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Abstract

We establish a heavy-traffic limit theorem on convergence in distribution for the number of
customers in a many-server queue.

1 Introduction

Heavy-traffic limits for many-server queues is hardly a new topic. In particular, there exists a
substantial body of literature on the Halfin—-Whitt regime which is singled out by the require-
ments of critical loading and certain initial conditions. In many instances, by assuming that the
service time distribution lies within a specific class of probability distributions it has been shown
that in the Halfin-Whitt regime the suitably centered and normalized processes of the number of
customers in the system converge in distribution for Skorohod’s Ji-topology to a process with con-
tinuous trajectories, which may be explicitly identified. This was first accomplished in the work of
Halfin and Whitt [10] for the case of exponential service time distributions and has been contin-
ued by many additional authors as well for different classes of service time distributions, see, for
instance, Jelenkovic, Mandelbaum, and Momcilovic [13], Mandelbaum and Momcilovic [18], Kaspi
and Ramanan|[14], Puhalskii and Reiman [21], Whitt [25], and the recent survey paper by Pang,
Talreja, and Whitt [20]. One exception to the above list is the work of Reed [22] in which no
assumptions beyond a first moment are placed on the service time distribution. A related avenue
of research concerns infinite servers in heavy traffic, see, e.g., Krichagina and Puhalskii [15], Pang,
Talreja, and Whitt [20], and references therein.

The purpose of this paper is to extend the aforementioned results to allow noncritical load-
ing, generally distributed service times, and general initial conditions. We consider a sequence of
G/GI/n queues. The number of servers, n, tends to infinity and the service time distribution is held
fixed. It is assumed that the centered and normalized arrival processes converge in distribution.
The main result asserts the weak convergence of finite-dimensional distributions of the suitably
centered and normalized number-in-the-system processes to the finite-dimensional distributions of
a unique strong solution of a stochastic differential equation of convolution type. In the general
case, the trajectories of the limit process are discontinuous. They do not have discontinuities of
the second kind but are not necessarily rightcontinuous with lefthand limits. Even if one considers



the rightcontinuous modification of the limit process, the finite-dimensional convergence cannot be
extended to convergence in Skorohod’s Ji-topology, unless additional requirements are imposed.

Under a certain condition on the fluid limit and the service time distribution, the limit stochastic
process has trajectories in a Skorohod space and the convergence in distribution to this process holds
for the Ji-topology. The results of Halfin and Whitt [10] and Reed [22] follow as particular cases.
In fact, the convergence in distribution is stated for the stronger topology of uniform convergence
on compact intervals, which we call the topology of compact convergence. This topology plays a
prominent role throughout the paper so much so that the supporting results are established for
this topology rather than for the Ji-topology. This emphasis is necessitated by the need to rely
on certain continuity properties of equations describing the evolution of the system’s population,
which we are able to establish only for the topology of compact convergence.

Furthermore, the topology of compact convergence is almost “too strong”. Since it is nonsepa-
rable, the associated Borel o-algebra is strictly larger than the Kolmogorov o-algebra, which leads
to measurability problems, see, e.g., Billingsley [1]. As a consequence, one needs to extend the no-
tion of convergence in distribution. The relevant theory has been developed by Hoffman-Jgrgensen
and his followers and is expounded upon in van der Vaart and Wellner [24]. Its primary moti-
vation was to provide tools to tackle convergence in distribution of empirical processes in strong
topologies. Empirical processes also play an important part in the study of heavy traffic limits
for infinite servers, see Louchard [17], Krichagina and Puhalskii [15]. This explains why we find
methods developed in a different context useful for our setting.

One of the challenges of working with convergence in distribution in nonseparable spaces has to
do with Borel probability measures not being necessarily tight. Note that on complete spaces the
tightness and separability properties are equivalent. Many conclusions of the Hoffman-Jgrgensen
theory rely on the assumption that the limit probability measure is separable. It is therefore
important to show that the stochastic processes that appear in the limit have separable ranges,
so their distributions are separable probability measures. We accomplish this by establishing that
certain limit processes are Gaussian semimartingales. Since Gaussian semimartingales jump at
deterministic times, their ranges are separable sets. As a side remark, there are no known examples
of nonseparable Borel probability measures and the axiom that such measures do not exist can be
consistently added to the Zermelo—Frenkel set of axioms, see Dudley [8] and van der Vaart and
Wellner [24] for these and other observations. Our results, however, make no use of this fact.

Another ingredient in the proof of the main theorem is a martingale argument which originates
from Krichagina and Puhalskii [15]. It is instrumental in establishing tightness for the processes
of interest. The key that makes an application of the methods of [15] possible is the insight of
Reed [22] that the process of customers entering service in a many-server queue can be treated in
analogy with the arrival process at an infinite server. There are, however, certain improvements on
the derivation of the needed martingale properties as compared with the cited papers. In particular,
our approach provides better insight, in particular, it clarifies connection of these properties with
certain two-parameter processes being planar martingales, which was implicit in Krichagina and
Puhalskii [15]. In addition, the construction of the limit process and a number of proofs in [15]
relied on the continuity of the fluid limit. Here it is not necessarily the case, so a more subtle
argument is called for. As a byproduct, in application to a G/GI /oo system our methods enable us
to remove the restriction of Krichagina and Puhalskii [15] that the fluid limit for the arrival process
should be continuous.

The paper is organized as follows. In Section 2 the main results are stated and their proofs are
presented. We first recall basic facts about convergence in distribution for nonmeasurable mappings.
We then state in Theorem 2.1 the fluid limit result of Reed [22], which is given a different proof.
This proof comes in useful when dealing with a more general result of Theorem 2.3. Theorem 2.2



presents the stochastic approximation result. The proof relies heavily on the continuity property
of convolution equations, on the one hand, and on a result of convergence in distribution of certain
stochastic processes, on the other hand. The former result is proved in Appendix A and the latter
result is proved in Section 4. Appendix B contains the martingale arguments. The Gaussian limit
for a G/GI /oo system is stated in Subsection 2.3. This subsection also contains extended versions
of Theorems 2.1 and 2.2. These results are proved by similar means, so we omit the actual proofs.
In Appendix C we summarize the properties of convergence in distribution for nonmeasurable
mappings which are, for the most part, borrowed from van der Vaart and Wellner [24].

Notation and conventions. The set of real numbers is denoted by R, the set of nonnegative reals
is denoted by R, the set of nonnegative rational numbers is denoted by Q, and the set of natural
numbers is denoted by N. For real numbers z and y, z Ay = min(z,y), xVy = max(z,y), T = 2 V0,
and |x| denotes the integer part. Integrals of the form fab are understood as f(a,b] except when
a = 0: we interpret foa as f[O,a]' Similarly, fR%r = f[O,oo)X[O,oo) . For a function g(z) of a nonnegative
real-valued argument, g(x—) denotes the lefthand limit at =, and Ag(z) = g(z) —g(z—) . We always
assume that g(0—) = 0, so Ag(0) = g(0). If f(z,y) is a function with domain R? and z1 < 2
and y; < yo, we define Of (21, 1), (x2,92)) = f(22,92) — f(2z2,91) — f(2z1,92) + f(z1,01). 1a
denotes the indicator function of set A. Products of topological spaces are assumed to be equipped
with product topologies. All random entities are assumed to be defined on a common complete
probability space (2, F,P) with E denoting the associated expectation. Filtrations are defined as
rightcontinuous flows of complete o-algebras.

2 Main results

2.1 Extended convergence in distribution

We recall the concept of convergence in distribution due to Hoffmann-Jgrgensen as presented in
van der Vaart and Wellner [24]. Let & be a real-valued function on 2, which does not have to be
a random variable, i.e., to be appropriately measurable. The outer expectation E*¢ of £ is defined
as the infimum of E¢ over all random variables ¢ on (2, F,P) such that ( > ¢ a.s. and E( is well
defined. Let S be a metric space made into a measurable space by endowing it with the Borel
o-algebra B(S). Given a sequence X, of maps from (€2, F) to S and a measurable map X from
(Q,F) to (S,B(S)), we say that the X,, converge to X in distribution in S if
lim E*f(X,) = Ef(X)
n—oo
for all bounded continuous real-valued functions f on S'.
In this paper, S will have as its elements right-continuous with left-hand limits functions from
an interval I on the real line to a complete metric space U. We denote this set by D(I,U). If U
is, in addition, separable, then it is customary to equip D(I,U) with Skorohod’s Ji-topology and a
complete separable metric, see, e.g., Jacod and Shiryaev [12], Ethier and Kurtz [9]. The resulting
Polish space will also be denoted by D(I,U). We hope that no confusion will arise out of this
ambiguity.
For the most part, though, we will be concerned with the stronger topology of compact conver-
gence. This topology is compatible with a complete metric which can be defined by

d(x, :OO su 1 x(t),y(t)))27%,
(x,y) I;te[oﬁm( A p(x(1),¥(1)))



where x = (x(t),t € I) and y = (y(t),t € I) are elements of D(I,U) and p is the metric on
U. We denote this metric space by D¢ (I,U) and equip it with the Borel o-algebra. One of the
nice properties of the topology of compact convergence is that Do (I, Uy x Us) is homeomorphic
to Do (I,U;1) x De(I,Usy) for arbitrary metric spaces U; and Us. (Recall that, by contrast, the
topology of D(R,,R?) is strictly finer than the topology of D(R,,R)?).

The space Do (1, U), though complete, is not separable unless either I or U represent a one-point
set. Therefore, the Kolmogorov o-algebra on D¢ (1, U) is strictly smaller than the Borel o-algebra,
so a stochastic process X with trajectories in D(7,U) need not be a random element of Da(1,U) .
However, if the range of the mapping from  to De(I,U) defined by X is a separable set, then X
is a random element of D¢ (I, U). We call such X a separable random element. In particular, if
X has continuous trajectories a.s., or more generally, if its jumps occur at deterministic times a.s.,
then X is a separable random element of D¢ (1, U).

Suppose X is a stochastic process which is a random element of Do (1, U). We say that a se-
quence of stochastic processes X,, with trajectories in ID(1, U) converges in distribution in D¢ (7, U)
(or, for the topology of compact convergence) to X if the associated maps X,, converge to X in
distribution in D¢ (1, U). Convergence in distribution in D(I,U) is defined in a standard fashion,
provided U is Polish. If the latter is the case, convergence in distribution in D¢ (7, U) implies con-
vergence in distribution in D(I,U) and convergence in distribution in D(7,U) to continuous-path
processes implies convergence in distribution in D (1, U) .

2.2 Limit theorems for the many server queue

We assume as given a sequence of many server queues indexed by n, where n denotes the number of
servers. Service is performed on a first-come-first-serve basis. We denote the number of customers
present at time 0— by Q. Out of those, Q) An customers are in service at time 0— and (Qf —n)™
customers are in the queue. We denote the remaining service times of the customers in service at
time 0— by 71,792, ... and assume that they come from an i.i.d. sequence of nonnegative random
variables with distribution F'. The service times of the customers in the queue at time 0— and
the service times of customers exogenously arriving after time 0— are denoted consecutively by

N1,72, ... and come from an i.i.d. sequence of nonnegative random variables with distribution F'.
The 7; are not equal to zero a.s. Equivalently, we require that
F0)<1. (2.1)

We let E™(t) denote the number of exogenous arrivals by ¢. The entities Qf, {71,72,...},
{m,n2,...}, and E™ = (E"(t), t € R;) are assumed to be independent.

Let Q™(t) denote the number of customers either in the queue or in service at time ¢, let A™(¢)
denote the number of customers that enter service after time 0— and by time ¢, and let Q”(t)
denote the number of customers remaining in service at time ¢ out of those that were in service
at time 0— . The introduced stochastic processes are assumed to have rightcontinuous paths with
lefthand limits. The following equations appear in Reed [22], cf. also Krichagina and Puhalskii
[15]: for t € Ry

) t t A" (s)
@) =@ -0+ Q0 ) - [ / Lerrend 3 Lpca) (2.2)
0 0 =1
AM(t) = (@5 - m)* + E"(t) — (@"(t) —n)* (2.2)
QyAn
"= Y Ly - (2.2¢)
=1



We note that the integral on the righthand side of (2.2a) represents the number of departures by
time t of the customers that enter service after time 0— as seen from the representation

t t A" (s) An ()
//1{S+I<t}d Z Lini<ey = Z Lirngm<ty s
0 0 =1 =1

where

= inf{t € Ry : A™(t) > i}.

We now introduce the fluid limit equations. According to Lemma A.1, given qp € Ry and a
nondecreasing function e = (e(t), t € Ry) € D(R,R), there exists a unique function q = (q(t) ,t €
R+) € D(R4,R) which satisfies the equation

at) =qo— (qo— 1) F(t) —qo A1 F(t) /et—s ) dF (s +/ (t—s)—1)TdF(s). (2.3)
0 0

One can easily see that q is Ry-valued. We also define a function a = (a(t),t € Ry) € D(R4+,R)
by the relation

a(t) = (qo—1)" +et) - (at) - 1)". (2.4)
The next theorem is due to Reed [22].

Theorem 2.1. Suppose that, for arbitrary T > 0 and € > 0,
Qg

lim P(|=% —qo| >¢) =0
n—oo n
and
E™(t
lim P( sup | ()—e(t)\>e):0.
n—o yeor) M
Then, for arbitrary T > 0 and € > 0,
"t
lim P( sup |L<) —q(t)>€) =0
nmee tefor) M
and
ATL
lim P( sup | ®) —a(t)| >¢€) =0.

n—oo tefo,r) M

Since A"(t) represents the number of customers that enter service by time ¢ out of those that
are either queued at time 0— or exogenously arrive after time 0—, the process A" is R, -valued and
nondecreasing. Hence, under the hypotheses of Theorem 2.1, a = (a(t), t € Ry) is a nondecreasing
R, -valued function from D(R,R).

An interpretation of equation (2.3) can be as follows. By (2.4), the function a = (a(t),t € R;)
represents “fluid customers entering service after time 0—". If we write (2.3) in the form

q(t) = qo +e(t) — (qo/\lF +/at—s )dF(s)) ,
0



then the first two terms on the right have the meaning of “the number of fluid customers” seen by
time ¢ and the sum in parentheses represents “fluid departures” by time t.

Condition (2.1) cannot be disposed of in general. If we suppose, for instance, that F(0) = 1,
and F(tg) = 0 for some to > 0, then we may obtain different fluid limits for the cases where QI = n
and QF = n — 1. In the former case, Q"(t) = E"(t) +n for all t < g as all servers remain occupied
until o, while in the latter case Q"(t) = n — 1 for ¢ < ¢y as the only available server will let all
exogenously arriving customers out of the system immediately.

