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Abstract

Motivated by recent electronic marketplaces, we consider a single-product make-to-stock
manufacturing system that uses two alternative selling channels: long-term contracts and
a spot market of electronic orders. At time 0, the risk-averse manufacturer selects the
long-term contract price, at which point buyers choose one of the two channels. The re-
sulting long-term contract demand is a deterministic fluid, while the spot-market demand
is modeled as a stochastic renewal process. An exponential reflected random walk model
is used to model the spot-market price, which is correlated with the spot-market demand
process. The manufacturer accepts or rejects each electronic order, and long-term con-
tracts and accepted electronic orders are backordered if necessary. The manufacturer’s
control problem is to select the optimal long-term contract price as well as the optimal
production (i.e., busy/idle) and electronic-order admission policies to maximize revenue
minus inventory holding and backorder costs. Under heavy traffic conditions, the problem
is approximated by a diffusion control problem, and analytical approximations are used to
derive a policy that is simple, and reasonably accurate and robust.

1 Introduction

Electronic marketplaces have changed the way many industries do business. Roughly speaking, an
e-marketplace is an internet trading community that includes buyers, suppliers, manufacturers, their
channels of distribution and support services that deliver finished goods and other value-added ser-
vices. At the core of an e-marketplace is a secure communication channel that allows participants to
interchange real-time market information. Depending on the stage of development of an e-marketplace,
the type of information can vary from purely descriptive (such as technical specifications about prod-
ucts and services) to concrete commercial transactions. In terms of applications, business-to-business
e-marketplaces have been developed for a wide variety of products such as electronic components
(www.brokerforum.com), chemical and plastic products (www.skchem.com), steel (www.e-steel.com),

jewelry (www.polygon.net), industrial equipment (www.truckpartslocator), among many others.
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As a concrete example of an e-marketplace, we briefly describe The Broker Forum (www.brokerforum.com),
a provider of a web-based platform that enables online transactions for electronic components on a
24/7 basis. Buyers or sellers can post items they wish to buy or sell at their chosen prices, and can
even target which sellers or buyers have access to these offers. A buyer or seller, upon observing a
posted item that is deemed attractive, can complete the transaction online in a neutral, secure envi-
ronment. Buyers and sellers can post as many items as they want in a dynamic fashion; e.g., if a buyer
placed an item with a low price and had no takers, he could raise the price in the hopes of attracting
a seller. Hence, The Broker Forum has essentially created a spot market for a manufactured, storable
good. Most buyers and sellers perform only a fraction of their business at an e-marketplace, and
continue to buy and sell items using traditional long-term contracts. Further discussion and examples
of e-marketplaces can be found in Kafka et al. 2000, Kaplan and Sawhney 2000, Geunes et al. 2002
(part I), Keskinocak et al. 2001, and references therein.

In this paper, we develop an idealized model, which is formulated in §2, for how a single manufac-
turer uses an e-marketplace to sell a portion of his manufactured, storable product (such as electronic
components). In addition to participating in an electronic spot market, the manufacturer in our model
also employs long-term contracts to sell its product. We assume that the manufacturer, which is mod-
eled here as a single-server queue operating in a make-to-stock mode of production, initially chooses
a fixed price at which buyers can purchase units of the product via a long-term contract. The manu-
facturer knows the deterministic flow of demand arising from the long-term contracts after choosing
the contract price.

Customers that do not sign the long-term contract use the electronic spot market. A key assump-
tion in our model is that the manufacturer acts as a price-taker in this e-marketplace: rather than
posting items for sale at specific prices, he observes requests to buy items at stated prices, and decides
which of these requests to pursue. More specifically, customer requests arrive to the spot market
according to a renewal process. Each of these requests, which we refer to as “e-orders”, is for a single
unit of product for a specific price. The manufacturer, in this spot market, acts as a price-taker and
decides whether to accept or reject each arriving e-order at the time of its arrival. Although a rejected
job could presumably be accepted by a competing manufacturer, this aspect of the situation is not
part of our model; i.e., we do not attempt to model the competition among manufacturers.

In order to capture in an analytically tractable way the serial correlation of e-order prices, which
is driven by exogenous factors affecting product demand and supply, such as changes in economic
indicators or in prices of product inputs, substitutes or complements, the spot-price stochastic process
(i.e., the price of an e-order that arrives at a specific time) is modeled as an exponential reflected
random walk. This stochastic process is a bounded and piecewise-linear variant of geometric Brownian
motion, which is the prototypical process for modeling dynamic prices in mathematical finance (e.g.,
Merton 1990). Rather than assume a behavioral model that expresses the arrival rate of e-orders as a
function of the spot price and congestion, which has been an invaluable approach to studying queueing
systems in which the system manager posts prices (Mendelson 1985), we simply assume that the e-
order arrival process and the spot-price process are correlated. This can be viewed as a “data-driven”

approach, where the correlation between the two stochastic processes (i.e., the sequence of interarrival



times and prices) can be measured from historical data.

Our model idealizes from the real situation in certain industries (a detailed description from the
paper industry can be found in Keskinocak et al. 2001), where arriving customers might also specify
the size of an order, certain product characteristics (e.g., quality, size, color), and the time at which
the order must be received. Rather than having customers state a desired deadline (e.g., Markowitz
and Wein 2001, Plambeck et al. 2001), we assume that the manufacturer incurs a backorder cost (per
unit of inventory per unit time) for accepted jobs that need to wait, and also incur a cost for holding
inventory. Hence, the manufacturer must simultaneously decide on the traditional busy/idle policy for
the machine in addition to an accept/reject policy for e-orders, with the aim of maximizing his revenue
minus the inventory holding and backorder costs. Because this problem is quite difficult (two control
processes and two states, inventory level and spot price), we employ a heavy traffic approximation
in §3 in an attempt at simplification. We cannot solve the approximating diffusion control problem
exactly, but approximate analytical approaches are used in §4, which are shown to coincide well with
the numerically-computed optimal solution. The optimal long-term contract price is investigated in
§5 and concluding remarks are offered in §6.

We conclude the Introduction by attempting to position our paper within — but not reviewing —
the vast literature on pricing and admission control in operations research. Arguably the two biggest
application areas are the admission control of loss (queueing) networks for telecommunications (Kelly
1992) and revenue, or yield, management in the airline and related service industries (Talluri and van
Ryzin 2004). Our problem differs from both of these problems because our manufactured product
can be stored, but is closer in spirit to the former problem because of the continual operation of
manufacturing and telecommunications systems (i.e., the airline problem terminates when the flight
departs). In addition, there exists an extensive body of queueing theory, some of it with an economic
orientation, devoted to admission control (going back to Naor 1969; see Stidham 1985 for a survey of
some early work) and pricing (starting with Dolan 1978; see Van Mieghem 2000 for recent references).
Moreover, dynamic pricing in stochastic inventory systems has received some recent attention (e.g.,
Federgruen and Heching 1999, Chen and Simchi-Levi 2004). Finally, make-to-stock queues, which
combine aspects of queueing and inventory models, have also been studied in the context of pricing
and admission control. Li (1992) allows the customer arrival rate to depend on the congestion and
exogenous price, and derives optimal busy /idle policies for competing manufacturers. A closely related
paper is Carr and Duenyas (2000), who consider a two-class queue with a make-to-stock class and a
make-to-order class, where the controller sequences the jobs and makes accept/reject decisions on the
make-to-stock class; however, prices are fixed in this model.

The distinguishing feature of our work is its explicit admission control in the case where the price
of incoming orders is a stochastic process. To our knowledge, this has only been considered in a
storable setting by Helm and Waldmann (1984), who derive structural results for admission control
of a multi-server queue where the price (and holding cost rate and production capacity) evolves in a

Markov-modulated manner.



2 The Problem Formulation

We consider a single-server manufacturing facility that produces and stocks a single type of product.
This risk-averse manufacturer uses two alternative channels to sell its product, long-term contracts
and a spot market of e-orders. The manufacturer has a two-step optimization problem: determine the
long-term contract price at time ¢ = 0, and then dynamically control production and e-order admission
over an infinite time horizon. In practice, we expect the manufacturer to periodically (e.g. once a
year) revise and renew the long-term contracts while using the spot market to accommodate unsold
capacity. In this respect, our model is an approximation that focuses on a single cycle of the business.
Figure 1 summarizes the different components of the model and notation that we describe in detail in

the remainder of this section.
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Figure 1: A production-inventory system serving long-term contracts and spot-market e-orders.

2.1 Long-Term Contracts

To model the long-term contract, we assume the manufacturer quotes a price per unit, r, at time ¢t = 0,
and some of the potential buyers decide to sign the contract. Each buyer has a private reservation price
v, which is the maximum price that he is willing to pay for the product. The manufacturer correctly
believes that Pr(v > r) = 1 — ®(r) for an arbitrary buyer. A fraction 1 (r) of the buyers are regular
buyers and sign the long-term contract if their reservation price is larger than r, while the remaining
buyers are speculators that prefer to gamble on the spot market even if their reservation price is greater
than r. We expect ¢ (r) to be decreasing in r to reflect the fact that an increase in r enhances buyers’
propensity to reject the long-term contract and speculate on the spot market. The cumulative long-
term contract demand Dc(t) is modeled as a deterministic fluid with rate Ao(r) = A(1 — ®(r))y(r),
where A is the total demand rate of all potential buyers. Consequently, revenue from the long-term

contracts is accrued at a constant rate r Aq(r).



2.2 Spot Market

Buyers that do not select the long-term contract option procure the product on the spot market. This
spot market is modeled by a pair of stochastic processes (Ds(t), R(t)), where Dg(t) is the cumulative

spot-market demand up to time ¢ and R(t) is the price posted by an e-order arriving at time ¢.

We define {z,, : n > 1} to be the iid sequence of interarrival times of e-orders with mean E[z;] =
(A=Xc(r)) ~! and variance Var(r1) = 02, which guarantees that the average arrival rate is equal to the
average demand rate that is not satisfied by the long-term contracts. If we denote the corresponding
partial sum process by M,(t) = Z,ﬂl Zp, then

Dg(t) = SI;II){MQ;(H) <t}, t>0. (1)

We model the spot-price process by
R(t) = Ry(r) + Roe™ ), (2)

where Ry (r) is a deterministic function that captures the impact of the long-term contract price r, and
Roegy(t), where Ry and 5 are positive constants and Y'(¢) is a stochastic process, captures the dynamic
nature of the price process. Both terms on the right side of (2) require a detailed development, and
we begin with the latter term.

Our goal in constructing a price process is to capture the strong serial correlation that is present
in spot markets, which may be due to seasonal factors affecting product supply and demand as well as
other exogenous factors (e.g., changes in economic indicators or prices of product inputs). It is natural
to consider a price process that is closely related to geometric Brownian motion (GBM), which is the
standard model used to represent price processes in mathematical finance (Merton 1990). To this end,
we define the iid sequence {y,} and the corresponding partial sum process M, (t) = Zytfil Yn, Where
Ely1] = 0 and Var(y;) = 03. Since spot price changes are only observable at the arrival epoch of
e-orders, we model the spot price process as a pure-jump process with jumps that coincide with those
of the e-order arrival process. Hence, a natural candidate for Y (¢) in (2) is M, (Ds(t)) because the

M, (Ds (1) ig the piecewise-constant version of GBM; here, the rate of price

exponential random walk Rge
change depends on time only through the number of e-orders received in each time interval. However,
this candidate is not suited to our setting because, in general, its expected value does not remain
bounded throughout the infinite time horizon. Although the operational decisions in our queueing
control model (admit or reject customers, use or idle the machine) are typically considered (as they
are here) in an infinite-horizon setting, the actual time frame over which these decision are employed
is finite, e.g., one year. Over the course of a year, it is hard to imagine realistic situations where the
underlying spot price can be arbitrarily large, since it will have an upper bound representing the price
of a higher-quality substitute product, which is bounded over a one-year time horizon. Consequently,

we assume that the price process has a bounded support and define Y (¢) by

Y(t) = My(Ds(t)) + Lr(t) — Ur(?), 3)
Lp(t) = Oiugt[ymm — My(Ds(t)) + Ur(s)]", (4)



Ur(t) = oiligt[My(DS(t)) + Lr(s) — Ymax] " (5)

Here, Y (t) is a two-sided regulated random walk, where the regulators Lr(t) and Ugr(t) guarantee,
with minimal effort, that Y (¢) € [Ymin, Ymax) for all ¢ > 0 (see §14.8 in Whitt 2002).

