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The problem is to determine a review period and stocking policy that are mutually bene®cial to a producer and a retailer. In
our model, the retailer uses a periodic review, base stock policy for ordering the item from the producer's Distribution Center
(DC). Excess customer demand is assumed to be lost. A make-to-order production system supplies to the DC. We show that
given a review period, unless the manufacturer agrees to share the cost of carrying a fraction of the safety stocks at the
retailer, the two will not agree upon the level of stocks to be carried in the store. We prove that there is an equilibrium value
for this fraction, such that the retailer and the manufacturer are always in agreement with regard to the stocking level. We then
show that complete coordination on the stocking level as well as the review period can be achieved solely through carrying
out negotiations on credit terms. These theoretical results are used to construct an algorithm for calculating the optimal
policy parameters for a supply chain. As part of the analysis we suggest a modi®cation of the base stock policy for the positive
lag lost sales case of periodic review inventory models that consistently outperforms the base stock policy in our numerical
studies.

1. Introduction

In this paper, we study the problem of determining both a
review period and a stocking policy that are mutually
bene®cial to a producer and a retailer. In our model, the
retailer faces stationary stochastic demand with inde-
pendent increments for an item. Excess customer demand
is considered to be lost. The retailer uses a periodic review
inventory system and a base stock policy for ordering the
item from the producer's Distribution Center (DC). The
selling price to customers is ®xed. The producer uses a
make to order system for manufacturing the item. The
item is scheduled for production such that it arrives at
the DC in advance of the anticipated shipment date. The
lead-time from the producer's DC to the retailer can be
random but is surely less than the review period. The
price charged by the producer is ®xed and the producer
extends credit for a ®xed duration on each reorder to the
retailer.
We show that in this model, given a review period,

unless the producer agrees to share the cost of carrying
stocks with the retailer, the two will not agree as to the
base stock level. On the other hand, if the producer
o�ers to share a fraction b of the cost of carrying
safety stock, then there is an equilibrium value for b,
denoted as be, such that both the retailer and the
producer will agree to the same base stock level. This
equilibrium value of the base stock level is denoted as

Se. The properties of our solution are that: (i) the
sharing fraction be is independent of the distribution of
demand; and (ii) the base stock level Se is jointly op-
timal, it represents a Nash equilibrium, and it is inde-
pendent of both the credit terms as well as the value of
be. Using these results, we prove that complete agree-
ment on the base stock level as well as the length of the
review period can be achieved by the producer o�ering
credit to the retailer as a function of the length of the
review period. The calculation of the credit terms is
based on a ``robust design'' principle proposed by us in
Section 5. As part of the analysis we suggest a modi-
®cation of the base stock policy in our numerical
studies.
Our study was motivated by an example from the

cosmetic industry. The problem as stated by the pro-
ducer, who is a leader in the cosmetic industry, was to
develop stocking guidelines at the retail level for over 600
Stock Keeping Units (SKU's) stocked at nearly 2000 lo-
cations in the US. The problem of determining stocking
guidelines surfaced when a major account started to use
an EDI system for placing orders electronically; and in-
sisted upon using automatic replenishment formulae for
placing store orders. Using ®eld data, we demonstrated to
the producer that the use of automatic replenishment
formulae within the proposed EDI system without regard
to the variability of demand can lead to excessive lost
sales. We suggested that the use of better forecasting
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techniques in combination with making more frequent
deliveries will mitigate the extent of lost sale1, especially
when these suggestions are implemented with the modi-
®ed base stock formula described in Section 4. The solu-
tions suggested by us would have reduced the inventories
carried by retailers without impacting lost sales. How-
ever, the two parties were initially unable to reach an
agreement either on stocking levels or the review period.
Gupta and Neel [1] and Wang and Seidmann [2] point out
that ®nal customers and the retailer may be the only ones
to gain from EDI, and that it may be in the interest of the
retailer to subsidize the producer. This study not only
provides the theoretical framework for understanding the
reasons for their disagreement but also gives guidelines
for writing contracts in such situations.
In Section 2, we review the literature on supply chain

coordination. In section 3, we describe the model, and
present the results on stocking levels in Section 4. In
Section 5, we describe review period coordination and
describe an algorithm that can be used to calculate the
policy parameters. In Section 6, we brie¯y describe how
the extension to multiple SKU's can be made.

2. Review of literature

In this section, we review and where appropriate contrast
our work with related literature on quantity discounts,
game theoretic models, and multi-echelon inventory
theory.

2.1. Quantity discounts

Quantity discounts o�er a method for coordinating the
order quantities between a retailer and a producer. (We
use the terms producer and retailer to be consistent within
our framework. However in the literature on quantity
discounts, the terms seller and buyer are used instead).
The motivation for giving quantity discounts could be
either price discrimination or coordinating order quanti-
ties, see Goyal and Gupta [3]. A survey of the price dis-
crimination literature can be found in Dolan [4]. Goyal
and Gupta survey the literature that focuses on the use
of quantity discounts for increasing the retailer's order
quantity. The modeling assumptions used in the study of
quantity discounts are those underlying the Economic
Order Quantity (EOQ) model, namely that demand is
deterministic, stationary and independent of price chan-
ges, no shortages or backlogs are allowed, lead-times are

deterministic and that the producer has full knowledge of
the retailers's holding and ordering costs. The important
insights provided by this literature and relevant to our
work are:

· there is an incentive for the producer to make the
retailer purchase more than the optimal quantity [5];

· the producer may choose to use a production cycle
that is di�erent from the retailer's ordering cycle [6];

· a necessary and su�cient condition for quantity
discount pricing to be Pareto e�cient is that the
holding cost of the producer should be less than that
of the retailer [7].

There have been several extensions to the basic model
described above. For example, Lee and Rosenblatt [8]
incorporate the economics of production, price sensitive
demand is studied in Weng [9], and Kohli and Park [10]
extend the model to multiple products. In contrast to the
work on quantity discounts: (i) we assume stochastic
demand; (ii) model the base stock method of replenishing
stocks; (iii) incorporate credit terms; and (iv) analytically
investigate the problem of determining the ``optimal''
base stock level and review frequency. We prove that
when demand is stochastic, it is impossible to achieve a
Nash equilibrium with respect to the base stock level by
using quantity discounts alone. Thus our results indicate
that there is need to develop contract mechanisms that
are di�erent from those found in practice and studied in
the past.

