (Z 1{m>y,(n+m)—t§y}) . (21)
=1

The following proposition now allows us to simplify the form of (21):

Proposition 2.5. For each t > 0,

Fy t
/RsO(y) d(Ro(t +y) —Ro(y))+/R<ﬁ(y)d (Z 1{m>y,(n+m)t<y}> = —/O (Rs ) ds. (22)

=1

Proof. The proof parallels the proof of Proposition 2.3. Integrating by parts, we have that

Ey
_/ch(y) d(Ro(t +y) — Ro(y)) — /RsO(y)d <Z 1{77i>y,(‘r¢+77i)—t<y}>
i=1
Ro £,
— /R (Z 1{y§ﬁz‘§t+y}> ¢ (y)dy +/R (Z 1{m>y,(n+m)t§y}> 0 (y) dy
=1 i—1
Ro B,
= Z /]R 1{y§ﬁz‘§t+y}90 (y)dy + Z /1% l{m>y,(n+m)—t§y}90 (y) dy
=1 i=1
Ro E,
=1 i—1
Ro t , Ey t /
- Z/ e U _8)d5+2/ Lr<app (i +1i — 5)ds
t [ Ro By
- /0 (Z‘P (7l = 8) + Y Lir<sy® (Ti+mi — s)) ds
i=1

i=1

_ /Ot (/ﬂh gole(du)) ds

9



t
:/ <Rs,cp,>ds.
0

Substituting (22) into (21),

(Rer @) = (Rov ) + (Go. @) + Er(F.0) — /0 (Rar ') ds. (23)

We refer to (23) as the semi-martingale decomposition of R. In §4, we will prove that the process
G in (23) is a martingale. Note the similarity of (23) with (4) of [3].

3 Regulator Map Result

In this section we show that given a Sobolev space of infinite order @, the integral equation asso-
ciated with (vg, ) € ® x D([0,00), D),

(1s8) = 0,8) + G + [ (v Big) ds, (24)

for B a continuous linear operator on ® and ¢ € @, defines a continuous function ¥p : ' x

D([0,00),®") — D([0,00), ®") mapping (v, i) to v, under some mild restrictions on B.
Before we prove our result we need the following definition from [21]:

Definition 3.1. A family (S¢)i>0 of linear operators on ® is said to be a (Cp,1) semi-group if
1. So =1, where I is the identity operator, and for all s,t > 0, S5S = Ss1¢.
2. The map t — Sip is continuous for each ¢ € ®.

3. For each q > 0 there exist numbers My, o4 and p > q such that
ISeplly < Mae”* [l
forall p e ®,t>0.

Theorem 3.2. Let B be the infinitesimal generator of a (Co, 1) semi-group (S¢)e>0. Then for each
(v, 1) € ' x D(]0, 00), ®'), the equation (24) has a unique solution given by

128) = (. 560) + (i) + e S1_uB) d. (25)

Furthermore, (24) defines a continuous function Upg : ® x D(]0, 00), ') — D(]0, 00), @) mapping
(v, p) to v.

Proof. That Wp is a well-defined function from D([0, 00), ®") to D([0,00),®") and the form of the
solution (25) follow from Steps 1-3 of the proof of Theorem 2.1 of [21] (see also Corollary 2.2).

To show continuity we adapt the argument in the proof of Proposition 3 of [8] (see also
[22]). By the form of (25), it suffices to show that for each 7" > 0 the function mapping ' to
D([0,00),®") defined by v — S*14 and the function mapping D([0,00), ®") to D([0,T],R) defined
by p+— [y B*S*  usds, where B* and S; denote the adjoint operators of B and Sy, respectively,

10



are continuous. The desired result then follows from Theorem 1.1 and the fact that the addition
map on D([0,T],R) x D([0,T],R) 1s continuous at continuous limits (Theorem 4.1 of [32]).

Let (vf)n>1 be a sequence in @’ converging to 1vo. Then by Proposition 0.6.7 of [30], for each
precompact set K C ¢ we have

sup [(vy —vo, )| =0 as n — oo. (26)
peK

Since the map t — Sp is continuous for each ¢ € ® by the definition of (Cp, 1) semigroup and
[0,T] is compact in R, the set {S,By, u € [0,T]} is compact in ®. Thus, applying (26) to the
compact set K = {S, By, u € [0,T]} gives us

sup [(vy —vo, Sup)] — 0 as n — oo.
u€[0,T]

By Theorem 1.1, this proves S*vy = S*v in D([0,T],R) as n — oo and thus that the map
Vo — S*1y is continuous.

Now let (11™)n>1 be a sequence in D([0,00), ®') converging to u. Then there exist increasing
homeomorphisms (A\"),>; of the interval [0, 7] such that for each ¢ € ®

H B = fan () HT—>0 and |[\" —ellr —0 as n — oo,
where e denotes the identity mapping on [0,7]. Again, by Proposition 0.6.7 of [30], for each pre-
compact set K C @, we have
sup sup‘<,u — Han(t cp>‘—>0 as n — oo, (27)
te[0,T] peK

Just as above, the set {S, By, u € [0,T]} is compact in ®. Thus, applying (27) to the compact set
K ={S,Bp, ue[0,T)} gives us

sup sup Kut —,LLAn(t),S ng>‘ —0 as n — oo.
t€[0,T] u€[0,T)