Although we could have constructed a price process by performing the bounding after taking the
exponent — i.e., a reflected exponential random walk rather than an exponential reflected random
walk — we chose the process in (3)-(5) for purposes of analytical tractability. Also, mean-reverting
processes have been proposed as alternatives to GBM for modeling commodity prices (e.g., Dixit and
Pindyck 1994, Schwartz 1997), and the question of whether a mean-reverting process or our exponential
reflected random walk in (2)-(5) is a better model requires collecting transactional data and testing

the fit of each model, which is beyond the scope of this research.

Turning to the term Rj(r) on the right side of (2), we note that because a single population of
buyers is split into two buying channels, the spot price needs to depend on the long-term contract

price r. The mean reservation price of spot-market customers is

e\, v(r)2()
el = (=5 —we) B (T3 —oey

where the first term on the right side of (6) corresponds to the speculators, who operate exclusively in

> Ejv|v < r], (6)

the spot market and have a reservation price distributed according to ®(r), and the second term cor-
responds to the regular customers that use the spot market, whose reservation price is the conditional
distribution of v given v < r.

From the manufacturer’s perspective, the time-average value of the spot price R(t) — a quantity
we denote by E[R] — should be close to E[vs]. However, spot-market buyers may behave strategically
by quoting prices that differ from their true reservation values. This line of reasoning would lead us to
the analysis of a noncooperative equilibrium model for the spot market, which is beyond the scope of
this work. In addition, the manufacturer’s perception of future reservation prices may not be accurate
at the time the long-term contract price is specified. To incorporate in a simple but reasonable way

the manufacturer’s imperfect information about the true value of E[R] at ¢t = 0, we assume that

E[R] = E[vs] +er at t =0, (7)

[\

where ep is a normal random variable with mean zero and variance oZ. Hence, by (2) and (7), we set

Ri(r) = Elvs] — RyElexp(0Y)] + er, (8)

where Y = lim;_.o Y (%).

Although the value of e is unknown to the manufacturer at time ¢ = 0 when he decides the price
of the long-term contract, for £ > 0 the manufacturer is able to collect data from the spot market and
improve his price forecast. Because the manufacturer is able to rapidly estimate the true value of ep
in our continuous-time infinite-horizon framework, we assume that eg is unknown for the purpose of
selecting the long-term price 7, but is known for ¢ > 0 when the production and admission decisions

are made.



We conclude this subsection by defining the relationship between the spot market demand Dg(t)
and the spot price R(t). Basic economic theory suggests that these two processes should be nega-
tively correlated. We model this negative dependence by assuming that the pair (z,,y,) is positively
correlated with coefficient of correlation g. Note that, for the sake of analytical tractability, we are
assuming that the interarrival time z,, is affected by the increment of the price process y, rather than

the actual price Y ;. Y.

2.3 Manufacturing Process

The production system is driven by the iid sequence of service times {s, > 0 : n > 1}, which is
independent of the spot-market demand and price processes. We also define the partial sum process
My(t) = Z,Lfil Sn, SO that

ﬂwéwgﬁng)gﬂ, t>0, (9)

is a nondecreasing stochastic process that represents the potential cumulative production of the system,

i.e., the total number of units produced if the server had been producing continuously during [0, ¢].
1 2

This renewal process is characterized by the mean service time E[s;] = ¢~ and variance Var(s;) = o2.
As a convenient normalization, we set u = 1 so that demand rates are expressed in units of production
capacity, i.e., A = p is the system traffic intensity. In addition, under this normalization the inventory
and workload formulations coincide.

The dynamics of the inventory process X (t), which is negative whenever demand is backordered,
are determined by the demand processes Dq(t) and Dg(t), the production process S(t), and the
manufacturer’s decisions. The manufacturer has control over the admission and production processes.
As is customary in the heavy-traffic literature, we model the admission and production controls using

two nondecreasing and nonanticipating processes A(t) and T'(t), respectively, satisfying
A(s) —A(t) <t—s and T(s)—T(t) <t—s, for0<s<t.

We interpret A(t) as the cumulative amount of time in [0,¢] during which the manufacturer is ac-
cepting e-orders. Similarly, T'(¢) represents the cumulative amount of time in [0, ] during which the
manufacturing system is working.

Based on these control processes, we define U(t) = S(t) — S(T'(t)) and L(t) = Ds(t) — Ds(A(t))
to be the cumulative lost output and cumulative rejected demand during [0, t], respectively. It follows

from these definitions that the inventory process X (t) satisfies
X(t)=X(0)+ S(t)—D(t) —U(t) + L(¢t),
where X (0) is the initial inventory level. Finally, we define the netput process
Z(t)=X(0)+ S(t)— D(t) for t>0,
to be the inventory process if all spot-market demand is accepted and the server never idles, so that

X(t)=Z(t)=U(t)+ L(t). (10)



2.4 Optimization Problem

Our two-step optimization problem is solved by working backwards in time. We first solve the infinite-
horizon problem, assuming r and eg, and hence the average demand rate and price in the spot market,
are known. If we denote by H (t,7,er) the profit rate that the manufacturer earns at time ¢ then this

first optimization problem is

T—o00

N S
H(r,er) = max lim TE {/0 H(t,r,er) dt} , (11)

subject to the dynamics of X in (10). The solution to this problem, U* and L*, represent the optimal
production and admission controls as a function of r and eg.

In the second optimization step, we choose the contract price r, where €r is unknown. Given the
irreversible and strategic nature of this decision, we assume that the manufacturer adopts a risk-averse
attitude and solves

max E [II(H(r, er))] ,

<
where II is a concave utility function. In our computational examples, we assume an exponential
utility function with constant measure of risk aversion 3, that is, II(H) = — exp(—FH) /5.

The remainder of this section formulates the infinite-horizon problem (11) in more detail. Revenue
from the long-term contracts is accrued at constant rate r/\c( ), and the cumulative revenue earned
from the spot market by time T is fo t)dDg(t fo . For later use, we note that (see
Asmussen (2003), chapter VI, Theorem 3 1)

T—oo T

hmE[/ R(t)dDs(t ]:E[R])\S(r).

Once accepted, long-term contracts and e-orders are fully backlogged. Costs h and b are incurred
for every unit held or backordered, respectively, in inventory per unit time. In this respect, we assume
that long-term contracts and e-orders are indistinguishable. Hence, the cumulative inventory and
backorder cost by time T is fOT c(X (t))dt, where X (t) is the inventory level and c(x) = hat + bx~.

Taken together, we can express the manufacturer’s optimization problem as

max E [H(G(r, er) — C(r, eR))} (12)
subject to  G(r,er) =r (1) + E[ (13)
C(r,er) = %1’111 Tlgl;o TE [/ R(t)dL(t / c(X(t))dt} , (14)
X(t)=2(t)-U(@) + (15)

R(t) = Ri(r) + Ro e”( ) (16)

Y(t) = My(Ds(t)) + Lr(t) — Ur(2). (17)

Note that the infinite-horizon subproblem, which is the subject of the next section, has been
reduced to the cost-minimization problem (14)-(17). For general demand, spot-price and production
processes, there is no clear method to tackle problem (14)-(17) unless we impose some additional

Markovian structure. Instead, we use asymptotic analysis (§3) to approximate (14)-(17) by a diffusion



control problem for which an approximate solution is obtained (§4.2). The proposed policy that we

derive is rather simple:

Production Policy (U): Use a base-stock policy independent of the spot price to control
production. That is, keep the machine producing as long as X (t) < &, where £ > 0 is a fixed

base-stock level.

Admission Policy (L): Reject incoming e-orders when the inventory position is below a thresh-
old level that is an affine function of the price. Specifically, reject an incoming e-order if

X(t) <o+ c1 R(t), for two negative constants ¢y and c;.

The system is producing and accepting e-order most of the time under this proposed policy . It is only
when the inventory level reaches an upper or a lower bound that the decisions of stopping production
or rejecting customers are, respectively, exercised. The production and admission thresholds in this
policy are proportional to the cost of exercising these actions: the (opportunity) cost of rejecting a
customer is given by the price this customer is willing to pay and so the admission policy is proportional
to this price, and the cost of stopping production is independent of the price and so a fixed base-stock
policy is employed. Although the form of the proposed policy is simple, the closed-form expressions
for the constants £, ¢y and ¢ are quite involved, and readers unfamiliar with heavy traffic analysis
may want to skip §3, §4.1 and §4.2.

We conclude this section with a brief discussion on how to extend the previous model to a multi-
product setting. Specifically, in many practical situations different customers require different order
sizes. To handle this situation, similar to § 2.1, we can introduce a vector of customer classes each
with its own arrival process, reservation price distribution, and order size. As in the current model,
within each class a fraction of buyers will sign the long-term agreement and the rest will select the
spot market. To keep the state-space dimensionality of our control problem in (14)-(15) unchanged,
we would need to pool together the multi-class spot market demand into a single class. This condition
boils down to assume that there is a unique per unit spot market price with dynamics given by
equation (2). That is, the time t spot price of an order of size i equals ¢ times R(t). To compute
R;(r) we would need to repeat the analysis in §2.2 but replacing the expected reservation price E[vsg]
by the average reservation price across all classes. In addition, the cumulative arrival rate of e-orders
would be given by the weighted sum of the arrival rate of each class where the weights are the order
sizes of each class. Finally, on the manufacturing side orders would join a single queue and the same
single server production process described in §2.3 would process one unit at a time. Because of our
solution method is based on a heavy traffic diffusion approximation, we can neglect the specification
of holding/backordering costs at the order level and simply work with the same cost functional ¢(X),

introduced above, at the unit level.

3 The Diffusion Control Problem

Because (14)-(17) is difficult to solve, we use heavy traffic theory to approximate it by a diffusion

control problem. For a generic stochastic process B(t) such that f = lim;_, @ with probability 1,



and for a given positive number n (the heavy-traffic scaling parameter), define

En(t):B%), En(t):B(”t)f;ﬂ”t, and Bn(t):B(:t). (18)

Under technical conditions omitted here, Donsker’s theorem (Billingsley 1999, Whitt 2002) establishes

that B, weakly converges to a driftless Brownian motion as n — co. We use this functional central limit

theorem (FCLT) to scale the original production, demand, and price processes to obtain a modified
version of (14)-(17) that converges to a diffusion control problem. Throughout this transformation,
the main step is to ensure that the different processes that we construct do in fact converge as n — oo.
In this respect, we use a heuristic derivation of the diffusion control problem since we do not prove the
convergence of the regulators En and ﬁn, which are the scaled processes used by the system manager
to control the scaled netput process 2n

The first step is to derive the joint convergence of the three primitive renewal processes M, (t),
M, (t) and M(t). Theorem 4.3.5 in Whitt (2002) implies that

((Mit)nv (My)nv (Ms)n) = (UI W:ca Uy Wyy Os Ws) (19)

where (W,, Wy, W;) is a (0, X)-Brownian motion with covariance matrix

[

nL

o R
S = R
= o O

We now use (19) to derive the convergence of our control problem. From (18) and the piecewise-

linearity of the cost function c(z) we have that (14)-(17) is equivalent to

T, € T _ ~ r
Cutroen) 2 CE — win i [ [ R@aL0+ [ dRwa]. o
Xn(t) = V(1 — p)t + Sn(t) — Du(t) + Ln(t) — Un(2), (21)
Ryt = B T oy (vmdTa0) (22)
~ Dg(nt) N R
Pult) = L (OR)a(®) + (Er)alt). (23)

Because the heavy traffic scaling makes the original average cost C(r, eg) be order y/n, we introduce
in (20) the scaled version C,(r, er) that remains bounded as n increases.

