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1. Introduction

The importance of effective risk management has never been greater. Recent financial
disasters have emphasized the needs for accurate risk measures for financial institutions.
As the nature of the risks has changed over time, the methods to measure them must adapt
to recent experience. The use of quantitative risk measures has become an essentia
management tool to be placed in parallel with models of returns. These measures are used
for investment decisions, supervisory decisions, risk capital alocation and externa
regulation. In the fast paced financial world, effective risk measures must be as responsive
to news as are other forecasts and must be easy to grasp even in complex situations.

Vaue at Risk (VaR) has become the standard measure of market risk employed by
financial institutions and their regulators. VaR is an estimate of how much a certain
portfolio can lose within a given time period, for a given confidence level. The great
popularity that this instrument has achieved among financial practitioners is essentially
due to its conceptual simplicity: VaR reduces the (market) risk associated with any

portfolio to just one monetary amount. The summary of many complex bad outcomesin a



single number naturally represents a compromise between the needs of different users.
This compromise has received the blessing of a wide range of users and regulators.
Despite its conceptual simplicity, the measurement of VaR is a very challenging
statistical problem and none of the methodologies developed so far gives satisfactory
solutions. Since VaR is simply a particular quantile of future portfolio values, conditional
on current information, and since the distribution of portfolio returns typically changes
over time, the challenge is to find a suitable model for time varying conditional quantiles.
The problem isto forecast a value each period that will be exceeded with probability (1-q)

by the current portfolio, where q1 (01) represents the confidence level associated to the
VaR. Let {yt}th1 denote the time series of portfolio returns and T the sample size. We want
to find VaR, such that Pr[y, <-VvaR |W]=q , where W, denotes the information set at the end

of time t-1. Any reasonable methodology should solve the following three issues. 1)
provide aformulafor calculating VaR as a function of variables known at time t-1 and a
set of parameters that need to be estimated; 2) provide a procedure (namely, a loss
function and a suitable optimization algorithm) to estimate the set of unknown parameters;
3) provide atest to establish the quality of the estimate.

In this paper we address each of these issues. We propose a conditional autoregressive
specification for VaR, which we call Conditional Autoregressive Vaue a Risk
(CAViaR). The unknown parameters are estimated using Koenker and Bassett's (1978)
regression quantile framework. Consistency and asymptotic results build on existing
contribution of the regression quantile literature. We propose a new test, the Dynamic
Quantile (DQ) test, which can be interpreted as an overall goodness of fit test for the
estimated CAViaR processes. This test, which has been independently derived by
Chernozhukov (1999), is new in the literature on regression quantiles.

The paper is structured as follows. In section 2, we quickly review the current
approaches to Vaue at Risk estimation. Section 3 introduces the CAViaR models. In

3



sections 4, we review the literature on regression quantiles. Section 5 introduces the DQ

test. Section 6 presents an empirical application to real data. Section 7 concludes the

paper.

2. Valueat Risk Models

VaR was developed at the beginning of the 90’ s in the financial industry to provide senior
management a single number that could quickly and easily incorporate information about
the risk of a portfolio. Today it is part of every risk manager’s toolbox. Indeed, VaR can
help management estimate the cost of positions in terms of risk, allowing them to allocate
risk in a more efficient way. Also the Basel Committee on Banking Supervision (1996) at
the Bank for International Settlements uses VaR to require financial institutions such as
banks and investment firms to meet capital requirements to cover the market risks that
they incur as a result of their normal operations. However, if the underlying risk is not
properly estimated, these requirements may lead financia institutions to overestimate (or
underestimate) their market risks and consequently to maintain excessively high (low)
capital levels. The result is an inefficient allocation of financial resources that ultimately
could induce firms to move their activities into jurisdictions with less restrictive financial
regulations.

The existing models for calculating VaR differ in many aspects. Nevertheless they all
follow a common structure, which can be summarized in three points: 1) the portfolio is
marked-to-market daily, 2) the distribution of the portfolio returns is estimated, 3) the
VaR of the portfolio is computed. The main differences among VaR models are related to
the second point. VaR methodologies can be classified initially into two broad categories:
a) factor models such as RiskMetrics (1996), b) portfolio models such as historical
quantiles. In the first case, the universe of assets is projected onto a limited number of

factors whose volatilites and correlations have been forecast. Thus time variation in the



risk of a portfolio is associated with time variation in the volatility or correlation of the
factors. The VaR is assumed to be proportional to the computed standard deviation of the
portfolio, often assuming normality. The portfolio models construct historical returns that
mimic the past performance of the current portfolio. From these historical returns, the
current VaR is constructed based on a statistical model. Thus changes in the risk of a
particular portfolio are associated with the historical experience of this portfolio. Although
there may be issues in the construction of the historical returns, the interesting modeling
question is how to forecast the quantiles. Severa different approaches have been
employed. Some first estimate the volatility of the portfolio, perhaps by GARCH or
exponential smoothing, and then compute VaR from this, often assuming normality.
Others use rolling historical quantiles under the assumption that any return in a particular
period is equally likely. A third appeals to extreme value theory.