2.2. Game theoretic models of coordination

An early application of game theory to manufacturer-
retailer coordination is the problem of Double Margin-
alization due to Spengler [11]. Some recent applications
of game theoretic models to study production and in-
ventory control problems include the work of Anupindi
and Bassok [12], Parlar [13], Wang and Parlar [14], Ernst
and Cohen [15], Ernst and Powell [16], and Pasternak
[17]. The last three papers are the ones that are the most
relevant to our study. Ernst and Cohen [15] propose a
model in which customer demand is a function of the
service level. They conclude that a manufacturer and a
dealer can gain substantially through coordinating their
decisions and that such an arrangement is also more
stable in the long run. They however do not design a
contract mechanism to coordinate the decisions. Ernst
and Powell [16] also model the e�ect of service level on
demand. The retailer in their model uses a periodic re-
view, base stock policy and holds safety stock that is
computed using a newsboy approach. The manufacturer
has full knowledge of the retailer's ordering rule and
costs. The demand over the order period and the manu-
facturer's lead-time are assumed to be normally distrib-
uted. The manufacturer makes a side payment to the
retailer to induce the retailer to maintain higher service

1 The description of the empirical study and some of the results
in this paper were presented in the conference, ``Managing
Buyer-Seller Relationships: EDI & Long Term Partnerships,''
at Stern School of Business, New York University, NY 10012,
November 10, 1995. Details of the study are available on
request from the authors.
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levels. It is assumed that the retailer is a ``follower'', i.e.,
he or she takes the side payment as given and solves for
the optimal order up to level. Ernst and Powell solve this
problem numerically. Their numerical results indicate
that most of the gain from coordination goes to the
manufacturer (the leader); however they also state that
there are still higher gains to be had from joint decision
making. In Section 4, we show that the cost sharing
mechanism performs better than joint decision without
cost sharing.
Pasternak [17] describes a single period model in which

a producer of a commodity with a short shelf life has to
decide the optimal pricing and return policy, also see
Kandel [18] and Padmanabhan and Png [19]. Pasternak
proves that channel coordination can be achieved when
the producer extends a partial credit for unsold goods.
This result is similar to our result on cost sharing.

2.3. Multi-echelon inventory theory

Amongst the early studies of multi-echelon systems were
those of Allen [20] and Clark and Scarf [21,22]. Surveys of
the work on two-echelon systems can be found in Fed-
ergruen and Zipkin [23] and Nahmias [24]. In two echelon
models it is assumed that the DC and retail outlets (or
retail warehouses) are under single ownership. In contrast
to these models we assume that the DC and retail outlets
are not under single ownership. The other major di�er-
ences are that we use a lost-sales model as is appropriate
in our setting and we assume a make to order situation
because retailer orders are not combined for production
in our problem setting. Despite these di�erences, as ex-
plained in Section 4, our results on sharing the cost of
carrying safety stocks are general and extend to most two
echelon models found in the literature in which the ech-
elons are not under single ownership. McGavin et al. [25]
and Nahmias and Smith [26] model lost sales in multi-
echelon systems. McGavin et al. model an N retailer
system, in which they assume that the demand is gener-
ated by a stationary process with independent increments.
The demand process is assumed to be i.i.d. across retail-
ers. Their analysis is restricted to one review period of the
DC (though it can be extended to multiple periods). The
DC receives stock at the beginning of its review period
and uses a base stock policy. The delivery to the DC is
from an external supplier and is assumed to be instan-
taneous. The review period is divided into two intervals.
Part of the stock is allocated to the retailers at the be-
ginning of the ®rst interval and the rest of the stock at the
beginning of the second interval. Excess demand is con-
sidered to be lost. The lead-time from the DC to the
retailers is assumed to be zero. They determine an allo-
cation method to minimize the system-wide expected lost
sales.
Nahmias and Smith [26] model partial lost sales and

focus on the optimization of base stock level at the re-

tailer and the DC. The objective is to minimize the sum of
the holding cost, the cost of lost sales and the cost of
expedited shipments. In their model, part of the sales is
lost and the rest satis®ed, if there is enough DC stocks,
through the use of special orders. The retailers order ev-
ery period, whereas the DC orders every m periods. The
demand distribution is assumed to be negative binomial,
independent across retailers and also independent across
time periods. Nahmias and Smith use a normal approx-
imation for the demand seen by the DC. They assume
that there is no stock out at the retailers during periods 1
through �mÿ 1�. This assumption is similar in spirit to
the assumption that sales are lost only during the pro-
curement lead-time, see Hadley and Whitin [27] and
Section 4. Nahmias and Smith (like McGavin et al.) as-
sume a zero lead-time to supply the retailer from the DC.
They conclude that signi®cant savings may accrue from
using their approach depending on the nature of the de-
mand for the item.

3. The model

In this section we ®rst describe the sequence of ordering,
production, and shipping events, after which we describe
the decision variables and the parameters of the model.
Our model is a multi-period model for a single item. The
extension to multiple items is discussed in Section 6.
Several variations of the production policy can be ac-
commodated by changing the parameters of the model.
These suggestions are summarized at the end of this
section. The base stock level is denoted as S, and the
length of the review period is T years. There is a set up
for production once every m review periods. The se-
quence of ordering, production, and shipping events is as
follows.

· A seasonal plan, typically for 6 months, is jointly
developed by the producer and the retailer.

· Orders are transmitted by the retailer to the pro-
ducer's DC at the beginning of each review period
and might deviate from the seasonal plan. Typically,
while there might be period to period deviations
from the seasonal plan, we have observed that the
total quantity actually shipped during a season is
quite close to the planned quantity (within 10%).

· The plant produces according to the seasonal plan
and sets up for production once every m periods. The
goods are sent from the plant to the producer's DC
every m periods and timed to reach the DC, aT (with
0 � a < 1) years before the ®rst installment of the
order is shipped from the DC. For example, if the
seasonal plan is for 10 cases, with ®ve cases to be
shipped on Jan 1 and ®ve on Feb 1, then the plant
produces the 10 cases and ships them to the DC so
that they reach aT years before Jan 1. Any cost as-
sociated with carrying work in progress can be cap-
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tured by changing the value of aT . For example, if
the average work-in-progress is 10 days of demand
then the 10 days are added to aT . This in turn is
re¯ected in the holding cost to the producer, please
see Equation (2) below.

· The goods are produced as per the sales forecast,
reach the DC, and await shipment. Orders are re-
ceived at the beginning of each review period from
the retailer. Goods are shipped from stock immedi-
ately upon receipt of the retailer's order. Small de-
viations in the actual orders from the sales forecast
are accommodated using system level safety stocks.
We neglect the cost of carrying such safety stocks in
our model (however also see the discussion following
Equation (2) below). The ®ll rate is de®ned to be the
fraction of the retailer's orders that is shipped from
the shelf at the DC. Due to the availability of system
level safety stocks, the ®ll rate from the DC is as-
sumed to be close to 100%.

We now describe the decision variables and the parame-
ters of the model.

Decision variables: the decision variables are the review
period, T , the base stock level at the store for the item, S,
the frequency of setting up for production, m, and the
credit terms extended by the producer to the retailer.