To guarantee convergence of )A(n, we invoke the heavy traffic condition, which assumes the existence
of a bounded real # such that lim, .~ v/n(1 — p) = 0, where p is the traffic intensity. Corollary 13.8.1
in Whitt (2002) implies that
Su(t) = Du(t) = As(r) oo WalAs(r) t) — o Wi(t) 2 Wy(1),
where Wy is a (0, o)-Brownian motion with diffusion paramater o2 = \3(r) 02 + 02. We define U/ and
L as the corresponding limits for U, and Ly, respectively. If we also define X' (t) = lim, )A(n(t),
then the limiting behavior of (21) is

X(t) = Z(t) + L(t) — U),

10



where Z(t) = 0t + Wz (t) is a (6,02) Brownian motion.
From the renewal-reward FCLT for regenerative process (see chapter 13 in Whitt 2002), we have
that the first summand on the right-hand side of the equality in (23) weakly converges to

Dg(nt)

Y. T = o WO 1) & Walh), (24)
=1

where Wg(t) is a (0, og)-Brownian motion with variance o2 £ \g(r) o;. Therefore, to ensure conver-
gence of the spot price process in (22), we require \/55 to remain bounded as n increases, and assume
the existence of a positive scalar § such that

lim /nd =9. (25)

n—oo
In addition, to ensure a nontrivial limit for R,,, we need the ratios R1(r)/n and Ro/n to remain positive
for large n. We let R1(r) and R¢ be these limits, i.e.,
R R
lim T _ Ri(r) and lim — =7R,. (26)

n—oo n n—oo 1
Finally, let Ur and Lg be the corresponding limits of the two-sided regulators for Y (¢), and define
V(t) = 0 Wg(t) + Lr(t) —Ug(t) to be the resulting RBM on [yumin, Ymax]. Hence, by (24)-(26), and the
continuous mapping theorem (e.g., Whitt 2002), we conclude that
R(t) 2 lim Ra(t) = Ri(r) + Roe’®. (27)

n—oo

To review the practical implications of the heavy traffic approximation, the price has to be large
enough (order n) to make the penalty of rejection have the same order of magnitude as the hold-
ing/backordering cost, and the diffusion parameter, 5, has to be small (order 1/y/n) to keep the price
variations bounded. For example, if n = 100 and the holding and backordering cost rates are order 1,
then the minimum and initial prices (R, Ro) have to be order 100, the diffusion § has to be order 0.1,
and the idleness rate (1 — p) has to be order 0.1.

Taking the limit as n — oo in (20)-(22), we obtain

Coclrr) = min lim. —E [ / R(1) dL(t / c(X(t))dt] , (28)
X(t) = Z(t) + L(t) - (29)
R(t) = Ra(r) + Ro eW), (30)
where Z is a (,0)-Brownian motion and Y is a (0,6 0g)-RBM on [Ymin, Ymax]. To complete this

diffusion formulation, we note that the covariance between Z and Y is given by 6 A2(r) o, oy 0. Finally,

for future references, we define the diffusion and correlation coefficients

A S)\g(r)azay@ _ )\g(r)axé
7o VA(r) 02 4+ As(r) o2

82 50p and 0

11



4 Analysis of the Diffusion Control Problem

This section provides numerical and approximate analytical solutions to problem (28)-(30). The
optimality conditions are derived in §4.1, an approximate analytical solution is proposed in §4.2, a set
of alternative approximate solutions is offered in §4.3 as a basis for comparison, and a performance

comparison of the numerically-computed policy and the policies in §4.2-4.3 is undertaken in §4.4.

4.1 Optimality Conditions

Without lost of generality, we assume that Rg = 1, which is equivalent to normalizing the price
coefficient R1(r) and the holding and backordering cost rates, h and b, by Rg. This allows us to
express the state space of our control problem as the pair (X (¢),Y(t)) describing the inventory level
and the natural logarithm of the price (minus Ri(r)) at time t.

The optimality conditions are stated in terms of the minimal average cost, or gain, g, and the
value function V' (x,y), which represents the additional cost incurred under the optimal policy when
the initial state is (x, y) instead of an arbitrary reference state. Slightly abusing notation, we define the
function R(y) = Ri(r) + Ro €Y, which represents the spot-market price associated with the particular
value y of Y(t). The Hamilton-Jacobi-Bellman equation for (28)-(30) is

[=Va(z, )] A Va2, y) + RYIA LV (2, y) + c(x) — g] = 0, (31)

where a A b = min{a, b} and

1“_9&4_072872_'_ 5872_,_572672
Vo 209,277 Q@xy 2 Oy?

is the infinitesimal generator of (X'(t),)(t)). The derivation of this equation is in §1 of the Online
Companion and follows standard arguments (e.g., Taksar 1985), by deriving optimality conditions for
the discounted problem (e.g., Harrison and Taksar 1983), and using a Tauberian argument as the
discount rate goes to zero. This derivation is heuristic, however, because it assumes that the value
function is twice continuously differentiable, an assumption known as the “principle of smooth fit”
(Benes et al. 1980).

Problem (28)-(30) is a two-dimensional singular control problem: Because the controls £ and U
can be exerted instantaneously (i.e., in an unbounded manner), the resulting optimal control processes
are continuous but singular (i.e., the set of time points at which they increase have measure zero).
Consequently, the solution to our singular control problem is characterized by boundaries in (X,))
space, and the controls are exerted (in a minimal fashion, similar to (4)-(5)) only when the two-
dimensional diffusion process hits one of the boundaries.

The first two bracketed terms in (31) are the boundary conditions. Given the smoothness assump-

tion, we can rewrite the second term, V,(x,y) + R(y) =0, as
V(z,y) = V(z+ey) =R(y) e+ oe). (32)

Given a price R(y), the left side of (32) is the marginal cost of accepting an order of size e and the

right side is the marginal cost of rejecting an order of the same size. Therefore, this condition defines

12



the set of states (z,y) for which the manager is indifferent between accepting or rejecting orders at
the marginal price R(y). Similarly, V,(x,y) = 0 characterizes those states for which the manager is
indifferent between keeping the machine working or turning it off.

These observations allow us to re-express equation (31) in terms of two boundary curves (see
Figure 2), the rejection boundary = = n(y) and the idleness boundary z = £(y), which are defined
implicitly by

Va(n(y),y) + R(y) =0 and Vi(&(y),y) = 0. (33)

However, some additional notation is needed. For a given pair (n(y),&(y)), we define the region

Q= {(2,y) : Ymin <Y < Ymax and n(y) <z < E(y)}, (34)
and divide the boundary 92 of  into the four components

oV = {(z,y) € 0N : x=n(y)} o0 = (. y) € 02 : Y = Ymin}

.y
. (35)
00 = {(z,y) €00 : x =£(y)} oM = {(z,y) € 0N 1 Y = Ymax}

We also introduce the real-valued boundary function F : 9Q — R and the reflection field 7 : 9Q — R2:

(1,0) if (2,) € 907,
R if oN; —-1,0) if 00¢;
0  otherwise; (0,1) if (z,y) € 0Q™",
(0,—1) if (z,y) € o™=,
The optimality equation (31) can now be expressed as

I'V(z,y)+c(x) —g=0 for all (z,y) € Q; (37)
—R(y) < Vi(z,y) <0 for all (z,y) € Q; (38)
v(x,y) - VV(z,y) = —F(x,y) for all (z,y) € 09; (39)
V$$(77(y)7 y) = Vxx(g(y)a Z/) =0 for all Ymin < Y < Ymax; (40)

where V is the gradient operator. This is a two-dimensional elliptic partial differential equation (PDE)
problem with free boundary conditions. As depicted in Figure 2, the physical intuition behind this
system is the following. By (37)-(38), if the inventory level x satisfies n(y) < = < £(y) then the system
manager should be accepting e-orders and producing. Equation (39) specifies the boundary conditions
for the curves z = n(y) and x = &(y). If x = n(y) then incoming e-orders should be rejected and if
x = £(y) then production should stop. Finally, condition (40) imposes the smoothness of the value

function V' (z,y) at the boundaries.

4.2 Proposed Policy

Closed-form solutions to multi-dimensional free boundary problems are rare, and we have been unable
to solve (37)-(40) analytically. Therefore, we resort to analytical approximations in this subsection.

Our approximate analysis of (37)-(40) modifies the angles of reflection at the boundaries, which reduces
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Figure 2: Depiction of the optimal solution. Arrows indicate the reflection field 77 on the boundary.

this PDE system to a simpler ODE system for which explicit solutions are presented. Suppose for the
moment that the switching curves n(y) and £(y) are fixed and let g(n, &) be the corresponding average

cost associated with these boundaries. The optimality conditions (37) and (39) become

I'Vi(z,y) =9(n,&) —c(z)  forall (z,y) € Q; (41)
v x,y) - VV(r,y) = —F(x,y)  forall (z,y) € 00. (42)

Problem (41)-(42) is a two-dimensional elliptic PDE problem with oblique reflection . For this
problem, let us denote by 7o = {mo(z,y) : (z,y) € Q} the steady-state distribution of (X,)) in €.
Combining Green’s identity and the divergence theorem, it has been shown (Harrison and Williams
1987) that the stationary distribution 7 satisfies the following basic adjoint relation (BAR):

/ I'f mods+ % / V-Vfradl=0 for all test functions f twice continuous and bounded, (43)
Q oN

where ds denotes integration with respect to Lebesgue measure on §2 and dl denotes integration with
respect to surface measure on 0f). Suppose we consider the test function f = V(x,y) given by
(41)-(42). Then, the BAR condition implies

g(.6) = /Q () T, y)ds + ) /8 Pla.y) mofay) . (44)

Intuitively, (44) relates the average cost g(n,{) to the average holding/backordering cost and the
average cost of rejecting orders. Since our objective is to minimize this average cost, we formulate the

following calculus-of-variations problem:

5

min g(1,§) = / c(x) ma(z,y) ds + %/ F(z,y) ma(z,y)dl (45)
Q o0
subject to mq being the steady-state distribution of (X,)) in Q. (46)
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Note that the objective function (45) depends on 7 and & through Q and its boundary 9€2. Interestingly,
despite its complicate structure, the control problem (45)-(46) satisfies the following simple property

(see §2 of the Online Companion for a proof).

Proposition 1 At optimality, the time-average fraction of the time that the system holds inventory
equals the critical fractile b/(h + b).

This familiar newsvendor type of result is known to hold in a wide variety of make-to-stock queueing
models with constant prices (e.g., Veatch and Wein 1996, Rubio and Wein 1996). Unfortunately,
Proposition 1 alone does not fully characterize an optimal solution. Although our proposed policy
does not satisfy Proposition 1, in §4.3 we compare this policy to another that does.

The main obstacle to solving this problem is constraint (46): Characterizing the stationary dis-
tribution 7, for an arbitrary reflection field 7 is as demanding as solving the original PDE (41)-(42).
However, a major simplification arises if we modify the reflection field by replacing (42) with the
standard Neumann condition (John 1982), i.e., substituting the inward unit normal vector field 7 on
09 (normal derivative) for 7. This substitution allows us to approximate the steady-state distribution
of (X,Y) by an exponential. Note that we are only modifying the dynamics of the process on the
boundary, where the controlled process spends little time (i.e., a set of measure zero).

We summarize the implications of this approximation in the following proposition, whose statement
requires some additional notation and whose proof is in §3 of the Online Companion. Let ¥ be the
covariance matrix of (X', ). Let V be the rotation matrix whose rows are the orthonormal eigenvectors
of ¥ and let E be the corresponding diagonal matrix of eigenvalues such that ¥ = V'EV. We define

the linear operator T = E~/*V and Q* = T().