It is easy to criticize each of these methods. The volatility approach assumes that
the negative extremes follow the same process as the rest of the returns and that the
distribution of the returns divided by standard deviations will be independent and
identically distributed, if not normal. The rolling historical quantile method assumes that
for a certain window, such as a year, any return is equally likely, but a return more than a
year old has zero probability of occurring. It is easy to see that the VaR of a portfolio will
drop dramatically just one year after a very bad day. Implicit in this methodology is the
assumption that the distribution of returns does not vary over time at least within a year.
An interesting variation of the historical ssmulation method is the hybrid approach
proposed by Boudoukh, Richardson and Whitelaw (1998). The hybrid approach combines
volatility and historical simulation methodologies, by applying exponentially declining
weights to past returns of the portfolio. However, both the choice of the parameters of
interest and the procedure behind the computation of the VaR seem to be ad hoc and

based on empirical justifications rather than on a sound statistical theory.



Applications of extreme quantile estimation methods to VaR have been recently
proposed (see, for example, Danielsson and de Vries (2000)). The intuition here is to
exploit results from statistical extreme value theory and to concentrate the attention on the
asymptotic form of the tail, rather than modeling the whole distribution. There are two
problems with this approach. First it works only for very low probability quantiles. As
shown by Danielsson and de Vries (2000), the approximation may be very poor at very
common probability levels (such as 5%), because they are not “extreme” enough. Second,
and most importantly, these models are nested in a framework of i.i.d. variables, which is
not consistent with the characteristics of most financial datasets and consequently the risk
of a portfolio may not vary with the conditioning information set. Recently, McNeil and
Frey (2000) suggested fitting a GARCH model to the time series of returns and then
applying the extreme value theory to the standardized residuals, which are assumed to be
i.i.d. Although it is an improvement over existing applications, this approach still suffers

from the same criticism applied to the volatility models.

3. CAViaR

We propose another approach to quantile estimation. Instead of modeling the whole
distribution, we model directly the quantile. The empirical fact that volatilities of stock
market returns cluster over time may be translated in statistical words by saying that their
distribution is autocorrelated. Consequently, the VaR, which is tightly linked to the
standard deviation of the distribution, must exhibit a similar behavior. A natural way to
formalize this characteristic is to use some type of autoregressive specification. We
propose a conditional autoregressive quantile specification, which we call Conditional

Autoregressive Value at Risk (CAViaR).

Suppose we observe a vector of portfolio returns {y}l_,. Let g be the probability

associated with VaR, x; a vector of time t observable variables and b, a p-vector of



unknown parameters. Finally, let f,(b)° f (xt_l, bq) denote the time t g-quantile of the

distribution of portfolio returns formed at time t-1, where we suppressed the g subscript
from b, for notational convenience. A very general CAViaR specification might be the

following:

(1) f(0) =00+ A0 fri(b)+ Aayl (1 )
i=1 i=1

where b'=(a',g',j ') and |l isafunction of afinite number of lagged values of observables.
The autoregressive terms g; f_; (b), i=1,...,q ensure that the quantile changes “smoothly”
over time. Theroleof I(x.;, ), istolink f(b) to observable variables that belong to the
information set. This term thus has much the same role as the News Impact Curve for
GARCH models introduced by Engle and Ng (1993). A natural choice for X is lagged
returns. Indeed, we would expect the VaR to increase as y;.; becomes very negative, as
one bad day makes the probability of the next somewhat greater. It might be that very
good days aso increase VaR as would be the case for volatility models. Hence VaR could
depend symmetrically upon ;4|

Here are some examples of CAViaR processes that will be estimated. Throughout we

use the notation (X)* = max(x,0), (X)" = -min(x,0).

ADAPTIVE.  fy(by) = fr. 1(by) +by{ 1+ exp(Glys. 1 - fr.1(0p)] )2 -

where G is some positive finite number. Note that as G® ¥, the last term converges
amost surely to by (y;. 1 £ f.1(by))- q], where (¥ represents the indicator function; for

finite G this model is a smoothed version of a step function. The adaptive model

incorporates the following rule: whenever you exceed your VaR you should immediately



increase it, but when you don't exceed it, you should decrease it very dightly. This
strategy will obviously reduce the probability of sequences of hits and will aso make it
unlikely that there will never be hits. It however learns little from returns which are close
to the VaR or which are extremely positive. It increases the VaR by the same amount
regardless of whether the returns exceeded the VaR by a small or a large margin. This
model has a unit coefficient on the lagged VaR.

Other aternatives are:

SYMMETRIC ABSOLUTE VALUE: fi(b)=bq+bsfi_1(b) +bs|y-1|

ASYMMETRIC SLOPE: fi(b)=by+byf1(b) +bs(yi.1)" +balyi-1)

INDIRECT GARCH(1,1): f (b) = by + by f21(b) + bay? 1)%

The first and third respond symmetrically to past returns while the second allows the
response to positive and negative returns to be different. All three are mean reverting in
the sense that the coefficient on the lagged VaR is not constrained to be one.

The Indirect GARCH model would be correctly specified if the underlying data were
truly a GARCH(1,1) with an i.i.d. error distribution. The Symmetric Absolute Vaue and
Asymmetric Slope quantile specifications, would be correctly specified by a GARCH
process in which the standard deviation, rather than the variance, is modeled either
symmetrically or asymmetrically with i.i.d. errors. This model has been introduced and
estimated by Taylor (1986) and Schwert (1988) and is analyzed by Engle (2002). The
CAViaR specifications are however more general than these GARCH models. Various
forms of non-i.i.d. error distributions can be modeled in this way. In fact these models
can be used for situations with constant volatilities, but changing error distributions, or

situations where both error densities and volatilities are changing.



