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In this paper, we consider a single-server queue fed by K independent renewal arrival streams, each rep-
resenting a different job class. Jobs are processed in a FIFO fashion, regardless of class. The total amount
of work arriving to the system exceeds the server’s capacity. That is, the nominal traffic intensity of the
system is assumed to be greater than one. Jobs arriving to the system grow impatient and abandon the
queue after a random amount of time if service has not yet begun. Interarrival, service and abandonment
times are assumed to be generally distributed and class specific.

We approximate this system using both fluid and diffusion limits. To this end, we consider a sequence
of systems indexed by n in which the arrival and service rates are proportional to n; the abandonment
distribution remains fixed across the sequence. In our first main result, we show that in the limit as n tends
to infinity, the virtual waiting time process for those jobs that do not abandon from the queue converges to a
limiting deterministic process. This limit may be characterized as the solution to a first order ODE. Specific
examples are then presented for which the ODE may be explicitly solved. In our second main result, we refine
the deterministic fluid approximation by showing that the fluid centered and diffusion scaled virtual waiting
time process weakly converges to an Ornstein-Uhlenbeck process whose drift and infinitesimal variance both
vary over time. This process may also be solved for explicitly, thus yielding approximations to the transient

as well as steady state behavior of the queue.
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1. Introduction

Increasingly, queueing models have included abandonment in their formulations, and for good
reason. From a modeling standpoint, abandonment is an undeniable reality in many industrial

settings. Two examples of queues with abandonment are call centers and organ transplant waiting
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lists. In the call center context, abandonment is straightforward. Individuals seeking to speak with
an agent are placed on hold and may eventually lose patience, hanging up before the actual service
can begin. See Brown et al. (4) for an extensive review of call centers and modeling complexities.
For organ transplants, those for kidneys being a prime example, needy individuals are placed on a
waiting list, remaining there until they reach the top of the list and a viable organ match is found.
Abandonment in this case is either death or reaching a state of health for which transplantation is
no longer an option. Overloaded queueing models in this context are particularly relevant, as the
need for kidneys exceeds the supply of donors. For more on queueing models of organ transplant
waiting lists, in particular for kidneys, see Su and Zenios (12, 13) and references therein.

The usual course of action taken when introducing abandonment into queueing models is to
assume that a customer’s patience — measured in how long one is willing to wait for service — is
exponentially distributed. Analysis of models with exponential abandonment was first undertaken
by Ancker and Gafarian (1). Although simplifying the analysis considerably, this assumption has
been shown in many cases to be untenable. In this paper, we stray from the exponential aban-
donment assumption by allowing the jobs arriving to our system to have general abandonment
distributions. In particular, we consider a single-server, multiclass first-in-fist-out (FIFO) queue
where each job class has a general abandonment distribution. Our main quantity of interest is the
virtual waiting time process, which tracks the amount of time until all jobs currently in the queue
depart, either due to a service completion or abandonment. One may think of the virtual wait-
ing time as the amount of time that a hypothetical customer would wait before being processed,
assuming she was sufficiently patient and eventually received service. By studying the virtual wait-
ing time process, one is able to obtain key performance measures related to the operation of the
system, such as the long run fraction of jobs who abandon or the average amount of time that jobs
that eventually receive service will have waited.

Recently, others have begun to consider queueing systems with general abandonment distri-
butions. In (? ), Bacelli, Boyer and Hebuterne consider a GI/GI/1 + GI queue and determine

necessary and sufficient conditions for the system to be stable. Baccelli and Hebuterne (7 ) study
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the M/M/1+ GI queue and obtain closed form expressions for a variety of quantities of interest
related to this system. More recently, authors have begun to provide an asymptotic analysis of
queueing systems with general abandonment distributions in which the traffic intensity is close
to one. Ward and Glynn (14) provide diffusion limits for the virtual waiting time process and
the queue length process of the GI/GI/1+ GI queue; these limits incorporate the density of the
abandonment distribution at the origin. Building off of the work of Ward and Glynn and by scaling
the hazard rate function of the abandonment distribution, Reed and Ward (11) provide diffusion
limits for both the virtual waiting time process and the queue length process of the GI/GI/1+ GI
queue; these limits incorporate the entire abandonment distribution. In work similar to Ward and
Glynn (14), but for the many-server “Halfin-Whitt” heavy-traffic regime, Zeltyn and Mandelbaum
(10) provide an asymptotic analysis of the M /M /N + GI queue which takes as its starting point
the work of Bacelli and Hebuterne (7).

There is a growing body of literature studying multi-server queues in an overloaded regime in
which the traffic intensity is strictly greater than one. This line of research was initiated by the
work of Whitt (17) in which formal fluid limit approximations to the queue length process of the
M/M/N + GI in an overloaded regime were conjectured to hold and proven to be true in a discrete
time setting. In subsequent work, the analysis conducted in (17) has been extended in several
directions, see for instance (7 ) and (? ). Although in this paper we concentrate predominately on
the virtual waiting time process, we anticipate in future work using the analysis presented here
as a stepping stone for the studying the queue length process as well, and perhaps verifying the
conjecture originally set forth in (17).

As mentioned at the outset, in this paper we study the virtual waiting time process of the
overloaded, multiclass, single-server queue. In the first of our two main results, Theorem 1, we
provide a first order fluid limit for the virtual waiting time process which turns out to be the
solution to a first order ODE. For certain instances, this ODE may be explicitly solved; some
examples are provided for which this is the case. We also show that as ¢ grows large the solution

to the ODE converges monotonically to a stationary state w*, a quantity dependent on the initial
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conditions of the system. This result is consistent with other works in which the service capacity
is significantly less than the offered load, such as Whitt (16), Garnett et al. (8) and de Véricourt
and Jennings (7 ).

Our second main result, Theorem 2, shows that the stochastic fluctuations of the virtual waiting
time process about its fluid limit may be well approximated by a time inhomogeneous Ornstein-
Uhlenbeck process. The drift of this process at time ¢ is equal to the negative of the process
value multiplied by the traffic-intensity-weighted sum of the abandonment density functions, each
evaluated at the value of the fluid limit at time ¢. Thus, our work is complementary to that of Ward
and Glynn (14) and Zeltyn and Mandelbaum (? ), who also obtain approximations in which the
value of the abandonment density plays a role. Our result suggests that the steady state distribution
of the virtual waiting time process may be well approximated by a normal distribution with mean
w* and a variance which may be explicitly calculated. This result is also complementary to the work
of Ward and Glynn (14) who suggest using a truncated normal distribution as an approximation
for the steady state distribution of the virtual waiting time process of the GI/GI/1+ GI queue in
a critically loaded regime.

The remainder of this paper is organized as follows. In the following section, we present the
basic model which is used for the remainder of the paper. In Section 3, we provide results on the
long-run behavior of the virtual waiting time process as well the long-run fraction of time that the
server allocates to each particular job class. In Section 4, we obtain fluid limit results for the virtual
waiting time process. The main result in this section is Theorem 1, which provides a fluid limit for
the virtual waiting time process in the overloaded regime described above. We then provide several
examples for which our limiting process may be explicitly solved. In the following section, we center
the virtual waiting time process by its deterministic fluid limit of Theorem 1 and then scale by an
appropriate constant. Our main result in Section 5 is Theorem 2, which shows that the diffusion
scaled virtual waiting time process converges to a time inhomogeneous Ornstein-Uhlenbeck process
whose time varying drift and infinitesimal variance may be explicitly calculated. Finally, in Section

6 we provide closing remarks and directions for possible future research.
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Unless stated otherwise, processes are assumed to be elements of D(R,,R), the space of right
continuous left limit functions mapping R, to R, abbreviated D. We assume the space D is endowed
with the usual Skorohod J; topology; see, e.g., (15). Let = denote convergence in distribution for
both sequences of stochastic processes as well as sequences of random variables and —% denote
convergence in probability. Convergence of processes is assumed to occur in D.

The notation throughout is necessarily involved. When invoking the Skorohod Representation
Theorem, our convention is to denote alternative probability spaces as (Q,f , IP’) and processes on
these spaces similarly, e.g. X. In several instances we define prelimit processes using the limiting
virtual waiting time process W. Our convention is to denote such prelimit processes by apply the”
marker; e.g., M™. Similarly, we define some prelimit processes in terms of both the limiting virtual
waiting time process and the sequence of waiting time processes W™, employing the ~ marker,
e.g., M. Lastly, we consider fluid scaled processes and diffusion scaled processes throughout. The
former and their limits are designated by bars and the later and their limits a denoted by tildes;
e.g., M™ and W".

2. The model

In this section, we provide the model of the multiclass GI/GI/1+ GI queue which will be used
for the remainder of the paper. We begin by assuming that the multiclass queue is fed by K
independent arrival streams, each of which is representative of a different job class. We index each
job class by ke {1,...,K}.

Letting k € {1, ..., K}, for each i > 1 we denote by & (i) the time between the (i —1)** and i'" class
k job arrivals to the system, where we assume that {£.(i),7 > 1} is an i.i.d. sequence of random
variables with mean A, ' and variance o - Thus, the total number of class k arrivals to the system

by time t > 0 is given by

A (t) =sup {@ >0: i:ﬁk(j) < t} .

We also denote by

te(i) = &(1) + ... + &k (d), (1)
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the arrival time of the i'" class k job to the system. Notice the inverse relation: Ay (¢ (7)) =1.

The potential service time of the i class k job to arrive to the system is given by v, (i) where
we assume that {v;(i),7 > 1} is an i.i.d. sequence of positive random variables with mean y; ' and
variance o7 . Note, however, that the service time v, (i) will not be realized if job i abandons the
queue before its service can commence.

The quantity dy (i) represents the amount of time that the i'* class k job is willing to wait to
receive service before abandoning from the system. We refer to this quantity as the deadline of
the i'" class k job. Thus, if dy(i) time units pass before the servicing of job i can begin, then that
job will abandon from the system. The cumulative distribution of dj(7) is denoted by F) and its
complement is given by G =1 — F}.

For each k € {1, ..., K'}, the sequence of arrival, service and abandonment time random variables
are each i.i.d. Moreover, these sequences are independent of each other and also independent
between job classes. Finally, we assume that jobs are processed in a FIFO fashion, without regard
to job class designation except possibly when two jobs arrive simultaneously, which we assume
occurs only on a set of measure zero. This assumption is valid, for instance, if the first arrival time
for each job class has a continuous distribution and is independent of all future arrivals.