We now state the stochastic approximation result. Define processes X™ = (X" (t),t € R;) and
Y™ =(Y"(t), t € Ry) by

xn(t) = vi(LY g, (25)
—e(t)). (2.6)

We note that X™ and Y are random elements of D(Ry,R). However, they do not have to be
random elements of Do (R4, R). Let us also denote

X = V(% —q).

n
We introduce the following condition:

t

liII(l) sup / L{o<|q(t—s)—1]<e} dF(s) =0 for all T'> 0. (2.7)
€~Y¢eglo,1] 9

By Lemma A.2, this condition holds when F' is a continuous function with F'(0) = 0.

Theorem 2.2. Suppose that, as n — oo, the X converge in distribution in R to a random variable
Xo and the Y™ converge in distribution in Do(R4,R) to a process Y which is a separable random
element of Do(R4,R). Then finite-dimensional distributions of the processes X™ weakly converge
to finite-dimensional distributions of the process X = (X(t),t € Ry) that is a unique strong solution
to the equation

X(t) = (XoLyges1) + X5 Ligooy)(1 = F(1) + X() + Y(t) — /Y(t —5)dF(s) + Z(t)
0

+ [ (X(t=5) 1quos)>13 + Xt =) Liqu_s)=1} ) dF(s),

o _

where X (t) = v/ao A LWO(F(£)) +(Xo 1ygo<1y +XoA0 1ggo=1y )(1—F(t)), WO = (WO(t),t € [0,1])
is a Brownian bridge, and Z = (Z(t),t € Ry}) is a zero-mean Gaussian semimartingale with
trajectories from D(R4,R) and with covariance

EZ(s)Z(t) = /F(s/\t—u)(l — F(sVt—u))da(u),
0

the entities Xo, Z, WO, and Y being independent. The trajectories of X admit lefthand limits and
righthand limits a.s.



If, in addition, condition (2.7) holds, then X is a separable random element of Dc(Ry, R) and
the X™ converge in distribution in Do(R4,R) to X. In particular, if Y has continuous trajectories

and the Y™ converge in distribution in D(Ry,R) to Y, then the X™ converge in distribution in
DR+, R) to X .

We now comment on this theorem. To show that X does not necessarily have trajectories from
D(R4,R), consider the case where Qf = 0, E" is a Poisson process of rate n, and F(t) = 1g>0y -
Then e(t) =t, Y is a standard Wiener process, and Z(t) = 0. For the fluid limit, we have q(¢t) =t
fort <2,q(t)=2for2<t<3,q(t)=t—1for3<t<4,q(t)=3for4<t<5, q(t)=t—2for
5 <t < 6, etc. The process X is of the form: X (¢) = Y(¢) for t < 2, X(t) =Y (¢t) — Y (t — 2) for
2<t<3, XB)=YB)-Y(H)AN0, X(t)=Y(t)for3<t<4, X(t)=Y(t)-Y(t—4) ford <t <5,
XB)=Y0B)—-Y(Q)A0, X(t) =Y(t) for 5 <t < 6, etc. Thus, the trajectory X (t),t € Ry, is
rightcontinuous when Y (1) > 0 and is leftcontinuous when Y (1) < 0. To see that convergence in
Skorohod’s Ji-topology to the rightcontinuous modification of X does not hold for this example,
note that (cf., (3.20) in the proof of Theorem 2.2)

XM(t) =Y"(t) = Y"(t—2) Lyzgy + (X"t —2) +Va(a(t —2) = 1)" —Va(a(t —2) = 1)7) Lz -
It follows that sup,cpo | AX" ()| < 3supseior|AY™(t)] = 3/v/n. On the other hand, X (3+) —
X(3—)=Y(1), so the jumps of X" “do not match” the jumps of X, which rules out convergence
in distribution of the X™ to the rightcontinuous modification of X for the Ji-topology. One can
talk of convergence in the M;-topology.

Since the process Z is a Gaussian semimartingale, its jumps occur at deterministic times, see
Jacod and Shiryaev [12] and Liptser and Shiryayev [16], so this process is a separable random
element of Do (R4, R). Similarly to Krichagina and Puhalskii [15], Z admits a representation as a
stochastic integral, which follows from the proof of Lemma 4.4 below. Specifically,

2(t) = / 1(ssacyy dU(5,2), (2.8)
52
where (I'(s,z), s € R,z € R,) is a zero-mean Gaussian process with covariance

EL(s,2)(t,y) = (a(s) A a(t)) (F(@) A F(y) — F@)F(y)) .
The integral on the right of (2.8) is understood as a mean-square limit of
l
[ s, 0. 0) = Y Gskt = sh) ~ Tl vt = st )+ 0.0,
=1
RZ !
where 0 = sb < 88 < sb < ... < st =t L(s,2) = Zz_ Lise(sl sty Yio<ast—st 3 T
1is—0y L{o<e<sy > and max; (st — st ) = 0asl— co.
The Halfin-Whitt regime is obtained when qo = 1, e(t) = M for some A\ > 0, and F(t) =
)\fg(l — F(s))ds. By (2.3), q(t) = 1 for t € R;. The equation for X in the statement of
Theorem 2.2 takes the form

X(t) = X (1— F(8) + WO(F() + Xo A0 (L F /Yt—s )dF(s) + Z(1)
0

¢
+ [ X(t—s)TdF(s),
/



Usually, instead of there being a limit for the processes Y™ as defined in (2.6) one assumes the
existence of p™ € (0,1) with f(l - p ") converging to a finite limit as n — oo such that there
is a limit in distribution for (y/n(E"(t)/n — p"t/ [ sdF(s)), t € Ry). These hypotheses imply
convergence of the Y™ with e(t) = (fo sdF(s)).

2.3 Extensions

In this subsection we state a number of results which admit similar proofs.

We begin by extending Theorems 2.1 and 2.2 to the case where the customers in the queue
and in service at time 0— may have differently distributed service times and where there can be
available servers at time 0— even when there are customers awaiting service. The previous notation
is retained. We also denote by Qg the number of customers in the queue at time 0—. Their service
times are denoted 7)1, 7o, . . . and come from an i.i.d. sequence of nonnegative random variables with
distribution }? AAS with the 7;, it is assumed that the 7); are not equal to zero a.s., i.e., F(O) <1.
The entities Qf, Qi {7, 72, ...}, {M,72,...}, {m,m2, ...}, and E" = (E™(t), t € R,) are assumed
to be independent.

Let A™(t) denote the number of customers that enter service by time ¢ out of those that have
arrived after 0—, let A”(t) denote the number of customers that enter service by time ¢ out of those
that were in the queue at time 0—, let Q”(t) denote the number of customers out of those present
at time 0— that have not left by time ¢, and let Q"(t) denote the number of customers remaining
in service at time t out of those that were in service at time 0—. The introduced quantities satisfy
the following equations for ¢t € Ry:

Au"(s)

Qn(t) = Qn +En 1 s+z<t d 1 i<z}
0// {s+a<t} ; {mi<z}
A1) = E™(1) +(Q"(t) —n)" —(Q"(t) —n)",

R ) } t t A"(s)
Q"(t)=Qy +Q"(t) — // Ligra<ty d D Lz} »
0 0 =1
AMt) = QF — (Q™(t) —n) T
o
Q"(t) = Loy -
=1

The fluid limit equations are of the form
¢ t t
/et—s )dF (s / (t—s) dF()+/(q(t—s)—1)+dF(s),
0 0 0

a(t) = ao(1 — F(1) + ao(1 +/ (t—s)— 1) dE(s).
0

We also define functions a = (a(t) ,t € Ry) € D(R4,R) and a = (a(t),t € Ry) € D(Ry,R) by the
equalities
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Theorem 2.3.

and

Suppose that, for arbitrary T > 0 and € > 0,

A~

Then, for arbitrary T > 0 and € > 0,

and

We now state the stochastic approximation result. The processes X"

nlingoP(\% —qo| >¢€) =0,
lim P(\% —qo| >€) =0,
n—00 n
En(t
lim P( sup |J —e(t)| > ¢€) =0.
oo o) M
(¢t
lim P( sup \Q *) —q(t)| > e) =0,
n—0oo te[0,7] n
A s
lim P( sup |Q (*) —q(t)] >e) =0,
n—oo tE[O,T] n
An(t
lim P( sup | ()—é(t)|>e):0,
=0 yeor] M
An(t
lim P( sup | ()—é(t)|>e):0.
=0 o] M

Y™ = (Y"(t), t € Ry) are defined by (2.5) and (2.6). We also denote

Theorem 2.4. Assume that the XS and X§ converge in distribution in R to random variables X
and Xo, respectively, as n — oo . If the Y™ converge in distribution in Do (R4, R) to a process Y
which is a separable random element of Do (R4, R), then the processes X™ converge in the sense of
finite-dimensional distributions to the process X = (X (t),t € Ry) that is a unique strong solution

X = V(s @ —a0), X =il QOf ).

to the set of equations

X(t) =Y(t) -
i
'/

X(t) =

o _

Y(t —s)dF(s) + Z(t) + X (t)

(X™(t),t € Ry) and



and

= VaW (F(t)) + Xo(1 - F(t)),

where Z = (Z(t),t € Ry) and Z = (Z(t), t € Ry) are zero-mean Gaussian semimartingales with
tragectories in D(Ry,R) and with respective covariances

B2 () Z(t) = / F(s At —u)(1— F(s Vi — ) di(u)
0

and
SAt

EZ(s)Z(t) = / F(snt—u)(1—F(sVt—u))da(u),

0

and WO = (WO(t),t € [0,1]) is a Brownian bridge, the entities Xo, Xo, Z, Z, W9, and Y being
independent. The trajectories of X admit lefthand limits and righthand limits a.s.
If, in addition, for oll T > 0,

t

lim sup /(1{0<|Q(t—s)—1|<e} + L{ociq(t—s)-1)<e} ) dF(s) =0
€~V ¢el0,T) 5

and

t

lim sup / L{0<lq(t—s)-1]<c} 4F(s) =0,
€—~Y¢efo,1]

then X and X are separable random elements of Do(Ry,R) and the X™ converge in distribution
in Do(Ry,R) to X .

We conclude this subsection with the Gaussian approximation result for an infinite server.
Consider a sequence of G/GI /oo systems indexed by n. Adapting the earlier notation, we denote
by Q" () the number of customers present at time ¢ and we denote by E™(t) the number of exogenous
arrivals by t. We also reuse the introduced earlier i.i.d. sequences {7; ,i € N} and {n;,7 € N} with
respective distribution functions F(z) and F(z). As above, they represent the remaining service
times of customers in service at time 0—, whose number is denoted by Qg, and the service times of
exogenously arriving customers, respectively. By contrast with condition (2.1) we allow the 7; to
equal zero a.s. The entities E™ = (E™(t),t € Ry), QF, {#;,i € R, }, and {n;,i € R, } are assumed
to be independent. The evolution of the process Q" = (Q"(t),t € R,) is governed by the equation

o t E"(s)
Q" (1) = Lgsn + B / / Lisrocyd 1(y<a) -
=1 0 =1

In analogy with the earlier notation, given qq € R+ and a nondecreasing functlon e = (e(t), t
R, ) € D(R;,R), we define (t) = qo(1 — E(t)) fo e(t—s)dF(s), X ( Vn(Q"(t /n—
qat)), X = v/n(Q/n — qo), and we define Y”( ) by (2.6) .
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Theorem 2.5. Suppose that, as n — oo, the X{ converge in distribution in R to a random
variable Xo and the processes Y™ = (Y™(t),t € Ry) converge in distribution in Dc(R4,R) to a
process Y = (Y (t),t € Ry) which is a separable random element of Do(Ry,R) . Then the processes
procees =

X" = (X"(t),t € Ry) converge in distribution in Dco(Ry,R) to the process X = (X (t),t € Ry)
defined by

X() = (1 — F(£))Xo + v WO(F(t) + Y (t) - /Y(t S dF(s)+ Z(1),
0

where WO = (WO(t),t € [0,1]) is a Brownian bridge, Z = (Z(t), t € Ry) is a zero-mean Gaussian
semimartingale with trajectories in D(Ry,R) and with covariance

sAL

EZ(s)Z(t) = / F(sht—u)(1—F(sVt—u))de(u),
0

the entities Xo, Z, W9, and Y being independent.
In particular, if Y has continuous trajectories and the Y™ converge in distribution in D(Ry,R)
toY, then the X converge in distribution in D(R,,R) to X .

For the case of a continuous Y, the latter limit theorem generalizes the earlier results by
Borovkov [2] (which result can also be found in Borovkov [3]) and Krichagina and Puhal-
skii [15]. We recall that Borovkov [2] imposed a Hoélder continuity condition on the function
( fg (1— F(t—s))de(s),t € Ry) and Krichagina and Puhalskii [15] required e to be continuous.

3 Proofs of the main results
This section contains the proofs of Theorems 2.1 and 2.2.

3.1 Preliminaries

We start by developing semimartingale representations for the processes of interest. On introducing

LA
V(t,x) = - (1y<ay — F(2)), (3.1)
=1
we have by (2.2a)
Low=Ca-0r+iows terw -t /A"(t — §)dF(s) + \/15 ), (32)
0
where
20 =~ [ Lorazy V(5,0 (33)
2
Let .
1Y AR ()
LMt,7) = — Lpeny — | — . (3.4)
n i_1< {m=z} O/l—F(u—))



Then by (3.1),

VRt z) = — / m dF(u) + L"(t,z). (3.5)
Hence, by (3.3),
ZM(t) = G™(t) — M™(t), (3.6)
where
P = / V”(f;f’f_)dp(x) (3.7)
0
and
M (t) = / oract AL (s, 2) . (3.8)
o

We note that by (3.1), (3.4), and (3.8)

MO =V (00 + [ L) Lsracy AL (513). (3.9)
2

We also define, for k € N and t € R,

MO = [ Lsrazy dLi(s,2), (3.10)
d
where R
A"(S)/\k Ni/\T
Ly (s, x) ; (1{0<n <z} — / Liu>0 1= Flum) —F(u—))’ (3.11)
and
M) = [ Lsracy TR s:2),
o
where .
A"(s)/\k Ni/\T
L) ( / 1y, dF
< =1 0 ¢ >O} (U—)) ( )

For t € R4, let Qf denote the complete o-algebra generated by the random variables
Lirn<s) Lin,<a}, where 2 +s < ¢ and ¢ € N, and by the A™(s) (or, equivalently, by the 1ineg for
i € N), where s < t. We introduce “the rightcontinuous modification” by Gf* = OE>OQA[‘+E. Then
= (G, t € Ry) is a filtration.
The next lemma originates in Krichagina and Puhalskii [15, Lemma 3.5], see also Reed [22
Lemma 1], where larger filtrations are used. Our conditions are closer to minimal ones. The proof
is also different from those in the cited papers and is more direct.
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Lemma 3.1. For each k € N, the process M? = (M]!(t),t € Ry) is a G™-square integrable
martingale starting at 0 with predictable quadratic variation process (M") = ((M")(t) ¢t € Ry).