4. Regression Quantiles

The parameters of CAViaR models are estimated by regression quantiles, as introduced
by Koenker and Bassett (1978). Koenker and Bassett show how to extend the notion of a
sample quantile to a linear regression model. Consider a sample of observations yj,....yr

generated by the following model:

(2) ye=%'b°+ €qt Quanty(eq¢/x) = 0

where x; is a p-vector of regressors and Quant, (€;+[X;) is the g-quantile of &,; conditional

onX. Let f;(b)° xb . Then the qth regression quantile is defined asany b that solves:

3) minzfa- 10 < (o))~ f(o)]

Regression quantiles include as a special case the least absolute deviation (LAD)
model. It iswell known that LAD is more robust than OL S estimators whenever the errors
have a fat tailed distribution. Koenker and Bassett (1978), for example, ran a simple
Monte Carlo experiment and showed how the empirical variance of the median, compared
to the variance of the mean, is dightly higher under the normal distribution, but it is much
lower under all the other distributions taken into consideration.*

Anaysis of linear regression quantile models has been extended to cases with
heteroskedastic (Koenker and Bassett (1982)) and non-stationary dependent errors
(Portnoy (1991)), time series models (Bloomfield and Steiger (1983)), simultaneous
equations models (Amemiya (1982) and Powell (1983)) and censored regression models

(Powell (1986) and Buchinsky and Hahn (1998)). Extensions to the autoregressive

! They consider Gaussian mixture, Laplace and Cauchy distributions.



quantiles have been proposed by Koenker and Zhao (1996), and Koul and Saleh (1995).
These approaches differ from the one proposed in this paper in that all the variables are
observable and the models are linear in the parameters. In the nonlinear case, asymptotic
theory for models with serially independent (but not identically distributed) errors have
been proposed, for example, by Oberhofer (1982), Dupacova (1987), Powell (1991) and
Jureckova and Prochazka (1993). There is relatively little literature that considers non-
linear quantile regressions in the context of time series. The most important contributions
are those by White (1994, Corollary 5.12), who proves the consistency of the nonlinear
regression quantile, both in thei.i.d. and stationary dependent cases, and by Weiss (1991),
who shows consistency, asymptotic normality and asymptotic equivalence of LM and
Wald tests for LAD estimators for nonlinear dynamic models. Finally, Mukherjee (1999)
extends the concept of regression and autoregression quantiles to nonlinear time series
modelswith i.i.d. error terms.

Consider the mode|

(4) v =f yt.l,xt.l,---,yl,xl:b°)+etq Quant, (e IW)=0

° f(b°) +ey t=1,..T

where f,(b°) is some given initial condition, x; is a vector of exogenous or predetermined
variables, b°1 AP isthe vector of true unknown parameters that need to be estimated and
W = [Vir, Xetror Yo, X, F2(b 9] is the information set available at time t. Let b be the
parameter vector that minimizes (3).

Theorems 1 and 2 below show that the non-linear regression quantile estimator b is

consistent and asymptotically normal. Theorem 3 provides a consistent estimator of the

variance-covariance matrix. In Appendix A, we give sufficient conditions on f in (4),
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together with technical assumptions, for these results to hold. The proofs are smple
extensions of Weiss (1991) and Powell (1984, 1986, 1991) and will be omitted. We

denote the conditional density of e,, evaluated at 0 by h(dw;), the (1,p) gradient of f,(b)

by Nf.(b) and define Nf(b) to bea(T,p) matrix with typical row Kf;(b).

Theorem 1 (Consistency) - In model (4), under CO-C7 in Appendix A, b® b?, where

b isthe solution to (3).

Theorem 2 (Asymptotic Normality) - In model (4), under AN1-AN4 in Appendix A and

the  conditions of Theorem 1, / (1T )A;%DT(B-bO)@% N(,1),  Wwhere
all-q

Ap = E[T'lm'f(bo)ﬂf (bo)], Dy = E[T'lﬂ'f(bo)HNf(bo)J and H is a diagonal matrix with

typical entry h(OMW).
Theorem 3 (Variance-Covariance Matrix Estimation) - Under VC1-VC2 in Appendix

A and the conditions of Theorems 1 and 2, ArcrgAr and [3T®pDT, where

Ar =T~ IR £(5)Rf (8) and Dy :(2T6T)'1élel(\yt- ft(B)‘<éT)<r f(D)RF(b).

Derivation of the asymptotic distribution builds on the approximation of the discontinuous
gradient of the objective function with a smooth differentiable function, so that the usual
Taylor expansion can be performed. The device to obtain such an approximation is
provided by an extension of Huber's (1967) Theorem 3.% This technique is standard in the
regression quantile and LAD literature (see Powell 1984, 1991 and Weiss 1991). The
interested reader isreferred to these papers for further details.

Regarding the variance-covariance matrix, note that Ay is simply the outer product of

the gradient. Estimation of the Dy matrix is less straightforward, asit involvesthe h(0|w)

2 Alternative strategies to derive the asymptotic distribution are the one suggested by Amemiya (1982),
based on the approximation of the regression quantile objective function by a continuously differentiable
function, and the one based on the empirical processes approach as suggested, for example in van de Geer
(2000).
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term. Following Powell (1984, 1986, 1991), we propose an estimator that combines kernel
density estimation with the heteroskedasticity-consistent covariance matrix estimator of
White (1980). Our theorem 3 is a generalisation of Powell’s (1991) theorem 3 that

accommodates the (stationary) nonlinear dependent case.