Proposition 2 Suppose that T 7 is normal to OQ*. Then the steady-state distribution of (X,)) has

the exponential form

20 —200
) = Koo . wh P — L 47
Tal@,y) = Ko explme @ +myy), where ma = 2575, my = 53— 5 al
and K, is a positive constant such that wq integrates to one in ). In addition, from the definitions of

Q, 09, and F(x,y) we have that (45)-(46) is equivalent to

Ymaz &(y)

min 9(n,&) = 07'12792 R(y)ma(n(y), y)\/02 = 2000my(y) + 0°n5(y) + / c(z) mo(z, y) dz] dy  (48)
Ymin n(y)
M(n,€)
Ymaz €(Y)
subject to / / mo(z,y)de dy = 1. (49)
Ymin n(y)
T

We note that the normal reflection assumption not only allows us to replace the steady-state distrib-
ution of (X,)) by an exponential but also provides a simple approximation for the surface measure
of (X,Y) in Q" which is needed to compute the average rejection cost (i.e, first summand inside the
integral in (48)).
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To solve (48)-(49), we define the Hamiltonian H(n,&) = M(n,&) — yN(n,§), where v is the La-
grangian multiplier for (49) and M (n,§) and N(n,&) are defined in (48)-(49). The Euler-Lagrange

necessary conditions for optimality are (e.g., Gelfand and Fomin 1963)

3H_d<3H)_0 and 5H_d<5H>_0
o€ &y on ony ’

which in this case are equivalent to

c(€(y)) —v=0 and (50)
—cla) + 7 = TV [RGIAM) + L (ROIBO)) . 51)
where
_ 2, _ o
Alny) = 2 and B(n,) = Oy 0% (52)

\/02 —2060m,(y) + 012 (y) \/ o? = 2000my(y) + 5%n5(y)

Hence, the assumption that the reflection field is normal to the boundary allows us to replace the
original PDE system by a ODE system that has two independent equations for n and &£. In this

case, (50) is not even a differential equation, and yields
Ely) = €= (53)

which implies that the idling boundary, £(y), is characterized by a base-stock policy, &, that is inde-
pendent of the price.

Although we have been unable to solve the nonlinear ODE (51) in closed form, we have been
able to construct an approximate solution by studying its asymptotic behavior as ¥,;,, — —oo and
Ymax — +00. In particular, we derive an admission policy that is asymptotically consistent with (51)
in the following sense. Suppose we rewrite the differential equation as n(y) = F(R(y), 1y, 1yy) for some

suitable function F'. Then, our proposed solution 7n(y) satisfies

im M: im F(R(y),ny,nyy)
PPR) Tt R

Section §4 on the Online Companion details the steps of this asymptotic analysis, which results in the

following Proposed policy.

_ 1 — 2
Proposed Policy: (y)=¢ and n(y)=7-— 052% (R(y) — Ra(r)). (54)

Depending on the value of 6, the scalars £ and 7 satisfy

VI- b VI-2h
\/ CORUT) d 5= — \/ g IR (r if § =0, or (55)

h(h +b) b(h+0b)

h£_+b17+\/17_7g27€()—0 and <h+b>exp( 5_)+<hib>exp(mxﬁ)=1 if 0 £0. (56)

A few comments about our proposed policy are now in order. For general price processes, equa-

tion (54) implies that 7 is an affine function of the price, i.e., n = cg+c1R for appropriate constants ¢y
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and c;. Interestingly, the drift of the inventory process, 0, only affects the intercepts & and 7 but not
the slope of the admission or production policies. Only the backorder cost b and diffusion parameters
o, 0, and p modulate the slope of the admission/rejection policy. As a general rule, an increase in the
variance of the (X,)) process (measured by 06+/1 — ¢?) results in an increase in the price sensitivity
of . As expected, in the proposed policy the base-stock level increases with the backorder cost rate

b and decreases with the holding cost h. The opposite conclusion holds for the accept-reject threshold.

4.3 Alternative Policies

We consider three alternative policies for purposes of comparison. To assess the importance of using a
price-dependent policy, we first consider a static policy, where admission and production decisions are
independent of the price, i.e., (y) and {(y) are constant. Let (£% 1%) be the optimal static solution.
Again, closed-form solutions are only available if § = 0 or h = b. As in (55)-(56), this static solution

solves

ReEE+bn® =0 and 2hE(EE -0 —*V1I-02R°—h(&) —b(®) =0  ifH=0,

0 h b
s s s _ s sy ;
h& +bn” + 1_9272 0 and <h+b>exp(mx§)—l—(h_i_b)exp(mxn) 1 if 6 #£0,

where RS = [ R(y) exp(my y) dy
Jexp(my y) dy
policy, the fact that n(y) and £(y) are constant implies that the normal reflection field assumption

is the average steady-state spot price. We note that for this static

holds exactly. Therefore, the solution (£°,7%) is optimal within the family of static price-independent

production and admission control policies.

Next, to assess the importance of capturing the dynamic and continuous nature of the spot price, we
consider a policy that assumes iid spot prices. In this context, the manufacturer’s state space reduces
to X, the inventory position, and both production and admission decisions are based on this single
state variable. To keep this model as close as possible to our original formulation, we assume that the
distribution of the iid spot prices coincides with the steady-state distribution of our continuous price
process. Specifically, the limiting price process is given by Ri(r) + Ro exp()), where ) is uniformly
distributed in [Ymin, Ymaz] (see section §5.5 in Harrison 1985).

Computing the optimal production and admission policies when prices are iid is an open problem
for general arrival and service processes. For this reason, we have restricted the analysis of this policy
to a semi-MDP setting with Poisson arrivals and exponential service times. Section §5 in the Online
companion is devoted to the formulation and computation of this iid price policy, which is based on
the work by George and Harrison (2001) and Ata and Shneorson (2004).

The third policy uses the following myopic price-dependent admission /rejection policy: If the state
of the system is (x,y) then admit an incoming e-order only if the immediate reward R(y) exceeds the
expected backordering cost incurred by this order, which is bx~. Under this simple rule, the resulting

admission/rejection boundary is given by

7 (y) = ——= (57)



This policy models the behavior of a myopic manager that balances revenues and immediate backorder
costs on a case-by-case basis without taking into account the full effects that these decisions have on
future congestion and costs. Similar to our proposed policy, this myopic admission policy is a linear
function of the price. However, in contrast to our proposed policy, the myopic solution is insensitive
to changes in the drift and diffusion parameters of the inventory and price processes. Furthermore,
it can be shown that this myopic policy can lead to arbitrarily poor performance with respect to our
proposed solution when the average spot price goes to infinity. Nevertheless, condition (57) captures
in a parsimonious way the trade-off between admission and rejection costs that makes it appealing
from a practical standpoint.

Finally, the corresponding base-stock, £(y), for the myopic policy is determined by solving
ming{g(n™(y), &)}, where nM(y) is given in (57). We solve this minimization numerically because
we do not have an analytical representation of the steady-state distribution of the inventory-price
process under this type of policy. However, the optimization is over a single parameter, £, which

reduces the complexity of the computations.

4.4 Computational Experiments

In this subsection, we compare the policies in §4.2 and §4.3 to the numerically-computed optimal policy,
which is denoted by n™ and &N. We employ the Markov chain approximation technique (Kushner and
Dupuis 2001) developed by Kushner (1977) to approximate the diffusion control problem by a control
problem for a finite-state Markov chain. However, the linear program that formulates the Markov chain
control problem is cumbersome to solve, and we instead combine the Markov chain approximation with
a recent iterative method (Kumar and Muthuraman 2004) for updating the control boundary. Details
of this algorithm, and a description of its convergence performance in our base-case example, can
be found in §6 of the Online Companion. Although we do not attempt a proof of convergence of
this procedure, in all computational experiments that we have performed the method converges to a
solution to (37)-(40) in several iterations.

The data for our base case are § =0, 0 = 0.2, 02 =62 =1,b=2h =2, Ri(r) = 1, Rg = 0.5,
N =100, —Ymin = Ymax = 2, and h = 0.1. Figure 3 shows the proposed, myopic, static, and iid price
policies, along with the numerically-computed optimal solution (dashed line). The proposed policy
captures much of the horizontal and exponential shape of & and 7, respectively, whereas the static
policy is unable to describe the price dependency of 1. On the other hand, the myopic policy capture
this price dependency but reject too few orders. The iid price policy exhibits the opposite behavior
rejecting too many others. Also, the proposed policy coincides with the numerical solution for small
values of y. The numerically-computed idling boundary £~ increases slightly with price, unlike the
proposed policy, suggesting that £F can be viewed as a lower bound for the optimal curve. In contrast,
the base-stock level suggested by the static and myopic policies overestimate £¥. On the other hand,
the iid price policy understocks. All of the above observations hold for other problem instances we

encountered. Finally, let us define policy P’s suboptimality by

g(P) — g(numerical)

x 100%

g(numerical)
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Figure 3: Proposed (¢¥',nF), myopic (¢M,n™), static (¢5,7°), and iid price (€™, 1) policies. The dashed line corresponds
to the numerically-computed optimal solution, which has a steady-state average cost g(Numerical) = 0.976.

where g(P) and g(numerical) are the expected average cost under policy P and the numerical solu-
tion, respectively. The suboptimality of the proposed policy is 1.1%, while the static policy is 5.6%
suboptimal, primarily because it rejects too many high-priced e-orders when the system is moderately
backordered. The myopic policy is 4.7% suboptimal due to its high base-stock level. The iid price
policy is 25.6% suboptimal because it rejects too many orders and holds insufficient inventory.

To assess the robustness of the four policies, we look at the effects on suboptimality of the backorder
cost b, the price coefficient R1(r), and the process variance-covariance data 2, 42, and p. In each of
these cases, we use the base-case data and change the value of the corresponding parameter. Table 1
presents policy suboptimalities as a function of the backorder cost b and price level Ry(r). The
proposed policy performs systematically better than the other strategies in Table 1. On average,
as b varies, the suboptimality for the proposed policy is 1.63%, compared to 5.26% for the static
policy, 6.44% for the myopic policy, and 31.91% for the iid price policy. Similarly, the proposed policy

dominates the other three solutions as R1(r) varies. Interestingly, the myopic policy is much more
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H b H Prop. ‘ Static ‘ Myopic ‘ 11D H H R1(r) H Prop. ‘ Static ‘ Myopic ‘ 11D H

0.5 | 0.12% | 10.22% | 17.49% | 41.99% 1 1.13% | 5.64% | 4.73% | 25.62%
1 2.54% | 9.34% | 9.98% | 38.50% 2 1.67% | 3.92% | 12.54% | 33.31%
2 1.13% | 5.64% | 4.73% | 25.62% 4 1.64% | 3.26% | 29.39% | 33.72%
4 1.61% | 2.94% | 2.97% | 31.00% 6 1.86% | 3.19% | 44.89% | 32.30%
8 1.92% | 2.38% | 2.01% | 23.42% 8 1.92% | 2.86% | 58.82% | 31.94%
16 | 2.44% | 1.04% 1.45% | 30.90% 10 3.55% | 4.51% | 74.66% | 35.59%

Table 1: Policy suboptimality as a function of the backorder cost (b) and the price level (R1(r)).

sensitive to this parameter than the other policies and deteriorates rapidly as the fixed price component

R1(r) increases.

H o? H Prop. ‘ Static ‘ Myopic ‘ 11D H H 52 H Prop. ‘ Static ‘ Myopic ‘ 11D H
0.5 || 0.75% | 3.91% | 14.45% | 6.82% 0.5 | 2.09% | 5.69% | 6.69% | 26.41%
1 1.13% | 5.64% | 4.73% 25.62% 1 1.13% | 5.64% 4.73% | 25.62%
2 2.10% | 5.53% | 1.41% | 70.21% 2 1.33% | 6.55% | 3.35% | 29.04%
4 1.77% | 6.14% | 1.71% | 108.71% 4 2.07% | 9.36% 3.78% | 33.24%
8 2.66% | 6.38% | 5.29% | 183.15% 8 2.99% | 11.94% | 3.79% | 36.12%
16 || 2.67 % | 6.25% | 9.87% | 291.69% 16 || 2.13% | 13.56% | 2.89% | 36.85%

Table 2: Policy suboptimality as a function of the netput variance (o) and the price variance (§2),

H 0 H Prop. ‘ Static ‘ Myopic ‘ IID H
3.13% | 5.69% | 6.69% | 26.41%
0.1 | 2.72% | 5.92% | 5.89% | 26.81%
0.2 || 1.13% | 5.64% | 4.73% | 25.62%
0.3 | 0.76% | 4.88% | 3.27% | 25.83%
0.4 || 0.45% | 4.02% | 2.71% | 25.98%
0.5 | 1.88% | 5.03% | 3.76% | 27.98%

Table 3: Performance suboptimality as a function of the correlation coefficient (o).