Proof. According to Lemma B.3 it suffices to prove that, given i € N, s € Ry, and = € R, the
random variable 7; is independent of the random variables n; for j # 4, of the T} for j <, and of
the 7' A (s+x) for j > i, when conditioned on the event {t]* > s,m; > z} and that 7, is independent
of the 7} for j <. By (2.2a)-(2.2c), the 7} for j < i are measurable with respect to the o-algebra
generated by QO, QO, nj, j € N, nj, j < i, and E™(t), t € R;. By the independence assumptions
in the hypotheses of Theorem 2.2, this o-algebra and 7; are independent, hence, 7" for j < i and
7; are independent.

Let A™ = (A™(t),t € R ) denote the process of exogenous arrivals entering service that would
occur if the i-th exogenously arriving customer had an infinite service time and let TJ”* = inf{t :
A™(t) = j}. Then by (2.2a)—(2.2c) the 77" for j € N are measurable with respect to the o-algebra
generated by QF, Qg, nj, j € N, nj, j <1, and E"(t), t € R;. Hence, they are independent of 7; .
Therefore, 7;, on the one hand, and 7; for j # 1, U for j <4, and T for j > 4, on the other hand,
are independent. In addition, as it follows by (2.2a)-(2.2c), on the event {7* > s,1; > x} the i-th
exogenously arriving customer does not depart until after time s + z, which means that she has
the same effect on the epochs before time s + x when exogenously arriving customers enter service
as if she never completed service. To put it precisely, Tj”* A(s+x)= A (s+x) for j € N on the
event {1" > s,1m; > x}.

By the established independence property, we have for natural numbers r1,72,...7r; none of
which equals ¢ and ¢ < p; < p2 < ... < pm, and for bounded Borel functions fi,..., fi, g1, .., g,
hi,..., hm, and f,

l m
E([] /i) [T T i, A (s + @) f(mi) o = s,mi > )

j=1 j=1 J=1
E(ITj=1 £5(r,) Tzt 05 () TS By (g A (s + ) f(02) Lan s>} )
P( "> s,m > 1)
B (T i) Ty 05 () TU By (7 A (5 + 2) F (1) L on oo )
P(rl > s,m; > :n)
B ([Tjr £50ry) Ty 95 (1)) T (7 A (5 4+ 2)) Lz JE(F (1) 1oy )

P(r > s)P(Wz > x)

BT £ ) Ty 95 () T (737 A (5 + @) Lrpzgy Lnsay ) BU0) Loy Lo )

P(">sm>x) P(r]' > s, m > x)
E([Tj= fi(ne) o 95 (TP T2 By (1 A (5 + 2)) Lirnsgy Linesay ) BUF0) Lgisey Limnzsy)
N P(">sm>x) P(r* > s, mi > x)

H (r;) Hga Hh (1o A (s +2)|7]" > 5,m; > 2)E(f(n:)|7]" > s, > ) .

: : ] 1
An application of Lemma B.3 completes the proof. O
Remark 3.1. We stop short of claiming that M"™ is a G™-locally square integrable martingale
because there might not be a sequence of stopping times such that the “stopped” processes A" are

bounded. However, if, in addition, the jumps of A" (including the “jump” at zero) are uniformly
bounded, then M™ is a G™-locally square integrable martingale.
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3.2 Proof of Theorem 2.1
Lemma 3.2. Under the hypotheses of Theorem 2.1, for T > 0,
lim limsup P( sup |Z"(¢)] >b) =0.

b—00 n—oo te[0,T]

Proof. In view of (3.6) it suffices to prove that

hm limsupP( sup |G"(t)| >b) =0 (3.12)
b—oo n—oo t€[0,T7
and
lim limsup P( sup |M"(t)] >b) =0. (3.13)
b—00 n—oo te[0,T)

Let us firstly note that, for ¢ > 0 and b large enough,

lim P(l A™Mt) > b) =0, (3.14)

n— oo n

which follows by the bound A™(t) < (Q —n)* + E™(t) (see (2.2b)) and the convergence in proba-
bility of Qf/n to qo and of E™(t)/n to e(t) in the hypotheses of Theorem 2.1.
The proof of (3.12) is analogous to the proof of (3.23) in Krichagina and Puhalskii [15]. Let
5 T
vVt x) = NG > (Lppcay — F(2)) . (3.15)

=1

We have, for ¢ > 0, on taking into account (3.1), (3.7), and (3.15),

(/ Supyefo e |V (t 2-)]

P( sup |G"(t)] > b) < P(% ANT) > cT) + P 1— F(z—)

dF (z) > b).
te[0,T]

By (3.15), for fixed ;, V"(t,z) is a locally square-integrable martingale in ¢ relative to the natural
filtration with predictable quadratic variation process (|nt]/n)F(x)(1 — F(x)). Theorem 1.9.5 in
Liptser and Shiryayev [16] yields the bound Esupcp o [V" (¢, 2—)| < 3y/cT'(1— F(z—)). Hence,

1 Esupyepoer [V(t Fz—))|
! <
/ 1= Fla—) dF(x) <6VcT,

0

o (3.12) follows by an application of Markov’s inequality and (3.14).

Next, on noting that V"(t,0) = V"(A"(t)/n,0) and that M"(t) = M (t) when A™(t) < K,
we have by (3.9), Lemma 3.1, Kolmogorov’s inequality, and the Lenglart-Rebolledo inequality, see,
e.g., Liptser and Shiryayev [16], for b > 0 and ¢ > 0,

P( sup |[M"(t)| > b) < P(A™(T) > LanJ)—i—P( sup |17”(t,0)| > 12))+P( Sup ’MLan ()] > g)
t€[0,7] t€[0,6T) tel0,T
P(A™T) > [nbT|) + 4(Tb;”) T+ P((M77)(T) > )
LanJ
PA™(T) > |[nbT)) + <T+ +p(2 Z / T _Ffﬁ))) AF(u) > ).
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By Markov’s inequality,
T [e.e]
1 — F(u) bT
— dF(u) > ) < =,
G ZZ» 0/ (s (T pru g 0> ) <
so, on picking ¢ = p3/271/2,

AT /T
P( sup |[M"(t)| > b) < P(A™(T) > [nbT]) + -5 +5
te[0,T] b b

The convergence in (3.13) now follows by (3.14). O

Proof of Theorem 2.1. Denote e™(t) = E"(t)/n, qp = Qf/n, 4"(t) = Q"(t)/n, and q"(t) =
Q™(t)/n so that by (2.2b) and (3.2)

(1) = (@ - )"+ &"(t — 5) dF (s)
o[
/ 1
—5) + s —7Z"(t). .
-I-O/ (t -1) dF()+\/ﬁZ(t) (3.16)

By Lemma 3.2, the sup;c(o 11|2"(t)|/+/n converge to zero in probability for every 7' > 0 as n — oo.
By hypotheses, the (qfj —1)* and q{} A1 converge in probability to (qo—1)" and qp A1, respectively.
By (2.2¢) and the Glivenko-Cantelli theorem, the q"(¢) converge in probability uniformly over
compact intervals of ¢ to qo A 1(1 — F(t)). Also, the compact convergence in probability of the e™
to e implies that

sup |e"(t) —
t€[0,T]

o\hF

t
(i — 5) dF(s) /et—de )
0

converges to zero in probability. Hence, on applying Lemma A.1 to (3.16), we conclude by the
fact that a sequence of random variables converges in probability if and only if its every subse-
quence contains a further subsequence that converges a.s. that the sequence sup,¢( 7] la™(t) —q(t)]
converges in probability to zero as required.

The convergence

ATL
lim P( sup | ®) —a(t)>e¢)=0
n=oo tefo,r) M
follows by (2.2b) and the part of the theorem already proven. O
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3.3 Proof of Theorem 2.2

The key to the proof of Theorem 2.2 is the following result whose proof is deferred until the next
section. Denote

/Yt—s ) dF(s), (3.17)
0

H () = Y™ (t) - / Yot — s)dF(s), (3.18)
0

X1(t) = Vi (2 Q7(1) — a0 A 11— Fi1). (3.19)

Let H= (H(t),t € Ry), H" = (H"(),t € Ry), X = (X(t), t e R}), X" = (X™(t), t € R}), and
Z"™ = (Z™(t), t € Ry). We also denote

o 1

X = Vi (@ —n)t = (@ - 1Y),

- 1

Xy = \/?S(EQS/\"—QO/\I),

Xo = Xo Liqo>1y + Xq Liqo=1} »

XO =Xy 1{q0<1} + Xg A0 l{q():l} .

Theorem 3.1. The processes X, H, and Z are separable random elements of Dp(R+,R). As
n — oo, the (XF, X™ H™ Z") converge in distribution in R x Do (R4, R)? to (Xo, X, H, Z) .

The proof is deferred until Section 4. Given Theorem 3.1 and Lemmas A.1 and A.2, the proof
of Theorem 2.2 is now routine. On recalling that X" (t) = \/n(Q"(t)/n — q(t)), we have by (2.2b),
(2.3), (2.4), (3.2), (3.18), and (3.19),

X"(t) = X2(1 - F(t)) + X"(t) + H (t) + Z"(t)

t
+/ (X™(t —5) +n(a(t —s) — 1)) = Va(at — s) — 1)) dF(s). (3.20)
0

On writing (3.20) as X" = \Il"(f(g,f(”, H™ Z™), we have by applying Lemma A.2 with f"(y,t) =
+ . .
(v +vnla(t) = 1)) —va(a(t) = 1) and f(y,t) = yLlqus1y + ¥ Lqu=1y that if x* — x in
R x Do(Ry,R)3, then ¥™(x") — y pointwise, where y = (y(t),t € Ry) is determined by the
following equations assuming that x = (x1,x2,x3,%4) with x; = (x;(t), t € Ry) for i = 2,3, 4:

t
y(t) =x1(1 — F(t)) + x2(t) + x3(t) + x4(t) + / 1{q t—s)>1} T y(t— S) 1{q(tfs):1} ) dF(s).
0

These equations spemfy y uniquely by Lemma A.1. The hypotheses and Theorem 3.1 imply that,
as n — oo, the (X, X" H", Z") converge in distribution in R x D¢ (R4, R)? to (Xo, X, H, Z),
which is a separable random element. Therefore, by the continuous mapping principle (see Theo-
rem C.2), the X™ converge in the sense of weak convergence of finite-dimensional distributions to
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X = \II(XO, X,H, Z), where ¥(x1,X2,X3,%4) = y. The trajectories of X admit limits on the right
and limits on the left by Lemma A.2.

If, in addition, condition (2.7) holds, then, by Lemma A.2, X has trajectories in D(R4,R)
and the convergence ¥"(x") — y holds in De(R4,R). An application of the continuous mapping
principle implies convergence in distribution in Do (R4, R) of the X™ to X . By Lemma A.1, U is a
continuous mapping from R x De(Ry,R)? to De(R,, R), so X is a tight random element. Hence,
it is a separable random element.

4 Proof of Theorem 3.1

In Subsection 4.1 we derive certain properties of the processes that appear in the limit, emphasizing
the property of being a separable random element. In Subsection 4.2 results on joint convergence
in distribution are established. These developments culminate in the proof of Theorem 3.1 in
Subsection 4.3.

4.1 Properties of processes associated with the Kiefer process

We first develop a number of results on the processes that appear in the limit. Let K =
((K(t,x), x € [0,1]),t € R+) be a Kiefer process such that K, YV, Xy, and X are indepen-
dent. Recall that this means that K is a zero-mean Gaussian process with EK (¢, 2)K(s,y) =
(tAs)(x ANy —xy). In particular, K(¢,x) is a Brownian motion in ¢ for fixed . We choose a
modification of K which is continuous in both variables a.s. Introduce for t € R} and x € R

V(t,xz) = K(a(t), F(z)), (4.1)
Ut,z) = K(t,F(z)), (4.2)
and define
L(t,z) =V(t,x) + / 1‘/_(3;1(;_)) dF (u), (4.3)
0
p i U(t,u—)

L'(t,x) =U(t,z) + | —=—~dF(u), (4.4)

0/ 1—F(u—)
G(t) = / V(iFl(‘;“_)) dF (). (4.5)

0

The integrals on the right of (4.3), (4.4), and (4.5) converge absolutely a.s. To see this, note that
V(t,x) is a locally square integrable martingale in ¢ for fixed x relative to the natural filtration with
predictable quadratic variation process a(t)F(z)(1—F(z)). Therefore, by Theorem 1.9.5 in Liptser
and Shiryayev [16], for "> 0, Esupcpo ) [V (£, 2—)| < 3v/a(T)(1 — F(z—)). We thus obtain

o0

E supycjo.11|V (t, u—)| [ 3/al)
/ R AE) < / e F ) <6Vl (4.6)
so that -
/ Supti[o_’Tg‘(;(i’)u_) dF(u) < oo as. forT>0. (4.7)
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A similar argument shows that for arbitrary 7> 0 and § > 0

: i V(t,u—)
lim P( sup sup — L 1ipuys1—a dF(u)] > 6) =0 13
=0 (tE[O,T]azeRJO 1— F(u—) W)>1=e (u)| > 6) (4.8)
and
: i U(t,u—)
limP( sup sup — ) Vipurs1_a dF(u)] > 8) =0. L9
=0 (te[O,T]xERJO 1— F(u—) ~Flu)>l-e (u)] > ) (4.9)
Denote )
oy = [ L F@)
Fle) _/1—F(u—) dF(u). (4.10)
0

Let U = ((U(t, x),zr €Ry), t € R+), V= ((V(t,a:), reRL), te R+), L= ((L(t,a:), reRY), te
Ry), L'=((L'(t,z), s € Ry), t € Ry), and G = (G(t), t € Ry).

Lemma 4.1. The process L is a zero-mean Gaussian process with trajectories in D(Ry, Do (R4, R)).
Its covariance is given by
EL(t,z)L(s,y) =a(t As) F'(z Ay).

Furthermore, the pair (L, V) is Gaussian.

Proof. By (4.1), (4.7), and Lebesgue’s dominated convergence theorem, the definition of L(t,z) in
(4.3) implies that L(t,z) is rightcontinuous in = with lefthand limits for a given ¢. Similarly,

lim/ |V(t’11‘__) — V)| ypy =0, lim/ |V(t’“1_1;2/(3_’“_)‘ dF(u) = 0.
0 0

tls F(u—) t1s u—)

It follows that L has trajectories in D(R;, Do (R4, R)) a.s.