5. Testing quantile models

If model (4) isthe true DGP, then Pr(yt < ft(bo)):q, " t. Thisis equivalent to requiring that

the sequence of indicator functions {l (yt< ft(bo))}trz1 be independent and identically

distributed. Hence, a property that any VaR estimate should satisfy is that of providing a
filter to transform a (possibly) serially correlated and heteroskedastic time series into a

serially independent sequence of indicator functions. A natural way to test the validity of

the forecast model is to check whether the sequence {| (yt < f,(b 0))}::10 {If., isi.i.d, as

done for example by Granger, White and Kamstra (1989) and Christoffersen (1998).

Although these tests can detect the presence of serial correlation in the sequence of
indicator functions {It}thl, this is only a necessary, but not sufficient condition to assess
the performance of a quantile model. Indeed, it is not difficult to generate a sequence of

independent {I,}{., from a given sequence of {y}",. It suffices to define a sequence of

independent random variables {z};_, , such that

i1 with probabilityq
(5) Zt :1 . pe
-1 with probability (1-q)

Then, setting  f,(b%) =Kz, for K large, will do the job. Notice however, that once z is

observed, the probability of exceeding the quantile is known to be amost zero or one.

Thus the unconditional probabilities are correct and serialy uncorrelated, but the
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conditional probabilities given the quantile are not. This example is an extreme case of
quantile measurement error. Any noise introduced into the quantile estimate will change
the conditional probability of a hit given the estimate itself.

Therefore, none of these tests has power against this form of misspecification and
none can be simply extended to examine other explanatory variables. We propose a new

test that can be easily extended to incorporate a variety of alternatives. Define:

(6) Hit (%) © 1y < £,(6%)-q.

The Hit(b°%) function assumes value (1-q) every time y; is less than the quantile and -q
otherwise. Clearly the expected value of Hit,(b°) is zero. Furthermore, from the definition
of the quantile function, the conditional expectation of Hit(b®) given any information
known at t-1 must also be zero. In particular, Hit,(b®) must be uncorrelated with its own

lagged values and with f,(b°%), and must have expected value equal to zero. If Hit(b?)
satisfies these moment conditions, then it is sure that there will be no autocorrelation in
the hits, there will be no measurement error as in (5), and there will be the correct fraction
of exceptions. If it is desired to check whether there is the right proportion of hits in each
calendar year, then this can be measured by checking the correlation of Hit,(b®) with
annua dummy variables. If other functions of the past information set are suspected of
being informative such as rolling standard deviations or a GARCH volatility estimate,
these can be incorporated.

Let’s denote with T the number of in sample observations and with N the number of
out of sample observations. Let’s make explicit the dependence of the relevant variables

on the number of observations, using appropriate subscripts. A natural way to set up atest

is to check whether the test statistic X '(by )Hity (b7) is significantly different from zero,
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where X, (b), n=T+1,..., T+N, the typical row of Xy (b) (possibly dependingon b), isa

version of the Dynamic Quantile (DQ) test statistic would be;

(7 DQp ° HitN'(BT)XN(BT)[XN'(t;T)XN(t;T)]'lxN-(t;T)HitN(BT) (F% P
q(l-Q) L@Cs)i q

provided that X '(by)X n(b7) is nonsingular. The limit for T® ¥ is required to ensure

that 6T<rg b®. Than a simple application of a suitable central limit theorem yields the
result. While this measure of performance can be quite useful, when applied in sample, its
distribution is affected by the fact that Hit; (b ) isafunction of estimated parameters.

Let Mg = (XT'(b 0y.- ET'1XT'(bO)HTNfT(bO)JDT'1N' fT(bO)), where H has been
defined in theorem 2. Theorem 4 provides the correct distribution of the in-sample DQ

test.

Theorem 4 (In-Sample Dynamic Quantile Test) - Under DQ2-DQ4 in Appendix A

~ .~ d
and the same conditions of theorems 1-2, T‘%XT'(b)HitT(b) ~ N(O,q(l-q)E(T'lMTMT')).

If also Assumption DQ1 holds,

T ity *(6) X1 (0)E(T M M) * X1 (B)Hity (B) d

cq Moreover, under the
ql-q)

DQq °

» . . P
conditions of theorem 3, T"M{M1'® E(T'lMTMT'),

where My = X1 '(b)- {(ZTéT)'léthllqyt - ft(B)‘<éT )xt'(B)th(ﬁ)}éT'lﬂ' fr(0).2

% 1f X¢(b) contains m<q lagged Hit(b) (i = 1,..., m), then X(b), Hitr(b), Hr and Nfy(b) are not
conformable, as X:(b) contains only (T-m) elements. Here we implicitly assume, without loss of generality,
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Proof — See Appendix B.

Note that if we choose Xt (b)=Rf(b),then M = 0, where O is a (p, p) matrix of

zeroes. This is consistent with the fact that T /2Rt fr (b)Hity (b) =0,(1), by the first order

conditions of the regression quantile framework.