Therefore,
t ¢
sup </ B*S{, (13 — bans)) ds,s0>‘ = sup / (% = pxn(s), St—sByp) ds
te[0,T] 0 te[0,T]
< sup / (12 = pixn(s), Si—sBo)| ds
t€[0,7]
< sup / (1% = pan(s), SuBw)| ds
t,uel0,T
<T sup }<:us :u)\"(s)a SuB‘PH - 07

s,u€l0,T

as n — oo. By Theorem 1.1, this proves that the map u — fo B*S*  usds is continuous and
completes our proof. ]
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3.1 Ages

If we define the linear operator B4 on ® 4 so that BAp = ¢ — hy for ¢ € ® 4, we can write (14)
as

A=Uga(Ao, & —D°—D). (28)

We now verify that B* generates a (Cp, 1) semi-group so that Theorem 3.2 will apply to (14).
Proposition 3.3. B4 generates a (Co, 1) semi-group (S7")¢>o0 defined by

S{4g0 =F'r, (ng) for € Py (29)
Proof. First we check that B4 is the infinitesimal generator of the semigroup given by (29). For
all ¢ € & 4 we have
F(-+h)p(-+h) —
h—0 h h—0 h h—0 h

= F L (Fp) = F! (F@/*fw) = ¢ — hp = BAp.

Now we check that the semigroup (S{');>0 is a (Cop, 1) semigroup. Part 1. of the definition of
(Co, 1) semigroup is clearly satisfied. Part 2. follows from Lemma 2 of [3]. For Part 3., by the
definition of the seminorms inducing the topology on ® 4 (1), it is enough to show that for each
n > 0 there exists an M,, such that for each p € &4 and s > 0,

1S 0) ™z, < M Yl 2, (30)
=0

Using the chain rule and triangle inequality, for each n > 0 we have

B0

(n—i) |
P (- +1)

1(S*) ™z, =

L2

<

’11 |

nH -+t

L2

n n '
< (i)zuhu&l
=0

where || - || denotes the sup norm. Now focusing on the L? norm in the expression above,

F(-+1)
H F 7

L2

F(';_t)gp(i) (-+1)

)

L2

; - /]R+ <W¢(i>(x + t)>2F(x) du

= /]R L(Lr +1) oD (z +t)2F(z +t)de

(-+1)

F(x)
< [ Pt
R+
< le?172,
so that finally we have (30) with M, = maxo<;<n {(})2[|h]|%}. O
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3.2 Residuals

If we define the linear operator B® on ®x so that BRo = —¢' for ¢ € &g, then we can write (23)
as

R = UR(Ro,G + EF), (31)
We now verify that B* generates a (Cp, 1) semi-group so that Theorem 3.2 applies to (23).
Proposition 3.4. B® generates the (Co, 1) semi-group (7¢)¢>0-

Proof. First we check that B™ generates the semigroup (1¢t)t>0. For each ¢ € & we have

T —p .. pl—h)—¢ '
lim " = lim —~——~ " = ¢
hli% h th%) h 14

We now check that (7¢):>0 is (Co, 1) semigroup. It clearly satisfies Part 1. of the definition of
(Co, 1) semigroup. Part 2. again follows from Lemma 2 of [3]. To show Part 3. note that it suffices
to show that for all n > 1

™ (- =)z < ™Iz,
Then, we have

=0l = [ = tRdo+ [ @ -t F@)de
— +

< / o™ (2)? da + /R o™ (2)2F(z + t) da.
- +

</ go(”)(ac)Qd:U—l—/R o™ (2)2F (x) da.

< o™ |7

4 Martingale Results

In this section we show that the processes D + D and G defined in 82 are @:4 and @;z—valued
martingales, respectively. That fact that D° + D is a martingale will be used with the martingale
functional central limit theorem and the continuous mapping theorem in §5.1 and §6.1 to prove
fluid and diffusion limits, respectively, for our age process. The fact that G is a martingale will
not be needed to prove limit theorems for our residuals process but can be used to show that the
diffusion limit for our residuals process is a Markov process (see §7) and possibly in other future
work.

4.1 Ages

First we first show that the process D + DY defined in §2.1 is a martingale with respect to the
filtration (F');>o defined by

F = o{1p—0p Lipcs—my s <t i = 1,2, B} Vo{E,, s <t} VA,

13



Proposition 4.1. The process D'+D is a <I>:4—valued f{“—martingale with tensor quadratic variation
process given for all g, € ® 4 by

Ao pint Er  emin(t—ri)t
<D 4D ()= [ pla R - Ahn (e o+ [ pla)0(a)h) do.

=170 i=1 70

(32)
Proof. We first analyze D. Note that by (9) for ¢ > 0, we have that
Di(y) = Di(y), y=>0
i=1
where for each 7 > 1
. niN(t—=Ti) Ay
D) = Linstnytnnt = | () du (33)

We will show for the associated <I>/A—V&1ued processes D¢, i > 1:
1. Foreachi>1,D'is a <I>:4—V&lued fﬁ—martingale.
2. For i # j, D' and D7 are orthogonal.

3. For each i > 1, the tensor quadratic variation of D' is given for all ¢, € ® 4 by

) niA(t—7i)
<D= [ (@) (@)h() da.

If we can then show that Zle <D§, <p> is dominated by an integrable random variable uniformly
over k > 0, it will then follow by Lesbegue’s dominated convergence theorem for conditional
expectations and 1. above that

E (Do) |7 =E |3 (D) \fs] =Y E[(DLg)IF] =3 (Dhg) = (Do)
i=1 i=1 i=1
and hence D will be a <I>:4—V&1ued Fi-martingale. Note that for each & > 1, we have that
k k (t=mi)* niAx
S| =X [ vwd(tpe - [ nwa)
i=1 =170 0
e MmN (E—7;) T
< su S gy <p—ry+r + / h(u) du
> 100 (tmstenos + ()

< Ey sup |o(s)|(1+ t[|Aloo)-
0<s<t

However, clearly E[E; supg< < [¢(s)|(1 + t[|hlloc)[Fs] = supg<s<s [0(5)[(1 + k]l )E[E| Fs] < o0,
which completes the proof that D is a (I>:4—valued fg“—martingale.