Tables 2 and 3 present the policy suboptimality as a function of the netput variance o2, the price
variance 62, and the correlation coefficient 0. Once again, the proposed policy outperforms the static,
myopic, and iid-price policies, with average suboptimalities of 1.83%, 6.54%, 4.99%, and 57.34%,
respectively.

The poor performance of the iid price policy with respect to the other three policies highlights the
importance of taking into account the continuous-path nature of the price process. As we can see from
this set of computational experiments, assuming iid prices (as most of the research on admission control

does) when actual prices are highly correlated can have a deleterious impact on overall performance.
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5 Optimal Long-term Contract Price

In this section, we use the results in §4 to approximate the optimal value of C(r,eg) in (14), and then
solve problem (12)-(14) for the optimal long-term contract price.

The first step is to reverse the heavy traffic scaling to express (48) and (54) in terms of the original
unscaled parameters. From §3, we recall that

9:\/ﬁ(1—p)7 R(y):77 C(T,ER): C(T’GR)

. — §=/nd=nd\/As(r) oy,

0= A(r) oz 0 ‘
VAL(r) o2 + As(r) o

In addition, the heavy traffic transformation scales the inventory process X (t) by v/n, i.e., X(t) =

X (nt)/y/n (see §3 for details). Therefore the unscaled switching boundaries n*(y) and &“(y) (the

superscript u stands for unscaled) are equal to

n*(y) = vnn(y) and £'(y) = Vné&(y).

On the other hand, the range [Ymin, Ymax] Of the regulated Brownian motion that modulates the spot

o=1/A(r)o2+ 02 and

price remains unchanged under the heavy traffic transformation since Y(t) = Y (nt).
Under these transformations, and after some straightforward manipulations, we can rewrite the
cost rate function as follows

§“(y)

Covem = [ | RO )0t — 208 o) + 8 )+ [ c(m)w;:(a:,y)dm]dy, (59)
Ymin n*(y)

where A
ew=& md v =i~ VI (R - (). (59)

The values of 7%, €% and 7* are computed from (47), (55) and (56) respectively, using the unscaled
values § — 1 —p, § — 6, and Ry (r) < Ry(r), yielding an approximation for the original problem that
is independent of the heavy-traffic scaling parameter n. Given the exponential utility function of the

manufacturer and the fact that E[R] = E[vs(r)] + €r, we can write the manufacturer’s problem as

E [— exp ( — B(rAc(r) + (E[vs(r)] + er)As(r) — C(r, ER)))]
3 )

Although all the pieces are in place for solving this optimization problem, a closed-form solution is

(60)

min
T

not available because of the functional form of C(r, er). However, the computations can be simplified
by the empirical observation (see Figure 4) that C(r,eg) is approximately linear in eg, with a slope

that is independent of 7, i.e., there is a function Cy(r) and a constant C, such that
C'(T‘7 GR) ~ CQ(T‘) + Ceep. (61)
Using (61), we can approximate (60) by

minexp (—B(rAc(r) + Elvs(r)As(r) = Co(r)) ) B fexp(~BAs(r) — Co) e)]
= mrinexp (—,B(T)\C(T) + E[vs(r)]As(r) — Co(r)) + B2 (As(r) — 06)2052/2) ) (62)

21



Average Cost

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 4: Effect of er on the average cost C. r for four different values of r.

where 02 is the variance of eg. Note that if o, — 07 then the manufacturer solves the risk-neutral

version of the problem,
max {rAc(r) + Elvs(r)|As(r) — Co(r)},

and if the manufacturer is poorly equipped to predict the spot price so that . > 0, then the optimal

price r* solves

mrin()\s (r) — C.)>.

We now employ (62) to computationally investigate the behavior of three quantities: the long-term
contract price 7, the manufacturer’s expected utility II, and the fraction of buyers that use the spot
market fpot. We report two normalized quantities,

r ~In(IT)

f:m and H:AE[Z/]7

where 7 measures the relative value of the long-term contract price with respect to the average valuation
of the product, and H is the approximate average profit In (IT) (if P is the random profit then In(IT) ~
In(—E[1 — P]) = In(E[P] — 1) = E[P]) divided by the average revenue of a manufacturer that can
do perfect price discrimination, AE[v]. The independent variables in these experiments are the traffic
intensity p, the variability of the average spot-market price o., and the ratio of backorder cost to
holding cost b/h.

The base-case data is the same as in §4.4, except that 62 = 2Ry = 2 and p = 1.0 (A = 1.0, u = 1.0).

In addition, o2

cannot be viewed as a constant as in §4.4, and we set 0, = 0, = 05 = 1. We also set
the risk-aversion parameter § = 1, the noise parameter . = 4, and let the reservation price have a
Weibull distribution, ®(r) = 1 —exp(—ar®), with a = 0.005 and « = 2.0, so that the reservation price

has mean 12.53 and variance 22.76. Finally, we define

Plr) =+ (A —y)e,
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where 1) = 0.4, implying that 40% of customers are regular regardless of the price, and the remaining
60% are potential speculators that speculate with probability 1 — e™".

Table 4 shows that the contract price and the fraction of buyers that participate on the spot
market are U-shaped as a function of the traffic intensity with a minimum at p = 1. In contrast, the
manufacturer’s expected utility decreases with p. Our intuition for this result is that as p increases
there is a tendency to accumulate costly backorders. This table also implies that as the manufacturer’s
uncertainty about the true mean of the spot-market price increases, the optimal long-term contract
price decreases, fewer customers engage in the spot market, and the manufacturer’s expected utility
decreases. Table 5 looks at the effects of the backordering-to-holding cost ratio b/h and the correlation
coefficient ¢ on the optimal long-term price and manufacturer’s expected revenue. We note that the
optimal long-term price and the fraction of buyers participating on the spot market increases with
b/h. On the other hand, the manufacturer’s expected revenue decreases with b/h as backorder costs
become more significant. Table 5 also suggests that the correlation between the demand and the spot

price has a limited impact on the three performance measures.

Lo 7 [ 7 ]t ] [o | 7 [ 7 | fom |
0.7 ]| 0.861 | 0.425 | 0.776 0.0 || 1.631 | 0.590 | 0.950
0.8 || 0.819 | 0.386 | 0.764 0.5 || 1.612 | 0.585 | 0.948
0.9 || 0.788 | 0.352 | 0.754 1.0 || 1.522 | 0.568 | 0.935
1.0 || 0.788 | 0.321 | 0.754 1.5 | 1.397 | 0.542 | 0.914
1.1} 0.792 | 0.300 | 0.756 2.0 || 1.265 | 0.507 | 0.886
1.2 ]| 0.810 | 0.279 | 0.761 2.5 || 1.127 | 0.466 | 0.853
1.3 || 0.842 | 0.260 | 0.771 3.0 || 0.990 | 0.421 | 0.815

Table 4: Performance measures as a function of the traffic intensity p (for fixed p = 1) and spot price variability ..

[om] 7 | H ] e | Lo 7 [ 7 | tom]
0.5 || 0.752 | 0.378 | 0.743 0.0 || 0.784 | 0.314 | 0.753
1.0 || 0.766 | 0.349 | 0.748 0.1 || 0.792 | 0.317 | 0.755
2.0 || 0.788 | 0.321 | 0.754 0.2 | 0.788 | 0.321 | 0.754
3.0 || 0.792 | 0.308 | 0.756 0.3 || 0.784 | 0.325 | 0.753
4.0 || 0.777 | 0.300 | 0.751 0.4 | 0.796 | 0.329 | 0.757
5.0 || 0.805 | 0.295 | 0.758 0.5 || 0.796 | 0.334 | 0.757
6.0 || 0.800 | 0.292 | 0.760 0.6 | 0.791 | 0.339 | 0.755

Table 5: Performance measures as a function of the backordering-to-holding cost ratio b/h (for fixed h) and the

coefficient of variation p.
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6 Concluding Remarks

The novelty of our problem formulation stems from the incorporation of two aspects of mathematical
finance into a traditional operations management model. The first aspect considers a spot-market for
e-orders whose prices behave as a variant of geometric Brownian motion. The second aspect borrows
the portfolio optimization framework as we consider a risk-averse manufacturer that chooses a long-
term contract price to optimally mix low-mean, riskless contracts with a high-mean high-variability
spot market. Studies in other operations settings have incorporated continuous-time spot-price models
(e.g., Huchzermeier and Cohen 1996, Semret and Lazar 1999, Kamrad and Ernst 2001, Caldentey and
Haugh 2005) and portfolio models (e.g., Van Mieghem 2003), and we believe that the incorporation of
finance models into operations is a fruitful area of research, akin to incorporating marketing models
into standard operations management models (e.g., Kurawarwala and Matsuo 1996, van Ryzin and
Mahajan 2002).

The embedded diffusion control problem in §4 is two-dimensional (price and inventory level), and
is much more difficult to analyze than the corresponding fixed-price problem (e.g., Wein 1992). Hence,
we resort to numerical and approximate analytical methods. We use a numerical algorithm that has its
basis in the Markov chain approximation algorithm (Kushner and Dupuis), but uses a recent iterative
technique that exploits the structure of singular control problems (Kumar and Muthuraman). While
we attempt no proof of convergence, this method performed reliably in our numerical study. We also
develop an approximate analytical approach to the diffusion control problem by altering the reflection
field on the free boundary, so as to reduce the PDE system (37)-(40) to the simpler ODE system (50)-
(52). The proposed policy derived from (50)-(52) is reasonably accurate and robust (suboptimality
ranging between 1% and 4%).

This analytically-derived proposed policy is also quite simple: The machine busy/idle policy is
characterized by a base-stock level that is independent of price, and an e-order with price p is accepted
if the current inventory level is greater than cqg + ¢ p for constants cop and ¢;. Figure 3 shows that our
proposed policy captures the salient features of the numerically-computed optimal policy. While the
latter policy’s base-stock level increases with price, this dependence is quite weak because the price
varies on a fast time scale. In contrast, if prices (or demands) were modeled by a Markov-modulated
process with long holding times (e.g., Choudhury et al. 1997), then in the heavy-traffic limit one would
likely observe stronger price-dependence in the busy/idle policy. From a practical point of view, our
analysis suggests that price variability impacts the admissions process, not the safety-stock level; in
other words, it is not optimal to hold more inventory when the price is high; it is preferable to accept
more e-orders.

The proposed policy performs better than a benchmark static policy (5% average suboptimality),
where the busy/idle and accept/reject policies are independent of price. This static policy falters by
failing to accept enough high-priced e-orders when the system is moderately backordered (see Figure 3).
To highlight the implications of our continuous-path price process, we compared our proposed policy
to a policy that assumes iid prices. The average suboptimality of this policy is 40%, which reveals

the strong impact that price correlation has on overall performance. We also compared the proposed
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policy to a myopic policy that accepts an incoming order if the revenue from this order exceeds the
expected backorder cost incurred by the order. The optimal base-stock level for this myopic policy is
computed numerically. This myopic policy incurs a 6% average suboptimality. The myopic policy’s
downfall is that by focusing on the immediate balance between backorder costs and revenues, it ignores
the longer-term effects of increased congestion on the system. This shortsightedness leads to too many
accepted orders, and consequently too much safety stock (Figure 3). In the loss network setting, Kelly
has warned of the dangers of ignoring these “knock-on” congestion effects when making admission-
rejection decisions.

Although our formulation has assumed that the system manager reacts to exogenous market prices
by admitting or rejecting e-orders, we can also use our proposed policy to quote prices. The rejection
boundary z = n(y) represents the maximum level of backorders that we are willing to have at a price
R(y). Let y = n~!(x) be the inverse of the rejection boundary n(y). Then, at a given level z of
backorders the minimum price that we are willing to accept for a new incoming order is equal to
R(z) 2 R(n~'(x)). Depending on market conditions and the distribution of the bargaining power
among the different players, the manufacturer should quote a price that is at least equal to ﬁ(m)

An approximate performance analysis of our proposed policy allows us to reduce the determination
of an effective long-term contract price to a succinct optimization problem (equation (62)), which is
computed numerically. As in the portfolio optimization literature, we find that a poorly informed
manufacturer (i.e., high value of o) shies away from the spot market and allocates more production
capacity to the riskless long-term contracts. A less obvious observation is that the contract price,
and hence the fraction of buyers participating in the spot market, decreases as the traffic intensity p
(potential demand divided by service rate) approaches one. That is, the optimal long-term contract
price is minimized in those situations where demand and supply are relatively balanced. Also, as the
backorder-to-holding cost ratio increases, the contract price increases and the manufacturer’s expected
revenue decreases. Finally, our numerical experiments suggest that the correlation coefficient between
demand and spot price has a limited effect on the contract price and the manufacturer’s expected
utility.