The in-sample DQ test is a specification test for the particular CAViaR process under
study and it can be very useful for model selection purposes. The simpler version of the
out-of-sample DQ test (7), instead, can be used by regulators to check whether the VaR
estimates submitted by a financial institution satisfy some basic requirements every good
quantile estimates must have, such as unbiasedeness, independent hits and independence
of the quantile estimates. The nicest features of the out-of-sample DQ test are its
simplicity and the fact that it does not depend on the estimation procedure: to implement
it, the evaluator (either the regulator or the risk manager) just needs a sequence of VaR’s

and the corresponding values of the portfolio.

6. Empirical Results

To implement our methodology on real data, the researcher needs to construct the
historical series of portfolio returns and to choose a specification of the functional form of
the quantile. We took a sample of 3392 daily prices from Datastream for General Motors,
IBM and S&P 500, and computed the daily returns as 100 times the difference of the log
of the prices. The samples range from April 7 1986 to April 7 1999. We used the first
2892 observations to estimate the model and the last 500 for out-of-sample testing. We

estimated 1% and 5% one day VaR, using the four CAViaR specifications described in

that the matrices are made conformable by deleting the first m rows of Nf(b) and Hitr(b), and the first m
rows and columns of Hy.
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section 3.* Note that all the models considered in section 3 satisfy assumptions C1, C7 and
ANL1 of Appendix A. In particular, all the models are both continuous and continuously
differentiable in b. The others are technical assumptions that are impossible to verify in
finite samples. The 5% VaR estimates for GM are plotted in Figure 1, and al the results
are reported in Table 1. In each table, we report the value of the estimated parameters, the
corresponding standard errors and (one-sided) p-values, the value of the regression
guantile objective function (equation 3), the percentage of times the VaR is exceeded, and
the p-value of the Dynamic Quantile test, both in and out-of-sample. In order to compute
the VaR series with the CAViaR models, we initiaize f,(b) to the empirical g-quantile of
the first 300 observations. The instruments used in the out-of-sample DQ test were a
constant, the VaR forecast and the first four lagged hits. For the in-sample DQ test, we
didn’t include the constant and the VaR forecast because for some models there was
collinearity with the matrix of derivatives® The standard errors and the variance
covariance matrix of the in-sample DQ test were computed as described in theorems 3 and
4. The formulae to compute Dy and M; were implemented using k-nearest neighbor
estimators, with k = 40 for 1% VaR and k = 60 for 5% VaR.

As optimization routines, we used the Nelder-Mead Simplex Algorithm and a quasi-
Newton method.® The models were optimized using the following procedure. We
generated n vectors using a uniform random number generator between 0 and 1. We
computed the regression quantile (RQ) function described in equation (3) for each of these

vectors and selected the m vectors that produced the lowest RQ criterion as initial values

* For the Adaptive model, we set G=10, where G entered the definition of the Adaptive model in section 3.

> Lagged hit variables contain the indicator function. Since the indicator function is Lipschitz continuous, it
satisfies condition DQ3 of theorem 4.

® All the computations were done in Matlab 6.1. We used the functions fminsearch and fminunc as
optimization algorithms. The loops to compute the recursive quantile functions were coded in C.
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for the optimization routine.” For each of these initial values, we ran first the simplex
algorithm. We then fed the optimal parameters to the quasi-Newton algorithm and the new
optimal parameters were chosen as the new initial conditions for the simplex. We repeated
this procedure until the convergence criterion was satisfied® Finally, we selected the
vector that produced the lowest RQ criterion. An alternative optimization routine is the
interior point algorithm for nonlinear regression quantiles suggested by Koenker and Park
(1996).

In Figure 2 we report a plot of the CAViaR news impact curve for the 1% VaR
estimates of S& P 500. Notice how the Adaptive and the Asymmetric Slope news impact
curves differ from the others. For both Indirect GARCH and Symmetric Absolute Value
models, past returns (either positive or negative) have a symmetric impact on VaR. In the
case of the Adaptive model, instead, the most important news is whether past returns
exceeded the previous VaR estimate or not. Finaly, the sharp difference between the
impact of positive and negative returns in the Asymmetric Slope model suggests that there
might be relevant asymmetries in the behavior of the 1% quantile of this portfolio.

Turning now our attention to Table 1, the first striking result is that the coefficient
of the autoregressive term (b,) is aways very significant. This confirms that the
phenomenon of clustering of volatilities is relevant also in the tails. A second interesting
point is the precision of al the models, as measured by the percentage of in-sample hits.
This is not surprising as the objective function of regression quantile models is designed
exactly to achieve this kind of result. The results for the 1% VaR show that the Symmetric
Absolute Vaue, the Asymmetric Slope and the Indirect GARCH models do a good job at
describing the evolution of the left tail for the three assets under study. The results are

particularly good for GM, producing a rather accurate percentage of hits out-of-sample