Further, a similar dominated convergence argument along with 2. and 3. above shows that the
quadratic variation of the @;rvalued f{“—mar‘cingale D is given for all p, 9 € &4 by

> ) Er o rpn(t—r)t
<P () =Y << D> i)=Y [ P @h() do.  (34)
=1 =1
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It remains to show 1.-3. We begin with 1. Tt suffices to show that for each p € S, ((Di, ¢))i>0 is a
real-valued F/A- martingale. First, ((Di, ))i>0 is clearly F/A-adapted. To show that the martingale
property holds for ((D%, ));>0, it suffices to show that the martingale property holds for Di(y) for
each fixed y > 0. It will then follow that for s <,

B [(Dio) 17 =& | [ Ditw)e o) a2

_ /R E [Di(y)|FA] ¢ (y) dy

= [ Di(y)¢ (y)dy,
R4

= (Day)
and so D° will be a <I>:4—V&lued F-martingale. Since y A (t — ;) = (t A (7; +y) — 7)), we have
Di(y) = Di/\(n+y) (y) = Di/\(‘ri+y)(oo)'
We know by the proof of Lemma 3.5 of [24] that D?(co) is an Fy-martingale and it is easy to

see that 7; + y is a Fyl-stopping time. Therefore, the stopped process (D?'A(Ti Jry)(oo)),gzo, is a
F-martingale.

We now focus on 2. To prove orthogonality of D¢ and D’ for i # j, it suffices to show that
for all @, € ® 4 the process ((D, ©)(D), ¥));>0 is a FA-martingale. As in 1., it suffices to prove
that for each fixed y > 0 the martingale property holds for the process (Di(y)Dg (y))t>0. Again,
this follows from the fact that (Df(c0)D} (00))¢>0 is a martingale, which we know from the proof
of Lemma 3.5 of [24].

We now calculate the tensor-quadratic variation for D? to prove 3. First by (33), for all p € ® 4
we have

@ie)= [ o) dDj(r) = / T @) (1{m<x} -/ " ) du) - (35)

Therefore, as on page 259 of [24],

] (t—mi)T AT niA(t—7i)
<< (Di,p) >>4= / () d<1{mgx} - / h(u) du> — / o(@)?h(z) dz, (36)
0 0 0
so that

<< D' >>4 (p,9) =< (D!, @), (D', ) >y

= % (<< (D' o+ 1) >>; — << (D', o — ) >>t)
_ 1 ATt x 2)? h(z) dx — T z) — ¥(x))?*h(z) dx
_4</0 (p(x) +(z))* h(z)d /0 (p(z) — ¥(x)) h()d>

niN(t—=7)t
- /0 (@) (@)h(z) do
where the second equality follows from polarization and the third equality follows from (36).
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We now analyze D°. First note that

Ao
DY(y) = D} (), (37)
i=1
where for each ¢ > 1,
0.i i NEA(Y+75)
Dy (y) = L <in(y+7)} _/0 hz (uw) du.

Replicating the analysis for D above, we can show that for each i > 1, D% = (D? ’i)tzg is a
<I>/A—V&1ued martingale and that for i # j, D% and D%’ are orthogonal. We now calculate the
tensor-quadratic variation for D°. First, for all ¢ € ® 4, we have

(DY Y — /R+ o(x) dDY' (z) = /Otgo(x —7i)d (1{ﬁi<x} _/0

This gives us

NiAT

hs, (u)du) . (38)

) A
<< (D, @) >>= / ©*(x — 7)) hz, () dz,
0

Using the polarization identity as in the analysis of D, it then follows that

i At
<< DV sy (po) = / " oo — R)p(@ — )b (@) de.

Summing the quadratic variations of each of the terms in (37) and noting the orthogonality of
the martingales in the sum,

Ao

Ao M At
<< D> () =Y << DY 33 () =Y /O" oz — 7)o@ — 7)ha (2) dz. (39)

=1 =1
Now since D and DY are both f{“—martingales, D'+ Disa f{“—martingale. Furthermore, D
and D° are orthogonal since they are independent. Therefore, << D° +D >>=<< D" >> 4 <<
D >>. Plugging (34) and (39) into this equality gives us (32). O
4.2 Residuals

We now show that the process G defined in §2.2 is a martingale. This will be useful in future work
where we wish to show that the residual service time process is a martingale. Let ]_-tg be the natural
filtration generated by G. We then have the following result.

Proposition 4.2. The process G is a @IR—valued ftg -martingale with tensor optional quadratic
variation process given for all p,9 € ®r by

Ey
Glelp, ) = o(na)wo(ms)- (40)
=1
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Proof. We first prove the martingale property. Define the filtration (Hy)r>1 by Hr = o{E¢, t >
0}V o{n,n2,....nk} VN. Define the discrete-time D-valued process (G*);>1 by

k
Gk(y) = Z (1{méy} - F(y)) ) (41)

=1

and let (gk) k>1 be the associated ®r-valued process. It is then clear by the independence of the
service times from the arrival process that for each ¢ € ®x, the process ((GF,))g>1 is an H-
martingale. However, since for each t > 0 we have that F; is a stopping time with respect to
the filtration (Hy)x>1, it follows that the filtration (Hg,)i>0 is well-defined and, furthermore, by
the optional sampling theorem, we have that for each ¢ € ®r, (G, ¢))i>0 = ((GFt,¥))i>0 is a
‘Hpg,-martingale. The result now follows since any martingale is a martingale relative to its natural
filtration.