In this paper, we assume that the queueing system is overloaded in the sense that the nominal

load exceeds the system’s capacity. Defining p;, = A\i /i to be the offered load of the k' job class

for k=1,..., K, we assume that that overall offered load of the system is greater than one, that is

K
p=> pp>1 (2)
k=1

Our primary performance measure of interest is the virtual waiting time process, W ={W(t),t >
0}, which tracks, as a function of time, the amount of time that a newly arriving job would have
to wait before being served, if the job were sufficiently patient. Note that there are three main
contributors to the dynamics of W. First, there is the initial value at time zero, denoted by W (0).
Next, as time progresses, if a job is being served, then the server works at rate 1, thereby decreasing

the virtual waiting time at a unit rate. When no jobs are present, the server necessarily idles.
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Finally, newly arriving jobs contribute to increases in W if they are to begin service before their
deadline expires; i.e., they do not abandon. Jobs that eventually abandon do not contribute to the
virtual waiting time.

Assuming that no two jobs arrive simultaneously, one may now express the virtual waiting time

process as the unique solution to the equation

W(t) = W(0) +Z/O Vi(Ax(8)) - Lapag(sp>wis— dAi(s) — B(t), t=0, (3)

where

t
B(t):/ Liw(s)>0yds, >0,
0

is the cumulative server busy time up to time t.

Equation (3) provides the fundamental equation for the virtual waiting time process. However, it
is not in a form that is particularly well-suited to analysis. We therefore now provide an alternative
representation of the virtual waiting time process which will facilitate proving our limit theorems

in the sections that follow. For each k € {1,..., K}, let

)

. . 1 .
M, (i) = Z <Vk(J) - Hk) Lo, Gy>we)—)ys 120, (4)
j=1
and
N, . .
Mqy (i) = i Z (Ltapy>witn()—y — Ge(W (tr(5) =), i>0. (5)
=1

The process M, = (M, x(i),7 > 1) tracks the centered service times of those jobs that do not
abandon from the system, whereas M, = (M, (i),7 > 1) tracks the number of jobs that do not

abandon centered by its expected value. Defining the filtration F* = (F¥,i > 1) by
Fik = J(&J(D?”J(l)vd](l)vl 2 ]-7] 7é k;fk(l)7yk(l)7dk(l)vl = 17"'77:_ 1)51@(2))7 ZZ 1a

it is clear from (4) and (5) that the processes M, ; and M, are martingales with respect to F*.
This fact will be useful later in the paper. In particular, it will allow us to take advantage of

martingale convergence theorems when proving certain results.
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By (3) we may express the virtual waiting time process as
W(t) = W(0)—t+I(t) (6)
K
. [ s (AR(0) + Mo (A (1) +/ Cr(W (s—)) dAu(s)|

k=1

for t > 0, where
I(t)=t—B(t), t>0,

is the cumulative idle time of the server up until time ¢. We define I = (I(t),t > 0) to be the idle
time process.

Furthermore, for each k € {1,..., K}, setting
1 t
_ 1 (/ G(W (5—)) dAx(s / G (W (/\ks)), £>0, (1)
ok 0
it follows from (6) that
W(t) =W(0)—t+1(t) ()

/ ZPka t>0,
0

k=1

# DI + Mar(Au(0) + 0]

N

where the final equality follows since

1/t t
), Gr(W(s=))d(Ags) :/O oG (W(s))ds, t>0. (9)

We next turn to analyzing the virtual waiting time process on a heuristic level.
3. Service allocation and virtual waiting time
In preparation for the results to follow in future sections, we now show that there exists a unique

long run allocation of the server’s effort amongst each particular job class. We begin with the

following definition.

Definition 1 A vector a = (ay,...,ax) is called a feasible allocation if oy, >0 for eachk=1,..., K,

and Y, ap <1. If >, o =1, then the allocation is called complete.
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For each k € {1,..., K}, one may interpret a; as the long run proportion of time that the server
dedicates to serving class k jobs. Hence, the qualifier “feasible” is superfluous in the sense that we
do not consider would-be infeasible allocations in this paper. Also note that a “complete” allocation
is representative of a fully utilized server.

Now suppose that the virtual waiting time has reached a limiting value w and remains constant
thereafter. In such a scenario, it is clear that all jobs arriving to the queue will experience an
identical virtual waiting time, namely w. Furthermore, the larger the value of w, the larger the
fraction of jobs that will abandon from the system. In particular, for each delay w > 0, there is
an associated survival rate vector (A Gi(w),...,\xkGx(w)) where, for each k € {1, ..., K}, \iGy(w)
represents the long run rate of class k jobs arriving to the system that eventually enter service if
the delay is always equal to w.

We now determine which values of w are achievable. Interestingly, one of the key factors deter-
mining a delay’s achievability is the existence of a feasible allocation by which the delay may be

sustained in the long run. This in turn motivates the following definition.

Definition 2 For a given delay w > 0, a feasible allocation vector « is called
sufficient if agu, > MG (w) for each k,
partially insufficient if o, < \.Gi(w) for some k,
partially excessive if ayuy > A\ G (w) for some k,
critical if oy = A\.Gr(w) for each k, and

perfect if it is critical and complete.

Making use of Definition 2, the following proposition now shows that there exists a unique range
of virtual waiting times [w},w}] which may be sustained by a perfect allocation. Before stating

u

this proposition, however, we need the following assumption.

Assumption (A1) For each job class k € {1,..., K}, the deadline distribution F}, is continuous.

Furthermore, Fj, =0 and lim, ., Fi(z)=1.
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We may now state Proposition 1.

Proposition 1 Under assumption (A1), there exists a unique perfect allocation o*. Moreover,

*
u

there exists a unique critical delay range quantity [w},w}], where w} < w}, associated with this
perfect allocation such that

o if the delay quantity is less than w}, then any feasible allocation will be partially insufficient,
and

o if the delay quantity exceeds w}, then any complete allocation will be partially excessive.

Furthermore, if for each k € {1,..., K} the abandonment distribution F}, is strictly increasing, then

wf =w} so that there exists a unique delay w*. Equivalently, Fy(w})= Fy(w}) for each k.

W e start with the proof of uniqueness. Suppose there are two perfect allocations, o and v.
Then, without loss of generality, there exist delays w; > w, such that aj = \gp;, 'Gr(w;) and
v = Mt Gr(we) for each k € {1,..., K}, and oy < v, for some £ € {1,..., K'}. By the monotonicity
and decreasing nature of the G’s and the statement that both o and v are perfect allocations, we

have that
1=) <) w=1,
k k

a contradiction. Thus there is at most one perfect allocation.

We now show existence of a perfect allocation. For the remainder of the proof, consider the
function o = (o(w),w > 0), where o(w) =", Ay 'Gi(w). By Assumption (A1), we have o(0) =
p>1and lim, .., o(w)=0. Also by (A1), since each G, is decreasing, monotonic and continuous,
so is 0. It follows that there exists a w* > 0 such that o(w*) = 1. Therefore there exists a perfect

allocation a* = (ay, k=1,...,K), where af = Ay, ' Gi.(w*). The monotonicity of the G}.’s dictates
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that any such w > 0 yielding o(w) =1 is also associated with this perfect allocation, because if

o(w)=1 then Gy(w) = Gy(w*) for each k. Define

w; = inf{w>0:0(w)>1} and w) = sup{w>0:0(w)<1}. (10)

*
u

By the continuity of o we have o(w}) = o(w}) = 1. By the monotonicity of o we have that o(w*) =1
for all w* € [w},w}], and each of these delays are associated with the perfect allocation.

Now take any w < w} and some feasible allocation «. By the arguments above, we have o(w) =
S Aty 'Gr(w) > 1> 3", i Because all quantities are nonnegative, we have that ayuy, < \.Gy(w)
for some k£ and hence « is partially insufficient.

Likewise, take any w > w; and some complete allocation a. Again, because all quantities are

nonnegative and ), \yGr(w) <1=)", ay, there is at least one k such that aypr > A\,G(w). The

allocation is partially excessive.
4. Limiting virtual waiting time process

In this section, we consider a sequence of queueing systems indexed by the parameter n in which
the arrival rate and service rate become large but the deadline distribution remains fixed. The
main result of this section is Theorem 1 which provides a first order ODE as the limit of the virtual
waiting process as n tends to co. We also show that as t tends to oo the solution to this ODE
converges monotonically to a stationary point w* € [w},w}]| which in general depends on the initial
conditions of the system.

Our first step is to describe the sequence of queueing systems. Our convention is to indicate that
random variables and processes are associated with the n'” system by appending the superscript
n to them. We begin by assuming that the initial virtual waiting time in n'* system at time 0 is
given by the random variable W™ (0).

Next, for each k € {1,..., K}, the number of class k jobs arriving to the n'* system by time ¢ > 0

is given by

AR (t) = sup {z 20:) &)< t} :
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where £7(¢) =n &, (i) and {& (i), > 1} is the i.i.d. sequence of interarrival time random variables
given in Section 2. It follows that class k jobs arrive to the n'* system according to a renewal
arrival process with rate n\,. Furthermore, we set ¢} (i) equal to the arrival time of the i*" class k
job. Again, we have the inverse relation: A} (¢} (7)) = .

In a similar manner, for each 7 > 1 we assume that the service time of the i*" class k job to arrive
to the n'" system is given by v}'(i) = n~'v, (i), where {v}(7),i > 1} is the i.i.d. sequence of potential
service time random variables given in Section 2. Thus, the rate of service for class k£ jobs in the

h system is given by npuy,.

Finally, we assume that the deadline time of the i*" class k job to arrive to the n'" system is given
by dy (1), where {d(i),7 > 1} is the i.i.d. sequence of deadline time random variables with common
distribution Fj given in Section 2. Note the absence of the superscript n on dj,(7), implying that our
sequence of deadline times is not changing as we index through n. To recapitulate, our overloaded
regime is one in which the arrival and service rates grow proportionately to one another but the
deadline time distributions and the offered load quantities py,..., px remain fixed.

Analogously to equation (8) in Section 2, we may express the virtual waiting time processes in

the n'* system as

Wn(t) = WM0) —t+T"(t)+ > [M] (AR (£)) + M, (A} (1) + €5 (1)]

+ [ G s, ez (1)
0 k1
where
y o o= 1
M}, (i) = V’“(])_W Lig,yswrapiy—y, 120, ke{l,..., K}, (12)
=1
Md,k(l):njk (1{dk(j)>wn<tz(j)—)}—Gk(W (tk(j)_))>7 i>0, ke{l,...,K} (13)
j=1
and

1k< /0 tGk(W” ) dA? (s / GL(W™"(s )d(Ak8)>, t=0, (14)
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are respective analogs of (4), (5) and (7), and

t
() = / L oyoyds, ¢ 20, (15)
0

is the idle time process in the n'" system.