In our view, there are several aspects of this problem that deserve further consideration. Our
formulation assumes that there are two types of buyers: regular and speculators. However, the issue
of how speculators act on the spot market was not properly addressed. It would be interesting to
extend our model to incorporate the strategic behavior of these speculators; initial progress on this
difficult issue has been made in other queueing models (e.g., Parlakturk and Kumar 2003, Armony and
Maglaras 2004). More generally, an empirical analysis of actual spot-market prices would no doubt
shed considerable light on appropriate model formulations. In this regard, we note that our optimality
conditions (50)-(51) are valid for general positive diffusion processes, including mean-reverting process
such as the Ornstein-Uhlenbeck process, which may be more realistic than a GRBM in some instances.

Finally, the promising numerical performance of our proposed policy suggests that our approach
of tweaking the reflection field to obtain a more tractable problem could potentially provide useful
engineering solutions to a variety of two-dimensional singular control problems that occur in queueing

network control and finance. However, it may be that our particular problem is well suited to this
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approach because two of the boundaries are exogenously normal to the boundary (because of the
bounded price process), and one of the two free boundaries is nearly normal (because of the near
optimality of the price-independent base-stock policy). Hence, theoretical (e.g., deriving error bounds)

and further numerical studies are warranted.
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ONLINE COMPANION

1. Derivation of the Hamilton-Jacobi-Bellman Equation

Following Taksar (1985), we first consider the discounted version of the problem,

(P) win B [ /0 TR AL () + /O T e e(x (1)) dt (63)
subject to X (t) = Z(t) + L(t) — U(¢), (64)

where 7y > 0 is the discount rate. After deriving the optimality equations for problem (P7), we let
v — 0T to derive the optimality equations for the average control problem by mean of a Tauberian
argument. Our approach for solving (63)-(64) mimics page 442 of Harrison and Taksar (1983), and
assumes the existence of a twice-continuously-differentiable function f7(z,y) representing the optimal
value in (63) starting at (z,y) with ¥ € (Ymin, Ymax). This assumption is known as the principle of

smooth fit, and allows us to write down the Hamilton-Jacobi-Bellman equation for problem (P7):

(= f2 @ I A (s y) + R AT (2, y) + e(@) = (2, 9)] = 0, (65)

where a A b 2 min{a, b} and

is the infinitesimal generator of (X (t), Y(t)).

To prove (65), let us consider a small neighborhood [z — €,z + €], and the stopping time T, =
inf{t > 0 : |X(t) — X(0)] = €}. A controller facing the state (x,y) has three options: Increase U
moving instantaneously to (xr — €,y), increase £ moving to (z + €,y), or do nothing until 7, and re-

evaluate what to do at that time. In these three cases, the objective function is given by, respectively,

Fa—ey) = F(5,9) = ol g)e+ ofe), (66)

R(y>6 + f(l' + € Z/) = f(l‘, y) + [fl’(xv Z/) + R(y>]€ + 0(6)7 (67)
Te

B || ¢ elx @) at+ 7 (), 9(2)|. (68)

To compute (68), we note that for any continuous function A(-),

E [ fOEA(X(t))dt}  E[TY
lelﬁ]l BT] = A(X(0)) and lelﬁ)lT =1, (69)

where o2 is the variance of X. We can rewrite (68) when € | 0 as follows

e*'YTef(X(Te)a y(Te)) B f(.%’, y)] ) (E
E[T]

) oyl (70)

g

Py + (e(w) + Bow |

Since f is twice continuously differentiable, f(X,)) is an It6 process. Integration by parts (e.g.,
Harrison 1985, §4.9, Proposition (2)) gives

(X, V(D) = fly) + /0 e A(X(5), (5)) — /0 ¢ (X (s), (s)) ds.
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In addition, It6’s lemma implies that
1 1
Af(X,V) = fodX + £,V + 5 (for dX + fuy V) AX + 3 (fru dX + fy V)Y, (T)

Moreover, we know that dX'(t) = 6dt + o dW,(t) and dY(t) = § dW,(t), where the processes W,(t)
and W, (t) are two Wiener processes associated with X and ). Therefore, replacing dX and d)Y in

(71) we get

1 1 1 1
df(x,y) = |0f:+ 502 fre + iaégfxy + iadgfyx + 5(52 fyy} dt + o fp AW, + 0 f,, AW,
= Tf(X,Y)dt+ ofe AWV, +f, dWV,,

which implies
X, VW) = )+ /0 (TS — 7 f)(X (), V(s)) ds

+ /Ot e Yo fprdWy(s) + /Ot e %0 fy dWy(s). (72)

M(t)

Taking expectations in (72) and noticing that the integrands in the two last stochastic integrals are
bounded, we have that E[M(t)] = 0, implying

E(oy) [T F(X(T), V(1) = f(z,9)] [ e (Df —vf)(X(s),V(s)) ds

E[T.] N E[T.] : (73)
Substituting (73) into (70) allows us to replace (68) by
) + (e(e) + TFGw) — 1) () 4 0 (B 1) (74)

The optimality of f(z,y) together with (66), (67), and (74) imply that f satisfies

floy) = mingf(z,y) — falz, y)e + o(e),
F(@,y) + ale,y) + R+ o(e),
€N 2
P,y + (o) + T ,y) =1/ @) (5) + 0 By (L)

Subtracting f(z,y) from both sides, letting € | 0 and using (69) yields (65).

Turning to the average cost case, we define the value function V7(x,y) = f7(x,y) — f7(Z,y), which
represents the relative discounted cost of being in state (x,y) instead of being in an arbitrary fixed
state (&,9). We then let v | 0 and define the average cost g = limy_o v f7(Z,9) , whose existence is
guaranteed by the boundedness of the market price and holding/backorder costs. Passing to the limit
in (65) yields the optimality equation (31) in the main text.
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2. Proof of Proposition 1

Let us define 7(z,y;n,£) as the stationary probability measure of the inventory-price process (X,Y)
in the domain Q(n, &) = {(z,vy) : 7(y) <z < &(y) and Ymm < ¥ < Ymax}- The corresponding stationary

average cost per unit time is given by
Ee[XT] + 0By e[ X 7] + e (R(y) L(X = ().

where E, ¢ is the expected value operator associated to m(x,y;n,§) and Em& is an associated measure of
the rejection cost. We note that this representation of g(n, £) is just a convenient way of rewriting the
BAR condition (44) in the main text for the case c(z) = hat +bz~ and F(z,y) = R(y) 1(z = n(y)).

Because the infinitesimal generator of process (X, Y) is time and space homogeneous, its stationary

distribution 7(x,y;n, ) satisfies the following translation invariance property:
m(z,y;n, &) =n(x +a,y;n+a,+a) forallacR.

In other words, shifting both boundaries 7(y) and £(y) by the same constant amount (independent of
y) does not affect the steady-state probability distribution of the process. This result together with
the fact that the boundary cost R(y) does not dependent on x imply that the boundary measure Em{

is also invariant to translation in the following sense:

E ¢ (Ry)LX =n®)) = Ejracra(RY)LX =n(y) +a)) for all a € R.

Therefore, for a given fixed pair of boundaries (n(y),&(y)), it follows that the one-dimensional opti-

mization problem min, g(n + «, & + «) has the same optimal solution as

min {hEptaetal X+ 0E) qeralX 7]} <= min {(h+b)Eptaeral Xt —bE 1aeralX]},

(75)
where the equivalence follows from the identity X~ = X — X. Because
d d I
@Ema,ém[X] =1 and @Ewa,&a[X |=P(X 20),
the first-order optimality condition of problem (75) yields the familiar fractile condition
P(X >0) = b (76)
7 h+b

Since this result holds for any pair (n(y),&(y)), we conclude that it must also hold at the optimal

solution.

3. Proof of Proposition 2

Recall that (X,)) is a (d, X)-Brownian motion where the drift d = (6, 0) and the covariance matrix is
given by
5 o oo ‘
gdo 62
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Let V be the rotation matrix whose rows are the orthonormal eigenvectors of ¥ and let E be the
corresponding diagonal matrix of eigenvalues such that ¥ = V/ EV. We define the linear operator
T = E=Y2V and apply it to (X,)). The resulting process (X*, Y*) = T'- (X,)) is a two-dimensional
(d*, I)-Brownian motion with drift @* = T - d and covariance matrix I, the identity matrix. Given
this transformation, system (41)-(42) in the main text can be written in normal form in the (X*, Y*)

coordinates as follows.

1 .
QAV("y") +d" - VV (" y") = g(n,§) —"(@",y")  forall (27, y") € (77)
vt -VV (2" y*) = —HD’*H_l F*(z*,y*)  forall (z*,y") € 00, (78)

where 7* =T, c*(z*,y*) = c(z), F*(z*,y*) = F(z,y), and ||Z|| is the norm of Z. Let us now impose
the assumption that 7* is normal to 0Q2*. That is, the tangential vector field ¢* = 7/* — i1* = 0,
where 7" is the inward unit vector field to 9Q*. Then the skew-symmetry condition in Theorem 2.1
in Harrison and Williams (1987) holds and we have that the stationary distribution of (X*, Y*) has a

density of the exponential form
mi(x,y) = Ko exp(m™ - (z,y)) = Kq exp(mix + myy)  for all (z,y) € Q,

where /m* = 2d*. Thus, the original process (X,)) has also a steady-state distribution 7 (z,y) of the
exponential form 7o (z,y) = Ko exp((z,y) - m) with m = T’ - m* = 251 . d. After some algebra we
get

My = 02(12%, my = 05(1269@2), and 7o(x,y) = Kqexp(mez + myy). (79)
The value of K is chosen such that 7o (x,y) integrates to one inside 2. We now apply the BAR
condition ((43) in the main text) to (77)-(78) to get

* 0 ok ok * * x| =L % x N *
o=/ (¢ (2% 57) — g(n, €)) 5z, ) ds +;/m 7|7 F* (@, 7) mi(a™,y) dl*, (80)

where ds* denotes integration with respect to Lebesgue measure on 2* and dl* denotes integration
with respect to surface measure on 92*. Using the linear transformation (z*,y*) = T (x,y) we can
rewrite the BAR condition in terms of the original variables (z,y). In particular, letting ||T|| be the

determinant of T', we have

1
od\/1— 02
Finally, substituting these values into (80) and using the definition of the boundary function F'(z,y) =
R(y) in 90" and F(z,y) = 0 elsewhere, we get (48) in the main text.

as* = |[T1]ds, " =|[7]| (% da? — 2000dady + 62 ay?) . |[77]| = T 6 and |17 =

4. Derivation of the Proposed Policy

In this section, we derive the proposed policy in (54) by approximating the solution to the ODE

in (51) and computing the value of the Lagrange multiplier, v, for constraint (49) in the main text.
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Equation (51) is a second-order nonlinear ODE in the interval [Yumin, Ymax] that we have not been able
to solve in closed form. Instead, we derive an approximate solution by considering two extreme cases
in which y,;, — —o0 and y,.. — +00. We note that the numerical computations that we report in
§4.4 in the main text support our methodology to derive our proposed policy.

Our heuristic procedure has four steps. First, we introduce the notion of an “asymptotically-
consistent” solution in the sense of condition (83) below. We note that by definition every solution to
the ODE is an asymptotically-consistent solution, and so asymptotic consistency is a weaker solution
concept for the ODE. Second, we rely on two intuitive properties that we think a solution should
possess at y — —oo and y — oo to propose a candidate policy. This policy turns out to be an affine
function of the price, that is, n(y) = a1 + as R(y) for two constants a; and ag. Third, we show (in
Proposition 3) that there is a unique pair (a7, ag), with ag < 0, that is asymptotically consistent with
the ODE. The final step is to compute v, the Lagrange multiplier for constraint (49) in the main text.
We tackle this problem by requiring our proposed solution to coincide with the optimal solution if the
price was constant at R(y) = Ri(r) (i.e., Rog = 0). Because we have a closed-form solution for the
optimal policy in this particular case (see Proposition 4), we are able to fully characterize the value
of v and, hence, the value of the constants a; and «s.