The form of the tensor optional quadratic variation (40) is immediate by Theorem 3.3 of [28]. [

5 Fluid Limits

In this section, we begin proving our weak convergence results. We consider a sequence of G/GI /oo
queues indexed by n > 1, each following the assumptions of §2. We assume that the service time
distribution is held fixed across the systems. We add a superscript n > 1 to all processes and
quantities defined in §2 to indicate association to the nth queue in the sequence. We focus on fluid
limits for the age and residual processes in §5.1 and §5.2, respectively. We move on to diffusion
limits in §6.

5.1 Ages
We start with the age processes of §2.1. Define
B n B n _ En B Dn B fDO,n
.A"E'A—, Agzﬂ, Er=—" D'=— D=2 (42)
n n n n n

and " = E"§ for n > 1. Then by (28) for n > 1 we have
A’I’L e \IIB.A( _g,gn — ,Zjo’n - 25”)
We now prove convergence of D%" + D" jointly with (A%, E™):

Proposition 5.1. If (A7, E") = (Ao, E) in @:4 x D as n — oo, then

!

( An £n DO —I-@”) = (.AO,S,O) n (I>:4 x D([0,00),® )% as n — oo.
Proof. We first prove

D" +D" =0 in D(0,00),&) as n— oo, (43)
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For each ¢,1 € &4, T > 0and 0 <t <T we have

<< D" 4 D" >>, (p,1))

AG Ep A(—rm)+
Z% ;AM%@’%Wwﬁ%M@M+§AMt () (2)h(z) do
1 Ag Er
< (2 eowen@ias 3 [l
< (A EPT swp lo()] sup [0(s)lIhle =0,
0<s<T 0<s<T

in D as n — oo by the assumed convergence of A% and E™. Therefore, (43) follows by the martingale
FCLT. Then joint convergence holds by virtue of Theorem 11.4.5 of [34] and the fact that the limit
in (43) is deterministic. O

We then have
Theorem 5.2. If (A}, E™) = (Ao, E) in <I>:4 x D as n — oo, then
A= A in D([0,00),®) as n — oo,

where A satisfies the deterministic integral equation

t

(A 0) = (Ao, ) + Bro(0) — /0 (As, hig) ds + /O (A, ) ds, (44)

for all p € P 4.
Proof. By the assumption and Proposition 5.1, we have
( An Em, DO +f?”) = (ftg,g, 0) in <I>:4 X D([O,oo),fbl)2 as n — oo.

Then, since A" = W54 (A2,E"—DY%" —D") and ¥ g is continuous by Theorem 3.2 and Proposition

3.3, the result follows from the continuous mapping theorem (see [2] and [31]) with ¥ 4 and the
addition map. The addition map is convergence preserving here by Theorem 4.1 of [32] since the
limits of D%" and D" as n — oo are continuous. O

Remark 5.3. Note that we can now use Theorem 5.2 along with Theorem 3.2 to write an explicit

expression for A. Similarly, we can get explicit expressions for R, A and R in Theorems 5.5, 6.5

and 6.7 below.

5.2 Residuals

We now proceed to prove a fluid limit for the residual processes of §2.2. Let
R"= —, Ry =

for n > 1. Then by (23) we have
R* = Wy (RE,G" + E"F),

We first prove convergence of G" jointly with (R2, E™):
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Proposition 5.4. If (R}, E") = (Ro, E) in ® x D as n — oo, then

REE™,GM) = (Ro,E,0)  in ®p x D([0,00),®)% as n— oo. (45)
0 R

Proof. Notice that for each ¢ € ®r, (G", ¢) can be written as

. 1 [n-] _
(G", ) = n;/&r@(x)d(l{mﬁx}_}?(x)) o E".

The first term above converges to the 0 function by the functional weak law of large numbers. Thus,
by continuity of the composition map at continuous limit points (see page 145 of [2] or Theorem
13.2.1 of [31]), we have (G", ) = 0 in D as n — oco. Since this limit is deterministic, we get the
full joint convergence (45) by Theorem 11.4.5 of [34]. O

We then have
Theorem 5.5. If (R}, E") = (Ro, E) in <I>;z x D as n — oo, then
R"=R in D([0,00),®) as n— oo,

where R satisfies the deterministic integral equation

(Rer ) = (Ro, @) + Er(F. ) — /0 (Rar') ds, (46)

for all p € Pgr.

Proof. By the assumption and Proposition 5.4, we have

(R§,E™,G") = (Ro,€,0) in P x D([0,00),®)% as n — oo.

Then, since R" = Ve (RE,E"F + G") and ¥yr is continuous by Theorem 3.2 and Proposition
3.4, the result follows from the continuous mapping theorem with ¥ z= and the addition map. The
addition map is convergence preserving here by Theorem 4.1 of [32] since the limit of G" as n — oo
is continuous. O

6 Diffusion Limits

We now move on to the diffusion limits. First we define generalized ® -valued Wiener process
and generalized ® -valued Ornstein-Uhlenbeck process as in [3]. These notions will be used to
characterize our diffusion limits for the age and residual processes.