Defining for each job class k € {1, ..., K} the fluid scaled quantities

AR () = n AR(D), 120, (16)
My (t) = My ([nt]), ¢>0, (17)
and
My (t) = Mg ([nt]), t=0, (18)
it follows from (11) that
K — —
W (t) = W(0) = t+1"(t) + ) [My5 (AR (1) + M (AR (1) + €3 (¢)] (19)
k=1
t K
+ / > oGe(W"(s))ds, t>0.
0 k=1

The representation above will be useful in proving the main result of this section, Theorem 1.
The following result is now a direct application of the Functional Strong Law of Large Numbers
for renewal processes and partial sum processes. As such, we state it without proof. Letting A? =

(An(t),t >0), we now have the following.

Proposition 2 For each k€ {1,..., K}, A? — M\ce and t2(|ne|) — \; ‘e almost surely, as n — .

The next two propositions are required before the statement of our main result, Theorem 1;
their proofs may be found in the Appendix. For each k € {1,..., K}, let M, = (M, (t),t >0) and

M}, = (M7, (t),t >0). We then have the following.
Proposition 3 For each k€ {1,...,K}, M}, =0 as n — ooc.

Proposition 4 For each k€ {1,..., K}, Mg)k =0 as n— 0.
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We next show that the sequence of virtual waiting time processes is tight, which in turn may be
used to show that for each k € {1,..., K}, the process e} = (¢}},t > 0) becomes vanishingly small in

the limit as n tends to oo.
Proposition 5 If W"(0) — W (0) as n — oo, then the sequence (W™ ,n>1) is tight.

Proposition 6 If W"(0) — W (0) as n — oo, then, for each k€ {1,...., K}, e} =0 as n — co.

We are now in a position to state the main result of this section.

Theorem 1 Under Assumptions (A1), if W™(0) — W(0) as n — oo, then (W™, I") = (W,0) as

n — oo, where W = (W (t),t >0) is the unique solution to the first order ODE,

W(t) = W(0) —t+/t2kak(W(s))ds, £>0. (20)

Moreover, the process W is almost surely monotonic and the limiting value of W depends on its
initial value, W(0). In particular, if W(0) < w}, then W(t) — w} as t — oo, if W(0) > w}, then

W (t) —w: as t — oo, and if W(0) =w* € [w},w], then W(t) =w* for all t > 0.

PrOOF OF THEOREM 1. First note that by equation (19) for the virtual waiting time process,
we have by Proposition 3 of Reed and Ward (11), the representation
K
0770 = gt (W70 e+ 3 IR0 + 10,6 426 )
k=1
where (pg,¢) : D]0,00) — D?[0,00) is a Lipschitz continuous function in the topology of uniform
convergence on compact sets.
Next, it follows by Propositions 2, 3 and 4, the Random Time Change Theorem (3) and Propo-
sition 6, that we have the weak convergence

S [V (A (e) + M (A7 (e)) +€f(e)] = 0 as n— oo,

K
k=1

Thus, by the assumption W"(0) — W (0) as n — oo in the statement of the theorem, the repre-

sentation of (W™, I") given above, the continuity of (¢g,1s) by Proposition 3 of Reed and Ward
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(11) and the Continuous Mapping Theorem (15), it follows that (W™, I") = (vg,¥e)(Wo — €) as
n — 00, or equivalently, (W™, I") = (W, ) as n — oo, where W is the unique solution to the integral

equation

W(t) = W(0) —t—l—I(t)—i—/thka(W(s))ds, £>0, (21)

and

| tovimmdits) <o (22
0

We now prove the last statement of the theorem, which in turn shows that W (t) > 0 for all ¢ > 0.

Then, by the complimentary condition (22), we have that I(t) =0 for all ¢ > 0. First, note that

AW (¢)
dt

:—1—1—61@?-1-;%(;1@(”/(75))' (23)

*

*] we have

For any w* € [w},w

K
Z prGr(w*)ds = 1.
k=1

For any t, if W (t) = w* then (22) implies dI(t)/dt =0, so that dW(t)/dt = 0. Hence, if W (s) = w*
for any s> 0 then W (t) = w* for all ¢t > s. Now suppose that 0 < W(0) < w;. We first claim
that W (t) <wj for all ¢ > 0. This must be true since if W (t) > w;, then, by the continuity of
W and Bolzano’s Intermediate Value Theorem (2), there must have existed some s <t such that
W (s) = w}. But, since w} € [w},w}] is a fixed point of (21), this would then imply that W (t) = w;

for all t > s, hence yielding a contradiction. Now note that if W (t) < w;}, then

K
Zkak(t)dt > 1.

k=1

The fact that dI(t)/dt <1 implies further that dW (t)/dt > 0, and hence W must be a strictly
increasing process with an upper bound of w;. Furthermore, for every € > 0, there exists a 6. >0
such that dW(t)/dt > e for all t < w; — J.. Hence, we have that lim, .. W(t) = w}. A similar
argument may be used to show that if W (0) > w} then W decreases monotonically to w}. This

completes the proof.
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Q.E.D.

The limiting process W given by (20) of Theorem 1 is a first order, separable ODE which may

sometimes be solved for explicitly. First note that differentiating both sides of (20) with respect to
t, we obtain the ODE

AW (¢)
dt

K
=—-1+ Zkak(W(t))’ t=>0,
k=1

so that

1 d
-1+ Eszl prGL(W (1))

W(t) = dt, t>0. (24)

One may now attempt to integrate both sides of (24) in order to solve for W. We now present

several examples in which this may be explicitly accomplished.

Example 1. Consider the case of K =1 job class with exponentially distributed abandonment

times with mean y~'. In this case, (24) becomes

1
which may be integrated to obtain
W) =~y In(p+e (W O=r)), t>o0. (25)

Taking limits of both sides of the above as ¢ goes to infinity, one also obtains that

lim W (t) = v~ In(p),

t—o0

which corresponds to the limit of the virtual waiting time process as t goes to oc.

Example 2. Consider next the case of K =1 job class with uniformly distributed abandonments
time between a and b where a < b. In this case, we must treat the initial conditions of our system
more carefully than in Example 1. First note that equation (24) becomes

1

Tt po—a) (b max(W (e, @)y ) =t 120, (26)
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Now suppose that W(0) < a in which case we obtain the solution W (t) = W (0) + (p — 1)t for

0<t<(a—W(0))/(p—1) and
W(t) =b—p'(b—a)(1+(p—1)e =071, t>(a—W(0))/(p—1).
On the other hand, if W (0) > b, we obtain W (t) =W (0) —t for 0 <t <b— W (0) and
W(t)=b—p b—a)(l—e > ), t>b—W(0).

Finally, if W(0) € [a,b], we obtain the solution

-1

W(t)=b—p (b—a)1+ (p(b—a)(b—W(0)) —1)e ?C=2 "t ¢t>0.
Note also that taking limits as ¢ goes to co, we obtain in all three cases that

lim W(t) =b—p '(b—a). (27)

t—oo

which may be viewed as the limit for virtual waiting time process as t goes to co.

Example 3. In this example, we consider the case of K =2 job classes, where, for k=1,2, class k
jobs have uniformly distributed deadlines between 0 and by, where, without loss of generality, we

assume that b; < by. We then have that the ODE (24) becomes

1
—1 4 p1by H(by = W (E)+ + paby (b — W(E))*

dW (t) = dt, t>0. (28)

Now let w* be the solution to the equation

—1+ piby (b —w*) "+ paby ' (b —w*) T =0,

so that w* will be the limiting point of the solution to (28). If b; > ((p2 — 1)/p2)b2, then we
have that w* < b; so that at least some of the class 1 jobs will be served. On the other hand, if
by < ((p2 — 1)/p2)bs, then the class 1 jobs are too impatient relative to the class 2 jobs and, as

a consequence, w* > b; so that none of the class 1 jobs are served. In either of these cases, one
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may explicitly solve the ODE (28) in order to obtain the transient characteristics of the limiting

virtual waiting time process as it tends to its limit point w*.

To conclude this section, we provide fluid limit results for the processes that track of the number
of jobs whose deadlines exceed prelimit and/or limiting versions of the virtual waiting time process.
Before doing so, we must first prove the following technical result, whose proof may be found
in the appendix. Let f be a real-valued function and for each x € D[0,00) define the function

I's:DJ0,00) — DI[0,00) by

Tyt = [ fa)ds, 120 (20)

We then have the following.

Proposition 7 If f € C(R), thenT'; : D[0,00) — D|0, 00) is continuous with respect to the Skorohod

Ji-metric.

For each k€ {1,..., K} and n > 1, let
Ri(i) = ) Lawpswoapm-y 120, (30)
j=1
so that the quantity R} (A} (t)) counts the number of class k jobs that arrive to the system during
(0,t] and eventually receive service. Define R?(t) =n 'R} (|nt]) to be the fluid scaled version and
we set the corresponding process R = (R (t),t > 0). Finally, define the fluid scaled vector R"(t) =

(R (t),..., Ri(t)) and set R" = (R"(t),t > 0) The following result now provides an asymptotic limit

for the sequence of processes (R",n > 1) as n tends to ooc.
Proposition 8 If W"(0) — W (0) asn — oo, then R" = R asn — oo, where for each k € {1,.... K},

Ru(t) = /O . Gr(W(8))d(s), t>0. (31)



Author: An Owerloaded Abandonment Queue
Article submitted to Operations Research; manuscript no. (Please, provide the mansucript number!) 19

PROOF OF PROPOSITION 8. First note that since for each k € {1,..., K}, the process R; =
(Ri(t),t > 0) given above is deterministic, it follows by Theorem 3.9 of (3) that for each k €
{1,..., K}, it is sufficient to show that R} = Ry as n — oo.

Now note that for each k € {1,..., K} and n > 1, we have by (13) and (14), that for ¢ >0,

|t
R (|n Z (]—{dk @>wrr -y — Ge(W"(t k(Z)_))>

- [nt] 7 (nt])
+ <Z GL(W™(t;(i)-)) —/0 Gk(Wn(S))d(n)\kS)>
[nt])
+/0 Gr(W™(s))d(n\gs)
t (Int])
= nMy,([nt]) + nuey (L ([nt])) +/O GL(W™"(s))d(nAys).

Thus, by (18),

_ ti (Int])
Ry (t) = Mg, (t) + e (ti(Int])) +/O Gr(W"(s))d(Axs), (32)

for ¢t > 0. Now, by Propositions 2, 4 and 6, and the Random Time Change Theorem (3), we have

that M7, = 0 and e} ot} (|ne]) = 0 as n — oo, so that by (32) it remains to show that

/Gk d(Mgs) j/ Gr(W(s))d(Axs) as n— oo, (33)

which, combined with the convergence of ¢}(|ne|) (Proposition 2) and the Random Time Change
Theorem (3), will complete the proof.