Since the integrand in the integral on the right of (4.3) is leftcontinuous in u, Lebesgue’s
dominated convergence theorem shows that this integral can be assumed to be a Stjeltjes integral,
i.e., to be a limit of Riemann sums. Since finite-dimensional distributions of V' are Gaussian,
it follows that finite-dimensional distributions of (L, V) are Gaussian too. The formula for the
covariance of L is obtained by a direct calculation. ]

Lemma 4.1 implies that L defines an orthogonal random measure on ]R%_ in that
EDL((tl,xl),(tQ,xg))DL((Sl,yl),(Sg,yg)) = 0, where t1 < to, 1 < x9, 81 < 8o,
and y; < o, whenever the rectangles with the vertices (t1,x1),(t1,z2), (t2,21), (t2, x2)
and (s1,y1), (s1,%2), (s2,91), (s2,y2) are disjoint.  Similarly, EDL((tl,xl),(tQ,xQ))(L(O,yg) —
L(0,y1)) = 0, EOL((t1,z1), (t2, 22)) (L(s2,0) — L(51,0)) = 0, E(L(0,y2) — L(0,1)) (L(s2,0) —
L(s1,0)) = 0, E(L(t2,0) — L(t1,0))(L(s2,0) — L(s1,0)) = 0 when (t1,t2) and (s1,s2) are
disjoint, B (L(0,z2) — L(0,21)) (L(0,y2) — L(0,41)) = 0 when (z1,22) and (y1,y2) are dis-
joint, EOL((t1,21), (t2,22))L(0,0) = 0, E(L(t2,0) — L(t1,0))L(0,0) = 0, and E (L(0,z3) —
L(0,21))L(0,0) = 0. These properties enable us to define in a standard fashion integrals with
respect to L.
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To recapitulate, suppose h is a Borel function with

/h(s,$)2 da(s) dF'(z) < oo. (4.11)
2
If
k l
h(s,x) = Z @ 1{56(81,1',82,11}} 1{956(501,1'@2,1']} + Z bi 1is—0} 1{$€(yl,iyy2,i]}
i=1 i=1

+ ) i lse(ey )y Mooy +d 10} Lipoy, (4.12)

=1

where the a;, b;, ¢;, and d are real numbers, 0 < x1; < w2, 0 < y1; < Y24, 0 < 21; < 224, and the
sets (81,4, 52.4] X (21,4, 2,4], (Y14, Y2,i], and (214, 22,i] are pairwise disjoint, we set

l

k
/h(s, z)dL(s,x) = Z a; OL((s1,5,21,), (52,6, %2,3)) + Zbi (L(0,y2,4) — L(0,91,4))
52 i=1 i=1

+ 3 i (L(22,4,0) — L(214,0)) + d L(0,0) . (4.13)
=1
Note that by Lemma 4.1

B( / h(s.2) dL(s.x)) = / h(s, )2 da(s) dF (x) (4.14)
R2 Ri

If h(s, ) is an arbitrary Borel function satisfying (4.11), then there exists a sequence h¥ of functions
of the form (4.12) such that

Jlim [ (h(s, @) = b (s, z))? da(s) dF'(z) = 0.
R}

This implies by (4.14) that the sequence [g» h*(s,z)dL(s,z) is Cauchy in Ly(€2, F,P), so it con-
+
verges. We define [po h(s,z)dL(s,z) as the limit. One can see that the integral is a zero-mean
+

Gaussian random variable and that (4.14) still holds. By polarization, if ¢(s, z) is another function
with fRi g(s,x)?da(s) dF'(z) < oo, then

E /h(s,:c) dL(s,:c)/g(s,x) dL(s,x) = /h(s,x)g(s,x) da(s)dF'(z). (4.15)

2 2 2
R% R% R%

The martingale property asserted in the next lemma is understood with respect to the natural
filtration. Recall that Gaussian martingales are locally square integrable.

Lemma 4.2. If g(s,z) is a Borel function on R? such that, for allt € Ry and z € Ry,

/ Lis<ty Liy<a) g(s,y)*da(s) dF'(y) < oo,

2
R+

19



then the process N = (N (t),t € Ry) with

N(t) = /g(svx) 1{s+:fc§t} dL(S,{L')

2
R+

is a zero-mean Gaussian martingale with predictable quadratic variation process (N) = ((N)(t),t €
R.), where

(N)(t) = / 9(5,2)? Ly sy da(s)dF (x).
#
The process N has a modification with trajectories in D(R4,R) .

Proof. By construction, finite-dimensional distributions of N are limits of Gaussian distributions,
so they are Gaussian too. The covariance of N is given, according to (4.15), by

E N(s)N(t) = / 9(5,2)? Lusaconsy da(u) dF(z).

2
RJr

It follows that IV has uncorrelated, hence, independent increments. It is, thus, a zero-mean Gaus-
sian martingale. By the independence-of-increments property, the natural filtration of N is right-
continuous, see, e.g., Doob [6]. Consequently, N admits a right-continuous with left-hand limits
modification, see, e.g., Meyer [19]. O

Let
M(t) = / Lista<ty dL(s, 7). (4.16)
2
By Lemma 4.2, the process M = (M(t),t € Ry) admits a modification which is a Gaussian

martingale with trajectories from D(R;,R). We further consider such a modification throughout.
The variance of M(t) is given by

Ct) = / a(t — s) dF'(s). (4.17)
0

We study measurability properties of the introduced processes. Recall that H was defined in
(3.17).

Lemma 4.3. The processes H,G, and M are separable random elements of Do(R4,R) and the
processes L, L' U, and V are separable random elements of Do(R4,De(R4,R)). The pair (G, M)
is Gaussian. The process G is a Gaussian semimartingale.

Proof. By the hypotheses of Theorem 2.2, the process Y is a separable random element of
Dc (R4, R), so its distribution is a tight probability measure. By (3.17), H is obtained from
Y by an application of a continuous operator on D (R, R). It follows that the distribution of H
is a tight probability measure, hence, H is a separable random element of D¢ (R4, R).

Since the process V is bounded on bounded domains (see (4.1)), by (4.5) the process G is
of locally bounded variation a.s. By (4.7) and Lebesgue’s dominated convergence theorem, the
trajectories of G are rightcontinuous and admit lefthand limits on a set of full probability. Since
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the integrand in (4.5) is a leftcontinuous function of y, the integral can be interpreted as a Stjeltjes
integral, i.e., as a limit of Riemann sums. As (L, V') is a Gaussian pair by Lemma 4.1, the definition
of M in (4.16) implies that (G, M) is a Gaussian pair.

Hence, the processes G and M are Gaussian semimartingales with paths in D(R;,R). By
Liptser and Shiryaev [16, Theorem 4.9.1], their jump times are deterministic, so the ranges of
these processes as elements of Do(Ry,R) are separable. Since balls in Do (R4, R) belong to the
Kolmogorov o-algebra, the traces of the Kolmogorov and Borel o-algebras on a separable set
coincide, hence, G and M are separable random elements of D¢ (R4, R) .

By (4.2) and continuity of the Kiefer process in both variables, U(¢,x), as a function of x,
jumps only when F' jumps, so its range is separable, hence, (U(t,z),x € R, ) is a separable random
element of D (R4, R) for each ¢. Next, the map ¢t — (U(t,x),x € Ry) from Ry to Do(R4, R) is
continuous, so U has a separable range in Do(Ry, D (R, R)). It is, therefore, a separable random
element of the latter space. The process V' is a separable random element of D¢ (R4, Do (R4, R))
for a similar reason.

The range of (L(t,z) ,x € Ry ) for a given t is separable by the fact that the jumps of (L(¢,z),z €
R, ) occur at the times of jumps of F', hence, this process is a random element of D¢ (R4, R) . Since
the jumps of L as an element of Do (R4, D (R, R)) coincide with the jumps of a, it is a separable
random element of Do (R4, Do (R4, R)).

The assertion of the lemma for L’ is obtained analogously. O

In what follows we always assume the modifications as described in Lemmas 4.2 and 4.3.
We now construct the process Z = (Z(t), t € R;) in the statement of Theorem 2.2. We define

Z(t) = G(t) — M(t). (4.18)

By Lemma 4.3, Z is a Gaussian semimartingale, so it is a separable random element of Do(R4,R) .
In order to verify that its covariance function has the form stated in Theorem 2.2, we find it
convenient to approximate this process with Gaussian processes of simpler structure.

Forl e N,let 0 = 36 < 811 < le < ... be a strictly increasing to infinity sequence of real numbers.
Following the notation used in the Introduction, we set, for t € R,

La(s,0) = D Vet sty Lozazi—st_} + Lo=0) Ljo<ast) - (4.19)
i=1
We also define
o0
[ s ) aVsin) = SV (sht = sh) = Vst = s g oy VO (420)
i=1

2
R+

and introduce
Zt) = — / To(s,2) dV (s, ). (4.21)
82

On recalling (4.1), we see that (Z;(t), t € R4) is a zero-mean Gaussian process with covariance

o0

EZ(t)Zi(s) = Y (a(st) —a(st_ 1)) F(EAs —si1)(1 = F(EVs—si1) 1y cong
=1
+a(0)F(tAs)(1-F(tVs)). (4.22)
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Lemma 4.4. Ifsup;(st—st ) — 0 asl — oo, then the Zi(t) converge to Z(t) in the mean square
sense for each t as | — oo. The covariance of Z s given by

EZ()Z(s) = / FEAs—w)(1— F(EV s — ) dau) .
0

Proof. By (4.3), (4.13), (4.19), and (4.20),

!
t—s;

0o Sl- Y Sl- _
/Ilvt(s,w) dV(s,z) = /Il,t(s,x) dL(s,x) — Z L <q / V( myl)_F‘(/;_z)—py )dF(y)
RZ RZ =1 0

[ Vo)
0/ ). (423)

Given € > 0, for all  large enough, 1g,i,<iy 1is>01 Liezor < 1i(5,7) < Ligpa<itey Lis>0r L{a>0} -
Therefore,

/ (Lt(5.2) — Lysrucyy )’ da(s) dF(z) < / (Lisrocrrg — Lgssocs )’ da(s) dF'(z).

2 2
R2 R2

The righthand side converges to zero as € — 0, so by (4.16) and the definition of the integral

M(t) = lim. /Iht(s,m) dL(s,x), (4.24)

l—o0 o
R+

where Li.m. stands for mean-square limit. Also

t—Sl- t

i—1

3 Vishy=) = Visk1.0) VO s [V )
; List <0 O/ = Fy-) dF(y) + [ 1= Fo—) dF (y) —/ 1= F{yo) dF(y),

where si(y) >t—y > Sli(y)fl' By rightcontinuity of V(¢,z) in ¢, (4.5), (4.8), and Lebesgue’s

dominated convergence theorem,

t—st

TV s ) — V(s oy / _
G(t) = P lim (Z 1y <n / 4 “yl)_Fg(_l)‘l’y )dF(y)+/1V_(O’y_)dF(y)),
0 0

l—o0

(4.25)
where P—lim denotes limit in probability.
By (4.18), (4.21), (4.23), (4.24), and (4.25), Z(t) = P—lim;_,o Z;(t) . Since the Z; are Gaussian
processes, the latter limit holds in the mean square sense too, see Ibragimov and Rozanov [11].
By (4.22), we can write

o0

EZ(t)Z(s) = /F(t As—rlw)(1—F(tVs—ri(u))) Lt wy<ins) dau),
0
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where
Zsz 1 ue(st st} -
l

Since max;(s! — st ;) — 0 as | — oo, r(u) — u from the left. By rightcontinuity of F', F(t A s —
rl(u)) — F(tAs—u)and F(tVs—ri(u)) — F(tVs—u)asl — oco. Also, Liiwy<insy — Lyu<tns) -
Therefore, by Lebesgue’s dominated convergence theorem,

llir})loEZl(t)Zl(s) = | FtAns—u)(l—=F(tVs—u))da(u).

O]
4.2 Convergence in distribution
We assume the hypotheses of Theorem 2.2. Let
1 Lnt]
U(t,x) = — lep<on — F(2)), (4.26)
\/ﬁ i:1( {7] = } )
I_ J nine dF( )
m - _ u
L) = Z(Lmq} / — F(u_)) . (4.27)
= 0
By (3.1) and (4.26),
A" (t
V*i(t,z)=U" ( n( ),SL‘) . (4.28)
For what follows, we note that, given arbitrary 7' > 0 and § > 0,
U"(t u—)
lim limsup P( sup sup | [ —2—= Lipuoysi— dF(u)] > 6) = 0. (4.29)

=0 n—oo t€[0,T] z€R+ J 1—F(u—)

The limit in (4.29) is analogous to that in equation (3.23) in Krichagina and Puhalskii [15] (see
also (3.24) in that paper), so a similar proof applies.

We introduce the processes L™ = ((L'(t,z),z € Ry),t € Ry), U™ = (U"(t,z),z € Ry),t €
Ry), and L' = ((L'(t,z) ,z € Ry), t € Ry).

Lemma 4.5. Asn — oo, the QX(SL, X yn, L'™) converge jointly in distribution in R x Do(R4, R) x
DC(R+’ DC(RJM R))Z to (XOa X, U, L/) :

Proof. Recall that, by Lemma 4.3, L' and U are separable random elements of the space
Dc(Ry,De(Ry,R)). By (2.2¢), the definition of X™ in (3.19), and the definition of X in the
statement of Theorem 2.2, it follows in a standard fashion that X is a separable random element
of De(R4,R). The hypotheses of Theorem 2.2 imply that the (Xg, X") converge in distribution in
R x Do(Ry, R) to (Xo, X).

Since (X2, X™) and (U", L'") are independent and (Xp, X) and (U, L') are also independent
and are separable random elements of the associated metric spaces, by Theorem C.8 it suffices to
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establish convergence in distribution in D¢ (R4, De (R4, R))? for (U™, L'™). By (4.26) and (4.27)
(cf. (3.5)),

U'(t,x) = — m dF(u) + L' (t,z). (4.30)
0
Let ]
K™(t,x) \} Z Lic<oy — ), (4.31)

where the (; are independent and uniform on [0,1]. By Krichagina and Puhalskii [15], the K™ =
((K™(t,z), z € [0,1]),t € R}) converge to K in distribution in D(R4,D([0,1],R)). Since K is
continuous in both variables, it follows that the convergence takes place in Do (R4, D ([0, 1], R))
too. (One can apply Corollary C.1.) Since by (4.26) we can asssume that U"(t,x) = K" (¢, F(x)),
the U™ converge in distribution in D¢ (R4, Do (R4, R)) to the process U .