Definition 6.1. A continuous ® -valued Gaussian process W = (Wi)e>0 is called a generalized
®'-valued Wiener process with covariance functional K (s,p;t,1) = E[(Wy, @) (W, )] if it
has continuous trajectories and for each s,t >0 and @,v € ®, K(s,p;t,1) has the form

SN\t
K (s, p3t, 1) =/ (Quep, ¥) du,
0
where the operators Qy : ® — ®', uw > 0, have the properties:
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1. Qy ts linear, continuous, symmetric and positive for each u > 0, and
2. the function u — (Qup, V) is in D for each ¢, € ®.
If Q. does not depend on u > 0, then the process is a ® -valued Wiener process.

Definition 6.2. A ® -valued process X = (X;)i>0 is called a (generalized) ® -valued Ornstein-
Uhlenbeck process if for each o € ® andt > 0,

(X0, 0) = (X0, ) + /0 (X, Ap) du + (Wi, ),

where W = (Wi)¢>0 s a (generalized) @' -valued Wiener process and A : ® — ® is a continuous
operator.

6.1 Ages
Define

Ar = (A" = A), An = a (AL — A),, B = a (B" - E), D" = /aD", D" = /nD"™,

and £" = E"§, for n > 1. Then, centering the system equation (14) by the fluid limit of Theorem
5.2, for n > 1 we have

An = \I/B.A(Ag,gn — ﬁO,n — @n)

We now use the following result to approximate DO 4 P by a process that is independent of
(Ap, E™) for each n > 1. This is used to prove the required joint convergence in Proposition 6.4.

Lemma 6.3. Define DO = (D)"™);>0 € D([0,00), D) so that

nAp

. o i AN (y+7:)
D" (y) =) | Lnsensy /0 hz, (u) du | . (47)

i=1
and define D™ = (D")¢>0 € D([0,00), D) so that
5 nk niN(E—Ti) Ay
D)= Y ( Lonsinmn = [ h(w)du ) (15)
i=1
fort >0, y >0, where
—7" = inf {s|nAg(s) > i},
7' = inf {s|nEs > i},
fori > 0. Let D™ and D™ be the D([0,00),®" )-valued processes associated with D™ and D™,
respectively, for n > 1. Then, if (Af, E™) = (Ao, E) in (I>/A x D as n — oo, then

(@0’" + D", DO 4 15”) = (250 +D,D° + 15) in D([0,00),®)? as n— oo, (49)

where D° +D is a generalized <I>:4—Ualued Wiener process with covariance functional given for each
p, 0 € Dy and s,t >0 by

SAt B
Kpop(spitit) = [ (Auhoi) du. (50)
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Proof. See appendix. O

Proposition 6.4. If (A2, E™) = (Ao, E) in <I>:4 x D as n — oo, then
( in, én pon 1 25”) - (Ao,é,fao + 15) in @4 x D([0,00),®)2 as n—oo, (51

where D° + D is given in Proposition 6.3 and is independent of E.

Proof. By Lemma 6.3 we have the joint convergence
( An &n pPOm 4 b") = (Ao,é,@o + ﬁ) in CIJIA x D(]0, 00), ) as n— o (52)

since each of the component processes in the prelimit above are independent of each other. Also
by Lemma 6.3 we have,

( g, £, DO +75n) — ( An, g, Do +75"> = (0,0,0) in @4 x D([0,00),®)? as n— oco.

(53)
Combining (53) with (52) gives us our result. O
We then have
Theorem 6.5. If (A7, E") = (Ao, E) in (I)/A x D as n — oo, then
A" = A in D([0,00),®") as n — oo,
where A satisfies the stochastic integral equation
. . . . . t t
(is) = (o) + Brol0) = (B + Doy = [ (Auhprds+ [ (Aug)ds.  69)
0 0

for all ¢ € ® 4. If, in addition, E is Brownian motion with diffusion coefficient o, then A s a
generalized @;—valued Ornstein- Uhlenbeck process driven by a generalized @g—valued Wiener process
with covariance functional

sAL
Ke_osmy(witit) = [ (0% + Auh.ov) du. (55)

Proof. Since A" = ¥ pA( Ag, c‘f"—f)o’”—f)”) and W pa is continuous by Theorem 3.2 and Proposition
3.3, the convergence follows from Proposition 6.4 and the continuous mapping theorem with W54
and the addition map. The subtraction map is convergence preserving here by Theorem 4.1 of [32]
since the limits of P%" and D" as n — oo are continuous.

If £ is Brownian motion with diffusion coefficient o, then & is a generalized <I>:4—valued Wiener
process with covariance functional Kz(s,¢;t,v) = 0*(s A t)¢(0)1(0). Combining this with (50)
and the fact that DY + D and F are independent from Proposition 6.4 gives us (55). Thus, Aisa
generalized <I>/A valued Ornstein-Uhlenbeck process. O
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6.2 Residuals

Define B ) ) B )
for n > 1. Centering the system equation (23) by the fluid limit of Theorem 5.5 we have for all
n>1,
R" =Upr(Ry,G" + EF).
Proposition 6.6. If (RZ, E") = (R, E) in ®, x D asn — oo, then
(ﬁg,é",é”) = (ﬁg,c‘f,é) in ®p x D([0,00),®)> as n — oo, (56)
where Q’ is a @;a—valued Wiener process with covariance functional

Kg(s,05t,0) = (Es A E)Cov(p(n),¥(n)), (57)

where 1 is a random variable with cdf F.

Proof. Notice that for each ¢ € ®x, (G", ¢) can be written as

~

Ly )
(G", ) = ﬁ;A+w($)d(1{ni5m}—F(x)) o E".