Turning to the first step, we rewrite the ODE for n(y) as

— o /1_92R

2 57 () LR(Y)s My Myy)s Y € [Ymins Ymax]s (81)

where the auxiliary function L satisfies

s (1= %) myy + [(1 = Ra(r)R™(y))(0%ny — o60) — 20] [0 — 2060m,(y) + 8%y (y)]

L(R(Y), 1y, Myy)

Njw

[02 — 2000my(y) + 52775(?1)}
(82)
Based on the ODE (81), we look for an approximate solution 7n(y) that is asymptotically consistent in

the sense that

n(y) — 0\/1—92R

yli)Ileloo Ry) = yﬁgloo Rzy) (b + —op (y) L(R(y), ny, nyy)) : (83)

In the second step, we specify the form of our proposed policy by assessing its behavior as y — +oc.
First, as y — —oo the price R(y) is approximately constant and equal to R(r). Note that if R(y) is
independent of y in (81), then the solution 7n(y) is a constant. Hence, we assume that 7(y) converges
to a constant as y — —oo. Second, as y — 0o, we expect the rejection of e-orders to decrease with the
spot market price, that is, we expect 7(y) to increase in y. Because the price increases exponentially
with y, we assume that 1(y) also has exponential growth as y — +o00; although we do not prove that
this needs to be so, we have been able to show (details not given) that if n(y) is polynomial in y, then
it cannot be asymptocially consistent as y — co. Based on these two assumptions, and the fact that
7(y) depends on y only through the price function R(y), we propose the following affine (in the price)
policy

n(y) = a1+ a2 R(y),
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where a1 and as are two constants. Furthermore, we also expect the number of rejections to decrease
with the spot price, that is, as < 0.
The third step consists of the following result, which establishes that there is a unique pair (a1, a2),

with ap < 0, for which the solution 7(y) above is asymptotically consistent in the sense of (83).

Proposition 3 Within the family of affine functions {a1 + aa R(y) : (a1,a2) € R x R_} there is a
unique member that is asymptotically consistent with (81) in the sense of (83). This function is given

by

O N G REARE S Y} (51)

Proof: Consider an arbitrary affine policy 7(y) = a1 + a2 R(y) with ay < 0. Using the definitions of
L in (82) and R(y) = R1(r) + RoeY, it follows that
n(y) a1+ aeRa(r)

ARG T Ralr) )

and

y——o00 R(y) 2b Ri(r) | b

lm <7+“MR<y>L<R<y>,ﬁy,ﬁyy>>= — [’Y+9”b‘92n1<r> NE

Therefore, by definition (83) and equations (85)-(86), 7(y) is asymptotically consistent as y — —oo if
and only if

ot Ra(r) =1 - Hvlb_QQ Ra(r). (87)

As y — oo, we have that
i 1)
im

= Q9.
y—o0 R(y)

Letting y — oo in (82) gives

lim L('R(y),f]y, ﬁyy) = dsign(ag) = —4,

Yy—oo

so that
— a\/l—QQR ogd/1—?

yh_{go R?y) (b t— (y) L(R(y),ﬁy,ﬁyy)> = - 5

Hence, 7(y) is asymptotically consistent as y — oo if and only if

7oyV1-0® (88)

@=TTy

The proposition follows from equations (87) and (88). O

To complete the characterization of our proposed policy, we need to estimate the value of the
Lagrange multiplier 7. To do this, we force our solution in (84) to be optimal for the special case of a
constant price, which is a case that is solved in closed form in the following proposition. The obvious

choice for the constant price is R(y) = R1(r), which ensures consistency as y — —o0.
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Proposition 4 If R(y) = Ri(r) then the optimal solution L, U to problem (28)-(30) in the main text

is characterized by a pair of constants (1,£), where

_ \/Uzﬂbm(ﬂ and 7] \/UQW%(T) if =0, (89)

&= h(h +b) = b(h +b)

and

In (1 + sign(0)/1 — X) _ = OR1(7)
and N = —§ — ———

My v 1— QQ h

where x = exp(—mz0 R1(r)(v/1 — 02h)™1).

Proof: The fact that the optimal solution is characterized by a pair of constants is well known (e.g.,
Harrison 1985). We derive the thresholds separately for the cases § = 0 and 6 # 0. In the driftless

case, the steady-state inventory distribution is uniform (e.g., Harrison 1985) so that mq is constant

=

if 940 and h=b, (90)

and equal to (€ —7)~!. Therefore, the optimization problem in (48)-(49) becomes

) 1 o2\/1 — 0?Ry(r) ¢
min — ( 5 —k/77 c(x) dx).

e §—1
The optimality conditions for this problem are

hE4+b7=0 and 2hEE—7) — o> \/1—02Ri(r) —h&* —bi? =0, (91)

and its solution is given by (89).
In the case where 0 # 0, the steady-state inventory distribution is a truncated exponential in the
interval [77, £] with rate m, = #2@2) (e.g., Harrison 1985). Hence, the optimization problem (48)-(49)

is given by

o? — r)exp(mgn 3
min 1 ( V1 Q27?,12() p(ma1) /n c(z) exp(mxm)dx).

n,€ exp(mx 5) - exp(mx 77)

The first-order optimality conditions for this problem are
0
V1 — 0?

A closed-form solution to (92) is only available for the special case h = b, and is given in (90). O

h&E+bi+ Ri(r) =0 and (h?—b) exp(mg &) + <hb—i—b> exp(mg 1) = 1. (92)

We are now in a position to state our proposed policy. To derive our proposed admission control,
1 (y), we first note that by (84) our candidate policy satisfies

od\/1 — 0?
2b

n"(y) = a— (R(y) — Ra(r)),

for a constant « that depends on «y. Furthermore, as y — —oo, the price R(y) converges to R1(r) and
so " (y) converges to . Hence, by Proposition 4 we choose o equal to 7, which solves (91) or (92).

To derive our proposed production policy, £ (y), we note that the optimality equation (53) in the
main text suggests a fixed base-stock level. Proposition 4 and the fact that R(y) converges to Ri(r)
as y — —oo suggest that we choose this fixed base-stock level to be &, which solves (91) or (92).
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In summary, we characterize our proposed policy by
. - 0041 — 0?
Proposed Policy: ¢"(y)=¢ and 7°(y) =7— TQ (R(y) = Ra(r)).

Depending on the value of 6, the pair (£,7) solves (91) or (92).

5. Derivation of the iid Price Policy

In this section, we derive the optimal admission/production policy for the case in which the sequence
of spot prices is iid. Our model and solution techniques are based on George and Harrison (2001) and
Ata and Shneorson (2004).

For tractability reasons (and consistent with existent literature), we consider the case in which the
arrivals of e-orders is a Poisson process N (t) with intensity A and the service time is exponentially
distributed with mean p~!. Recall that without lost of generality we have set p = 1.

Let R(n) be the spot price of the n'* e-order. The sequence {R(n) : n > 1} is iid with probability
distribution G(R). As in our current model, we assume that arriving buyers truthfully declare their
reservation prices R(n). Also, to keep this iid price model as consistent as possible with our model,
we assume that G(-) coincides with the steady-state distribution of our original price process. That
is,

R(1) £ Ry (r) + Roe” (93)
with Y uniformly distributed in [V, Y. (see section §5.5 in Harrison 1985). Hence, G(-) is given

by
In(r — R1(r)) — In(Ry) — Yiuin
Ymax - Ymin ’

Let 7, be the n'® arrival epoch. At each of these epochs, the manufacturer observes the inventory

G(r) = re [Ri(r)+ Roe¥min Ry(r) + Roerﬂ"].

position X (7,,) and the incoming price R(n) and decides whether to accept or reject the order. Because
of the Markovian nature of the problem, both X (7,,) and R(n) are sufficient statistics for the admission
decision. Moreover, by monotonicity it is reasonable to argue that for each inventory level x, there is
a threshold price r, such that the manufacturer accepts an incoming e-order if and only if the price

exceeds ;. Thus, the effective arrival rate when the inventory position is x equals
Ae 2 AP(R> 1) = A(1 - G(rg)).
For future references, we define the inverse function

r(\) &Gt <1 - 2) , A€ 0,A]

On the production side, the manufacturer has the ability to stop production when the inventory
level reaches a base-stock level £. Since the sequence of spot prices is iid, this threshold value & depends
exclusively on the inventory position. Therefore, the production rate as a function of the inventory
position is given by

pe = Mz < €). (94)
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As a matter of the fact, we could have considered more general production strategies of the form
i ={ps €[0,1] : x € Z}. However, because controlling production is costless it turns that the
optimal production strategies takes the bang-bang form (94) for an appropriate .

The manufacturer’s choice of the ¥ and (i is based on profits maximization. Revenues are accrued
every time an incoming order is accepted. For an inventory level of x, the choice of a threshold price

r, implies that revenues are generated at a rate of
B(A\:) 2 M\ E[R|IR > r()\)].

It is not hard to see that this revenue function is given by

Rmax
B(\) = A / RAG(R), Ae[0A].
r(A)
On the other hand, the holding/inventory cost rate is c¢(x) = hx™ +bz~. Thus, the net profit rate
at state z is

P(z) £ B(\z) — c(x).

Note that, as opposed to c¢(z), the revenue term B(),) is bounded above by AE[R]. Therefore, as
|x| — oo, the profit rate P(z) — —oo and so it is in the manufacturer interest to bound the domain
of the inventory process X (t) to a closed interval [n, £].

In this setting, the manufacturer’s problem is to select a pair of boundaries (7, £) and the sequence
of arrival rates X £ {Az €[0,A] : n+1 <2 <&M that maximize the expected long-term time-average
profits. Interestingly, note that the structure of an optimal solution in this model coincides with the
structure of our proposed solution in the paper. That is, a base-stock level £ that regulates production
decisions independent of the posted price and an admission threshold r, for the posted price that is
state dependent.

Similar to Ata and Shneorson (2004), we define the set of admissible controls A to be the set of
pairs (X, i), for which the corresponding inventory process is a stable birth-death process with unique
equilibrium distribution {7, : x € Z} satisfying the usual balance equations and summing up to unity.
Using the ergodicity of the Markov process X (t), the manufacturer’s objective function can be written
as

V) = Y 1BO) - cf@)] . (95)
TEZL

and the optimization problem reduces to

max Y [B(As) — c(x)] (x). (96)

(MDEA o7
This iid price model is closely related to the one studied by George and Harrison (2001) and Ata
and Shneorson (2004). However, there are a number of differences that prevent us from applying
directly their results to problem (96). The most notorious is the fact that we are dealing with a

make-to-stock model with full backorders. In this case, the inventory level x can go negative and the

fOr equivalently a sequence of vector of prices 72 {r, € [R™® R™*] : n4+1 < z < £}.
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function c(al:)i is not monotonic on z. Similarly, the reward term B(\) is not guaranteed to satisfy the
conditions of the corresponding function b(-) in Ata and Shneorson (2004).
To solve problem (96), let us first fix (n,£) and compute the optimal arrival rate vector X*. Using

the semi-MDP structure we can define the optimality conditions for our problem as follows’

Vo= yr—cn) (97)
Vo= O(ye1) +ys —clr), n+l<a<i-1 (98)
Vo= Blye ) - e, (59)

where V is a constant representing the optimal steady-state average profit, the vector y, captures the
relative value difference (see George and Harrison (2001) or Ata and Shneorson (2004) for details),

and the auxiliary function ® is defined by

o(y) é;élgﬁ] {BOA) = Ay}

Some useful properties of this function¥, such as continuity, monotonicity (strictly decreasing), and
concavity, can be found in section §5 of George and Harrison (2001) or section §3.2 in Ata and
Shneorson (2004). Furthermore, because of the special form of the revenue component B(\), we can
show that

=A /R("‘:X [R—y]dG(R), where r*(y) £ min{R™ | max{y , R™"}}.
r*(y

The following verification result is similar to proposition 1 in George and Harrison (2001) or Ata
and Shneorson (2004)
Proposition 5 Suppose we can find constants V', £, n, and a vector § = (yn, ..., Ye—1) such that

1.V and ¥ jointly satisfy (97)-(99) and § > 0,

2. V+c(x) > Rm™ forx <n-—1,

3. V+elx)>®(0)=AE[R] forx>&+1.

Define the associated admission and production policies by

and  py = 1(x <€), (100)

v 0 otherwise

VZ{AO—GW@%M)Uw=n+L~£

respectively. Then, the resulting policy is optimal and V is the optimal steady-state average cost.