Demand: the demand for the item is stationary with in-
dependent increments. The demand distribution over the
review period T is given by the function FT �x�. The mean
and standard deviation of demand when T = 1 are l and
r respectively. The demand during a period of length c (c
could be either random or deterministic) is denoted as Xc.
Xc has the distribution Fc�x�. Given a random variable Y ,
E�Y � will denote the expected value of Y . The notation Y �
and Y ÿ will be used to denote the positive and negative
parts of Y .

Production: production is make to order. The plant sets up
to produce the item for the retailer once every m review
periods. Production is scheduled such that the consign-
ment for the retailer reaches the producer's DC aT units of
time before the ®rst instalment is shipped to the retailer.

DC/Producer: we assume that there is a ®xed setup cost,
B, of producing the item, the production cost per unit is
cp, the holding cost per dollar per unit time is ip, and the
opportunity cost of capital per dollar per unit time is fp.
In addition to these costs, the producer incurs a ®xed
setup cost, Ap, in shipping each order from the DC to the
retailer. The producer also incurs a linear penalty of
�cr ÿ cp� per unit of lost sale by the retailer as well as the
cost of extending credit for a duration of sc to the retailer
on each shipment. The price charged by the producer is cr
per unit.

Lead-time: the lead-time between the shipment of an or-
der from the DC and its receipt by the retailer could be
either random or ®xed, but surely lies in the interval
[0,T]. Let Li be the lead-time of the ith shipment. Then the
Li's are assumed to be i.i.d. and distributed as the random
variable L.

Retailer: the retailer incurs a ®xed setup cost of Ar per
order. The retailer has a holding cost per dollar per unit
time of ir, and an opportunity cost of capital per dollar
per unit time of fr. The retailer experiences a linear
penalty of �p ÿ cr� per unit of lost sales at the store. The
selling price per unit is P . The retailer uses a base stock
policy to reorder the item when the lead-time is zero. We
assume that the retailer follows a modi®ed version of the
base stock policy in the non-zero lead-time case for rea-
sons given in Section 4.

4. Analysis of the retailer's stocking level

In this section, the review period and the production
frequency, i.e., T and m, are assumed to be given. In
Section 4.1 we analyze the case when the lead-time (also
called lag) is equal to zero. The positive lag case is ana-
lyzed in Section 4.2. The cost sharing arrangement is
described in Section 4.3.

4.1. Lead-time equals zero

The retailer's annual expected cost is given by

Cr�T ; S� � Ar

T
(fixed cost of reorder)

� 1
2 �S � E�S ÿ XT ���crir

(holding cost assessed on the average
of opening and ending inventories�

� �p ÿ cr�
T

E�XT ÿ S�� (lost sales penalty)

ÿ sc

T
�S ÿ E�S ÿ XT ���crfr:

(benefit of credit extended by producer)

�1�
The annual expected cost to the producer is given by

Cp�T ;m; S� � Ap � B=m
T

(fixed cost of shipping plus setup
cost of production�

� �S ÿ E�S ÿ XT ��� mÿ 1

2
� a

� �
cpip

(holding cost ± see below)

248 Moses and Seshadri



� �cr ÿ cp�
T

E�XT ÿ S��

(lost sales penalty)

� sc

T
�S ÿ E�S ÿ XT ���crfp:

(cost of credit on reorder) �2�
The functional form of the cost to the producer di�ers

from that of the cost to the retailer only in the second
term on the right hand side of Equation (2). We explain
this di�erence below. The retailer uses a base stock policy
and therefore orders a quantity equal to S minus the in-
ventory on hand at the time of the review. Therefore, the
average size of the retailer's order is �S ÿ E�S ÿ XT ���.
The plant schedules for production a quantity equal to m
times the retailer's order quantity. This quantity reaches
the producer's DC, aT years before shipping commences.
Therefore, the average stock held at the DC is
�am� �mÿ 1� � �mÿ 2� � � � � � 1�=m times the average
order quantity, thereby resulting in an average inventory
level at the DC of ��mÿ 1�=2� a��S ÿ E�S ÿ XT ���. By
using the standard transformation

�S ÿ E�S ÿ XT ��� � lT ÿ E�XT ÿ S��;
We can rewrite Equation (2) as

Cp�T ;m; S� � Ap � B=m
T

� lT
mÿ 1

2
� a

� �
cpip � lsccrfp

� E�XT ÿ S��
�
�cr ÿ cp� ÿ sccrfp

ÿ mÿ 1

2
� a

� �
cpip

��
T : �3�

Let f � ��mÿ 1�=2� a�:
The reader should note that the calculation of the in-

centive required to coordinate the review period will de-
pend on the production (or re-supply) method. However,
many di�erent production methods can be accommo-
dated within our model. In particular, our model can
cater to make to stock situations by additionally assuming
that the value of a is independent of the ®ll rate at the
DC. These situations are modeled by selecting appropri-
ate values for m and a. For example:

(i) Monahan [25] sets a � ÿ1=2 to model a situation
in which instead of the manufacturer there is a
wholesaler who buys the item from an outside
supplier. In this model, the wholesaler buys a large
quantity and ships smaller lots to retailers. Thus
the investment in the initial ``large'' quantity of
inventory is treated by Monahan as a sunk cost.
The value of a is negative because the wholesaler
bene®ts due to the reduction inventory upon
shipment to the retailer.

(ii) Joglekar [6] sets a = �1ÿ d=p�, where d is the
demand rate and p the production rate, to re¯ect

the fact that consumption and production are si-
multaneous. In other words, the continuous re-
plenishment version of the Economic Order
Quantity model is used to compute the average
inventory (see Hadley and Whitin [27]).

(iii) By setting a=�k ÿ 1�=2, Lee and Rosenblatt [8]
model a situation in which a multiple k of the re-
tailer's order quantity is produced every k periods.

(iv) The value of a can be determined by using a
queueing model to compute the inventory neces-
sary for ensuring a given ®ll rate from the DC (see
Buzacott and Shanthikumar [28]).

Proposition 1.
(i) If p > cr the optimal base stock level for the retailer,

S�r �T �, is obtained by solving

FT �S�r �T �� �
��p ÿ cr� � sccrfr ÿ crirT=2�
��p ÿ cr� � sccrfr � crirT=2� : �4�

(ii) If

�cr ÿ cp� ÿ 1cpipT ÿ crfpsc > 0; �5�
then (a) the average cost per unit time to the producer
Cp�T ;m; S� is decreasing and convex in S; and (b) therefore
the producer and the retailer will not agree upon a base
stock level.
(iii) Centralized Decision Making: If the producer and

the retailer were to jointly optimize their combined costs,
the optimal base stock level, S�J �T ;m�, is obtained by solv-
ing:

FT �S�J �T ;m���
��pÿ cr�� sccrfrÿ crirT=2���crÿ cp�ÿ sccrfpÿ 1cpipT ���
��pÿ cr�� sccrfr� crirT=2���crÿ cp�ÿ sccrfpÿ 1cpipT ��� :

�6�
(iv) If the condition in Equation (5) is met, then the

optimal base stock level under centralized decision making
will not be smaller than the retailer's choice of S�r �T �.