By the functional central limit theorem (see Theorem 16.1 of [2]), the first term above converges to
a Brownian motion with diffusion coefficient /Var(p(n)). Thus, our result follows by the random
time-change theorem (see [11]). O
We then have
Theorem 6.7. If (R, E") = (Ro, E) in & x D as n — oo, then
R"=R in D([0,00),®) as n — oo,
where R satisfies the stochastic integral equation

~ !

t
(Rer @) = (Ro, @) + (Gur o) + Er(F ) — /0 (Rer) ds, (58)

for all p € ®gr. If, in addition, E is Brownian motion with diffusion coefficient o, then R is a
generalized <I>/R—valued Ornstein- Uhlenbeck process driven by a generalized <I>/R—valued Wiener process
with covariance functional

Kpryas, it 0) = 0% (s AOE[p()E[ ()] + (Es A Er) Cov(p(n), (n)), (59)

where n is a random variable with cdf F.

Proof. Since R™ = U pr( Ag‘, ENF + Q”), and Ugzr is continuous by Theorem 3.2 and Proposition
3.4, the convergence follows from Proposition 6.6 and the continuous mapping theorem with ¥gr
and the addition map. The subtraction map is convergence preserving here by Theorem 4.1 of [32]
since the limit of Q as n — oo 1s continuous.

If E is Brownian motion with diffusion coefficient o, it is easily checked that EFisa q);z—valued
Wiener process with covariance functional

Kpr(s,pit,9) = o?(s AOE[p(n)]E[p(1)]. (60)
Combining (60) with (57) gives us (59). O
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Remark 6.8. Notice that in the special case when the arriwal process to the nth system is Poisson
with rate An, E = A- and E is Brownian motion with diffusion coefficient A\. Thus, KEf(s, ot ) =
A(s A)E[e(n)Y(n)] and Theorem 6.7 gives us a version of Theorem 3 of [3].

7 Markov Process Results

In this section we prove that under extra conditions on the arrival process and the fluid limit of
the initial conditions, the limiting age process A of Theorem 6.5 is a time-homogeneous Markov
process. We then identify the generator of fl, which enables us to determine its transient and
stationary distributions using results from Markov process theory (see [11]). One could also follow
the same program to analyze the diffusion limit of the residual-service time process in Theorem
6.7.

We begin with the following result about the stationary solution to the fluid equation (44) when
E = )\-. This assumption holds, for example, when the arrival process is a renewal process (as is
the case for that GI/GI /oo queue).

Proposition 7.1. If E = )., then A. = \F, is a stationary solution to the fluid equation (44).

Proof. Plugging A. = AF, and E = \- into (44) we see that it suffices to verify that

A /R P () = A /R PR+ Np(0) N /R M)~ P ) )

But this follows since

At / h(w)e(y) — ¢ (4) dF.(y) = At / h(w)e(y) — & W) F(y) dy
R4 R

+

=\t i FW)ely) — F(y)e (y) dy

= —Nf/]R+ (F(y)e(y)) dy
= M(0).
0

The next proposition shows that A has a simpler form when E = \-, E is Brownian motion
and Ag = AF.. For each ¢ € ® 4, define the function F, : ® 4 — C by

Fo(p) = el for pe @:4,

and define the set E(®4) to be the smallest algebra containing the set {Fy,, ¢ € ®4}. We will use
E(®4) to determine the generator of A. Let C’b(@,A, C) denote the space of bounded continuous
functions from @:4 to C. We then have the following result.

Lemma 7.2. E(®4) is dense in Cb(<I>:4,(C).

Proof. The result follows by an application of the Stone-Weierstrass theorem for complex-valued
functions (see Theorem 4.51 of [13]). O
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Proposition 7.3. If E = \-, E is Brownian motion with diffusion coefficient o, and Ay = \F.,
then A is a <I>/A—Ualued Ornstein-Uhlenbeck process driven by a <I>:4-valued Wiener process with
covariance functional

Kg_(@o_,_ﬁ) (87 ©; t, 1/}) = (S A t) <U250 =+ AF: 901/)> (61)
Furthermore, A is a Markov process with generator G4 satisfying
. / 0'2 2 )\ 2
(GaFy) (n) = (1, = ho) = 5-¢7(0) = S{F, 9% | Folw), (62)

for each p € @y, p € <I>:4.

Proof. Since E is Brownian motion with diffusion coefficient ¢, the covariance functional of € is
given by
Kg(s,0:t,0) = (s At){0b0, o). (63)
We now show
Kpo p5(s,05t,1) = Ms ANO(F, p1)). (64)
By Proposition 7.1, since Ag = A\F., A = AF. solves the fluid equation (44). Therefore, by
Proposition 6.4, for each ¢, 9 € ® 4, we have

SAt _
Kpoop(5:0i1,0) = /0 (Ao, oh) du

_ /0 " /R PNIAE) LA () do

— A5 A /R (@) (x)h(x) F(z) da
— As A1) /R (@) ) f(x) de.

(61) then follows by combining (63) and (64) and using the fact that £ and D°+D are independent
by Proposition 6.4.