Let, for € € (0,1),

U"(t u—)

L’"’E(t,l") =U"(t,x) + ﬁ()
0

L{pu-)<i—e dF(u),

. [ U(t,u—
L'(t,x) =U(t,x) + / 1—(F(u—)) Lipu-)<i—¢ dF(u),

L' = (L'™(t,z), z € Ry), t € Ry), and L' = ((L'*(t,z), z € Ry), t € Ry). An argument
analogous to the one used in the proof of Lemma 4.3 shows that L’® is a separable random element of
De(R4,De(R4+,R)). The continuous mapping principle (see Theorem C.1) yields the convergence
in distribution in Do (R, , Do (R, R))? of the (U™, L'™¢) to (U, L'). Thus, in view of (4.9), (4.30),
and Theorem C.10, the result follows by (4.29). O

Lemma 4.6. As n — oo, the ()A((’}A,XN”,H",G",L",V") converge n distribution in R X
De(Ro, R)? x Do(Ra, Do(Ry, R))? to (X, X, H,G,L,V).

Proof. By Lemma 4.3, the processes H, G, L, V, and U are separable random elements of the
associated function spaces. Since the exogenous arrival process E™ and (X{f, X, U, L) are inde-
pendent, on the one hand, and Y and (X'o, X ,U, L") are independent, on the other hand, and are
separable random elements, Lemma 4.5, the hypotheses of Theorem 2.2, and Theorem C.8 imply
that the (XO , X", Y™ U™, L'") converge in distribution in R x D¢ (R4, R)? x Do (R,, De(Ry, R))?
to (Xo,X,Y,U, L’) Since the random element (Xo,X,Y,U, L) is separable, by Theorem 2.1
and Slutsky’s lemma (Theorem C.9) the (XO,X” y®,un, L™, A" /n) jointly converge in distri-
bution in R x De(Ry,R)? x De(Ry, Do(Ry, R))? x DC(R+,R) to (Xo,X,Y,U,L’,a). On re-
calling that V"™(t,z) = U"(A™(t)/n,z), V(t,x) = U(a(t),z), L"(t,z) = L™(A"(t)/n,z), and
L(t,z) = L'(a(t),z) (see (4.28), (3.4), (4.4), (4.27), and (4.1)), we conclude by the continu-
ous mapping principle (Theorem C.1) that the (X(’},X nYyn V™ L™ converge in distribution in
R x Do(Ry,R)? x Do(Ry, De(Ry,R))? to (Xo, X,Y, V,L).
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Let, for € € (0,1),

t

n,e Vn(t — uvu—)
G™ (t) :/I—F(u—) l{F(uf)Slfé} dF(u),

t
V(t—u,u—)

0= T=Fuy

L{pu_y<i—e dF(u),

G™ = (G™(t),t € Ry), and G° = (G(t),t € Ry). We note that the G° are separable
random elements of Do (R4, R). On applying the continuous mapping principle and recalling
(3.18), we have that the (XS,X", H™ G™¢, L™, V") converge in distribution in R x Da (R, R)? x
Do (R, , Do (Ry,R))? to (Xo, X, H, G, L, V). In view of Theorem C.10, (3.7), (4.5), and (4.8), the
assertion of the lemma will follow if for arbitrary 7" > 0 and § > 0

n( y—
lim limsupP( sup sup | M

lipu_ysi—ar dF(u)| > 6) =0.
e—0 n—oo te[O’T} :L'ER+ ) ]. —F(U_) {F( )>1 } ( )‘ )

The latter limit is implied by (4.28) and (4.29). O
Let, for € > 0,
Mn’e(t) = / 1{Aa(s)AF(x)>e} 1{s+m§t} dL"(s,x) (4.32)
=
and
Me(t) = / 1{Aa(s)AF(z)>e} 1{s+cc§t} dL(S,.%) . (433)
#

We note that these two integrals are, in fact, finite sums:

M™M= Y DOL((s—a—), (s, 1)) (4.34)
s,x: s+x<t,
Aa(s)AF (z)>e

and

Met)y= > DOL((s—2-)(s,2)). (4.35)
s,x: s+x<t,
Aa(s)AF(z)>e

In particular, M€ = (M(t),t € R4) is a separable random element of Do(Ry,R) and M™¢ =
(M™<(t),t € Ry) is a continuous function of L™ for the topology of compact convergence .

Lemma 4.7. Given t; < < tm € Ry, as n — oo, the
(Xg, X" H™, G", M™, M"(t1),..., M"(tm)) converge in distribution in R x Do (R, R)* x R™ to
(Xo, X, H,G,M, M(t1),...,M(tm))
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Proof. Since Z™(t) = G™(t)—M"(t) by (3.6) and Z(t) = G(t)— M (t) by (4.18), the continuous map-
ping principle implies that it suffices to prove that the (X{}, X H™ G" M™, Z(t1), ..., Z"(tm))
converge in distribution in R x De(Ry,R)* x R™ to (Xo, X, H,G, M, Z(t1), ..., Z(tm)) .

Let 0 = sh < s} < s, < ... be such that s\ — oo as k — oo and Supi:Lz,,,,(Sﬁ —st ) —0as
[ — oo. Recall that the function [;; and the process Z; = (Z;(t) ,t € R;) are defined by (4.19) and
(4.21), respectively. We also set

20 =~ [ Buls,2) V7 (s,), (4.36)
5
where the integral on the right is defined in analogy with (4.20), i.e
n l n n
/Ilt(s ) dV™(s, z) 21{81 e Vst = sty = V(s b= sh)) + V(0,8
52

Lemma 4.6, (4.34), and (4.35) and the continuous mapping principle yield convergence in
distribution in R x De(Ry,R)* x R™ of the (X, X" H" G" M™ Z1(t),..., ZMtm)) to
(XO,X,H, G, M€, Z(t1),...,Zi(ty)) as n — oo. By Lemma 4.4, for arbitrary ¢ € Ry and vy > 0,

Jim P(|Z(t)— Zi(t)| > v) = 0.
—00
It thus remains to prove that, for arbitrary t € Ry and v > 0,

hm limsup P(|Z"(t) — Z'(t)] > ~) =0. (4.37)

l—00 n—oo

By (3.1), (3.3), and (4.36), for s € Ry,

A"(S) 00

1 l n
Z"(s)=Z[ (s f Z Z 1{SJ 1<s} 1{7’ €(sh_y.s l]}( {mi€(s—7]",s—sh_ 1]}_( (s— —1)_F(S_Tz’ )))
=1 j=1

For k € N, introduce

1 An(S)/\k o0

l n
Zik(s ~n > Loy Yrmegst sty (Lpegsrnsst gy — (F(s=sj1) = Fs=71")).
=1 j=1

Since the A™(s)/n converge to a(s) in probability as n — oo by Theorem 2.1, (4.37) would follow
by
hm limsup P (|2} (t)] > ~) = 0. (4.38)

=00 n—oo

Let the complete o-algebras F' be generated by the random variables 77" /\TZn(S) 41 and nipan(s),
where j € N. By Bremaud [4, Appendix A3], the flow F"* = (F7, s € R}) is rightcontinuous, so
it is a filtration. By part 4 of Lemma B.1 (see also Lemma 8 in Reed [22] and Lemma 5.2 in
Krichagina and Puhalskii [15]), the process (Z](s), s € R) is an F"-square integrable martingale
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with predictable quadratic variation process ((Z]%;)(s), s € Ry), where

A”(s)/\k

gk

(Z1'%) T <g 1{7’;”6(52-71732]} (F(S—Séfl)—F(S—Tzn)) (1—(F(3—S§‘71)—F(5—7’m))

j—1

=1 j=1
00 5 A" (s)
1
<= < |20 Lmett ol Liwetsorpst )y 4F ()
j=1 o =1
o 3—3271
1 n.l n
;Z (o <a) / (A"(sh A s) — A™(s — x)) dF (z).
o 2
J

In view of the compact convergence in probability of the A" /n to a as n — oo (Theorem 2.1), the
latter sum converges in probability as n — oo to

l

o s—8;_q
2 1{s§._1§s} / (a(sé»/\s)—a(s—x)) dF(x)
j=1 s—st

J

_Z 1{SJ 1<S} s—s )—F((s—sé)ﬂ)a(sé/\s)—/a(s—x)dF(x)
0

= /a(ul(s —x))dF(x) — /a(s —x)dF(z),
0 0

where u!(z) = D518

as | — oo. Hence, ul(s — z) — s — x from the rlght o a(ul(s - x)) — a(s — z). By Lebesgue’s
dominated convergence theorem, [; a(u(s—z) — [y a(s—z) dF () as | — co. We conclude
that, for arbitrary § > 0,

/\31{5 <s) 1{1,6[8] b} for z € [0, s]. Note that u'(z) > x and u!(z) — z

lim lim sup P((Z];)(t) > d) = 0.

-0 n—oo

Limit (4.38) follows by an application of the Lenglart-Rebolledo inequality, see, e.g., Liptser and
Shiryayev [16]. O

Lemma 4.8. As n — oo, the (Xg,X”,H”,G”,M”’E,M”) converge in distribution in R X
Do(Ry,R)* x D(R,,R) to (Xo, X, H,G, M M) . The latter random element has a tight distribu-
tion.

Proof. Let us show that the sequence M" is tight in D(R4,R) (for Skorohod’s Ji-topology). By
Lemma 3.1, the process M, is a G"-square integrable martingale with predictable quadratic vari-
ation process

A" (t—z)An? B .
L T D S e AT
0 =1

2
]R+
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Since the A™/n tend to a in probability uniformly over compact sets, by a law of large numbers
and (4.10), for 7> 0 and § > 0,

t

lim P( sup [(M%)(t) —/ Li~0y a(t —z)dF'(z)| > 6) = 0.
n=0o0 teo,T)
0

By Theorem VI.5.17 in Jacod and Shiryaev [12], the sequence M, is tight in D(R4,R). Since
the A™/n converge in probability to a, the definition of V" (¢,z) in (3.1), Donsker’s theorem,
Slutsky’s lemma (Theorem C.9), and the continuous mapping principle imply that the sequence
V™ = (V™(t,0),t € Ry) converges in distribution in Do(Ry, R) to (v/F(0)(1 — F(0))W (a(t)), t
R4 ), where (W(t), t € Ry) is a standard Brownian motion. Thus, this sequence is asymptotically
tight in Do (R4, R) (Theorem C.3). By Theorem C.7, the sequence (V”,Mgz) is asymptotically
tight in Do (R4, R) x D(R4,R). Since the map (x,y) — x + y is continuous as a map from
Dc(Ry,R) x D(Ry,R) to D(Ry,R), it follows that the sequence V™ + M, is asymptotically tight
in D(R4, R), see Theorem C.4. By Ulam’s theorem, f/”—l—MgQ is a tight random element of D(R, R)
for each n. Therefore, the sequence V" + M, is tight in D(R4,R), van der Vaart and Wellner [24,
Problem 1.3.9]. Since, for 7' > 0, by (3.9), (3.10), and (3.11),

P(ts[%pT ]|M“(t) — V™A™ (1) /n,0) — M5 (t)] > 0) < P(A™(T) > n?)

and the latter probability tends to zero as n — oo, it follows that the sequence M™ is tight in
D(R4,R) (e.g., by Theorem VI.3.21 in Jacod and Shiryaev [12]).

By Lemma 4.7, the (XS,X”,H",G",M”‘) converge in distribution in R x Do (R4, R)* to
(XO,X ,H,G, M), which is a separable, hence, tight, random element (recall the definition
of X in the statement of Theorem 2.2, Lemma 4.3, and (4.35)). Therefore, the sequence
(X{)L,X”,H",G",M"’E) is asymptotically tight in R x De (R, R)*, see Theorem C.3. Since the
sequence M™ is tight in D(R4,R), it follows that the sequence (X(’},)N(”,H”,G”,M"’e,M”) is
asymptotically tight in R x Do(Ry,R)* x D(R,,R), see Theorem C.7.

Since the topology of R x D(R, R)? is coarser than the topology of R x Do(Ry, R)* x D(R,, R),
the sequence (XS,X",H",G”,M”’E,M") is asymptotically tight in R x D(R,,R)®. It is thus
tight because the (XS,X”,H”,G”,M"’E,M”) are random elements of R x D(R,,R)?, see van
der Vaart and Wellner [24, Problem 1.3.9]. Lemma 4.7 and Prohorov’s theorem imply that the
(Xg,X",H”,G”,M”’E,M”) converge in distribution in R x D(R;,R)® to (XO,X,H, G,M,M).
On taking the set of Skorohod-continuous bounded functions as the separating subalgebra in The-
orem C.6 we conclude that the sequence (X'O", X H™ G M™, M ") is asymptotically measurable
in R x Do(R,,R)* x D(R,,R). The latter property, coupled with the asymptotic tightness of this
sequence in R x D¢(Ry,R)* x D(R,,R), yields by Theorem C.5 the existence of a subsequence
that converges in distribution in R x Do (R, R)* x D(R,R) to a random element with a tight
probability law. The limit must be the same as in R x D(R;,R), i.e., it is (X0, X, H,G, M¢, M).
It thus does not depend on a subsequence. O

4.3 Completion of the proof of Theorem 3.1

Let
M(t) = My(t) + Ma(t) (4.39)

be the decomposition of the Gaussian martingale M into the sum of a continuous Gaussian mar-
tingale My = (M;(t), t € Ry) and a pure-jump Gaussian martingale My = (Ma(t), t € Ry) with
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jumps occurring at the jump times of C(t), see Jacod and Shiryaev [12], Liptser and Shiryayev
[16]. Formally,

t
M (t) =/ Liac(s)=0y dM(s),

0
t

M>(t) =/ Liac(s)>0r dM(s). (4.40)
0

Let also
M'(t) = M(t) — M“(t). (4.41)

We show that, for 7' > 0 and § > 0,

lim P( sup |[M<(t) — Ma(t)] > 0) =0, (4.42a)
=0 “4ef0,1)
lim P( sup |M"(t) — My (t)| > 6) =0. (4.42Db)
=0 4ef0,7]

Since by (4.17) AC(t) = >, ,—, Aa(s) AF'(z), by (4.16),

My(t) = / 1{Aa(s) AF(@)>0} L{ste<t) AL(s, ).

2
RJr

Hence, by (4.33) and (4.40),

Ma(t) — M<(t) = / L{ocna(s) AF(@)<e} L{sta<t} AL(s,T).

2
R+

Lemma 4.2 implies that (Ma(t) — M<(t),t € Ry) is a Gaussian martingale
relative to the mnatural filtration with predictable quadratic variation process
(fR%r L{o<ra(s)AF(x)<c} L{sta<ty da(s)dF'(z),t € R4). The latter function tends to zero as

e — 0 for every ¢t € R, so the Lenglart-Rebolledo inequality yields (4.42a). The limit in (4.42b)
follows by (4.41), (4.42a), and the identity in (4.39).