Proof. The proof of parts (i), (iia) and (iii) follows the
analysis of the standard newsboy problem, as is discussed
for example by Silver and Peterson [29]. Part (iib) follows
from parts (i) and (iia).
Comparing Equations (4) and (6), because �cr ÿ cp�ÿ

1cpipT ÿ 1crfpsc > 0, the right hand side of Equation (4)
will be strictly smaller than the right hand side of Equa-
tion (6). Part (4) then follows from the properties of a
distribution function. j

The main result is part (iib) of the Proposition, which
states that if the condition given in Equation (5) holds
then the two parties will not agree on the base stock level.
This result is not surprising if we consider the re-arranged
form of the producer's cost function given in Equation
(3). The last term in that equation has the form, (expected
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lost sales) � �cr ÿ cp� ÿ 1cpipT ÿ crfpsc
ÿ �

=T
ÿ �

, implying
that the manufacturer will seek to minimize the lost sales
at the store if ��cr ÿ cp� ÿ 1cpipT ÿ crfpsc� � 0, which is
condition (5).
The condition in (5) will hold if the producer makes a

pro®t because the equation states that the net margin
should be non-negative, namely the gross margin
�cr ÿ cp�;minus the cost of holding an item at the DC
minus the cost of extending credit per unit should be non-
negative. Joint optimization will not result in agreement
because the producer will still want to hold larger stocks
at the outlets than what the retailer desires to hold. Be-
fore we address this issue we shall ®rst model the e�ect of
a positive lead-time, L.

4.2. Lead-time is greater than zero

The positive lag (lead-time) lost sales problem is di�cult
to solve, see for example Karlin and Scarf [30], Kaplan
[31], Morton [32], Nahmias [33], Ehrhardt [34], and
Zipkin [35]. The text book approach for incorporating a
non-zero lead-time, see for example Hadley and Whitin
[27] and Hax and Candea [36], is to extend the newsboy
solution to cover such situations. We shall ®rst demon-
strate that this method of computing the base stock level
results in inconsistencies. We shall modify the text book
approach to obtain a uniform formula for both the zero
lag as well as the positive lag cases.
In order to extend the newsboy model to the positive

lag case, one of the many assumptions made is that
orders are received in the sequence in which they are
placed, i.e., there is no cross over of orders. This ``no
cross over'' assumption is valid in our context due to the
retailer's policy of insisting on deliveries within the same
review period. Given that this assumption is valid, the
text book approach is to simply add the safety stock to
the ``cycle stock'' to get the average inventory. Thus
following the development in Hadley and Whitin [27],
the retailer's

Average inventory � cycle stock � safety stock

� lT=2� E�S ÿ XT�L��
� lT=2� ��S ÿ lE�L�
ÿ lT � E�XT�L ÿ S����: �7�

Notice that the second term on the right hand side of
(7) is the safety stock (namely the base stock �S�, minus
the average consumption during the lead-time and
the review period �lE�L� � lT �, plus lost sales
�E�XT�L ÿ S����. If we were to use this expression to
compute the average inventory then the reader can verify
that the value of S that minimizes the cost for the retailer
should satisfy the equation

FT�L�S�r �T �� �
��p ÿ cr� � �sc ÿ E�L��crfr ÿ crirT �
��p ÿ cr� � �sc ÿ E�L��crfr � crirT � : �8�

There are two problems with adopting this approach.
First, the approximation for the average in inventory
given in (7) can be quite poor for highly volatile demand
as is discussed by Nahmias and Smith [26]. Second,
comparing the expressions on the right hand sides of (4)
and (8), shows that in the limit, as the lead-time L goes to
zero, the holding cost term �crirT � in Equation (8) does
not equal to �crirT=2� as found in (4). Thus the base stock
levels given in Equation (4) and (8) do not agree in the
limit when the lead-time goes to zero. To remedy both
these problems we suggest a modi®cation of the base
stock policy. Let I be the inventory on hand at the time of
review and XL be the demand during the lead-time. Let
Q�I� be the quantity ordered when the inventory is I at
the time of review. We shall ®rst trace the cause of the
two problems identi®ed above.
If the retailer were to follow a base stock policy, then a

quantity given by Q�I� � �S ÿ I�, is ordered at the time of
review. The quantity on hand just after the receipt of the
order will be �S ÿ I � �I ÿ XL���. This is a random
quantity. It is assumed in textbooks that the expected
value of this quantity is (S ÿ lE�L� � E�X�T�L� ÿ S��) (see
Equation (7)). However, the reader will notice that

E�S ÿ I � �I ÿ XL��� 6� �S ÿ lE�L� � E�X�T�L� ÿ S���:
This creates the error in the estimate of the average in-
ventory.
To remedy this shortcoming, we propose that the re-

tailer should order a quantity, Q�I�, so that the on hand
quantity just after a delivery is as ``close'' as possible to
�S ÿ lE�L��: If the metric of closeness is chosen to be the
squared deviation from �S ÿ lE�L��, then Q�I� must be
chosen to minimize

E���Q�I� � �I ÿ XL��� ÿ �S ÿ lE�L���2�:
From elementary statistics, we should choose Q�I� to

minimize the variance of the inventory just after a deliv-
ery around the desired mean value of �S ÿ lE�L��. How-
ever, such a choice of Q�I� requires the knowledge of the
distribution of I, whereas the distribution of I is not
known a priori. As a compromise we suggest it is mean-
ingful to minimize the conditional expectation of

E��Q�I� � �I ÿ XL��� ÿ �S ÿ lE�L���2jI �:
Therefore set

Q�I� � S ÿ lE�L� ÿ E��I ÿ XL��jI �:
Notice that with this modi®cation the average opening
inventory just after the receipt of an order will be given by

E�Q�I� � �I ÿ XL��� � E�S ÿ lE�L� ÿ E��I ÿ XL��jI �
� �I ÿ Xl���

� S ÿ lE�L�;
as desired. The functional form for Q�I� also satis®es the
conditions for Q�I� given in Theorem 4 of Karlin and
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Scarf [30] for the case when the lead time is exactly equal
to one review period. The expression for Q is complex
and as a simpli®cation we propose taking the expectation
into the ���� operation, giving,