Since F(0) is a Brownian motion with infinitesimal variance o2p(0)2 and (D° + D, ) is a
Brownian motion with infinitesimal variance A(F, p?), it follows that (A;, o) is a semimartingale
and hence by It6’s formula we have for each ¢ € ® 4 and t > 0,

N I t a A t Y A ~ t I ~ ’
eiALe) — pi{dop) | w(o)/o A9 g, — Z'/O A9 (D0 + Dy, ) +i/0 AP Ay o — hy) ds

2

t A t
— 02902(0)/ etMs) gg 2/ et(As¢) (F, 902> ds. (65)
0 0

Now, plugging in (62) we can write (65) for each ¢ € ® 4 and t > 0,

A~

FL(A) — F,(Ag) — / GaF,(A)ds /O CFL(AY(E, — DO — Py, o). (66)

Since £ —D°—D is a martingale, the stochastic integral on the right-hand side of (66) is a martingale.
Thus the expression on the left-hand side of (66) is a martingale for each ¢ € ® 4. Since every
element of E(®4) is a linear combination of elements of {F,, ¢ € ®4} and (66) holds for every
Ay € @ 4> Lemma 7.2 then implies that A satisfies the martingale problem for G4. Applying
Theorem 4.4.1 of [11] then gives us our result. O
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We now wish to calculate the stationary distribution of A. Assuming A has a stationary
distribution, denote it by 7 ; and let Ao denote a random variable with distribution 7 4~ Recall
that by the basic adjoint relationship (see Proposition 4.9.2 of [11]) the stationary distribution 7 4
of Ais uniquely determined by the equations,

|, GaFat matan) =0, (67)

for F, € B(®4).

Proposition 7.4. Under the assumptions of Proposition 7.3, Ao is a <I>:4—valued Gaussian random
variable with mean 0 and covariance functional given by

E[(As, @) (Aoo, ¥)] = (Fe, (AF + 0*F) 1)),

for o, € D 4.
Proof. By Proposition 7.3, Lemma 7.2 and (67) it suffices to show that for each ¢ € ® 4

0.2
[, P = noymgian) = (G020 + 5FA) [ R, (@)

2
A A

Notice the left hand side of (68) is of the form Eie’X Y, where (X,Y") is bivariate normal with mean
(0,0) and covariance matrix ¥ = (¥;5);,j=1,2 with

Sy = /R o(2)? \F(2)F () + 0> F(2)?) du (69)
Sip = So1 = /R o) (¢ (1) ~ h(x)p(x)) (A () F(x) + *F(2)?) da (70)
Yoo = A Y(z)* (A\F(2)F(2) + 0°F(z)?) da.

Thus, if we denote the characteristic function of this bivariate distribution by ¢(t) = Eet(X:Y) =
e~ 2%t then we can write the left hand side of (68) as

Eie™Y = % (1,0) = —Sqge 2711, (71)
2

Plugging (69) and (70) into (71) gives us
i [ s’ — o) () (72)
A

— [ #l@) (he)e@) ¢ @) (PP @)+ 2 F@)?) do || P madn).
Ry
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Finally,

| ela) (h@)e@) — ¢ (0) \F@F(@) +*F(@)?) do
Ry

/ @2(ﬂf)f($) ()\F(a:) + U2F(ﬂf)) dr — / ga(x)gol(x) ()\F(x) + J2F(x)) F(J;) dz
Ry Ry

/

/ ©*(z)f(z) (A\F(z) + 0*F(2)) dz — ;/ (¢(2)?) (A\F(z)+ 0*F(z)) F(z)dx
Ry Ry

o? _ _
=TS0+ 5 [ P 0P+ @) det ) [ @O - A0 @) ds
0.2
=S¢ (0)+ %<F7 %) (73)

The second equality above follows by integrating the second integral on the left-hand side by parts.
Combining (72) and (73) gives us (68) and completes the proof. O

We can also verify the transient distributions of A using G4. Instead of using (67), one may
use the following generalization (see Proposition 4.9.18 of [11]). Let P; denote the distribution of
Ay for t > 0. Then, (P¢)¢>0 is uniquely determined by the equations

J

for F, € E(®4) and t > 0. We then have the following result:

Fel) Bl [ Rl Botand = [ [ Gario el as, (74)

’
A

Proposition 7.5. Under the assumptions of Proposition 7.3, for each t > 0, Ay is a @;—valued
Gaussian random variable with mean

E[(Ar, )] = (Ao, F ' (¢F)), (75)
for v € ® 4 and covariance functional given by
E[(Ar, ) (A, )] = A(Fe, F 74 (@0F) (1= F~'74F)) + /0 p(u)p(u) (AF(u) + 0 F(u)) F(u)du,
(76)

for o, € D 4.

Proof. We verify the Gaussian distributions defined by (75) and (76) solve the equation (74) for
each Fy,. Plugging the proposed transient distributions into the left-hand side of (74) and using
the characteristic function of a Gaussian distribution gives us

ei(Ao,F'*lf_t(ch»f% <‘7-'6,F’1T_t (gm/}F) (17}?717_#?))7% Ot 02 (y) ()\F(y) dy+02F(y))F(y) dy ei(AQ,Lp) (77)

Plugging the generator (62) into the right-hand side of (74) gives us

(it — gy — T2(0) - 2(F ) ) 9 By lau) d (78)
/OA,AGMD © 7@@() 5Fe )e s[dp] ds.
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Next, plugging the proposed transient distributions into (78) and using the characteristic function
of a bivariate Gaussian distribution as in the proof of Proposition 7.4 gives us

/Ot (2 <A0,F_1T_S (golp — <pf>> - A <.7:e,F_1T_S (go/F — gof) (1- FT_SF)> (79)

s 0.2
- [ et (¢ )P 0) ~ 9 )) (WPw) +0*Plw) du = G62(0) = 5(7 902>>
oA s (0F ) =3 (Fe, F 7o (0 F) (1-F 1o F)) =3 [5 ©* () (AP (9)+02F(y)) F(y) dy g4

It now suffices to show that the first factor in the integral of (79) is the derivative of the power of
the exponential factor. The desired equality (74) will then follow by the fundamental theorem of
calculus.