In order to show (33), first note that by the definition of I';;, in (29) above, we have that

e / Gr(2())d(es). (34)

Furthermore, since the function Gy is bounded and by Assumption (A1) continuous, it follows by
Proposition 7 that the function I', : D[0,00) — D|0, 00) is continuous with respect to the Skorohod
Ji-metric. Recall that by Theorem 1 we have W = W as n — oo. It follows by the Continuous

Mapping Theorem (15) that

/ Gr(W™(5))d(Mes) = T, (W) = T (W / CL(W)d(\s) as n— oo,
0
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which completes the proof.
Q.E.D.
It will be beneficial later to have a version of R} that is independent of both the virtual waiting
time process as well as the arrival process. We can replace the virtual waiting time process by
its limiting, deterministic process. Likewise, the arrival process can be replaced by a deterministic
counting process whose jumps are evenly spaced. Specifically, we can replace the process A} with

Ap = (A7(t),t > 0), where A7(t) = |n)\] for each t > 0. We introduce the fluid scaled version

>3

Ar = (le(t),t >0), where fi};(t) =n~tAp(t) for each t > 0. The following is straightforward:

3

;1};”—>)\ke as n — oo. (35)

Next, for each k € {1,..., K} and n > 1, set

R = D Laumswiismamys t>0, (36)
j=1
and
1
Ry(i) = Y Lay(ysmaswr @z () wii/maont £ 0. (37)
=1

The processes in (36) track those jobs that arrive to the system by time ¢ and would eventually
receive service if the prelimit virtual waiting process were replaced with the limiting waiting time
process. Instead of evaluating the limiting waiting time process at the time of arrival of the 7"
class k job, t(i), we use the approximate arrival time i/(n\;). For the processes in (37), each
job’s deadline is compared to the maximum of the limiting virtual waiting time and its prelimit;
the prelimit process is evaluated at the times of the jobs’ arrivals and the limiting process is
evaluated at the approximate arrival times. Define é’,j(t) =n 'Rr(t) and ]%Z(t) =n"'RY(t) to
be the corresponding fluid scaled quantities and set the corresponding processes f?}j = (f%;;(t),t >

0) and fm’z = (It%g(t),t > 0). Finally, define the fluid scaled vectors ]?i"(t) = (é’f(t), ,]—Zi?((t)) and

R™(t) = (R7(1), ..., R (), and set B" = (R"(t),t > 0) and R = (R"(t),¢t > 0). The following result

is analogous to Proposition 8 and claims that R and R" have the same limit as R".
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Proposition 9 If W™(0) — W(0) as n — oo, then (é”,ﬁi”) = (R, R), where R is given in (31).

PROOF OF PROPOSITION 9. As in the proof of Proposition 8, it is sufficient to show that, for
each ke {l,..., K}, }Z{Zé}?k as n — oo and ]:%Z:>Rk as n — oo. Note that for each k€ {1,..., K}

and n > 1, because W is continuous, we have that, for ¢ > 0,
A At A
RO = B+ [ GV ()AL,

where
B (@)=Y (Liayir>wii/mny — Ge(W(i/(nA)))
j=1

is analogous to My, ; the difference is that the former is defined in terms of W and the approximate

arrival times, while the latter is defined using W” and the actual arrival times. Defining
By (t) =n""Bi(|nt]),

we have

Re(t) = Bp(t) + / "G (W (s)dAg(s) (38)

for t > 0. We can see that B} is a martingale and so, analogously to Proposition 4, we have for
each k€ {1,...,K} that B} = 0 as n — oo. Further, it follows by Lemma 8.1 in Dai and Dai (5)

and the convergence (35) that

A te _ A e
[ avenidis = [ Guwe)ds), asn—o
0 0
so that é}; = R;,, as n — oo. Finally, R = R, as n — oo because, for each k€ {1,..., K}, Ry is
deterministic. The proof for convergence of R" is similar. Joint convergence follows because all

limit points are deterministic. Q.E.D.
5. Limiting diffusion-scaled virtual waiting time process
In this section, we study the diffusion scaled virtual waiting time process. Our main approach is

to first center the virtual waiting time process by its fluid limit of Section 4 and then scale by an

appropriate sequence of constants. Through this approach we capture the stochastic fluctuations



Author: An Owverloaded Abandonment Queue
22 Article submitted to Operations Research; manuscript no. (Please, provide the mansucript number!)

of the virtual waiting time process about its mean. In our main result of this section, Theorem
2, we provide a diffusion limit for the sequence of centered and normalized virtual waiting time
processes. The limit is an Ornstein-Uhlenbeck process with time varying drift and infinitesimal
variance, a process which has highly tractable transient and steady state behavior. Using this limit,
we are able to obtain approximations to both the transient as well as the steady state behavior of
the virtual waiting time process.

For the remainder of this section, we make the following assumption on the class specific

deadline distributions in addition to Assumption (A1).

Assumption (A2) For each job class k € {1,..., K}, we may write

Fk(:c):/o fe(u)du, x>0,

where f € C,(R). Further, for each ¢ > 0 there exists at least one k € {1,..., K'} such that fi.(¢) > 0.
Under Assumption (A2) it follows that, for each k € {1,...,K}, fi is the density of F, with
respect to the Lesbegue measure. Moreover, the strictly positive condition implies that w; = wy.
Under Assumption (A2), we refer to the unique equilibrium point as w*.
We now begin our analysis by centering the virtual waiting time process in (19) by its determin-

istic fluid limit W = (W (t),t > 0), as given in Theorem 1 of Section 4, and noting that

(Wn(t)—w(t)) = (W"(0) —W(0))+I"(t) (39)
+ 3 [M (AR (1) + Mg (AR (1)) + e (1)]
+/0 S (G W™(5)) — Ge(W(s)))ds, 20

Next, setting

5u(t) = / pL(CL (W () — Go(W(3)))ds + / Fo(W () (W™ (5) — W (s))ds,

0

for t > 0, it follows upon substitution into (39) that

(W (t) =W(t)) = (W"(0) = W(0)) +1"(¢) (40)
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+ ZMSk (AR (1) + M (A (1)) + e (t) + 63 (1)]

-/ (Z pkfk<W<s>>) (W"(s) ~ W(s))ds, 0.

If we now define the diffusion scaled quantities,

Wn(t) = n/2(W"(t) — W (t)), t>0, (41)
I"(t) = n'21"(t), t>0,

MPL(t) = n'2MI (), t>0, ke{l,. K},

Mp,(t) = n'2M7 (), t>0, ke{l,.. K},

gN(t) = n'%er(t), t>0, ke{l,.. K},

(42)
and
on(t) = n'26n(t), t>0, ke{l,.. K},
it then follows, multiplying equation (40) through by n'/? that
W™ (t) = W"(0) + I"(t) (43)

Equation (43) now provides the starting point for proving the main result of this section.

Define the function f : D[0,00) — D[0,00) for each z € D[0,c0) by

0= 3 oW (E)a(t), 120,

We have that for z,y € D[0,00) and T >0,

K

1f@) = Fw)lle = sup Zpkfk O)2(t) — 3 prfe(WH)y()

0<t< 1
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K
< sup Y pefe(W (D)2 = yl|r,
0<t<T 1

so that f is Lipschitz continuous in the topology of uniform convergence on compact intervals.
Thus, defining for each n > 1 the fluid centered and diffusion scaled virtual waiting time process
W™ = (W"(t),t > 0) and for each k € {1,...,K} the processes M;Lk = (M,f;k(t) t>0), Mgk =
(M7, (£),t>0), & = (eMp(t),t > 0) and 67 = (87(t),t > 0), it follows by Proposition 3 of Reed and

Ward (11) that we have the representation
Mf<W” +f"+Z[ o0 Af+ My 0 A} +€Z+575}), (44)

where the function M : D[0, 00) = DI[0,00) is Lipschitz continuous with respect to the Skorohod-J;
metric. This representation will be used in proving our main result.

Before stating the main result of this section, Theorem 2, we must first provide some auxiliary
results. In our first result, setting I" = (I "(t),t > 0) for n > 1, we show that the sequence of diffusion

scaled idle time processes, (1: " n>1) converges in distribution to 0 as n goes to co.

Proposition 10 If W"(0) — W(0) >0 and W"(0) = W (0) as n— oo, then I" =0 as n — oc.

We next prove convergence results for the sequences of diffusion scaled martingales (M;ﬁk, n>1)

and (M igm>1). For each k€ {1,..., K} and n > 1, define the approximating process

[t
M (t) f Z (Vk ) Lga y>wi/nxys 20, (45)

and set M, k= (M #(t),t>0). Note that Ml’}k is independent of each of the arrival processes A7}
for j=1,...,K and of the sequences {v;(i),7 > 1} and {d;(¢),i > 1} for j # k. We now have the
following result.

Proposition 11 If W"(0) = W(0) as n — oo, then, for each k € {1,..,K}, (Mfk,Mfk) =

(M,,Vk,]\;ly’k) as n — oo, where Ml,,k = (M, (t),t > 0) is a Brownian motion with time varying

infinitesimal variance given by

02, (8) = 02 Gu(W(t/\), t>0.
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Next, for each k € {1,..., K} and n > 1, define the approximating process

Lnt]

1 .
i D (Lapswiisony — Ge(W(i/ (nAr))), ¢>0, (46)
=1

M;,k(t) =
and set Mcﬁk = (M;fk(t),t >0). Note that for each k € {1,..., K}, Méfk is independent of each of the
arrival processes A7 and of the service time sequences {v;(i),i > 1} for j=1,..., K. Moreover, M ok

is independent of the deadline sequences {d;(i),i > 1} for each j # k. We now have the following

result for the sequence of martingales (M. 41 >1); it is analogous to Proposition 11.

Proposition 12 If W"(0) = W(0) as n — oo, then, for each k € {1,..,K}, (]\;[gk,Mczk) =
(Mg, Myy) as n— oo, where My, = (Myx(t),t > 0) is a Brownian motion with time varying

infinitesimal variance given by

oak(t) = e F(W(t/A0))Gu(W (£/Ar)), t>0.

Although the processes M}, and M? 41 are not independent, they are asymptotically independent,

as given in the following result.

Proposition 13 If W"(0) = W(0) as n — oo, then, for each k € {1,...,K}, (Mgk,M;k) =

(M,,7k,]\2fd7k) as n — 0o, where MM and ]\Zfdyk are independent.

Fix k€ {1,...,K}. We next treat the sequence of processes (£}',n > 1) by showing that the
sequence converges in distribution to a Brownian motion with time varying infinitesimal variance.

Define

& (t) (/ G (W (s))dA?(s /Gk Aks)) t>0.

In a similar manner to the M 41 processes defined above, we have that £} is independent of each of
the arrival processes A’} for j # k and independent of the sequence of service times and deadline

times {v;(7),9>1} and (d;(7),i > 1) for each j € {1,..., K'}. We then have the following result.
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Proposition 14 If W™(0) = W (0) as n — oo, then, for each k € {1,..., K}, (€},&7) = (£4,&,) as
n — oo, where &, = (£,(t),t > 0) is a Brownian motion with time varying infinitesimal variance

given by

o2 (t) = )\kpiai,ka(W(t))Qa t=0.