Q�I� � S ÿ lE�L� ÿ �I ÿ E�XL���:
This is a modi®ed version of the base stock policy. In

this modi®cation, Q�I� is adjusted downwards for the es-
timated amount of lost sales when compared to the order
quantity given by the base stock policy. Moreover, due to
the logic used in deriving this formula for Q�I �, we expect
the inventory to be close to �S ÿ lE�L�� after each deliv-
ery. This should intuitively reduce the extent of lost sales
by cutting down on an unnecessary and avoidable source
of variability, namely the variance of the inventory just
after a delivery. If this modi®cation were to result in a
consistent level of inventory after each delivery (i.e.,
�S ÿ lE�I ��) then the expected value of the inventory just
before the receipt of an order should be equal to
E�S ÿ XT�L��:The average order quantity will be given by
�lT ÿ E�XT�L ÿ S���, i.e., the demand during the review
period minus the expected lost sales. Therefore the re-
tailer's cost can be approximated using (compare with
Equation (1)),

Cr�T ; S� � � Ar

T
�fixed cost of reorder�

� 1

2
�S ÿ lE�L� � E�S ÿ XT�L���crir

�holding cost as weighted average of
opening and ending inventory�

� �p ÿ c�
T

E�XT�L ÿ S�� �lost sale penalty�

ÿ �sc ÿ E�L��
T

�lT ÿ E�XT�L ÿ S���crfr:

�credit on reorder less carrying cost

during the lead-time�
�9�

The cost to the producer can be similarly approximated
using (compare with Equation (3)),

Cp�T ;m; S� �Ap � B=m
T

�lT 1cpip � lsccrfp � E�XT�LÿS��

� �cr ÿ cp�
T

ÿ sc

T
crfp ÿ 1cpip

� �
: �10�

Based on Equation (9), the optimal base stock level for
the retailer will be given by:

FT�L�S�r �T �� �
��p ÿ cr� � �sc ÿ E�L��crfr ÿ crirT=2�
��p ÿ cr� � �sc ÿ E�L��crfr � crirT=2

:

This formula is exactly like the formula for the zero lag
case in the sense that as the lead-time goes to zero the
formulae become identical. Simulation was used to

compare the performance of the base stock policy to
that of the modi®ed base stock policy. We have studied
the performance of the two policies for several scenarios
chosen from our case study and found that: (i) the
modi®ed policy gives as good or better results com-
pared to the base stock policy; (ii) it uni®es the formulae
for the zero and positive lag cases, and more important
to our purpose; (iii) the cost expression in (9) provides a
reasonable approximation to the true cost. (Details of
the numerical study can be obtained by writing to the
authors).
It immediately follows via arguments that were used to

establish Proposition 1 and from the approximate cost
functions given in (9) and (10), that the disagreement on
the value of S remains. The source of the disagreement is
the di�erence in value attached by the two parties to
holding stock at the store. For the producer, the retailer's
stock that remains unsold at the end of a period costs
nothing, but this is not so for the retailer. A useful way of
visualizing the con¯ict is shown in Fig. 1(a). If the de-
mand during the period �T � L� is less than S, the pro-
ducer loses nothing, whereas the retailer has borne the
cost of unsold stock. On the other hand, when demand
exceeds S, lost sales adversely impact both parties.
Quantity discounts can not be used to achieve coordi-
nation, when both parties wish to choose the optimal S.
The only method of arriving at a mutually acceptable
value of S is for the producer to share in the cost when
there is unsold stock at the store. We remark here that the
expected value of the unsold stock is the safety stock, and
that sharing the cost of carrying this part of the inventory
can be considered to be equivalent to ``risk sharing'', see
Wilson [37].

4.3. Cost sharing arrangement

We now suggest a method for obtaining agreement on
the base stock level. Assume that the producer agrees to
bear a (®xed) fraction b of the cost of safety stock
carried by the retailer. Assume that the arrangement is
initiated by the producer giving the fraction b of safety

Fig. 1. Cost to retailer and producer as a function of the real-
ized demand.
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stock at no cost to the retailer on the condition that
the producer receives payment once this is sold. There
after, each period the manufacturer ``tops up'' this part
of the stock based on actual sales. Therefore, this ar-
rangement has the e�ect of increasing or decreasing
credit in a dynamic fashion. As a consequence of this
cost sharing arrangement, whenever there is unsold
stock the producer has to bear a fraction of the cost of
carrying this stock, see Fig. 1(b). The cost functions are
then modi®ed as follows (compare with Equations (9)
and (10))

Cr�T ; S; b� � Ar

T
� 1

2
�S ÿ lE�L� � E�S ÿ XT�L���crir

� �p ÿ cr�
T

E�XT�L ÿ S�� ÿ �sc ÿ E�L��
T

� ��lT ÿ E�XT�L ÿ S����crfr

ÿ bE�S ÿ XT�L��crfr; �11�
and

Cp�T ;m; S; b� � Ap � B=m
T

� lT 1cpip � lsccrfp

� E�XT�L ÿ S��

� �cr ÿ cp�
T

ÿ sc

T
crfp ÿ 1cpip

� �
� bE�S ÿ XT�L��crfp:

�12�

In Equations (11) and (12), the terms involving
bE�S ÿ XT�L�� re¯ect the cost sharing arrangement. This
arrangement costs the producer bE�S ÿ XT�L��crfp
whereas it creates a bene®t bE�S ÿ XT�L��crfr for the re-
tailer. Given values for T , m, and b, denote the optimal
base stock level for the retailer and the producer to be
S�r �T ;b� and S�p�T ;m;b�. In our analysis, we shall assume
that

b � ir=fr and �p ÿ cr� ÿ crirT=2� �sc ÿ E�L��crfr � 0:

�13�
The second condition given in (13) implies that the

gross margin per unit minus the average cost of holding a
unit of the product (in inventory and the pipeline) plus the
credit o�ered is non-negative. The reader will observe
that this condition is also necessary for the retailer to
make a pro®t from selling the item. We shall show that
the ®rst condition in (13) holds good for the equilibrium
value of b, (denoted as be). (In general, it is true that ir
will be smaller than fr but a priori we do not know
whether the equilibrium value of b is less than one.
Therefore, we cannot avoid stating this condition
initially, but after our analysis ®nd that it is not neces-
sary). As described below, the cost sharing arrangement
resolves the tension between the producer and the
retailer.