We introduce processes M'™¢ = (M'™<(t), t € R,) by letting M"™¢(t) = M"™(t) — M™(t).
Let also M’® = (M'“(t),t € Ry). By Lemma 4.8 and the continuous mapping principle, as
n — oo, the (X(’)"‘, X" H™ G", M™¢, M'™¢) converge in distribution in R x De(Ro, R)* x D(R,,R)
to (Xg, X, H,G, M, M ). The latter random element has a separable range. Therefore, by Theo-
rem C.11,

lim dfy, (Xg, X", H",G", M™, M'™°), (X0, X, H,G, M, M")) =0,

n—oo

where dp;, is the distance on the space of mappings from  to R x De(Ry, R)* x
D(R4,R) as defined in Appendix C.  The limits in (4.42a) and (4.42b) imply that
lim._.g d*BLl ((X(), X,H G, M¢, ]\4/6)7 (X07 X,H,G, M, Ml) =0, so

lim limsup djyp,, (Xg, X™, H",G™, M™<, M"™), (X0, X, H,G, Ma, M1)) = 0.

e—~0 pooo
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Therefore, there exists a sequence €, — 0 such that

lim dfy, ((Xg, X" H",G™, M™ " M'™"), (X0, X, H, G, My, My)) =0,

which implies by Theorem C.11 that the (Xg,f(”,H”,G”,M"’E",M’”ven) converge in distribu-
tion in R x De(Ry,R)* x D(R4,R) to (XO,X,H,G’MQ,Ml). Since the process M7 has con-
tinuous paths and convergence in Skorohod’s Ji-topology to continuous functions is equiva-
lent to compact convergence, by Corollary C.1 the (XS,X",H",G”,M”‘",M’"’en) converge in
distribution in R x Do(Ry,R)® to (XO,X,H, G, My, M;) . By the continuous mapping prin-
ciple, the (XS,X",H”,G” — M™¢n — M'™¢n) converge in distribution in R x De(Ry,R)3 to
(XO,X',H,G — My — Ms) . Recalling that M™ = M™¢ + M'™¢ Z" = G™ — M", M = M; + M,
and Z = G — M completes the proof of Theorem 3.1.

A Continuity properties of convolution equations

Let B(z) be a distribution function on Ry with B(0) < 1. Given T > 0, let Lo ([0, 7], R) denote
the Banach space of R-valued bounded Borel measurable functions on [0, 7] which is equipped with
the uniform norm ||x||oc = sup,cp /% (t)[, where x = (x(t) ,¢ € [0,71]) . Consider the equation

ﬂﬂzﬂﬂ+/ﬂw#w%#wa@, (A1)
0

where x = (x(t),t € [0,T]) € Loo([0,T],R) and the function f: R x Ry — R is Borel measurable.

Lemma A.1. 1. If |f(y,t)] < |y| and |f(y1,t) — f(y2, V)| < |y1 —y2| for ally, y1, y2, and t from
the domain, then for every x € Loo([0,T],R) there exists a unique 'y = (y(t),t € [0,T]) €
Loo([0,T],R) which satisfies equation (A.1). This solution can be obtained by the method of
successive approrimations and there exists a function p(t) which only depends on B(t) such
that sup,ciom|y (1) < p(T) supsejo 71 |x(t)]- If; in addition, x is rightcontinuous with lefthand
limits (resp., admits limits on the right and limits on the left) and f(y,t) is rightcontinuous
with lefthand limits (resp., admits limits on the right and limits on the left) in the second
argument, then'y is rightcontinuous with lefthand limits (resp., admits limits on the right and
limits on the left).

2. Let y™ = (y"(t), t € [0,T]) € Loo([0,T],R) solve the equations

t

W@=ﬂ®+/WWW—QWﬂMM%

0

where x™ = (x"(t), t € [0,T]) € Loo([0, T],R) and the f" satisfy the hypotheses on f in the
first part of the lemma. Suppose that f™(y,t) — f(y,t) for everyy andt as n — oo and that,
in addition,

lim sup}/]f"(y(t—s),t—s)—f(y(t—s),t—s)|dB(s) =0.
0

N0 ¢eo,T

If the x™ converge to x in Lo ([0,T],R), then the y™ converge to 'y in Lo ([0,T],R).
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Proof. Let tg € (0,T] be such that B(ty) < 1. Define the map ¢« by

bx(2)(1) :x(t)+/f(z(t—s),t—s) dB(s).
0

The boundedness condition on f implies that ¢x is an operator on Lo ([0,7],R). We show
it is a contraction. Since |¢x(z)(t) — ¢x(Z')(t)] < fg\z(t — ) — Z'(t — s)|dB(s), we have
that sup;c(.)|Px(2)(t) — ¢x(2)(t)] < B(to)supte[o,to]\z(t) — 7/(t)|, which proves the claim be-
cause B(tgp) < 1. Since Loo([0,to], R) is a Banach space the operator ¢x has a unique fixed
point so that the equation y(t) = ) + fo ),t — s)dB(s) has a unique solution for
t € [0,to], which is obtained by the method of successive approx1mat10ns. Also, supyep ]|y ()] <
sup;e(o o] (X (1)|/ (1 = B(to)) -

Next, on introducing y;,(t) = y(t+1to), X¢, (t) = x(t+10) +ft+t0 fly(t+to—s),t+to—s)dB(s),
and fi,(u,v) = f(u,to + v), we can write for ¢ € [0, T

Yo (t) = a0t / fuo (10t — ).t — 5) dB(s) . (A2)

The function x, = (x¢,(t),t € [0,7]) is uniquely specified by x and the values of y(¢) for ¢ < ¢.
The preceding argument applied to (A.2) shows that given y(¢) for ¢ € [0,¢o], there exists a unique
extension of y(¢) to the interval [tg,2ty] that satisfies the equation. The method of successive
approximations converges to this solution. Also, supcig ]|y (t)| < supscpo 0]1%t, (£)]/(1 — B(to)) so
that sup;e(o 240][¥ (1) < suPyefo 260 [x(8)[(1/(1 = Bto)) +1/(1 — B(to))?) -

By applying this argument repeatedly, we obtain existence and uniqueness of a solution
in Lo([0,7],R). This solution is obtained by the method of successive approximations and
supepo, |y ()] < supgeporx(?)] ZLT/tOJH 1/(1 — B(to))®. If x is rightcontinuous with lefthand
limits (resp., admits limits on the right and limits on the left) and f(y,t) is rightcontinuous in the
second argument with lefthand limits (resp., admits limits on the right and limits on the left), then
the successive approximations starting from the zero function are rightcontinuous functions with
lefthand limits (resp., admits limits on the right and limits on the left), so y is rightcontinuous
with lefthand limits (resp., admits limits on the right and limits on the left). The proof of part 1
is complete.

We prove part 2. The y™ are well defined by part 1. Let

x"(t) = x" —|—/ y(t —s),t —s)— f(y(t—s),t —s))dB(s).
0

By hypotheses,

y" () =y (@) < [X"(0)] + /If”(yn(f —s),t—s) = fU(y(t —s),t - 5)[dB(s)
0

t

< [&(0)] + / ¥t — 8) — y(t — 5)| dB(s).

0

so in analogy wtih the proof of part 1 supscjo 71|y" (t) =y (¢)| < p(T') supscjo,r1/X" ()] - The hypotheses
imply that limy, ..o supyepo X" (¢)| = 0. Thus, lim,—cc supseo 7ly"(t) — y(t)| = 0. O
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The next lemma is concerned with specific equations of interest in the main text. Let z =
(2(t) ,t € [0,T]) € Loo ([0, ], R). Tet

t
y"(t) —I—/ "t—s —|—nz(7§—s))Jr —nz(t—s)T) dB(s), (A.3)
0
t
+/ (t =) Lpge—sy>0y +¥(t = 5)" Lpp—s)=0} ) dB(s), (A.4)
0
where x" = (x"(t),t € [0,T]) € Lo([0,T],R) and x = (x(t),t € [0,7]) € Loo([0,T],R). The
functions y"™ and y are well defined by Lemma A.1. The following condition is the analogue of
condition (2.7):
¢
i sup [ Lo dB(s) =0. (A.5)
Y11y

Lemma A.2. If x" — x in Lo([0,T],R) as n — oo, then the y" defined by (A.3) converge
pointwise to 'y defined by (A.4), i.e., y™(t) — y(t) for every t € [0,T]. If, in addition, condition
(A.5) holds, then the y™ converge to'y in Lo ([0,T],R).

Suppose z admits limits on the right and limits on the left. If x admits limits on the right and
limits on the left, then y admits limits on the right and limits on the left. If B(t) is continuous on
[0,T] with B(0) = 0, then condition (A.5) holds. If both z and x are rightcontinuous with lefthand
limits and condition (A.5) holds, then 'y is rightcontinuous with lefthand limits.

Proof. Let y™ be defined by the equation
¢
v"( )+ / "(t —s)+nz(t - s))+ —nz(t —s)*) dB(s). (A.6)
0

Since sup;¢(o 7][x"(t) — x(t)| — 0 as n — oo and

t

y" () = y" ()] < X" (t) — x(t)] +/|yn(t— s) —y"(t —s)| dB(s),

0

in analogy with the proof of Lemma A.1,

lim sup |[y"(¢t) —y(t)| =0. (A.7)
=00 ¢e0,T)

Since f™(y,t) = (y + nz(t))+ —nz(t)* is monotonically increasing in y and is monotonically
decreasing in n, an application of the method of successive approximations to (A.6) with the initial
approximations being the zero functions shows that the y™(¢) monotonically decrease in n for every
t. Besides, the sequence {sup;cjor)[9"(t)[, n € N} is bounded, as it follows by Lemma A.1. Thus,
for t € [0,T], there exist finite limits y(¢) = limp—o y™(¢). On letting n — oo in (A.6) and

applying Lebesgue’s bounded convergence theorem, we obtain that y = (y(¢t),t € [0,7]) solves
equation (A.4), so y =y, and by (A.7), lim,, o, y"(t) = y(¢).
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Convergence in Lo ([0, 7],R) under (A.5) follows by checking the hypotheses of Lemma A.1,
which is done by using the identity

((u+nz(v)) " —nz(0) ") = (Ul )0+ Lgey—oy) = (—u—n2(0)) " Liysop +(utnz(v) " 1) <o)

and the bound sup,c(o 11|y (t)| < p(T') supsejo, % (t)] -

If both z and x admit lefthand limits and righthand limits, then y admits lefthand limits and
righthand limits by Lemma A.1. If z admits limits on the right and limits on the left, then the
number of times that the function (|z(t — s)|, s € [0,¢]) “enters” or “exits” the segment (0, ¢€) is at
most countable. Hence, the function (1{o<|z(1—s)|<c} > § € [0,]) has at most countably many points
of discontinuity, which implies that the function fot 1{o<|z(t—s)|<c} dB(s) is continuous in ¢ when
B(t) is a continuous function with B(0) = 0. By Dini’s theorem, the monotonic convergence of
fot 1{0<|u(t—s)|<e} dB(8) to zero as € — 0 is uniform in ¢ € [0, 7], as required.

Suppose that x and z are rightcontinuous with lefthand limits and condition (A.5) holds. By
Lemma A.1, the functions y" are rightcontinuous with lefthand limits. By the uniform convergence
of the y™ to y, the latter function is also rightcontinuous with lefthand limits. O

Remark A.1. The pointwise convergence of the y™ to y holds under weaker hypotheses. One may
only require that the x™ converge to x pointwise and that sup,, sup;¢jo 77/x" ()| < oo

B Martingale lemmas

This section contains results on certain processes being martingales which are instrumental in the
proofs above. Let A = (A(t), t € R ) be an integer—valued nonnegative process with nondecreasing
trajectories from D(R4,R). We denote 7; = inf{t : A(t) > i}, ¢ € N, so the jumps of A occur at
the 7;. Obviously, A(t) =>"2, 1(r,<py - Let &, i € N, be nonnegative random variables.

The next lemma is an extension of Lemma 5.2 in Krichagina and Puhalskii [15] (see also Lemma
8 in Reed [22]).

Lemma B.1. Let A = (A, t € Ry) be a filtration such that the random variables Tjz(a()+1)

and &), where j € N, are A¢-measurable. Let complete o-algebras A; be generated by the
events AN {r; > t}, wheret € Ry and A € A,. Suppose that (Bi(x,y), rE€Ry, y€E R+), i€
N, are real-valued Borel functions such that EB;(1;,&;)? < 0o. The following assertions hold.

1. The 1; are A-predictable stopping times.

2. Suppose, in addition, that there exists a nondecreasing sequence of o-algebras A;, i €N, such
that A; C A; and such that the random variables 7j, where j = 1,2,...,i, and &;, where
j=1,2,...,i—1 are A;-measurable. Let, for k € N,

A(t)Ak

Ri(t) = Z Bi(7i, &),

(Re)(t) = Y B(Bi(mi, &) A) -

i=1

If E(BZ(TZ,&)M\Z) =0, then the processes Ry = (Ri(t), t € Ry) and (Rp(t)? — (Rp)(t),t €
Ry) are A-square—integrable martingales.
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3. The inclusions A; C A; hold provided the Ay are the complete o-algebras generated by the
random variables Tin(aw)+1) and Ejaay, where j € N, and the A; are the complete o-algebras
generated by the random variables 7j, where j =1,2,...,4, and &, where j =1,2,...,1 —1.

4. If the &, 1 € N, are independent, and if, for each i € N, & is independent of the 7; for j <1,
and EB;(x,&) = 0 for every x, then, for A and A; defined as in part 3 and for Ry and (Ry)
defined as in part 2, the processes Ry are A-square—integrable martingales with the predictable
quadratic variation processes (Ry) .

Proof. The 7; are A-stopping times because, for t € Ry and i € N, {r; <t} = {Tjpna)41) < t}
which follows on noting that 7441 > t. The latter set belongs to Ay .

The proof of the A-predictability of the 7; follows the argument of Krichagina and Puhalskii
[15]. The time 7 is A-predictable since the times (1 — 1/l)m,l = 1,2,..., are stopping times
predicting 71 (note that 71 is Ag-measurable). For i > 1, introduce o;; = 7; — (77 — 7,3)) /1, | € N,
where 7,(;) = max{7, : 7, < 7} and 7,y = 0 if no such p exists. Obviously, ;; T 7; as [ — oo and
oi; < 7; on the set {r; > 0}. We show that the 0;; are A-stopping time. For ¢ € Ry, in view of
the fact that {m; <t} C {0y <t} C {74 < t},

{oi <t} = {m <t} U ({ow <t} 0 {me) <0 {Tinaw+) > 1))

The first set on the right belongs to A, as has been proved. Let 7,; = max{T, PA(A(D+1)
TpA(A(t )+1) < Tin(A(t)+1) } and Uzl = Tin(A(t)+1) — (Tz/\(A( t)+1) — Tl, z))/l The random variables
Ty(i) and &) are Az~ measurable If 7,3 <t and 7'%/\( (t)+1) > t, then 7,4 = 7,;). On the other
hand, if 7,(;y <t and Tin(a@)41) > ¢, then 7,5 = 7,(;) . We conclude that

{oi <t} {r6) S {Tinaw+) > th = {6 < 30 {76 <t N {Tinaw+ >t

The set on the right is in A;. Thus, the 0;;, | € N, are A-stopping times which predict 7;. Part 1
has been proved.