" We set n = [10% 10°, 10*, 107 and m = [10, 15, 10, 5] respectively for the symmetric absolute value,
asymmetric slope, Indirect GARCH and the adaptive models.
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(1.4% for the Symmetric Absolute Value and the Asymmetric Slope and 1.2% for the
Indirect GARCH). The performance of the Adaptive model is inferior both in and out-of-
sample, even though the percentage of hits seems reasonably close to 1. This shows that
looking only at the number of exceptions (as suggested by the Basle Committee on
Banking Supervison (1996)) may be a very unsatisfactory way of evaluating the
performance of a VaR model. 5% results present a different picture. All the models
perform well with GM. Note the remarkable precision of the percentage of out-of-sample
hits generated by the Asymmetric Slope model (5.0%). Notice further that this time also
the Adaptive model is not rejected by the DQ tests. For IBM, instead, the Asymmetric
Slope, of which the Symmetric Absolute Value is a special case, tends to overfit in-
sample, providing a very poor performance out-of-sample. Finally, for S& P 500 5% VaR,
only the Adaptive model survives the DQ test at 1% confidence level, producing a rather
accurate number of out-of-sample hits (4.6%). The poor out-of-sample performance of the
other models can probably be explained by the fact that the last part of the sample of S& P
500 is characterized by a sudden spur of volatility and roughly coincides with our out-of-
sample period. Finaly it is interesting to note in the Asymmetric Slope model how the
coefficients of the negative part of lagged returns are aways strongly significant, while
those associated to positive returns are sometimes not significantly different from zero.
This indicates the presence of strong asymmetric impacts on VaR of lagged returns.

The fact that the DQ tests select different models for different confidence levels
suggests that the process governing the tail behavior might change as we move further out
in the tail. In particular, this contradicts the assumption behind GARCH and RiskMetrics,
since these approaches implicitly assume that the tails follow the same process as the rest

of the returns. While GARCH might be a useful model to describe the evolution of

® Tolerance levelsfor the function and the parameters val ues were set to 10°.
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volatility, the results in this paper show that it might provide an unsatisfactory

approximation when applied to tail estimation.

7. Conclusion

We proposed a new approach to Value at Risk estimation. Most existing methods estimate
the distribution of the returns and then recover its quantile in an indirect way. On the
contrary we modeled directly the quantile. To do this we introduced a new class of
models, the Conditional Autoregressive Value at Risk or CAViaR models, which specify
the evolution of the quantile over time using a special type of autoregressive process. The
unknown parameters were estimated by minimizing the regression quantiles loss function.
We also introduced the Dynamic Quantile test, a new test to evaluate the performance of
quantile models. Applications to real data illustrated the ability of CAViaR models to
adapt to new risk environments. Moreover, our findings suggested that the process
governing the behavior of the tails might be different from that of the rest of the

distribution.

19



Appendix A: Assumptions

Consistency Assumptions

CO. (W, F, P) isacomplete probability space and {etq ,xt} ,t=1,2,..., arerandom vectors on this space.

C1. The function fy(b):AXt" B® A issuch that for each b T B, a compact subset of AP, f,(b) is
measurable with respect to the information set W, and (¥ is continuousin B, t=1,2,...for a given choice
of explanatory variablesy; 1, X1, -+ Y1, X1.

C2. Conditional on al the past information W, the error terms ey form a stationary process, with
continuous conditional density hy (e | W; ), and continuousjoint density héV(e, y,x).

C3. There existsh>0 such that for all t h,(0|W;)3 h.

C4. |fi(b) < K(W) foreach b T B and for all t, where K(W) is some (possibly) stochastic function of

variables that belong to the information set, such that E§< (V\I[)|r g £ Kg<¥ ,r>1for some constant K.

C5. Efey|)<¥ forallt,
C6. {[q - I(yt < ft(b))] [yt - ft(b)]} obeysthe law of large numbers.

C7. For every d>0, there exists at>0 such that if “b -0, limin T Pg f,(b) - ft(bo)‘>t U>o0.

Asymptotic Normality Assumptions
AN1. f(b) isdifferentiablein B and for al b and gin aneighborhood u, of b°, such that |b-gl|£d ford

sufficiently small and for all t:
(i) |Nf(b)|| £ F (W) , where F(W) is some (possibly) stochastic function of variables that belong to

the information set and E@Z (V\/t)|Sg£ Fo <¥ , for some constant F,

(i) Nf;(b) satisfies the Lipschitz condition |Nf(b) - Nf; (@) £ M|b - g|, where M<¥
AN2. (i) h(e|W)EN <¥," t

(i) hy(e|W,) satisfies the Lipschitz condition |h (1 1 [W,) - he(1 2 [W)| £ Ll 1 - | 5|, where L<¥, ™
t.
AN3. There existsd>0, such that for any bi B and T sufficiently large det(T a8 E[R ft(b)th(b)])>d
AN4. {g - 1(y; < f(b))N" f,(b)} satisfiesacentral limit theorem.

Variance Covariance Matrix Estimation Assumptions.

p
VCL. &1 /ct ® 1, where the nonstochastic sequence ¢; satisfies cr=0(1) and c}l =o(T %) .
VC2. E@Z(V\/t )|4g£ F, <¥ ,for al t and for some constant F,, where F(W) has been defined in AN1 (i).

Dynamic Quantile Test Assumption

DQ1 - Tlé@n; E(T'lMTMT') converges to a non-singular meatrix, where
M :(X'(bo)— E(T‘1X'(b°)HNf(b°))DT'1N' f(bo)).

DQ2 - X;(b) isdifferent element wise from Kif, (b), is measurable-W,, | X;(b)|| £ W(W; ), where W (W)
is some (possibly) stochastic function of variables that belong to the information set,
Eg\NWt[F ]2‘U<¥ and F(W,) has been defined in ANA().

DQ3 - X;(b) satisfiestheLipschitz condition | X (b) - X{(9)| £ S|b - 9] , whereS<¥.