Proposition 2. If the conditions given in (5) and (13) hold,
then
(i) The optimizing retailer will choose a base stock level

given by,

FT�L�S�r �T ;b��

� ��p ÿ cr� � �sc ÿ E�L��crfr ÿ crirT=2�
��p ÿ cr� � �sc ÿ E�L��crfr � crirT=2ÿ bcrfrT � :

(ii) The optimizing producer will prefer a base stock level
given by,

FT�L�S�p�T ;m; b�� �
�cr ÿ cp� ÿ sccrfp ÿ 1cpipT

�cr ÿ cp� ÿ sccrfp ÿ 1cpipT � bcrfpT
:

(iii) The retailer and the producer will agree upon a
stocking level if the sharing fraction, b, is chosen to satisfy,

be�T ;sc��
crir��crÿcp�ÿsccrfpÿ1cpipT �

crfr��crÿcp�ÿ1cpipT ��crfp��pÿcr�ÿE�L�crfrÿcrirT=2�;
and the ®rst part of condition (13) holds for this equilib-
rium value of b.
(iv) Given the cost sharing agreement, the optimal base

stock level is independent of the credit terms.
(v) At the equilibrium value of be, the ratios of the stock

out cost to the holding cost are equal for the producer and
retailer (i.e., ratio of the slopes of the lines on either side of
S in Fig. 1(b) are equal).

Proof. Please see Appendix.

Part (iii) of Proposition 2 shows that given T there exists a
Nash equilibrium for the base stock level if the correct
value of b were chosen for implementation. Part (iv) then
shows that this stocking level is independent of the credit
terms. This is the key result used in the next section to
analyze review period coordination and to develop an
algorithm for calculating the optimal review period. Here
after we shall denote the optimal base stock level as
S�e �T �. The value of be does not depend on the demand
parameters, and will be nearly the same for a group or
family of SKU's that have similar margins, set up costs
and production frequency. Thus the extension of the
sharing formula to a family of similar SKU's is quite
straightforward. We have dropped the dependence on the
production frequency m for simplicity in exposition. The
implications of cost sharing are described in the next
proposition.

Proposition 3.
(i) If the conditions given in (5) and (13) hold then the

base stock level S�e �T � minimizes the joint cost of the re-
tailer and the producer.
(ii) If sc � 0 and crfr � crfp, then: (a) cost sharing leads

to a lower combined cost compared to centralized decision
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making (but without cost sharing); (b) the combined cost of
the producer and retailer is a linear and non-increasing
function of sc; (c) the average cost to the producer (retailer)
is a linear and non-decreasing (non-increasing) function of
sc; (d) this result is general for a given value of T so long as
the average order quantity and ending inventory are unaf-
fected by the credit terms o�ered.

Proof. Please see Appendix.

We observe that the reduction in the joint cost is due to
the di�erence in the cost per unit to the retailer and
producer. This is a bene®t that cannot be obtained by
using quantity discounts. We remark that the condition in
part (ii) of Proposition 3 is similar to the condition given
in Kohli and Park [38] for the Pareto optimality of
quantity discounts, see Section 2.
From Fig. 1(a), it follows that unless a cost sharing

scheme is put into place, regardless of the modeling
assumptions, the producer and retailer will not agree
with regard to base stock level. The solution proposed
by us to resolve the con¯ict is widely applicable. For
example, partial or complete backordering can be ac-
commodated in this framework. As Pasternak has
shown, returns of unsold goods could also be modeled.
Moreover if myopic ordering policies based on newsboy
type solutions are used then non-stationary demand or
lead-times can be incorporated, (see Morton and Pen-
tico [39] for examples of myopic ordering rules). The
robustness of the cost sharing rule is a consequence of
our applying the robust design principle explained in
Section 5. The solution proposed by us results in a
linear sharing rule. Linear sharing rules are known to be
robust, see Hart and Holmstrom [40]. Wilson [37] shows
that restricting the preferences of the producer and re-
tailer to exponential utility functions, and performing
joint optimization will lead to linear sharing rules.
Thus our ``form'' of the cost sharing contract can be
extended to a cooperative game theoretic framework in
which the two players jointly maximize their expected
utility.
Propositions that demonstrate that sel®shly optimal

individual decisions will result in e�cient aggregate out-
comes are called decentralization results. Farrell [41] ®nds
such results to be interesting because they are surprising,
provide a taxonomy of ine�ciency, and also serve as
arguments against government intervention. There is yet
another bene®t of decentralization, namely when the
underlying parameters change, decentralization saves the
trouble and expense of renegotiating contracts. The cost
sharing scheme results in decentralization in two ways. At
the ®rm level, the producer and retailer even though op-
timizing in their own best interests arrive at the same base
stock level. Therefore, the stocking decision can be made
independent of the decisions on credit terms and cost
sharing.

5. Analysis of the review period

We assume that there exist discrete increasing numbers
say [t1; t2; . . . ; tn�, over which the choice of the review
period has to be made (see Silver and Peterson [29]).
Given the falling cost of set up and order placement for
retailers, it is likely that t1 is the preferred value for the
retailer, and that tn is the preferred value for the pro-
ducer. From Proposition 2, part (iv) we know that the
optimal base stock level is independent of the credit
terms. We can therefore assume without loss of generality
that the retailer maintains a safety stock of
K�T �r ������������������

T � E�L�p
; where K�T � is obtained by solving for

the base stock level for any arbitrary positive value of sc.
The important point for our analysis is that the value of
K�T � is independent of everything else except the length
of the review period. It follows that for a given value of T,
the average inventory, average lost sales, average safety
stock, and the average number of orders processed are all
functions of the length of the review period. Therefore
given a value of m, we assume below (see Equations (14)
and (15)) that the credit terms and the cost sharing
fraction, be are functions of T alone. It is important to
keep in mind that we are attempting to express the credit
terms as a function of the length of the review period, i.e.,
to determine the credit terms as sc�T �. Our objective is to
construct a function sc�T � so that both the producer as
well as the retailer agree with regard to the length of the
review period. Assume that the value of m is ®xed. Then
we can write,

Cr�T � � Ar=T � 1
2lTcrir � gr�T �; �14�

Cp�T � � �Ap � B=m�=T � lT 1cpip � gp�T �; �15�
where, the functions gr�T � and gp�T � represent the ben-
e®ts and costs associated with carrying safety stock, ex-
tending credit, and sharing the cost of holding safety
stock. The expressions for gr�T � and gp�T � are given in
the Appendix. The ®rst order necessary condition for
coordination at a common value of the review period, say
To, can be derived as follows. (We shall discuss below the
conditions under which our approach is su�cient to
guarantee coordination). The retailer di�erentiates the
relevant cost with respect to the length of the review pe-
riod and sets @Cr�T �=@T � 0, yielding (see(14))

ÿ A
T 2
� 1

2
lcrir� @gr�T �

@T
� 0 or T 2 � Ar

�
1

2
lcrir�@gr

@T

� �
:

Similarly, the producer optimizes with respect to T and
sets @Cp�T �=@T � 0, yielding (see (15))

ÿ�Ap � B=m�=T 2 � l1cpip � @gp�T �
@T

� 0 or

T 2 � �Ap � B=m�� l1cpip � @gp�T �
@T

� �
:

Therefore, for the retailer and the producer to agree to a
review period equal to T0 we require
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Ar