It is easy to see by inspection that the derivative of the first term in the power of the exponential
in (79) gives us the first term in the first factor of (79). The derivative of the rest of the power of
the exponential is given by

/ _ F(s+y)
[ ptern) (e et s n) (1- HEh) ay (50)
#5956 () + 0 Fe) Flo
Using the fundamental theorem of calculus, we can write the last term of (80) as
S 0_2 S
= [ o) ($Fw) - e)f W) (WF) + *Fw) dy - G200 - 5 [ Pty 6D
0 0

Combining (80) and (81) gives us the rest of the first factor of the integrand of (79) and concludes
the verification of (74).
U

A  Proof of Lemma 6.3

Proof. We first prove
D" 4+ D" =D+ D in D(0,00),®) as n— oco. (82)
By Proposition 4.1 we have

<< DO £ D" >>, (¢, 1))

6, i EE pmin =)
- % ;/0” M(P(u = 7w = 7y (u) du + ;/On h p(u)p(u)h(u) du

¢ t
= [ (A as= [ (Aoun) ds
0 0
in D as n — oo. The third equality follows from Proposition 2.2 with y > T and ¢ there set to

pwh and the convergence follows from Theorem 5.2 and continuity of the integral mapping on D.
Now by the martingale FCLT, D° + D is a Gaussian martingale with quadratic variation

t
<< DY+ D >> (1)) = /O (Ash, o) ds. (83)
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Then, (50) can be proven using (83) and the fact that (D° + D, ¢) has independent increments for
each p € O 4.
Repeating the argument for D% 4+ D" shows that

/

D'+ D" =D’ +D in D([0,00),®)* as n— oo

It remains to show that the joint convergence (49) holds. To show (49), it is sufficient to show
that for each p € ® 4 and t > 0,

~ ~ o - 2
E’<DO’”+D{L,¢>—<’D0’”+D,?,go>’ L0 as n— oo (84)

This is because since D% + D" = DY + D and D" 4+ D" = D + D individually in D([0, c0), ®’)
as n — oo, the sequences (D%" + D"),51 and (D% + D"), > are both tight, so that ((D%" +
15”) — (D% 4 D")),>0 is tight. Then, by Chebyshev’s inequality (84) implies convergence of
finite-dimensional distributions to 0 so that

’

(D% +D") — (D*" +D") =0 in D([0,0),®) as n— oo. (85)

Combining (85) with (82) and using Theorem 11.4.7 of [34] gives us (49).
We will now show that

R ; 2
EKD;,@-@;‘,@’ 0 as n— oo (86)
Then, the limit
~ . 2
E‘<Dg’n,gp>—<l)g’n,g@>‘ —0 as n— o0 (87)

can be proven analogously and the previous two limits imply (84).
Just as in the proof of Proposition 4.1, for ¢ > 0, we have that

By
D} y)=>_D;"(y), y=>0,
=1

where for each n,7 > 1
in Nt )Ny
Dy (y) = Lo <t—rmy+ g —/0 h(u) du,

We then have

. e o (& e nine
E’<D?,gp> —<Df,<p>‘ ~-E Z/O cp(m)d(l{m<x} —/0 h(u) du)
=1

[nE:]

-y /Ot_%in p(z)d (1{77@} - /Om'” i) du)

i=1

2

LTLEt \/E? J

1 :
=B X (Pe)

i=[nEAED]
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[nE:)

B el [0

i=1

[nE:VE} ] ‘ 2
E ( 3 <D§”, gp>)
]

i= |’7‘LE‘¢ /\En

|nF) i 2
+ E(Z/t <1{m<x} /0 h(u)du)) (88)

Focusing on the first term in (88), we have

. |nErVED | 2 . I |nErVED |
~E > <'D;L’Z,(p> = |<< > <D?”,cp>>>

i=[nEAEP] i=[nEyAE]]

<

S

1 i I_TZEt\/Et"J A

=—E Z <<< t’,<p>>>
Li=nFin By

1E |_nEt\/E J ni /\t 7_1

= Z / z)%h(z) dz
Li= (nEt/\E"]

1 LTLEt\/E J

—E

X [

Li=[nE:AEP]

IN

—/O ¢(2)?h(z) daE [|E] — Ey|] — 0,

as n — oo. Focusing on the second term in (88), we have

Iy (ZJ [ s (1ggen - [ ha))

2

1 [ [nE:] t—7 Ni\T
= EE << Z / e(x)d <1{er} —/ h(u) du) >>
i=1 t—7* 0
1 LnEt 7 \T
= E Z << / <1{m<$} /0 h(u) du> >>
LnEtJ A(E—7T)
1 A=
=—-E / o(x)?h(z) dx
n ; niAE=T]")
1 [nE:]
< EE Zl 2|7} — 77|

< Ey||@*hl|E [ sup |7]" —ﬁ"] :
0<i< | ny |
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Now, noticing that

we have
sup |1 =7 = sup ‘ (E")f1 <Z> —E! <Z> ’
0<i<|nEy 0<i<|nEy n n
e () ()
0<E<Ey n "
< sup | (E")7 (u) = 7 (w)] =0,
OSUSEt
by Theorem 13.7.2 of [34]. Since {supo<;<|np,| |7]" — 7'[}n>1 is uniformly integrable since it is
bounded by ¢, we have proven our result. ]
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