67

Finally, before stating the main result of the section, we show that for each k € {1,..., K}, the

sequence of processes (5,’;, n > 1) converges in distribution to 0 as n tends to co.

Proposition 15 If W"(0) = W(0) as n — oo, then, for each k€ {1,...,K}, 67 =0 as n — co.

We are now in a position to state the main result of this section, Theorem 2, which provides a

weak limit for the sequence of diffusion scaled virtual waiting time processes, (W”, n>1).

Theorem 2 Under assumptions (A1) and (A2), if W™(0) — W (0) >0 as n — oo, and W"(0) =

W(0) as n— oo, then W™ =W as n — oo, where W = (W (t),t >0) is the unique strong solution

to the stochastic differential equation

t t K
W(t) = W(0)+ / &(s)dB(s) — / (Z o fk(W(s))) W(s)ds, ¢>0, (47)
0 0 \k=1
where B = (B(t),t >0) is a standard Brownian motion and
K
(1) =3 [0, Gr(W (£) + Mg Gu(W (1)) + ui Fo(W () Gu(W (1)], £20.  (48)
k=1
PROOF OF THEOREM 2. First recall that by (44) above, we have the representation
~ ~ ~ K ~ —_ ~ —_ ~
W= M; (W"(O) 130 [V o A+ ATy 0 A7 487 +5;§;D , (49)
k=1
wherethe function M ;: D0, 00) + D]0,00) is continuous with respect to the Skorohod Ji-metric.
Thus, by the Continuous Mapping Theorem (15) and the definition of M; in (17) of (7 ), it remains

to show that

K e
W™(0)+ 1"+ [M;koAQ+M;koAg+5g+S;;] :>W(O)+/O 5(s)B(s), (50)

k=1
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as n — oo, where B = (B(t),t > 0) is a standard Brownian motion and & = (5(t),t > 0) is as given
by (48) in the statement of the proposition.

In order to show that (50) holds, first note that
W (0)+In+z[MnkoAuMnkoAuggM"} (51)

—I—I”—i—z koA” M M} o Ape) + (M"koA" M M) o Are)
+ (&} — &} +07]

(M, 0 Ape + M3, 0 Ae + 7.

V!

WE

+

b
Il
_

We now claim that
I”+Z m o Al — M o Ae) + (Mg, o Ap — M7, o he) + (f — 1) +07] = 0, (52)
as n — oo, after which it then remains to show that
K B e
-1—2 ko)\ke+M ‘roAe +Er] = W(O)+/ a(s)dB(s), (53)
k=1 0

as n — oo, in order to complete the proof.
First note that by Proposition 10, Proposition 14, Theorem 11.4.8 of (15) and Proposition 15,

it follows that
I"+Z n_M) 460 = 0 as n— oo,

Next, since for each k € {1,..., K} we have that since A e is a deterministic process, it follows by
Proposition 12 and Theorem 3.9 of (3) that (]\Nﬂlk, M;fk,flz, Ape) = (]\;[,,,k, Muyk, A€, Ape) as n — oo,
and hence, by the Random Time Change Theorem (3), (le‘k of_lz, Mlﬁfk o\pe) = (M, 0 \ee, M, ;.0
Are) as n— oo. Thus, by Theorem 11.4.8 of (15), M}, o A} — M7, o \ye = 0 as n — oo. A similar
proof may also be used to show that for each k € {1,..., K}, M;k o A} — M;k oAe=0asn— oo,
which completes the proof of (52).

It now remains to show the stated convergence in (53) in order to complete the proof. First note

that by definition each of the processes appearing on the lefthand side of (53) above are either
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independent of one another — or at least asymptotically independent of each other (see Proposition
13) — as well as independent from W™(0). Thus, since by the assumption of the Theorem, W"(0) =

W(0) as n — oo in conjunction with Propositions 11, 12, 13 and 14, it follows that

K K
W™(0)+ > [M]y o Ape+ My, o Xe+E7] = W(0)+ Y [M, 10 Ae + My 0 Ape + &,
k=1

k=1

as n — oo. Furthermore, since each of the limiting processes on the righthand side above are

mutually independent, one may now use Propositions 11, 12, 13 and 14 to verify that

K

Z[Muk oApe+ Md,k oAge+ 5k]

k=1

is indeed a Brownian motion with time-varying infinitesimal variance & = (6(t),t > 0). The proof
is now complete.

Q.E.D.

The limiting process of Theorem 2, W, may be characterized as an Ornstein-Uhlenbeck processes

with both time varying drift and infinitesimal variance. Consequently, by standard techniques one

may solve for W directly in terms of the Brownian motion B. Specifically, letting

flz) = Zpkfk:(x)? x>0,
k=1

a standard proof may be used to show that the solution to the stochastic differential equation given

by Theorem 2 above is given by
t
W (t) = W(0)e Jo /Wds / e IS TW)dug () dB(s), t>0.
0

Furthermore, for each 0 < s < ¢, one may also show that the transitions densities of W are given

by

T T 1 - t u u ~
P(W (t) € dy|W(s) =2) = —————e" ¥ Js $Ww)d 12/25%(50) gy

\/2m62(s,t)

where 62(s,t) = fst e=2/ufW@)dz 524\ dy. These results may then be used in order to obtain insights
into to the transient dynamics of the virtual waiting time process in the original system. In par-

ticular, recalling from (41) the relationship

Wn(t) = n2(W"(t) = W(t)), t>0,
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and since by Theorem 2, Wn =W as n — oo, it follows that
W(t) = W(t)+n"Y2W(t) +o(n~Y?), t>0. (54)
Ignoring the o(n~'/2) term in (54), one then has the approximation
W(t) ~ W(t)+n"Y2W(t), t>0. (55)

which, together with Theorem 2 and the discussion above may be used to obtain an approximation

to the transient behavior of W™. In particular, we have that

P(W™(t) € dy|W"(s) € dx)
~ P(W(t) +n~YV2W(t) € dy|W (s) +n~*W(s) € dx)
=P(W(t) € d(n'/*(y = W(t))|W(s) € d(n'/*(z — W(s)))),

for 0<s<t.

In addition to the transient behavior, one may also analyze the stationary behavior on the
limiting virtual waiting time process W. Specifically, first note that in the case where W (0) = w*,
we have that the fluid limit W of Theorem 1 is constant and hence W is a time-homogeneous

Ornstein-Uhlenbeck process. In this case, well known results show that W (t) = W (c0) as t — oo,

where W (00) is a normal random variable with mean 0 and variance

K K

5°(0,00) = Y [02,Grlw") + Mep2e0 , Gr(w")? + i Fe(w") Gi(w”)] /(2 ) fu(w”)).

k=1 k=1
Furthermore, it may also be shown that the above result extends to the time-inhomogeneous case
in which W (0) ¢ [w}, w}] so long as the densities f; are each continuous.

In a similar fashion to the transient analysis performed previously, the above results may now also
be used to analyze the steady-state behavior of the virtual waiting time process W" = (W"(t),t > 0)

in original system. In particular, taking limits as ¢ goes to oo in (55), one obtains by the above

discussion the approximation
W"(o0) = w* +n "2 W (c0),

where T (00) is a normal random variable with mean zero and variance &2(0,c0).
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6. Closing remarks and extensions

In this paper, we have studied the overloaded, multiclass, GI/GI/1+ GI queue operating under the
FIFO service discipline. In our first main result, Theorem 1, we provide a first order approximation
to the transient behavior of the virtual waiting time process when the mean of the abandonments
times is large relative to both the interarrival and service times. Our first order approximation is
a first order ODE which may be solved for by the method of separation of variables. In our second
main result, Theorem 2, after first centering the virtual waiting time process by its first order fluid
limit and then normalizing by an appropriate constant, we have provided a second order stochastic
approximation to the virtual waiting time process. Our stochastic approximation is a Ornstein-
Uhlenbeck process with time varying drift and infinitesimal variance. Due to the tractability of the
Ornstein-Uhlenbeck process, we are able to solve for its transient behavior explicitly in addition to
showing that it tends to a weak limit as time tends to oco.

There are many directions for future research on this problem. We would first like to investigate
the system operating under a different service discipline. In particular, it would perhaps be inter-
esting to impose a specific cost structure on this problem and then determine under which service
disciplines the system would be operating in a close to optimal manner with respect to the cost
structure imposed. One potential candidate service discipline would be the static priority discipline.
Under this service discipline, there may potentially be some job classes that do not abandon at
all due to their high priority and others job classes that might never be processed at all because
they are too impatient and have a low priority. An example of such jobs might be patients with
superficial wounds that visit a very busy emergency room.

A second direction for future research would be to study the queue length process of this system.
In general, the queue length process will not admit as simple a representation as the virtual waiting
time process (3) and more sophisticated techniques might perhaps have to be employed.

Finally, it would be interesting to extend the results in this paper to the many-server heavy

traffic regime. Recently, Whitt and several co-authors (? ) (? ) (17) have set forth conjectures
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on the evolution of the queue length process in the overloaded many-server heavy traffic regime.
We feel that the analysis presented in this paper could provide a first step in proving that these

conjectures are indeed true.

7. Acknowledgements

The authors would like to thank Rishi Talreja for numerous helpful comments and suggestions on

an earlier version of this paper.

Appendix. I

n the Appendix, we prove several propositions which were stated in the main body of the paper.
We begin with the following technical lemma which is taken from a portion of the proof of Theorem

3.1 of Chapter 7 of (6).

Lemma 1 Let {X;,i>1} be an i.i.d. sequence of random variables with finite variance o®. Then,

for each T >0,

E[nl/2 sup \X,@—>O as m— oo.

i=1,...,nT

Proor or LEMMA 1. We have

E [nl/Q sup \Xz]] = / P(n1/2 sup | X;] >x) dx
i=1,....nT 0 i=1,...,nT

< €—|—/ (nT)P(|X,| > n'/?z)dx

< e+ Te 'E[X?1(]1X,| > n'/?%e)]

— 0 as n— 0.

This completes the proof. Q.E.D.

We now present the proof of Proposition 3.
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PrROOF OF PROPOSITION 3. For this proof, we use the martingale central limit theorem as

stated in Theorem 1.4 of Section 7 of (6) by which it is sufficient to show that for each 7' > 0,

E[sup ’Mﬁk(t)—]\_ﬂlk(t—)!] — 0 as n— oo,

0<t<T
and, for each ¢t >0, that [M}',, M}, ](t) = 0 as n — .

Let T'> 0 and note that by (12), (17) and Lemma 1 we have

E [ sup | M, (t) —Mljk(t—)@ =F [nl sup
=1

0<t<T

— 0 as n— o0,

and so that the first part of condition (a) of the theorem is satisfied.