�
1

2
lcrir � @gr

@T0

� �
� �Ap � B=m�

�
l1cpip � @gp

@T0

� �
:

�16�

5.1. The robust design principle

Equation (16) gives the condition for coordination as an
equality that has to be satis®ed at a particular value of
T � T0. Therefore any contract that we write should
satisfy this condition at some value T0. There are two
problems with determining such a contract. First, if the
length of the review period were to change then the in-
centive scheme might have to be rewritten to satisfy
Equation (16). Second observe that (16) provides only a
partial speci®cation for the contract, it does not tell us
how to obtain sc�T �. There are potentially an uncount-
able number of functions sc�T � that will satisfy Equa-
tion (16). To see this, observe that the credit terms are
assumed to be a function of T. Therefore, given a par-
ticular value of T, we can always determine a suitable
di�erentiable function sc�T � such that (16) holds uniquely
at that value of T. We overcome these drawbacks by
appealing to a ``robust'' design principle. (This principle
is based on a discussion in Hart and Holmstrom [40]).
Simply stated the contract should be so designed that a
small change to the length of the review period does not
result in a large change in the credit terms o�ered. We
apply this principle and treat (16) to be a di�erential
equation for all values of T. In other words, instead of
treating (16) to be an equation that has to be satis®ed at
the equilibrium value, T0, we require it to be satis®ed for
every T in the open interval �0;1�.
This approach satis®es the design principle because

once we are able to solve the di�erential equation, and
obtain a su�ciently smooth solution sc�T �, then small
changes in the length of the review period will not a�ect
the value of the optimal credit terms substantially. Our
way out of the dilemma posed by (16) is closely related
to the concept of re®nement of a Nash equilibrium
discussed by van Damme [42]. Viewed in the game
theoretic framework, any two cost functions gr and gp
that satisfy (16) constitute an equilibrium. However, by
requiring that small deviations from the optimal con-
tract parameters do not change the equilibrium value of
T we have re®ned the equilibrium to obtain, a pair of
cost functions that are unique up to a constant (see
below). We state without proof that the robust design
principle of treating equality of derivatives as a di�er-
ential equation will yield the linear cost sharing rule of
Section 4. Using this principle we have the following
proposition.

Proposition 4. Based on the robust design principle,
(i) The optimal credit terms can be determined from the

equation,

Arl1cpip ÿ �Ap � B=m��12 lcrir�
ÿ �

T

� �Ap � B=m�gr�T � ÿ Argp�T � � R; �17�
where R is a constant of integration.
(ii) Credit has to be extended over a longer duration

when demand is more volatile or when lead-times are longer
or when higher service levels are required.
(iii) If the di�erential equation has a solution then our

solution is su�cient to guarantee coordination at some
value of T.

Proof. Please see Appendix. The analysis of the cost
functions given there also illustrates the calculations for a
simple case.

The constant of integration, R, is subject to negotiations
between the retailer and producer. In practice a non-
negative value for this constant might be required to keep
the credit terms positive. An algorithm to determine the
optimal review period, the base stock level, the credit
terms and the sharing fraction is described next. For ease
implementation, we employ the formula for sc�T � given in
the Appendix in Equation (A21), but if the lost sales are
not negligible, then an exact formula should be used in its
place. The value of m is assumed to be given. If needed,
this assumption can be replaced with a search for the
optimal value of m.

Algorithm for determining policy parameters for supply
chain coordination
Step 0. Input problem parameters, and the set of review

periods, �t1; t2; . . . ; tn�: Set R � 0.
Step 1. do for each value of ti

1.1 Assume any positive value for sc. Find the
corresponding value of be using the formula
given in Proposition 2.

1.2 Find the value of S�ti� that minimizes the
joint cost of producer and retailer, using the
formula in Proposition 2.

1.3 Find the value of K�ti� from S � l�ti�
E�L�� � K�ti�r

�����������������
ti � E�L�p

:
1.4 Determine sc using (A21). If sc < 0, adjust R

accordingly to maintain non-negativity.
1.5 Determine be using sc and the equation given

Proposition 2.
1.6 Determine the expected cost for the pro-

ducer and the retailer using Equations (11)
and (12).

Step 2. Choose the value of ti that yields the lowest ex-
pected cost for the producer (if the values of the
ti's are su�ciently close to one another then this
will also give the lowest expected cost for the
retailer because the solution will be a coordi-
nated one).

end
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The results of applying the algorithm to a problem in-
stance are shown in Figs. 2 and 3. The cost data for this
example is based on the parameters for a family of SKU's
in our ®eld study. The average inventory, lost sales and
safety stock were obtained by simulating customer ar-
rivals according to a Poisson process of rate 20. The av-
erage inventory is calculated by time averaging the
simulated inventory values. If the producer were to o�er

no incentives (neither credit nor sharing the cost of car-
rying safety stocks) then the retailer prefers the length of
the review period to be 10 days. The producer prefers that
the product is ordered every 20 days.
These points are labeled as ``Sel®sh Retailer'' and

``Sel®sh Producer'' in Fig. 2. O�ering both the incentives
to the retailer shifts the average cost curve for the retailer
down and to the right, and the producer's total cost curve

Fig. 2. Average cost versus review period when p � 70, cr � 49, cp � 35, m � 2, a � 0:8, Ar � 50, Ap � 150, B � 250, ir � ip �
0:3/$/year, fr � fp � 0:24/$/year.

Fig. 3. Credit and net bene®t versus review period when p � 70, cr � 49, cp � 35, m � 2, a � 0:8, Ar � 50, Ap � 150, B � 250,
ir � ip � 0:3/$/year, fr � fp � 0:24/$/year.
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up. The combined e�ect is to achieve a jointly optimal
and Nash solution at T=17 days, see Fig. 2. In this so-
lution, the bene®t to the retailer is more than the cost to
the producer, and thus negotiations over the value of R
might be necessary. These negotiations do not a�ect the
optimal length of the review period.
The ``sel®sh''solutions are de®ned to be the best that

the producer or the retailer can do without regard to the
consequences to the other. In Fig. 2, the sum of the sel®sh
costs of the producer and the retailer (see dashed lines at
10 and 20 days) is larger than the combined cost at the
coordinated solution of 17 days. This coordinated solu-
tion is indeed ``strongly'' optimal because the sel®sh so-
lutions cannot be achieved simultaneously.
The net bene®t is de®ned to be the di�erence in the

bene®t accruing to the retailer from the credit and the
cost sharing incentives minus the cost to the producer of
extending these incentives to the retailer. In Fig. 3, the
values of sc is plotted along with the net bene®t in the
supply chain. The credit terms and the net bene®t are seen
to be increasing almost linearly with the length of the
review period. The sharing fraction be (not shown in the
®gure) is the least a�ected due to the change in the length
of the review period. It declines from 0.727 to 0.696 as the
length of the review period increases from 3 to 20 days.