DQ4— “Xt'(b) - tr'1xt'(b)m(qvx4)ﬂft(b)]D+1N' ft(b)JHitt(b)} satisfies acentral limit theorem.
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Appendix B: Proofs
Proof of Theorem 4 — To simplify the notation, in the proof we drop the dependence of BT . Xt (6) and

HitT(t;) on the (in &ample) size T. Approximate the discontinuous function Hitt(l:;) with

Hit (6)=§l+exp1/ qo1"(8,)-q, where &, ° y,- f,(b) and & is defined in VCL. Then,

R, Hith (6) = —exp‘e/ @Hexp / th(ki) ok (B)NF,(B). Note that k. (b) is the pdf of a
logistic with zero mean and parameter ¢y and hence it is a kernel of order 2. In matrix form we write:
R, Hit? (b) = K (b)Rf (b) , where K (b) isadiagonal matrix with typical entry ke (€ ). Rewriting the DQ
test in terms of this approximation and applying the mean val ue theorem:

(A1) T'%X'(B)HitA(B) :T'%X'(B)[HitA(bO)+K(6)Nf (6)D;D1(b - bo)]

where D; has been defined in Theorem 2, and b lies between b and b°. In proving the asymptotic
normality result, one can show that

T%DT(B— b9 = -T'%N'f(bO)Hit(bO)mp(l)

Subsgtituting in (A1):

T'%X'(B)HitA (©) :T'%X'(B)[HitA (b9)- T‘lK(B)Nf(b')D#N'f(bO)Hit(bO)]+op(1)

_1/2 T'l[X'(b %-T°X'(b O)HNf(bO)D#N'f(bo)]Hit(b°)+

+T Yx (B Hit* (b°)- X'(bO)HitA(bO))+

+T‘1(T'1X'(6)K(6)Nf(b'))- (T'1X'(b°)K(6)Nf(b°))]m1N'f(bO)Hit(b 0) +

+T X (b OYHitA (b%)- X'(bO)Hit(b %))+

T'l[(T'1X'(b°)K(6)Nf (b 0))- (‘I"1X'(bO)HNf(bO))]Df1N'f(bO)Hit(bO)}+op(1)

Since the terms in the last four rows are all 0,(1), application of a suitable central limit theorem gives the

desired result. Here we show only that the last two terms of the above equation are 0,(1), as the others are
easily checked, using assumptions AN1, DQ2 and DQ3.

Toprovethat Hit" (bo)(rg Hit(b®) , note that since I*Qetq|):1— I*(— leg |),Wehavefor eacht:

[Hit? (09 - Hit (0%)[=]1 " (e (erq ° 0)- 1{erq <O]]

=1 (el 7¢Jo g <7 0
where d is a postive number such that (éTTd)'1®¥. For D smply note that
Pr(l (|etq|<T'd) :1):Op(T'd):op(1) .For Cnotethat |” (ey|) isdecreasingin |ey, | . Hence:

* * l
co | (|etq|)IQetq|3T'd)£l (r'd):[1+exp{(eTTd)'1H ®0
. p .
Let’slook at the other term. We need to show that T™1X'(b)K (b)Rif (b%)® T-1X' (b ®)HKIf (b°).
~ P

We show first that K(b)® K(bo) . Applying the mean value theorem to each term of the diagonal matrix
K(b), we get kc(ét):kc(etq)+ﬂibkc(etq - d(B))(6 - b°), where d(5)° f,(5)- f;(b%) and b lies
between b ad b°. Since ‘ﬂlbkc(etq -dt(b')1<¥ ad (b - bo):op(l), we have

k(€)= keley ) + 0, @) -
It remainsto show that (T 1X"(b 9K (bO)Rf (b))- (T X" (b ) HRif (b%))= 0, (1) . Rewrite this term as:
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718 ke (e )- Elkelerg W )]X't (D) (0%)+

(A2) ;
+T 1AL 1[E etq X\Nt) (th)]X't (b O)Nf (b °)

First we show that the expected value of k;(ey) given W, is equal to n(qvvt). Let k(u)® e“b+e“]_2
Then:

Elkc(orq ] = @, k(U (ur [t Ju

=h 0w )+ 251 oM )6 gy, K(u)u?du+o(e?)

=h Ow)+o(e?)
where in the first equality we performed a change of variables, in the second we applied the Taylor
expansion to hy (uéT |Wt) around 0 and used the fact that k(u) is a density function with first moment equal to

0 and finite second moment. Hence, the last terms of ther.h.s. of (A2) is zero. The first term has obviously
zero expectation. If also its variance convergesto zero, the result follows from Chebyshev inequality:

Efr 18 kel )- Elke (o e ]X': 0 O, (6O
—EeT 28T [ke(ewg)- E(kc(etq}vw)]z[X't(bO)th(bO)]zg

£(Ter) 24 {E J[Xt(b )Rif, (b )]2 £T 18120, 1) =0,

where the first equality follows because aII the cross product are zero by the law of iterated expectations, the
term J in the first inequality is some finite real number, and the rest follows from assumptions DQ2 and
VCL

Finally, the proof of the last part of the theorem is analogous to the proof of theorem 3 (see Powell’s (1991)
theorem 3.
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Figure 1 — 5% estimated CAViaR plots for GM. Since VaR is usualy reported as a positive number, we set

N

VaRt.1 =- fi. 1(6). The sample ranges from April 7 1986 to April 7 1999. The spike at the beginning of the

sample is the 1987 crash. The increase in the quantile estimates towards the end of the sample reflects the
increasein overall volatilitv followina the Russian and Asian crises.
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Figure 2 — 1% CAViaR News Impact Curve for S& P 500. For given estimated parameter vector b and
setting (arbitrarily) VaR:.1 = - 1.645, the CAViaR News Impact Curve shows how VaR: changes as lagged

portfolio returns y,; vary. The strong asymmetry of the Asymmetric Slope News Impact Curve suggests that
negative returns might have a much stronger effect on the VaR estimate than positive returns.
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Table 1 — Estimates and relevant statistics for the four CAViaR specification (significant coefficients at 5% formatted in bold; shaded boxes denote rejection from the DQ test at

1% significance level).