Next, note that by Remark 1.5 below the theorem, it follows that

- 1 12
(M, M () = = (Vk(i)—ﬂ) Liay (> wn(ep (i)}

VAN
| =
‘ 3
— [
N
~
—~
~.
SN—
|
=
= —_
N————
[V}

=0 as n— oo,

where the last convergence follows since by the Weak Law of Large Numbers,

[nt)

1 1\’
— Z <Vk(l) — ) = to?, as n— oo, (56)
N4 Hk 7

which completes the proof. Q.E.D.
We next present the proof of Proposition 4 which is similar in spirit to the proof of Proposition

PROOF OF PROPOSITION 4. We again use the martingale central limit theorem as given by

Theorem 1.4 of Section 7 of (6) by showing that for each 7> 0,

E | sup |M7,(t)— M7, (t=)|| — 0 as n— oo,

0<t<T
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and, for each ¢ >0, [My,, M},](t) =0 as n — oco.

Let T'> 0 and note that by (13) and (18) we have,

rn \ n 1
B| s M50~ M) | = o E

0<t<T e
1

T

i=1,...,|n

sw ‘1{dk<z‘)>wn<tz(i>—>} - Gk(W”(tZ(i)—))‘]

IN

— 0 as n— o0,

so that that first part of condition (a) of Theorem 1.4 of Section 7 of (6) is shown.
Next, by Remark 1.5 below the theorem, we have that for each ¢ >0,

[nt]
\ T \ 1 nian/(,; 2
(Mo M) (8) = 5 > (1{dk(i>>wn<tz<i>—>} - Gn(W (%(U-)))
k=1
t

2
Ty,

IN

— 0 as n— oo,

which completes the proof. Q.E.D.

We next present the proof of Proposition 5.

PROOF OF PROPOSITION 5. By Theorem 16.8 in Billingsley (3), we must verify that the

following two conditions are satisfied:
1. For each T' > 0,
lim limsup P < sup W"(t) > a) =0.
a—oo g 0<t<T

2. For each e >0 and 7' >0,

(lsimlimsupP< sup  w(W", [t,t+9]) 25) =0,

- n 0<t<T—3§
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where, for z € D[0,00) and any set S C [0,77,

w(z,S) = sup |z(u) —x(v)|.

u,vES
Defining

K Ap@®)
XU =W+ 30 Y k()

for all t > 0, we have that W™ (t) < X™(t) for all t > 0. By the functional strong law of large numbers,

Proposition 2 and the fact that W"(0) — W (0) as n — oo we have that, for all ¢ >0,
X"(t) —»W(0)+pt, as n— oo, (57)
uniformly over compact intervals. It follows that, for each T°> 0, since X™ is increasing,
ali_g)lo limsup P <OiltlgT W"(t) > a> < ali_)Igo limsup P(X"(T)>a) = 0,

and so condition 1 is proven.

As for condition 2, notice that W™ increases when the service times are added to the virtual
waiting time, and decreases at most at rate 1 between arrivals. It follows then that for any ¢ >0
and 9d,

w(Wn, [t,t+6]) <w(X", [t,t+6]) +w(B", [t,t+9])=X"(t+5) — X"(t) + 6.

It follows from the uniform convergence of (57) that
hmlimsupP< sup w(W",[t,t+9]) 25)
=0 5 0<t<T—6

S(lsir%limsupp< sup X"(t—i—é)—X"(t)—i—éZe)

n 0<t<T—6

:0,

which completes the proof.

Q.E.D.

We next present the proof of Proposition 6.
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PROOF OF PROPOSITION 6. Let k€ {1,..,K}. The expression in (14) may be equivalently

expressed as

SOR < / GL(W™(s)) dA(s / G (W™ (s ()\ks)> (58)
' 1 AR (1)
to ; (G(W™ (t; (1) =) — G (W™ (t(2)))),
for each n > 1 and ¢ > 0. We now show that each of the two terms on the righthand side of (58)
above converge in distribution to 0 as n goes to oo, which completes the proof.

First note that since by Proposition 5 the sequence (W™, n > 1) is tight, it follows by Prohorov’s
Theorem (3) that (W™,n > 1) is relatively compact as well. Thus, for every sequence {n;}, there
exists a subsequence {n;} along which (W",n >1) converges in distribution to some limit point
W*. Without loss of generality, we now relabel the sequence {n)} by {n} and note that since by
Proposition 2, A? = \.e as n — oo, where e is a deterministic function, it follows by Theorem
3.9 of (3) that (W}, A7) = (W*, \re) as n — oo.

By the Skorohod Representation, there now exists an alternate probability space, (Q,}" , IP’) on
which are defined a sequence of processes (W™, fiﬁ), n>1) and a limit process (W*, Are) such that
(W, Ar) =P (Wn, A7) for n > 1 and (W*, Ae) =P (W*, Ae) and such that (W7, A7) — (W*, Ae),
P-a.s. as n — oo. Thus, since by assumption (A1), Gy € Cy(R), it follows by Lemma 8.1 in Dai and

Dai (5), that, as n — oo,

G (W (s)) dAp(s) - / G (W (5)) d(Ms) (59)

uniformly on compact sets, P-a.s. However, since for each n > 1,

/Gk ) dA7(s /Gk (W (s)) d(Mes)
_D/OGk(W”( dA? (s /G (W™ (s)) d(Xes),
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and almost sure convergence implies convergence in distribution, it follows by (59) that
/ Gr(W"(s))dA} (s / Gr(W"™(s))d(Axs) = 0 as n— oo,

which, since the sequence {n,} was arbitrary, shows the first term on the righthand side of (58)
converges in distribution to 0 as n goes to co.

Next, note that for each T'> 0,

AR (t)
sup {53 (GuV (8()-)) — GV (11(0)

AR(T)

AN
N
>3
~—~ ~
N~
)
B
—
QD
=
S
3
—~
~
=5
—~
-~
N—
L
N—
|
Q
Ead
S
3
VS
~
=5
VS
-~
S—
S~—
S—
N—

IN
N
*3
3

i:l,r.].a.faAX n(T) S}i}?(G k(1) = Ge(t +03(9)))

= A™(T)sup <Gk(t) Syen <t +,_ max o (i)>>

>0

=0 as n— oo,

where the last convergence follows since by assumption (A1) the function Gy is continuous and by

Lemma 3.3 of Iglehart and Whitt (9), Proposition 2 and the Random Time Change Theorem (3),

1
a "(4) = — max v(i) =0 as n— 0. 60
i:l,I.I},A}%(T) Uy (l) N i1, AT (T) k( ) — ( )

Thus,
iZ(Gk(W”(tﬁ(i)—))—Gk(W"(tZ(i)))) =0 as n—oo,

which, since the sequence {n;} was arbitrary, completes the proof.

Q.E.D.

We next provide a proof of Proposition 7.
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PrROOF OF PROPOSITION 7. In order to show that the mapping ', is continuous with respect to
the Skorohod J;-metric, first suppose that x,, — x as n — oo with respect to the Skorohod J;-metric
and let T'> 0 be a continuity point of z. It then follows that there exists a sequence (A\",n > 1) of
increasing, absolutely continuous, homeomorphisms of [0,7] with derivatives ()\", n > 1) such that
||z o X" — |7 V ||\" — 1| |7 — 0 as n — co. Also note that since by standard results, we have that for
each T > 0, the sequence {||z"||r} is bounded, it follows by the continuity of A that {||h(z™ o A")||7}
is bounded and hence there exists some B > 0 such that ||h(z™ o A")||r < B for sufficiently large n.

We then have that for n large,

(™) o A" — (@)l = / B (1)) d(Oet) — /Oeh@c(t))d(w

T

- / R (A ()N () d(Mut) — / h(a(t)d(Mt)

T

IN

/ (b (" (1)) — h(x(t))d(nt)

T

+

/ R () (A () — Dd(Aet)

T

< / [h(@" (V" (1)) — h(z()|d(Aet)

+ [ O )16 = 1
< [ MO0 @) = OO + BN = 1
— 0 as n— oo,

where the final convergence follows by the Bounded Convergence Theorem (7) since by the conti-
nuity of h it follows that |h(z™(A"(t))) — h(z(t))| — 0 as n — oo for each ¢ > 0. Thus, ||y(z™) o A" —

~(@)||7 V [|A" = 1||+ — 0 as n — oo and the proof is complete. Q.E.D.
We next provide a proof of Proposition 10.

PRrROOF OoF PrROPOSITION 10.

First note that in order to show that I =0 as n — 00, it suffices to show that for each 1" > 0,

supg<;<r I"(t) = I"(T) = 0 as n — oo. Moreover, since convergence in probability implies converges
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in distribution, it suffices to show that for each £ >0, we have P(I"(T) < &) — 1 as n — co. Now

note that since by (15) and (42), we have

t
In(t) = n1/2/ l(Wn(s):o)dS, t> 0.
0

It follows that P(I"(T) <e) > P(I"(T) =0) > P(info<;<r W"(t) > 0). By Theorem 1, W" = W
as n — oo, where W = (W (t),t > 0) is a continuous monotone function with W (¢) > 0 for ¢ > 0.
Furthermore, the above convergence occurs in the topology of uniform convergence on compact

sets. It follows that P(info<;<7 W™(t) >0) — 1 as n — oo, which completes the proof. Q.E.D.

We now provide a proof of Proposition 11.

PROOF OF PROPOSITION 11. Foreach k €{1,..., K}, we have Mljk(t) = M;fk(t) +M,jfk(t), where
we define M;fk(t) = M;fk(t) - Mﬁk(t) By (45) it is clear that Mﬁk = (lefk(t),t >0) is clearly a
martingale with respect to the filtration F™* = (F},,,t > 0). It follows that My, = (M}(t),t>0),
being the difference of two martingales, is a martingale with respect to F™* as well.

The proof now proceeds in two parts. First, we show that Mﬁk = My,k as n — 0o, where M,,,k
is the Gaussian process given in the statement of the proposition. Next, we show that Mﬁk =0 as
n — oo, whereby, from the decomposition above and Theorem 11.4.8 of (15), we obtain the joint
convergence (Mlﬁfk, Mﬁk) = (M, 4, M, ;) as n — oo, which completes the proof.