We prove part 2. As {A(t) > i} = {T;n(a@)+1) < t}, the random variables A; are A;-measurable,
so the Ry(t) are Ap-measurable. Since supyer, ERi(t)? < oo, to prove that Ry is an A-square-
integrable martingale, it is enough to prove that

A(sho )Nk

E Z ﬂz Tzvé-z = (Bl)

for any A-stopping time o (see, e.g., Jacod and Shiryaev [12, 1.1.44]). We have

A(sAo)Nk

k
E Z ﬁz 7—1752 ZEl{ngs/\o} 61(7_27&)
=1

Since {1; > s Ao} = U({m >u}N{u>sAoc}), where the union is over all positive rational u,
we have, by the fact that s A o is an A-stopping time and hence {u > sANo} € A, and the
definition of A;, that {r; > s Ao} € A;. By the inclusion A; C A;, E1{,<snoy Bi(Ti,&) =
(l{ngs/\g}E(ﬂl(Tl,§Z)|AZ)). The latter conditional expectation equals zero by hypotheses.
Equality (B.1) has been proved.
In order to prove that (Ry(t)? — (Ri)(t) ,t € Ry) is an A-square integrable martingale we show
that ERi(s A 0)2 = E(Ry)(s A o) for any A-stopping time o. The definition implies that

k

kook
Re(sA0)? = Linconoy Bilmi, &) 42D D Lincono) Lin<snoy Bil7,6)85(75, &)

=1 i=1 j=i+1
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Figure 1: The o-algebra F; ..

Next, for i < 7, in analogy with an earlier argument, using the facts that 7; and &; are .,[tj—measurable
and that 7; is A;—measurable,

E]-{Tigs/\cr} 1{Tj§5/\a} IB’i(Ti7£i)ﬂj(Tj7§j) = E(]-{Tigs/\a} 1{Tj§s/\o-} ﬁz(Tzvgz)E(/Bj(TjaSJ)|A])) =

Therefore,

k
ERy(s Ao)? =E> 1oy B(Bi(1:,6)%1Ai) = B(Ry)(s A o).
i=1

Part 2 has been proved.

By Bremaud [4, Appendix A3] the flow Ay, t € Ry, is rightcontinuous, so we prove part 3 by
showing that each generator of A; is in A;. Since {r; > t} = {A(t) + 1 < i}, we have that, if j >4,
then { inAG+1) < ul {1 >t} = {Tiaa@)+1) < uf N {7 >t} which event is seen to be in Aj, and
{Tirncaw+) Supn{n >t} e A; when j < 4. Similarly, if j > 4, then {fg/\A(t) <u}n{n >t} =
{& z—l)/\A(t <u}n{r >t} € A;, and if j < i, then {Eiraw Supn{n >t} e A; . Part 3 has been
proved.

We prove part 4. Under the hypotheses, E(ﬂi(n,ﬁiﬂfli) = E(ﬁi(m,§¢)|fti)|z:n = 0. By parts
2 and 3 it remains to prove that (Ry) is A-predictable. As (Ry)(t) = Zle 1(7,<i EBi(x, )2 o=rs,
the 7; are A-predictable, and the Eg;(z,&;)?|,—=, are A,,_-measurable, it follows that (Rj) is A-
predictable, Dellacherie [5, IV.1.5]. O

For k € N, introduce the two-parameter processes Ly = (Lg(t,z),t € Ry, = € Ry) with

&N
A(t)AK 4Fi(u)
(1{0<£¢§x} - Liuso} T(—)) ) (B.2)
i=1 0
where F; denotes the distribution function of &; . Define also

A(t)Ak &N

=1
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Let, for t € Ry and z € R, complete o-algebras ﬁt,x be generated by the random variables
Tin(A(t)+1) ‘gi/\A(t)a and 1{7253}, where ¢ € N, s € Ry, and s < ¢t + z, and by 1{71-35} l{EiSy]w
where 1 € N, s € Ry, y € Ry, and s +y <t +x. We denote F;, = Neso, 5>0.7:"t+6,w+5 and note
that both Ly(¢,z) and (L) (¢, z) are F; ,—measurable. (As a matter of fact, these random variables
are J; p—measurable.) In the next lemma we define conditional probabilities as being equal to zero
when the conditioning events are of probability zero.

Lemma B.2. Suppose that, giveni € N, s € Ry, andxz € R, the random variable &; is independent
of the random variables &; for j # i, of the 1; for j <1, and of the Tj A (s+x) for j > i, conditioned
on the event {m; > s,& > x}. Suppose also that each &;, for i € N, is independent of the 7; for
j <i. Then, for s <t and z <y,

E(DLk((&x)’ (tay))‘fs,a:) =0

and

E((DLk((va)v (ta y)))z‘fs,ac) = D<Lk>((37x)7 (t7y)) .

Proof. Assuming x and y are held fixed, we apply Lemma B.1 with A; = F;, and A; being the
complete o-algebra generated by §; for j <4, by 7; for j <, by 1<) 1175y for j >4, t € Ry,
and s < t+x, and by l{T <s) 1{n>t} Lio<¢;<u) forj>i,seRy,t € R+, u € Ry, and s+u < t+x.

Let us check that A; C A;. Pick j € N. The inclusions {Tinaw+) S upN{m >t} € A;
and {&jpap < upn{n >t} € A; follow by part 3 of Lemma B.l. For t € Ry and s < t + x,
{rj <spn{m >t} e A; by definition. Similarly, {rp<spn{o< g <upn{n >t} e Aj, where
ieN, seRy,ueRy,and s+u <t+x. Thus, if A € A, then AN{r; >t+e} € A; foralle >0,
hence, AN {r; >t} € A;.

Introduce
(u)
dF;
Bi(v) = Lpcvzyy — / Lus0y 7= Fi(u)’ (B.4)
VAT
so that
AN

Li(t,y) — Ly(t,z) = Z : (B.5)

We show that X
E(fi(&)Ai) = 0. (B.6)
We have for natural numbers ¢ < k; < ka... < kp, @ < n1 < n2 < ... < ny, nonnegative real

numbers @, t, §, ti,ta,...,tp, S1,82,...,8p, th,th, ..., th,, s|,8h, ..., s, and u1,...,uy such that

si <tj+z, §+0 <t+az and s;- +uj < t;- + z, and for Borel bounded functions f,..., fi,
1y -+ Gis hgl), e hél), h§2), ey hv(g), and f, on noting that by (B.4) 8;(v) = 1>,y fi(v) and that
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the condition § 4+ @ < t 4+ x implies the identity Ligisa) Yicr<sy Yo<g<ay = 0,

m

Hfj &) Hga T H 1{m <o Yooy [0 (1, <o) Ynstr) Lo<en, <uy))
=1 j=1
i T 0
f(1{£<7—i§§} 1{0<5i§u} @ gz = Hfj 5] Hg] Tj H(hj (1{rkj§5j})1{n>tj} +hj (0) 1{Tz‘§tj})
= ]:1
1 (1 1 1 P (0)1 0)1 (&
[T 57 {ra; <54} Lo<tn, <ust ) Ymsery + 157 (0) Lin<ury ) F(0) Lggnay Bil8i))
j=1
1
= f(o) Z H f] 5] Hg] Tj H h 1{Tkj§3j}) 1{Ti>tj} H hg )(0) 1{T¢St]’}
Jc{1,2,...p}, =1 JjeJ JE{1,2,....p}\J
J'c{1,2,...,m}
(2) 2)
LI 27 (L <oy Tocen <oy ) Lmsey 1T 170 Lncy gesay Bi(€)) - (BT)
jeJ Je{1,2,....mN\J’

We show that a generic term in the sum on the rightmost side of (B.7) equals zero For given J and
J', let t = maxje t; V max;e t; and t= Minje(1o.. py\Jtj AMinjerr o my\or ). Since s; < t+a
and sj <t + x, we have

H fi(&) H 9;(7j H S 1{Tkj SSJ‘}) Liri>t;y H h§1)(0) Liri<t;)

jeJ je{1,2,....p}\J
(2)
11 hj (L, <53 Lo<tn, <us} ) Limsey 11 hi7(0) Lm<ury Lgisay Bil&))
jeJ’ je{l 27 7m}\J’
1 2
- II »'o 11 Hfﬂ &) ng ) [1n5" (L A+r<s} )
je{1,2,.. ,p}\J je{1,2,... m}\J’ jeJ
[T »f 1{fn Aira)<s;y Ho<gn, <u}) Licr,<i) ﬁz(&)ln >4, &>a)P(ri >t & > ).

jed’

The independence hypotheses imply that

Hfj 5] HQJ T] Hh 1{Tk A(i+2)<s;} H h 2 1{7’7, t+m)<s’} 1{0<§n <uj})

jeJ jeJ’

1{£<Ti§f} Bi(&i)lmi > i, & > ac = H fi (&) ng 7j H h 1{Tk A t+x)<sj})

jeJ
H h 1{Tn A(f+)<s} 1{0<§nj§uj}) {t<r<t} i > 1, & > :U) (ﬁi(ﬁz‘)!& > 96) :
jed’
By (B.4), E(8i(&)|& > ) = 0. We conclude that the leftmost side of (B.7) equals zero, which

establishes (B.6).
We now show that

&Ny
E((e)14) = [ 1{u>o}mdﬂ(w- (B3)
il e
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Figure 2: The o-algebra M;.
Denoting
&Ny
3 2 1 — Fi(u)
Bi(&) = Bi(&)” — lisoy —————= dF;(u)
e (1—-Fi(u—))

and replicating the argument that established (B.6), we can see that (B.8) follows provided
E(8;(&)|& > «) = 0, which is a consequence of (B.4).
The required properties now follow by part 2 of Lemma B.1. ]

Let M; denote the complete o—algebra generated by the events {r; < s}N{& < x} and {r; < s}
wherei € N, s € Ry, 2 € Ry, and s+z < t, and let M; = NesgM;te. The low M = (M, ,t € R,)
is a filtration. Note that L(t,z) and (Lg)(¢,x) are Myq,—measurable and F;, O Myy,. Define,
for ke Nand t € Ry,

M) = [ Lsacsy (o) (B.9)
By
and
(M) () = / 1psacey diLi)(5,2) (B.10)
&

Lemma B.3. Under the independence hypotheses of Lemma B.2, the processes My = (My(t),t €
Ry) are M-square integrable martingales with predictable quadratic variation processes (My) =

(Mp)(t) ,t € Ry ).

Proof. Since M}, and (M}) are rightcontinuous, it suffices to prove that Mj, is a square integrable
martingale relative to the flow M = (M, t € R) with predictable quadratic variation process
(M) -

Fix s < t. We first show that

~

E((Li(0,t) — Li(0,5))|[M;) =0, (B.11)
E((L(0,1) = Lk (0, 5))*|Ms) = E((Ly)(0,8) — (L) (0, 8)[ M) . (B.12)
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The argument is similar to the one used in the proof of Lemma B.2. Denote

EiNt
dF;(u)
G = Lsce<ty — / louso) ﬁv (B.13)
EiNs
Eint ( )
&iNs

Let MJ denote the o- algebra generated by the & for k¥ < j and by M, when 7 € N and let
/\/l0 M, . Obviously, G is M-measurable. We prove that

E(GIM) = (B.15)
E(GIM) = (B.16)
We have for distinct natural numbers ki, ka,...,k, and ni,n2,...,n,,, none of which equals 7,
nonnegative real numbers ¢, §, &, s1, s2, . . . s Sps T1,%2, ..., Tp, and t1,ta,..., 1y, such that 54+2 < s,
t<s, sj+x; < s, and t; < s, and for Borel bounded functions f1, f2, g1,--., g, hgl), ceey h;,l), and
B2 p(2
1 2 'tm >
i—1 p 1) m @
1 2
E(fi( 1<) Yesay) 2(Lmeny) [T @) TT 057 (Lin <oy L, <o) 115 (L, <60 )60)
j=1 j=1 j=1

1—1 P m
= 1(OE(f2(11,<p ) ng(fg Hh (M 1{Tk ns<s;} N, <u;}) thz 1{Tn ns<t;}) Lig>s} i)
j=1 7=1 7j=1

m

i—1 P
= h ( ) (f2 1{n<t} Hg] 5] Hh t 1{7'k Ns<s;} 1{§k <z;} H l{Tnj/\SStj})|£i > 3)
= j=1

Jj=1

E(Gil& > s)P(& > s).
Since E(G|¢ > s) = 0 by (B.13), (B.15) follows. Equality (B.16) is obtained analogously.
By (B.2) and (B.13), L(0,t) — Ly(0,8) = S-F | 1¢,,—0y G- Since {r; = 0} € M,, by (B.15)

k
E((Li(0,) — Li(0,)[Ms) = > 1gr—oy B(GIM,) =0

i=1

y (B.15), ifj < i, then E((;¢|Ms) = E(CJE(Q\Mé_l)) = 0. We thus obtain on recalling (B.3),
( 14), and (B.16),

k

E((Lk(0,t) — Ly (0, 5))%| M) = Z 1{r—0p B(G|M;) +2 Z 1(r,—0y Lir—oy E(GGIM,)

=1 7<t
= E((Li)(0,t) — (Lx)(0, )| M) .

This completes the proof of (B.11) and (B.12).
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Figure 3: Approximating martingales.

By (B.2) and (B.9),

A(t)Ak &in(t—7s)
dF;(u)
= Z (Ljo<gi<t-—my — / Lousoy ﬁ), (B.17)
i=1 a

which implies that My(t) is M, ~measurable. We prove that M, is a martingale.
Let 0 = s < s{ < s} <...< sl =tbe such that max;(sl —sl_;) = 0asl— oo and s = sl, for
some m. Define

o) = 3 Vel ) Lszomst ) + Lu=0) Lpso) (B.182)
=1
l
Jlt u, 1’ Z 1{U€ sb 1,8 l]} 1{I<t sz 1} + 1{’LL =0} 1{x<t} y (B18b)
=1
My i(s) = / Jio(u2) ALy (u, ) (B.15¢)
R
My (t) = / Jia () dL(u, ). (B.18d)
R
Note that
My (s ZDLk st 1,0), (s, s — sk )+ Li(0, ), (B.19a)
My (¢ ZDLk $5-1,0), (55, t = st_1)) + Li(0,1) . (B.19b)

Since Jys(u, ) — lgyuya<sy and Jyp(u, ) — Liyia<qy as l — oo, it follows by (B.9), (B.18c),
and (B.18d) that Mj (s) — My(s) and My (t) — My(t) as | — co. By Lemma B.2 and (B.19a),

EMj (s ZED Li)((st_1,0), (st s — st 1)) < E(Lg)(s,8) < .