1% Valueat Risk Symmetric Absolute Value Asymmetric Slope Indirect GARCH Adaptive

GM IBM S& P 500 GM I1BM S& P 500 GM I1BM S& P 500 GM I1BM S& P 500
Betal 0.4511 0.1261 0.2039 0.3734 0.0558 0.1476 14959 1.3289 0.2328 | 0.2968 0.1626 0.5562
Sandard Errors 0.2028 0.0929 0.0604 0.2418 0.0540 0.0456 0.9252 1.9488 0.1191 0.1109 0.0736 0.1150
P-values 0.0131 0.0872 0.0004 0.0613 0.1509 0.0006 0.0530 0.2477 0.0253 0.0037 0.0136 0.0000
Beta2 0.8263 0.9476  0.8732 0.7995 0.9423 0.8729 0.7804 0.8740 0.8350
Sandard Errors 0.0826 0.0501 0.0507 0.0869 0.0247 0.0302 0.0590 0.1133 0.0225
P-values 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Beta3 0.3305 0.1134 0.3819 0.2779 0.0499 -0.0139 0.9356 0.3374 1.0582
Sandard Errors 0.1685 0.1185 0.2772 0.1398 0.0563 0.1148 1.2619 0.0953 1.0983
P-values 0.0249 0.1692 0.0842 0.0235 0.1876 0.4519 0.2292 0.0002 0.1676
Betad 0.4569 0.2512 0.4969
Standard Errors 0.1787 0.0848 0.1342
P-values 0.0053 0.0015 0.0001
RQ 172.04 18232  109.68 169.22 179.40 105.82 170.99 183.43 108.34 179.61 192.20 117.42
Hitsin-sample (%) 1.0028 09682 1.0028 0.9682 1.0373 0.9682 1.0028 1.0028 1.0028 | 0.9682 1.2448 0.9336
Hits out-of-sample (%) 14000 1.6000 1.8000 1.4000 1.6000 1.6000 1.2000 1.6000 1.8000 1.8000 1.6000 1.2000
DQ in-sample (P-values) 0.6349 0.5375 0.3208 0.5958 0.7707 0.5450 0.5937 0.5798 0.7486 | 0.0117 ' 0.0000 0.1697
DQ out-of-sample (P-values) 0.8965 0.0326 0.0191 0.9432 0.0431 0.0476 0.9305 0.0350 0.0309 | 0.0017 0.0009 0.0035
5% Valueat Risk Symmetric Absolute Value Asymmetric Slope Indirect GARCH Adaptive

GM IBM S& P 500 GM IBM S& P 500 GM IBM X P500| GM IBM S& P 500
Betal 0.1812 0.1191 0.0511 0.0760 0.0953 0.0378 0.3336 0.5387 0.0262 | 0.2871 0.3969 0.3700
Sandard Errors 0.0833 0.0839 0.0083 0.0249 0.0532 0.0135 0.1039 0.1569 0.0100 0.0506 0.0812 0.0767
P-values 0.0148 0.0778 0.0000 0.0011 0.0366 0.0026 0.0007 0.0003 0.0043 0.0000 0.0000 0.0000
Beta2 0.8953 0.9053 0.9369 0.9326 0.8892 0.9025 0.9042 0.8259  0.9287
Sandard Errors 0.0361 0.0500 0.0224 0.0194 0.0385 0.0144 0.0134 0.0294 0.0061
P-values 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Beta3 0.1133 0.1481 0.1341 0.0398 0.0617 0.0377 0.1220 0.1591  0.1407
Sandard Errors 0.0122 0.0348 0.0517 0.0322 0.0272 0.0224 0.1149 0.1152 0.6198
P-values 0.0000 0.0000 0.0047 0.1088 0.0117 0.0457 0.1441 0.0836 0.4102
Betad 0.1218 0.2187 0.2871
Sandard Errors 0.0405 0.0465 0.0258
P-values 0.0013 0.0000 0.0000
RQ 550.83 52243  306.68 548.31 515.58 300.82 552.12 524.79  305.93 | 553.79 527.72  312.06
Hitsin-sample (%) 49793 5.0138 5.0484 49101 49793 5.0138 4.9793 5.0484 5.0138 | 49101 4.8409 4.7372
Hits out-of-sample (%) 48000 6.0000 5.6000 5.0000 7.4000 6.4000 46000 7.4000 5.8000 | 6.0000 5.0000 4.6000
DQ in-sample (P-values) 0.3609 0.0824 0.3685 0.9132 0.6149 0.9540 0.1037 0.1727 0.2661 | 0.0543 | 0.0032 0.0380
DQ out-of-sample (P-values) 0.9855 0.0884 = 0.0005 0.9235 0.0071 0.0007 0.8770 0.1208 | 0.0001 | 0.3681 0.5021  0.0240