#Denoted by h, in Ata and Shneorson (2004).

$These are the same as equations (12)-(13) in George and Harrison (2001) or equations (17)-(19) in Ata and Shneorson
(2004).

TAlso known as the Fenchel-Legendre transform of B()).
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Proof: Suppose (V, ) satisfies the conditions in the proposition. Let (X, i) be an arbitrary admis-
sible admission policy that induces a steady-state distribution 7,. Because (V,¥) satisfies (a) it also
satisfies (98) and it follows that

Ve = [®Wo-1) + Yo — c(@)] 12 = [B(A2) = ()] Tz + Yo Mo — Ao Yoo1 T2
= [B(Aﬂﬂ) - C(l‘)]ﬂ'z + Yz Te — Yz—1Tz—1,

where the inequality follows from the definition of ® and the last equality uses the balance condition

Ap Ty = Tx—1. Summing this condition over x =n +1,...,& — 1 it follows that

-1 £-1
VoY mez ) [B() = e(@)] T + ye1 meo1 — gy -
r=n+1 r=n+1

Also, conditions (97) and (99) it imply that
Vir(n) = ynmy — c(n) m
and
Ve = [®(ye—1) — e(§)] e = [B(Ae) — c(§)] me — Ae g1 me- = [B(Ae) — c(€)] me — ye—1me-1-

Summing the previous three equations we get

§ 3
VY me > [Bh) — c(@)]me — B(Ay) m. (101)

In addition, condition (b) implies
[V +c(x)]m(x) > R™ 1y > R™ g1 g1 > B(Agg1) Ter1, x<n—1

and so
Vg > [B(Ay) — c(@)] mp + B(Apt1) Tot1 — B(Ag) 1y, < n—1.

Summing over z < 7 — 1 we obtain

n—1 n—1
VY me> > [B(A) - )] T+ B(Ay) my — lim B(As) 7o (102)

Because B(\) is bounded and the policy under consideration is admissible, it follows that the limit
vanishes.

Using a similar argument, condition (c) implies
[V +c(x)] e > ®0) 7y > B(A\z) 7 and so Vg > [B(A:) — c(2)] me, x>&+1.

Summing over x > £ 4+ 1 it follows that

VY me> ) [B(A) - c(@)] . (103)



Combining (101), (102), and (103) we conclude that

[e.9]

V= > [B(A) - (@) T
r=—00
Since this inequality holds for an arbitrary admissible policy it follows that V' is an upper bound for
the optimal steady-state average profit.
To conclude, we need to show that the proposed policy in (100) is optimal. For this, we simply
repeat the steps above replacing (X, i) by (X*, (") and all inequalities by equalities. &

The previous results provides a simple way to check whether a candidate solution is optimal or

not. We use this result to solve system (97)-(98) using the following algorithm.
(n, £)-Algorithm
I) Initialization: Fix the boundaries (7, £) and choose an initial value for V' in the range [0, A E[R]].

IT) Iteration: Use recursively (forward in x) conditions (97) and (98) to compute y, for all z =
n,n+2,...,&—1. This step can be done efficiently because of the triangular form of the system.
In fact,
yp=V+cn) and y,=V+4ec@)—®(ye—1)), n+l<z<E-1

IIT) Optimality Check: If V + ¢(£) = ®(yc—1) then stop; otherwise change the value of V' and
iterate at step II.

A few comments about this algorithm are now in order. First, the range for V in step (I) follows
from two observations: (i) V is trivially nonnegative and (i7) an upper bound can be found assuming
c(x) = 0 for all . In this case, the optimal decision is to admit every order independently of its
price and so V' = AE[R]. Second, the optimality check in (III) is based on condition (99). Also,
to operationalize this method we need to specify in what sense we interpret the equality in (III). In
particular, we can decide to stop if for some small tolerance ¢ > 0, ’V +c(§) — @(yf_l)‘ < €.

The algorithm find the optimal prices for a given region (7, &) but it does not compute the optimal
boundaries. This is the free-boundary part of the problem that complicates the solution. We solve for

these boundaries through an exhaustive search in the region
{(n,&) suchthat — M, <n<0<E<—M},

where the constants M, < 0 and M¢ > 0 are chosen large enough to ensure that the optimal solution
(n*,&*) belong to the set above. We can use the optimality conditions (b) and (c) in Proposition 5 to
find these bounds. In fact, since V' > 0, it follows that for all x < 0 such that ¢(x) > R™ (that is,
for x < —R™>/b) condition (b) is automatically satisfied. Similarly, for x > AE[R]/h condition (c)

always holds. Then, we can choose

My —— | B2 ana g = |AEE
v [S]weae= [R5E]

b h
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where [x] is the smaller integer greater than or equal to z.

6. Numerical Solution to the Diffusion Control Problem

As with any numerical method for solving PDEs, we start by discretizing the state space. We ap-
proach this problem using the Markov chain approrimation technique (Kushner and Dupuis 2001)
first developed by Kushner (1977), which relies on the fact that a regulated diffusion process can be
approximated by a finite-state Markov chain. Let us first define a bounded region Q° on the plane
{(z,y) € R2} where the process (X,)) resides. We have to choose the set Q° large enough to ensure
that (X,)) will rarely reach the boundaries given the optimal control policies (L*,U*). Let h be the
finite difference interval which defines how finely state and time are discretized. The initial state space

of the Markov chain associated to & is given by the lattice
00 = {(x,y) ez =n,h, y=nyh, |nz| < Nz Ymin <Y < Ymax, N, Ny integers} ,

where N, is a positive integer that defines the dimension of Q%. Starting with Q%, we iteratively
generate a sequence of regions Q;li, Q%, ... such that Q% ) Q}ll D) Q% D ... that approach the optimal
region QF defined by the boundaries 7(y) and £(y):

O ={(z,y) €eQ:az=ngh, y=nyh, N(y) <z <EY), Ymin <Y < Ymax, Nz, Ny integers} .

Therefore, we require IV, to be large enough to ensure QF C Q%. Suppose that we are at stage k& and
that the current region is Q]fi The remainder of our algorithm description provides the details of the
iteration that generates Q’;L'H. For notational convenience, we omit the dependence of Q’g on k. As
in (35) in the main text, we divide the boundary 99y, into the four components 8QZ, 89%, 8(2%11“, and
anaX

pax,

To compute the transition probabilities for the Markov chain associated with 2, we assume (as
implied by (37)-(40)) that the controls are only exerted on the boundaries, and that the directions of
control are dictated by the reflection field 7 (see Figure 2 in the main text). Let Py((z,y), (2',y')) be
the probability of a transition from state (z,y) to state (z/,y’) and define (see chapter 5 of Kushner
and Dupuis) Qp = h 0] + 02 + 62 — |060|. Then, Py((x,y), (z',y’)) is given by

o If (x,y) is in the interior, i.e., (z,y) € Qp — 0Qp, then

o2 — |odo| + 2nOF
Pul(a,y), (@ £ hy)) = L—12%¢ ,

2Qn
6% —loé
Pal(oo) (e 2 ) = 7, (104)
) +
Pr((z,y), (@£ hy£h)) = 2&;
o
Pr((z,y), (e £hyFh) = (;Sh :
Pr((z,y), ('T/ay/)) = 0 otherwise,
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where the superscripts + and — denote the positive and negative parts of the parameters,

respectively.
o If (z,y) € Q] then Py((z,y), (x + h,y)) = 1.
o If (z,y) € 092 then Pr((z,y), (z — h,y)) = 1.
o If (z,y) € 0O then Py((x,y), (z,y —h)) = 1.
o If (z,y) € O™ then Py((z,vy), (z,y + h)) = 1.

The interpolation interval At" is defined by

h2
Aty = —,
"7 Qn

which forces the first two moments of the Markov chain to coincide with those of the diffusion process.
This Markov chain is used to approximate the value function V' (z,y) by Vi(z,y) and the expected
average cost g by gn. Let {mp(x,y) : (z,y) € Qx} be the steady-state probability distribution for the
Markov chain. Given the singular nature of the control (see chapter 8 of Kushner and Dupuis), we
have that
-1

o — ZR(y)Q}%Wh(CC,y)+ Z () (1) Z () ‘ (105)
o0y Q=00 Qp—0Q,

On the other hand, the value function satisfies

Vi(z,y) =k(z,9)+ > Pal(z,v), (2, y) Vale',y), (106)
(=",y") €
where
(c(z) — gn)Aty if (x,y) € Qp — 0Qp;
k(xz,y) = R(y)h if (z,y) € 0Q];
0 otherwise.

Because the solution in (106) is unique up to an additive constant, we can arbitrarily set the value of
V(&,9) for a given state (z,9) € Qp. Given the sparse nature of the transition matrix Py, Gaussian
elimination can efficiently solve (106). However, the dimensions of the system increase as & — 0 and

value iteration methods may also be considered.

The final step for updating €2 is based on a numerical method proposed by Kumar and Muthura-
man (2000). First, we observe that the Markov chain approximation asymptotically satisfies (37) as
h — 0, leaving conditions (38)-(40) to be checked. For this purpose, we approximate V,(x,y) for any
(z,y) € Qp by

Va(a,y) ~ VHEER: y% —Val@,y) (107)

Given our current solution 5, the boundaries 9Q] and 89% are the natural candidates for n(y) and

&(y), respectively. Moreover, from (106) we have

Vi(z,y) = R(y) h+ Vi(z + h,y), Y(z,y) € 09},
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which is equivalent to (using (107))

Vi(x + h,y) — Va(z,y)
n

Similarly, (106)-(107) imply

+R(y) =0 or Vi(z,y)+R(y) =0, V(z,y) € 0.

Vi(z,y) = Vi(z — hyy), VY(z,y) € 69% or  Vi(xz,y) =0, V(z,y) € 8Q§L.

Therefore, given the approximation for V,(z, y) in (107), we have that (39) is satisfied with {(n(y),y)} =
o] and {(&(y),y)} = GQ%. It only remains to check (38) and (40) in the main text. Unless €y, is

optimal at least one of these conditions is violated and we need to update 2.

VX (X!g\/)

Figure 5: Boundary Update.

Figure 5 plots a prototypical example showing how conditions (38) and (40) in the main text are
usually violated and how the update of {2 is done. Given the two-dimensional nature of the process,
Figure 5 shows the update of Qy, for a fixed value y = . The solid line represents the value of V,(z,9).
The abscissas n and £ are the current values of the boundaries 92} and OQ% at the level g. Since
condition (38) in the main text is not satisfied in the example, we find the new values n* and £* by
looking for the minimum and maximum values of Vy(x, ) (Viz(2z,9) = 0) in the range [n, £]. Repeating
this procedure for all values of y provides the updated values of 8(2?1 and 89%.

We conclude this subsection with a description of the algorithm’s convergence for the base-case
data in the main text. To get an idea of the computational complexity of this instance, solving (106)
requires the inversion of a 16,000 x 16,000 matrix with 80,000 non-zero entries for the initial state
space Q%. Figure 6 plots the evolution of Q];L Initially, £ = 0 and Q% is a rectangle defined by N,
and h. As k increases, region Q’fi shrinks as predicted by our previous discussion. The algorithm stops
at k = 6 when the boundaries remain unchanged from the previous iteration. Figure 6 also shows
the values of the expected average cost (g) for each region Q’g We observe that the improvements

obtained during early iterations are significantly larger than those obtained at the end.
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Figure 6: Numerical solution for the base case.
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