(2
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Similarly, EMj, ;(t) < E(Lyg)(t,t) < co. Hence,

Lim E(My(s)|Ms) = My(s), (B.20a)
Jim B(Mj ()| M) = B(Mj (1) Ms) (B.20b)
Lemma B.2 implies that E(OLg((s!_;,0), (st t — s!))|F, s—s! ) = E(OLk((s!_,0), (st s —

i—1

s))| 84717878471) for i = 1,2,...,m and that E(DLk(( st 1,0), (sht — 8))|fz 1,) = 0 for
i=m+1,...,01. Since My C (Niz12,.mFg_ g )0 (mi:mﬂ,,,,,lfséfl,o), by (B.11), (B.19a),

and (B.19b) , E(My(t)| M) = E(My,,(s)|M,) . The martingale property of Mj, follows by (B.20a)
and (B.20b).
We now compute the predictable quadratic variation process. By (B.17), recalling (B.19b),

Atk EN(t—s; 1)

: dF;(u)
Mi(t) — Myt D e oy (Meepori—st p — / L{u>o) m)'
=1 j=1 EiN(t—Ti) ( )
B.21
We apply part 4 of Lemma B.1 with g;(z,y) = —Z;Zl 1{3:6(3#1783]}(1{y€(t7m7t78271]} —
4l
f;/f(iix)ﬁl) Liys0y dF;(u)/(1 — Fi(u—))) . According to the lemma,
ANk L e 1 — Fj(u)
E(M(t) — My(t)” =B Z; ; Lire(st ysl] / L{u>0} %dﬂ(u))
3 t—7;
k k
<) E Z Lre(el sy (Filt = sj0) = Filt = m)) = Y B(Ei(t = 85, 1) = Fi(t = 7)),
=1  j= i=1

where j(7;) is defined by the requirement that 7; € (Sé‘(n)—l’ Sé‘(n)]' Since ¢ — Sg(n)fl converges

from the right to t —7; as | — oo, F(t — sé(n)_l) converges to F'(t — ;) . By bounded convergence,

Jim E(Mi(t) - My, () =0. (B.22)
Similarly,
lim E(My(s) — My(s))> = 0. (B.23)

l—o0

By (B.19a) and (B.19b),

Mk,l( Mkl Z DLk z 1,8 — Séfl A 8), (8%, t— Séfl)) + (Lk(O, t) — Lk(O, 8)) . (B24)
By Lemma B.2, for i < j,

E(DLk(( Si—15$ —3571/\3)a(3§7t— ))DLk(( Sj—15$ 32'71/\8)7(82'715_ ))‘fl 18— sl 1/\5)
_DLIC(( Si—1,5— Sl 1/\8)7(82’75*5 ))E(DLk(( ] 155~ sé‘—l/\s)7(Sévt*‘gé—l)ﬂfséil,s L 1/\s) =0

—st
j—
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and

E((OLk((si-1, 5 =511 A8): (s t=si )| Fa_ g nd) = D) (51, 5= 51 As), (s5,t=511))

jil,sfsjil/\s

so, due to the fact that M, C Fa
L

1,3—52_1/\37
E(DLkz((Sé—b s—si_ 1 As), (sht— 55—1))DLI§((5§‘—1, 5 — Sé‘—l A s), (Sé'at - 55-_1))!/\%3) =0 (B.25)
and

E((OLu((si-1, 5 = si—1 As), (1, = 5i_1))) M) = B(O(Ly) ((si-1, 5 = si_1 A8, (5t = 51_1)) [ M) .

(B.26)
Since Ly (0,t) and L(0, s) are Foo—measurable,
E(DLk((Séflﬂ S — Slifl N 3)7 (327 t— Séfl))(Lk(Ov t) - Lk(()? S)) ’fsl-,l,s—sl-,l/\S)
= (Lk(()? t) - Lk(ov S))E(DLK‘((Séflv s — Séfl N 3)7 (327 t— 8571))‘.?51_7173_51‘71/\5) =0,
SO A
E(DLk((sﬁ_l, s—st  As),(sht— sﬁ_l))(Lk(O,t) — Li(0,5)) M) =0. (B.27)

Putting together (B.12), (B.18a), (B.18b), (B.24), (B.25), (B.26), and (B.27) yields

l

E((Mya(t) = Mig(9))*IMs) = E(Q O(Li)((si1,5 — si_y A ) (5t = si_1))
1=1

+ (<Lk>(0,t) — (L) (0, s))\./\;ls) = E(/(Jl,t(u,x) — Ji.s(u, x)) d(Lk>(u,x)]Ms) . (B.28)

2
R+

Since Jy s(u, ) — lgyqa<sy and Jyp(u, ) — Lyyya<qy as l— oo,

lim [ Jps(u,z)d(Lg)(u,x) = / Vuqa<s) d{Li)(u, ),

l—o0
R? R?

i [ ) d(Ta0) = [ Lsasy AL o),
R? R?

so by bounded convergence, a.s.,

lim E( / (Je(uy @) — Jis(u, @) d{Lg) (u, 2) | M) = E( / Liscuracy d{Li)(u,2)|My).  (B.30)

l—o0
2 2
R2 R2

Putting together (B.22), (B.23), (B.28), and (B.30) and recalling the definition of (M) in (B.10)
obtains the equality

E((Mj(t) — Mi(s))*| M) = B(((M)(t) = (My)())| M) as,

It remains to verify that the process (My) is M-predictable. By (B.3),
k A~
i=1
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where

&iNx
- 1 — F(u)
Lz‘(t, JI) = 1{T¢§t} / 1{u>0} —2dFZ(’U,) . (Bgl)
0 (1 — Fz(u—))
Denote
MZ@) = / 1{u+x§t} dﬁz(u, [E) . (B32)

£
Since (M) = Zle M;, it suffices to prove that each process M; = (M;(t) ,t € Ry) is M-predictable.
It is M-adapted which folows by the representation

fi/\(t—‘l'i)

R 1— F;(u
0 (2
By (B.31) and (B.32),
&/\(t—n)
~ 1-— FZ(.’E)
M;i(t) = 1<y >0y m dFi(z) . (B.33)
0 (2

Consider the decomposition M; = MZC + Mld, where Mic is a continuous-path adapted process and
“rd - . . . 9 . ¢ .

M is a pure-jump adapted process. By being continuous and adapted, M is M-predictable. The

process Mid is of the form

V) = 3" 1psueny Lneey 2000

i ( ) uz>0 {ri+u<t} +{u<&} (1 B Fi(u—))2

where the sum is tAaken over all positive times of jumps of F;. Note that 7; is an M—stopping time by
the definition of M. Since u > 0 in (B.34), 7;+u is an M-predictable stopping time. We show that
1{u<e,} 18 Mr, 1y)—-measurable. Note that {§; < u} = Useq, ({7 +& <t} N {7 +u > t}). By the
representation {7; +§& <t} = Us zey:sta<t({7 < s} N{& < x}), we have that {r; +& <t} € M,
hence, {§; < u} € M4y~ By Dellacherie [5, IV.1.5], each summand on the right of (B.34) is an
M—predictable process. It follows that Mld is too. O

AF,(u) (B.34)

C Hoffmann-Jgrgensen’s convergence in distribution

In this section we state the properties of Hoffmann-Jgrgensen’s convergence in distribution envoked
in the proofs of Section 4. We recall the definition stated in the introductory part of the paper.
Let (©2,F,P) be a probability space. Given a real-valued function £ on £, the outer expectation
E*¢ of £ is defined as the infimum of E¢ over all random variables ¢ on (£, F,P) such that { > ¢
a.s. and E( exists. Let S be a metric space made into a measurable space by endowing it with the
Borel o-algebra B(S). Given a sequence X,, of maps from {2 to S and a measurable map X from
(Q, F) to (S,B(S5)), we say that the X,, converge to X in distribution if

lim B*f(X,) = Bf(X) (C.1)

for all bounded continuous functions f on S. We also define E, f(X,,) = —E*(—f(Xy)) .
The next result is the continuous mapping principle, which is Theorem 1.3.6 in van der Vaart
and Wellner [24].
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Theorem C.1. Let S’ be a metric space and function f : S — S’ be Borel and continuous at all
points of a set Sy C S. If the X,, converge in distribution to X in S and X assumes values in Sy,
then the f(X,) converge in distribution to f(X) in S’.

Let 7 denote the topology on S.

Corollary C.1. Suppose that 7' is a metric topology on S which is coarser than T and that open
balls in (S, 7) are Borel sets in (S, 7). If the X,, converge in distribution to X for topology 7', a
subset Sy of S is such that convergence to the elements of Sy in 7' implies convergence in T, and
X assumes values in Sy, then the X, converge in distribution to X for topology T .

Proof. In Theorem C.1, let S be S endowed with topology 7" and let f be the identity mapping. [J

The next theorem relaxes the requirement of the separability of the range of X in the extended
continuous mapping principle of van der Vaart and Wellner [24], cf., Theorem 1.11.1 in [24].

Theorem C.2. Let f, and f be maps from S to a metric space S’. Suppose that f is measurable
and that the fy(x,) converge to f(x) whenever the x, converge to x and x € Sy, where Sy is a
Borel subset of S'. If the X,, converge in distribution to X and X assumes values in Sy, then the
fn(Xy) converge in distribution to f(X).

Proof. Note that f(X) is a random element of S, so convergence in distribution of the f(X,) to
f(X) is well defined. Let g be a continuous bounded function from S’ to R. Let Bs(x) denote the
closed ball of radius ¢ about € S and introduce

hi(z) = inf sup supg(fn(y)).
>0yeB;(z) n>k
The hy, are bounded upper semicontinuous functions on S and hi(z) > g(fn(x)) for n > k, so, for
arbitrary k, envoking the Portmanteau theorem (Theorem 1.3.4 in van der Vaart and Wellner [24])
limsup E*g(f(X,)) < limsup E*hi(X,)) < Ehg(X).
n—oo n—oo
The convergence hypotheses on the f,, and the continuity of ¢ imply that the hj(x) monotonically
decrease to g(f(x)) as k — oo for all x € Sy. By bounded convergence, lim; Ehg(X) = Eg(f(X)),
and we conclude that

limsup E*g(f(X,)) < Eg(f(X)).

n—oo

Applying this inequality to the function —g, we have that
lim inf E..g(f(Xn)) > Bg(f(X)).
Since E*g(f(Xn)) > E.g(f(Xy)), the proof is over. O

We now review the extensions of Prohorov’s theorems. We say that the sequence X, is asymp-

totically measurable if
lim (E*f(X,,) — E.f(X,)) =0 (C.2)

n—oo

for all bounded continuous functions on S'.

We say that the sequence X, is asymptotically tight if for every ¢ > 0 there exists a compact
set K such that

limsup P*(X,, € S\ K%) < e
n—oo

for all 6 > 0, where K% = {x € S : m(x, K) < 6}, m being the metric on S.

The next four results are copied from van der Vaart and Wellner [24].

44



Theorem C.3. If the sequence X, converges in distribution to a random element with a tight
probability law, then it is asymptotically tight.

Theorem C.4. If the sequence X,, is asymptotically tight and f : S — S’ is a continuous mapping,
then the sequence f(X,) is asymptotically tight.

Theorem C.5. If the sequence X, is asymptotically tight and asymptotically measurable, then it
has a subsequence which converges in distribution to a random element with a tight probability law.

Theorem C.6. Suppose that the sequence X,, is asymptotically tight and (C.2) holds for all func-
tions [ from a subalgebra of the algebra of bounded continuous functions which separates points in
S. Then the sequence X, is asymptotically measurable.

The next group of results is concerned with joint convergence. Let Y, be a sequence of maps
from Q to a metric space S’. The following is Lemma 1.4.3 from van der Vaart and Wellner [24].

Theorem C.7. Fach of the sequences X,, and Y, is asymptotically tight if and only if the sequence
(X, Y,) is asymptotically tight in S x S”.

We use the following corollary of Example 1.4.6 in van der Vaart and Wellner [24].

Theorem C.8. Suppose that the X,, converge in distribution in S to a separable random element
X and the Y, converge in distribution in S’ to a separable random element Y. If X,, and Y, are
independent for each m, then the (X,,Y,) converge in distribution in S x S to (X,Y), where X
and Y are independent .

The next result is usually referred to as Slutsky’s lemma, see Example 1.4.7 in van der Vaart
and Wellner [24].

Theorem C.9. If the sequence X,, converges in distribution in S to a separable random element X
and the sequence Y, converges in distribution in S’ to a constant element c € S’, then the sequence
(Xn, Yn) converges in distribution in S x S" to (X, c).

The following result is in a similar vein. Define P*(A) = E*14 for A C Q.

Theorem C.10. Suppose that Xy, where € > 0, converge in distribution in S to random elements

X€ asn — oo and that the X¢ converge in distribution in S to a random element X as e — 0. If

lim lim sup P* (m/(X,,, X5) > ) =0,

e—0 noco
for arbitrary 6 > 0, then the X,, converge in distribution in S to X .

Proof. As it follows by the Portmanteau theorem (Theorem 1.3.4 in van der Vaart and Wellner

[24]), it suffices to prove that (C.1) holds for any real-valued bounded uniformly continuous function
fon S. We have

[E"f(Xn) — Ef(X)] < [E°f(Xn) - E*f(X5)] + [Ef(X5,) — Ef(X9)] + [Ef(X9) - Ef(X)].
The hypotheses imply that
lim sup lim sup|E* f(X,,) — Ef(X)| < limsup limsup|E* f(X,,) — E*f(X})|.

e—0 n— o0 e—0 n— 00
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By the triangle inequality for the outer expectation, |E*f(X,,) — E*f(X5)| < E*|f(X,) — f(X?)].
Given arbitrary v > 0, let 6 > 0 be such that |f(x) — f(y)| < v if m(x,y) < §. Then |f(X,) —
FX) < v+ 2supgesl ()| Lm(x,,x¢)>sy - We conclude that

lim sup lim sup|E* f(X,,) — E* f(X},)| < v + 2sup|f(z)|limsup lim sup P* (m(X,, X;;) > 0) = 7.
z€S

e—0 n—00 e—0 n—00
Convergence (C.1) follows. O

Convergence in distribution to separable random elements can be metrised. Let X and Y be
mappings from €2 into S. Suppose that Y is measurable. We define

pL(X,Y) = sup [E"f(X) - Ef(Y)],
feBLy

where BL; denotes the set of real-valued functions on S that are bounded in absolute value by
1 and admit a Lipshitz constant of 1. The next theorem appears in Dudley [7], see also van der
Vaart and Wellner [24, Section 12].

Theorem C.11. The sequence X, converges in distribution in S to a separable random element

X if and only if limy, o0 djp, (Xn, X) = 0.
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