As in the proofs of Proposition 3 and 4, we again use the martingale central limit theorem of
Theorem 1.4 of Chapter 7 of Ethier and Kurtz (6). First note that in a manner similar to the proof
of Proposition 3, we have by Lemma 1 above that

E [ sup )M:k(t)—M;'k(t—)” — 0 as n— oo,

0<t<T

and so the first part of condition (a) of the Theorem from Ethier and Kurtz (6) is shown.
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We require a renumbering of the jobs. Recall that the abandonment time of the " class k
job is typically compared to the waiting time. However, for the process Wu,k, we compare the
abandonment time with the limiting waiting time process, evaluated at the approximate arrival
time, W (i/(n)\g)). Let j77(i) denote the index of the i class k job whose abandonment time is
greater than the limiting waiting time process evaluated at the job’s approximate arrival time. Now

note that by Remark 1.5 below the statement of Theorem 1.4 of Chapter 7 of (6), we have that

[nt] 2
“rn Vil - : 1
[Mu,k7Mu,k:| (t) =n" <Vk(l) - ) Lia,()>w(i/(nre))}
im1 Hk
RP(Int)

=n"' ; <Vk(3§(i))—ulk>2
— Z() (1)
/0
= o2, /0 GL(W ()d(\es) as 11— oo, (61)

where the final convergence above follows by the Functional Strong Law of Large Numbers, Propo-
sition 9, the Random Time Change Theorem (3) and the fact that (v, (j7(i)),i > 1) is an i.i.d.
sequence of random variables with mean 1/u, and variance o2 ,. However, since convergence in
distribution to a constant implies convergence in probability, it now follows by Theorem 1.4 of
Chapter 7 of Ethier and Kurtz (6) that Mﬁk = M,, as n — oo, where M, is a Gaussian process
as stated in the proposition.

We now proceed to show that Mﬁk =0 as n — oo. First note that, as in the proof of Proposition

3, we have by Lemma 1 above that
E | sup }My"k(t) - Mgk(t—)‘ — 0 as n— o0,
0<t<T
and so the first part of condition (a) of the Theorem from Ethier and Kurtz is shown. Furthermore,

we have

[Mun,kv M;L,k] (t)

2

[nt] 2

=n ! v (i) — 1 1., . . S P .

k L1 {di()>Wn(tp (1))} {di()>W i/ (nAk))}
i=1
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_ | rn
= [Ntz 3] ) (62)

[nt] 2
1
—1 .
—2n7 1) <vk(Z)—Hk> Lay (i)>max(Wn (e (5) ), W (i/ (nAg)))}
=1

Lnt] 1\2
+nt Y (Vk(i) - > Liapy>wr (g @)-)}
i=1 Hk
Now note that by Remark 1.5 below the statement of Theorem 1.4 of Chapter 7 of (6), we have,
letting j7 (i) be the index of the i*" class k job that does not abandon, that

[nt]

— - 1 2
n! E (yk(z)—luk> g @y >wn/map))
=1

Ry (Int]) 1 2
:n_l U, i 7/ - )
> (wiion -
nRy (t) 1\?2
=n"! ve(37 (1)) — >
> (w1
t/ Ak
:>a§,k Gr(W(s))d(A\xs) as n— oo, (63)

0

where the final convergence above follows by the Functional Strong Law of Large Numbers, Propo-
sition 8, the Random Time Change Theorem (3) and the fact that (v (j7(i)),i > 1) is an i.i.d.
sequence of random variables with mean 1/p;, and variance o2 .

By similar arguments, and letting j*(i) be the index of the i*" class k job whose deadline upon
arrival exceeds both the virtual waiting time (evaluated at the time of arrival) as well as the limiting

waiting time (evaluated at the approximate arrival time), we have

[nt] 1\2
n! (Vk(i)—> Ly, (5)>maz(Wn (87 (1) =), W (i/ (nA)))}
=1 Nk
Rp(Int)) 1\
1 “n
=n ve(gp (i) — —
> (- )
nRR(t) 1\2
71 V.n .
=n (g (i) — —
Z( ) -+
t/ g
:>U§),€/ Gr(W(s))d(Ags) as m— oc. (64)
0

Hence, by (33), (61), (62), (63) and (64), we have that as n — oo,



Author: An Owerloaded Abandonment Queue
Article submitted to Operations Research; manuscript no. (Please, provide the mansucript number!) 41

(M}, M), (t) = 0.

Since convergence in distribution to a constant implies convergence in probability, it follows by
Theorem 1.4 of Chapter 7 of Ethier and Kurtz (6) that Ml?k =0 as n — 0o, which completes the
proof. Q.E.D.
We next provide the proof of Proposition 12 which is similar to the proof of Proposition 11.
PROOF OF PROPOSITION 12. Let k € {1,..., K} and first note that as in the proof of Proposi-
tion 11, we have the representation M;’k(t) = M;fk(t) + M}, (t) for t >0, where we set M}, (t) =
Mc}ﬁk(t) - M;k(t). Also note that ]\chﬁk = (M;k(t),t >0) is clearly a martingale with respect to the
filtration F™*F = (F, fnt |-t >0) since it is the difference of two martingales with respect to F ok,
We now proceed to show that M}}k = Md’k as n — oo and M;k =0 as n — oo, where Md,k is
the Gaussian process as given in the statement of the proposition. From the decomposition above
and Theorem 11.4.8 of (15), this then implies the joint convergence (Mgk,Mgk) = (Mg, Myy,) as
n — 00, which completes the proof.
In order to prove the two claims above, we again use the martingale central limit theorem of
Theorem 1.4 of Chapter 7 of Ethier and Kurtz (6). First note that in a manner similar to the proof

of Proposition 4 we have

E [ sup ’M;k(t)—Mgk(t—)” —0 as n—oo.

0<t<T
The first part of condition (a) of Theorem 1.4 of Chapter 7 of Ethier and Kurtz (6) is satisfied.

Next, recalling the definition of R? in (36) and ]:%Z(t) =n~'R7(t), we have that

L]
1, |:M¢Zk7M¢?,k} ) =1 (Lapm>wii/ ) — G(W(i/(n\)))* (65)

=1
[nt]
=Y (L w /o) — 2 Lapo>wii/ o) Gi(i/ (1))

i=1

+GR(W(i/(nAr))))?

— Rp(t) -2 / G(W (s/3))dRp (5) + / G (W (5))2d A7 (5)
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By Proposition 9, (35) and twice applying Lemma 8.1 in Dai and Dai (5) we have that, as n — oo,

/Gk (/M) AR (s ;»/ G(W (s/\)) AR (s /Gk (5/2))?

and

/0 GL(W (s))2dA(5) = /0 G (5))2d(\es) = /O G (W (s/\))2ds

By Proposition 9, and (65), it follows that as n — oo

[M;k,M;k ;»/ G (W (s/N,))ds — 2 /Gk (s/M)) ds+/Gk
= /0 Gr(W(s/Ae))(1 = Gr(W(s/Ax)))ds
_ /0 G (W (/) Fu (W 3/

Since the limiting process on the righthand side above is deterministic, it now follows that

3130, 313,] 0 = 1 [ GuW (s A EOV (/000 a5 n =,

and hence, by Theorem 1.4 of Chapter 7 of Ethier and Kurtz (6), we have that MZ}),C = My, as
n — 00, where Md,k is the Gaussian process as stated in the proposition.
We now show that M;k = 0 as n — oo, which completes the proof. First, as in the previous

portion of the proof above, it follows directly that for each T"> 0,

E [ sup ’Mdk M;k(t—)’] — 0 as n— oo,

0<t<T
and so the first part of condition (a) of Theorem 1.4 of Chapter 7 of Ethier and Kurtz is shown.

Next, we have for t >0

L]
(Mg M) () = — Z ((1{dk(i>>wn<t2<i>—>} - Gk(W"(t"(i)—))

ny i—1

. 2
— (Lgap>wiismagy — Ge(W(i/(nAr)))))
Lt
1

2
o Z(l{cm Swoen()-)) ~ Lap()>w /(w»}) (66)
Lt

oy DGRV (#(0) =) = Gr(W (i (nAw)))*
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[nt)
2
T > (L wrego-n = 1{dk<i>>wu/<mkm) x
i=1

(G(W (t; (1)=)) — Gr(W (i/ (nAr))))-

We now show that each of the three summations on the righthand side of (66) above converges in
distribution to 0 as n goes to oo, which will complete the proof.
First note that for ¢ >0,
nt] )
nty (1{dk<z‘>>wn(t’,§<i)—>} - 1{dk<z‘>>wu/<mk>>}> (67)

=1
[nt] Int)

—1 -1
=n Z L, )swrep@—)y +n Z Lia,y>wn@-)y
=1 =1

[nt]
—1
—n 2 Z Lga, () > max(Wn (6. () =), W i/ (na)))}

i=1

— Ry(t)+ Ry (1) — 2Ry (1)

= 0,

where convergence follows from Proposition 8 and Proposition 9. We have shown that the first sum
on the righthand side of (66) converges in distribution to 0 as n goes to oo.

By Theorem 1, we have that W™ = W as n — oo, where convergence is uniform over compact
sets and the limit process W is continuous. It follows that for each t > 0 and § > 0, there exists
a Ks such that P(supy<,., W"(s) > Ks) < d for n sufficiently large. By Proposition 2 we have
that 7 (|ne]) — A\, ' almost surely as n — oo. Moreover, the convergence is uniform over compact
intervals, so that P(sup; <, [t; (1) —i/(nAx)| > 0) < 6, for sufficiently large n. Thus, for n sufficiently
large, for each € >0 and § > 0,

nt]
P (n S GV ((0)-)) — Gl (i/ (mM))))? > ) )

=1

IN

L]
S+ P (nl Z |GL(W"(tr(i)=)) — Gu(W (i/(n\y)))| > Ve

W70 < )

0<s<t

sup [t (i) —i/(nAx)] > 5)

i<[nt]

nt]
< 25+P<n12< sup_ (i) ) W 2100 ) = W5/ A )| > V2

7 \0<s<K;
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s<&+t/ A 0<s<Kj

326+P<t sup |[W"™(s—)—W(s)|>+e/2 sup ‘fk(s)o

§<t/ A5 <6 0<s<K;s

+P<t sup  |W(s) = W(s+s0)| > vE/2_sup \fk<s>r>.

— 26,

where convergence in the last line follows from the uniform convergence of W™ and the continuity
of W. Thus, since the choice of € and ¢ above was arbitrary, this then implies that
nt
nTt Y (GRW(#(0)=)) = Gh(W(i/(nAr)))* =7 0 as n— oo,
=1

and so, since convergence in probability implies convergence in distribution, we then have that

second summation on the righthand side of (66) above converges in distribution to 0 as n tends to

0.
Finally, note that

[nt]
2073 (L= woprn = Liaswisemon ) (G (E(0)=)) = Gu(W 6/ (/M)

=1
[nt)
<27y ll{dkubwn(tz(n—)} - 1{dk<i>>w<i/<n/xk>>}’ |Ge(W™ (15 ()—)) — Gr(W(i/(n/Ax))))]
=1
[nt]

—1
< 2n Z’l{dk<i>>wn<tz<i>—>}—1{dk<i>>wu/<n/xk>>}’
=1

=0 as n— o0,
where the final convergence follows by (67) above. Thus, the third summation on the righthand
side of (66) converges in distribution to 0 as n tend to oo.
It now follows by (66) that [}, M7 ,](t) = 0 as n — oo and so, since convergence in distribution
to a constant implies convergence in probability, by Theorem 1.4 of Chapter 7 of Ethier and Kurtz

(6) we have that M[, = 0 as n — oo, which completes the proof.

Q.E.D.
We next prove Proposition 13 which extends Propositions 11 and 12, demonstrating that the

convergences therein occur jointly.



Author: An Owerloaded Abandonment Queue
Article submitted to Operations Research; manuscript no. (Please, provide the mansucript number!) 45

PROOF OF PROPOSITION 13. Let k € {1,..., K}, we will show that (M7, M3,) = (M, Myy)
as n — 0o, where Mmk and ]\NJM are independent. The individual convergences Ml’}k — Nl,7k as
n — oo and M i Md,k as n — oo are given by Proposition 11 and Proposition 12, respectively.
To show joint convergence to independent processes, by Theorem 1.4 of Chapter 7 of Ethier and

Kurtz (6), it suffices to show that, as n — oo,
[z | (=" (69)
First note that
[, 313, (1) 0
[nt] 1
=n"t (Vk(’i) - Hk) Lia, )>w i/ (mae)} (1{dk(i)>W(i/(n/\k))} — Gk(W(z/(n)\k))))

[nt]
_ ) 1 .
=n"! (Vk(l) - Mk) Liay(>w /)y Fe (W (i/ (nAr)))
=1

[nt] t _
=0 S oo AV 000 = - [ BOVs/ADaR ). ()

As for the last term on the righthand side of (71) we have, by Lemma 8.3 of Dai and Dai (5) and

Proposition 9, that, as n — oo,

/0 FL(W (s)3))dR2 (s) -7 /0 FL(W (s)2))dR(s) = /0 FL(W (s/2)) G (W (s/A))ds.  (72)

As for the first term on the righthand side of (71), we split {1,...,|nt]} into subsets over which

the deviations in W (-/(n\x)) are arbitrarily small. For any arbitrary € > 0 define

e e
Hi'(e) = Z F.(W(jet/\))HY'(e,5) and Hj(e) = Z Fy(W((J+1)et/ ) Hy (€, 5),

where
[min((j+41)e,1)nt]
Hy(e,5) =~ > V() Lap@>w(G+eapys J=0,1...[e7],
i=|jent]+1
and

[min((j+1)e,1)nt|

Hy(e,5) = > vk (D)L apswiengys =01, [e7].

i=|jent]+1
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Assume for now that W is non-decreasing. For any j € {0,...|e" ']} and i € {|jent| +

1,...,|min((j + 1)e,1)nt] we note that, because Fy is increasing,
Eu (W (jet/Ar) < Fe(W(i/(nAr))) < F(W((5 +1)et/Ae)

and
Lia,(>w(G+ne/ et < Lap)>wi/man)t < Mgy >w et/

It follows then that
[nt]
H(€) <n™" Y vi(0) L apsw i/ mae Fx (W (i/ (nAr))) < H (€).
i=1
If W is non-increasing then the inequalities are reversed. Without loss of generality, assume that
W is non-decreasing.

It follows from the Functional Weak Law of Large Numbers, the Random Time Change Theo-
rem (3) and the fact that the summands of H?(e, ) are i.i.d. with mean p; 'Gr(W((j + 1)et/Ax)),
that as n — oo, HJ'(e,j) =7 et "Ge(W((j + 1)et/Ay)) for j < [e7t], and Hp(e,j) = (1 —
ele  PDtuy 'GL(W ((j + 1)et/ ) for j = |e~t]. Moreover, we have that, as n — oo,

Hi'(e) =" Hi(e)

)1
= ety Z Ey (W (jet/A))Gu(W (5 + L)et/Ar))

Jj=0

+(1—ele Dtp  Fe(W(ele [t/ X)) Ge(W (el | + 1)t/ Ar))-
One can likewise show that

HE (€) —7 Ha(e)
L)
= ety Z Ee(W((J + et/ X)) Ge(W (jet/Ar))

+(1- d Dt E (W (/X)) Gre(W (el [t/ Ax)).

Finally because

el0 el0

lin H, (€) = Tim Hoy( )::k/o Fo(W (5/00)) G (W (/) ds
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it follows that

Lnt] t
) . 1
n YL P W 0/ () = - / Fi (W (s/\)Gi(W (s/A))ds. (73)
i=1 kJo
By (71), (72) and (73) we have shown that (69) holds. This concludes the proof. Q.E.D.

We next prove Proposition 14.

PROOF OF PROPOSITION 14. Let k € {1,..., K} and note that integrating by parts, we obtain

the representations

D) = L AHOGV (1)~ A(s)dCu (W (s)), 20, (74)
and
=n = i An — i t A" (s S
40 = L AOGIV0) - [ AG ), t20 @)

Next, since by Theorem 1, W"™ = W as n — oo, where W is a deterministic process and fur-
thermore, since by Donsker’s Theorem for renewal processes, flz = A, as n— 00, where A4, is a
Brownian motion with infinitesimal variance o7 , A}, it follows by Theorem 3.9 of (3) that we have
the joint convergence (A7, W) = (A, W) as n — oo.

By the Skorohod Representation Theorem (15), there now exists an alternate probability space
(Q, F,P) on which are defined a sequence of processes ((AZ,W”),H > 1) such that (AQ,W") =P

(Ap, W) for n>1 and where (AZ,W") — (flk,W), P-a.s. as n— oco. Setting

£n N 1 4n . t 4n ‘o
sk<t>—Mk(Ak<t>Gk<W o)~ [ Axsrac.ov <s>>), 120, (76)
and
G- <AZ(t)Gk(W(t))— O Ak(s>dak<w<s>>), 10, (77)

we now claim that
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and
En(t) —€n(t) — 0,

uniformly on compact sets, P-a.s. as n — 0o, which, since (€7,£7) =P (&7, &7) implies that (,é}) =
(ék,€x) as m — oo, which will complete the proof.
Let TV (Gx(W(+)),[0,T]) denote the total variation of Gx(W(:)) on [0,7]. We then have by

assumption (A2) and the form of the virtual waiting time process given by (3) that

np—1
TV(Gx(W™(-)),[0,T]) = sup > 1GHW (tig)) — Ge (W™ (t:))]
i=0
np—1
< sup sup  fi(W)[W" (tiv1) — W™ (L)
PEP =5 0<u<wn(T)
np—1
< sup fk u) sup Z (W (tip1) = W (t:)|
0<u<Wn(T PeP
K Ap(D)
< sup  fi(u) | T+ P
ozuzwem)” Zl Zl 8
nAk(T)
= sup T+ v , 79
S fu(u Z Z i (79)

where the supremum is taken over all partitions P = {[0,%,), [t1,t2),...[tn,~1,t)} of [0,7]. However,
since by Theorem 1, W™(T) — W (T') as n — oo and since by the Functional Weak Law of Large

Numbers, Proposition 2, and the Random Time Change Theorem (3), we have that

K Ap(T) . K 4 nAp(T) K
; ZZ; v (i) = ;n Z:: j;ﬂk()\kt)v as m — 00,
it follows that the term on the righthand side of (79) is P-a.s. bounded as n — oco. Furthermore, since
the function G}, is bounded and by Assumption (A1) continuous, it follows by a slight modification
of Lemma 8.3 of Dai and Dai (5) — i.e., one that accounts for functions of bounded variation as
opposed to simply increasing functions — that the convergence in (78) holds uniformly on compact
sets, P-a.s. as n — oo. It follows then that é7(t) — £7(t) — 0, uniformly on compact sets, P-a.s. as

n — 00, which completes the proof.

Q.E.D.
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We next prove Proposition 15.

Proor or ProrosiTioN 15. We first show that for each T > 0, the sequence
{SUPOgth W™ (t)],n > 1} is tight. Note that from equation (39) for the virtual waiting time process

and recalling the definition of W from (41), we have that for each T'>0,

sup |W"(1) (80)
0<t<T
K ~ —
= sup [W(0) + 1"(8) + [N, (AR(D) + M (A7 (1) + 5.1
0<t<T 1

-l-/o Do (GR(W(s)) = Gr(W (s))ds

K
< sup [W7(0) 4 17(0) + 3 | M (A (1) + NG (AR (1)) + £5.(0)| ‘
== k=1
t K
+ sup / Zn1/2pk(Gk(W"(s))—Gk(W(s))ds
0<t<T
K —
< sup W(0)+17(1) D [ M (AR (D) + M (A3 (1) + £ (1)
0<t<T 1
t K 5
+ sup / > o sup Felw)W"(s)ds
0<t<T |Jo i—1 0<u<max(Wn(T),W(T))

< sup

0<t<T P

K
W)+ () + Y | NIz (At +M§k(ﬁz(t))+éz(t)}|

+/0 Zpk sup fr(u) sup |V~V"(S)’d8

i—1 0<u<max(Wn(T),W(T)) 0<u<s

Thus, by Gronwall’s inequality (6), it follows that

Nk

sup WO < sup (W7(0) +1"(0) + D | N (AR (1) + Mg (AR (1) + 40 ‘
X exp (szk sup fi(u )> (81)
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However, since by the Continuous mapping Theorem (3) and Propositions 10, 11, 12 and 14, the

{ sup ,n > 1}
0<t<T

is tight, it follows from (81) that {SuPogth W (t)|,n> 1} is tight as desired.

sequence

W (0)+1(0) + 3 [V (AR (1) + M (A3 (1) + &(1)]

k=1

Now let k€ {1,..., K} and note that by Assumption (A2) we have that for any 2 >0 and 0 € R,
Gr(x+0) — Gi(z) = — fr(z)d 4+ 0(0), where 0(d)/d — 0 as § — 0, uniformly in z. It therefore follows

from the definition of 0} in (40), that

sup [07(t)] = n'/* sup

/O Ppr((G(W"(s)) = Gr(W (s))) = (fu(W () (W"(s) = W (s))))ds

0<t<T 0<t<T
t
— 0 sup | [ pro(W(s) — W(s))ds|
0<t<T Jo
< Tpy sup nV2|o(W™(t) = W (1))
0<t<T

= Tpy. sup [W"(t)(o(W"(t) = W (1) /(W"(t) = W(1)))|

0<t<T

< Tpu sup W7 (1)] sup [o(W" () =W ()/(W"(t) =W (1)

0<t<T

=0 as n— oo, (82)

since the sequence {Sul)ogth W (t)|,n> 1} is tight and by Theorem 1 and the Continuous Map-
ping Theorem, supy, . [W"(t) — W(t)| = 0 as n — oo. This completes the proof. Q.E.D.
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