6. Conclusion

We have developed a method for achieving coordination
in a supply chain using just one policy variable, namely,
the credit terms. An optimization method has been de-
veloped to solve for all the policy parameters of the
supply chain. A natural extension to multiple SKU's
would be to aggregate products into product families
before calculating the cost sharing fraction or credit
terms. Including multiple retailers, demand surges due to
promotions, and make to stock production systems are
other interesting extensions of our model.
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Appendix

Proof of Proposition 2

@

@S
Cr�T ; S; b� � 1

2
crir�1� FT�L�S�� ÿ 1

T
�p ÿ cr�F c

T�L�S�

� 1

T
�ÿ1� FT�L�S���sc ÿ E�L��crfr

ÿ bcrfrFT�L�S�: �A1�

@2

@S2
Cr�T ;S;b� � 1

2
crirfT�L�S�� 1

T
�pÿ cr�fT�L�S�

� fT�L�S��scÿE�L��crfr=T ÿbcrfrfT�L�S�:
�A2�

From (A2) and the conditions in (13) that b � ir=fr and
�p ÿ cr� ÿ crirT=2� �sc ÿ E�L��crfr � 0, it follows that
Cr�T ; S; b� is a convex function of S. Similarly,

@

@S
Cp�T ;S;m;b� �ÿ 1

T
�cr ÿ cp�ÿ 1cpip ÿ sc

T
crfp

� �
F c

T�L�S�

� bcrfpFT�L�S�: �A3�
@2

@S2
Cp�T ; S; b� � � 1

T
�cr ÿ cp� ÿ 1cpip ÿ sc

T
crfp

� �
fT�L�S�

� bcrfpfT�L�S�: �A4�
It follows from (A4) that if the condition given in (5)

holds then Cp�T ; S;m; b� is a convex function of S. Setting
the derivatives given in (A1) and (A3) equal to zero gives
the ®rst two parts of the proposition (the calculations are
omitted). For part (iii), equating FT �S�p�T ;m; b�� and
FT �S�r �T ; b��, yields:

�cr ÿ cp� ÿ sccrfp ÿ 1cpipT
�cr ÿ cp� ÿ sccrfp ÿ 1cpipT � be�T ; sc�crfpT

� ��p ÿ cr� � �sc ÿ E�L��crfr ÿ crirT=2�
�p ÿ cr� � �sc ÿ E�L��crfr � crirT=2ÿ be�T ; sc�crfrT

:

, �crir ÿ be�T ; sc�crfr���cr ÿ cp� ÿ sccrfp ÿ 1cpipT �
� be�T ; sc�crfp��p ÿ cr� � �sc ÿ E�L��crfr ÿ crirT=2�:

, crir��cr ÿ cp� ÿ sccrfp ÿ 1cpipT �
� be�T ; sc��crfp��p ÿ cr� � �sc ÿ E�L��crfr ÿ crirT=2�
� crfr��cr ÿ cp� ÿ sccrfp ÿ 1cpipT ��:

,be�T ;sc�

� crir��crÿcp�ÿsccrfpÿ1cpipT �
crfr��crÿcp�ÿ1cpipT ��crfp��pÿcr�ÿE�L�crfrÿcrirT=2�

�A5�
This completes part (iii) of the proposition. As long as the
credit terms are positive, the equilibrium value of b is less
than ir=fr. And in any case be does not depend on the
demand parameters. For part (iv),

@

@sc
FT �S�p�T ;be�T ;sc���

���crÿcp�ÿsccrfpÿ1cpipT ��crfpÿ�@be�T ;sc�=@sc�crfpT �
��crÿcp�ÿsccrfpÿ1cpipT �be�T ;sc�crfpT �2

ÿ crfp

��crÿcp�ÿsccrfpÿ1cpipT �be�T ;sc�crfpT �: �A6�

Using (A5), we obtain
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@be�T ;sc�
@sc

� ÿcrircrfp

crfr��crÿ cp�ÿ 1cpipT �� crfp��pÿ cr�ÿE�L�crfrÿ crirT =2�
�A7�

Using Equations (A6) and (A7), we get

The numerator on the right hand side of (A8) evaluates to

�crfp�2T
�

crir��crÿcp�ÿsccrfpÿ1cpipT �
crfr��crÿcp�ÿ1cpipT ��crfp��pÿcr�ÿE�L�crfrÿcrirT=2�
ÿbe�T ;sc�

�
�0;

where the ®nal equality follows from (A5). A simpler
proof of this can be obtained by adding the numerators
and denominators (separately of course) of
�fr=fp�FT �S�p�T ;m;b�� and FT �S�r �T ; b��:
For part (v), holding costs per unit (at the store) are
�crir ÿ becrfr� for the retailer and becrfp for the producer.
Using (A5), the ratio of these two unit holding costs is

Proof of Proposition 3

Part (i): we know that

min
S
�Cr�T ; S;b� � Cp�T ; S;m; b��
� min

S
Cr�T ; S; b� �min

S
Cp�T ; S;m;b�:

However, given T , sc and be�T ; sc�, the optimum value
of S for both the retailer as well as the producer are the
same. Therefore S�e �T � is jointly optimal.

Part (ii): we are given sc. From (6) and (7), and the
condition crfr � crfp,

Cr�T ; S; b� � Cp�T ; S;m;b� � Cr�T ; S; 0� � Cp�T ; S;m; 0�
ÿ b�crfr ÿ crfp�E�S ÿ XT�L��

Cr�T ; S; b� � Cp�T ; S;m;b� � Cr�T ; S; 0� � Cp�T ; S; 0�:
�A9�

The proof of part (ii) (a) follows from A(9) because,

Cr�T ; S�e �T �; be�T ; sc�� � Cp�T ; S�e �T �;m; be�T ; sc��
� Cr�T ; S;b� � Cp�T ; S;m; b�
� Cr�T ; S; 0� � Cp�T ; S; 0�:

For the proof of the remaining parts, let OQ�S� �
�lT ÿ E�XT�L� ÿ S���, denote the expected order quan-

tity. Let IEND�S� � E�S ÿ XT�L�� be the expected ending
inventory. Using part (iv) of Proposition 2,

@

@sc
�Cr�T ; S�e �T � � Cp�T ; S�e �T �;m;be�T ; sc��
� �crfr ÿ crfp��ÿOQ�S�e �T ��=T � � �crfr ÿ crfp�

� ÿ @be�T ; sc�
@sc

IEND�S�e �T ��
� �

: �A10�

Using (A7) and (A10), we get,

@

@sc
FT �S�p�T ;be�T ; sc���

� ��cr ÿ cp� ÿ sccrfp ÿ 1cpipT � crfp � ��crfp�crircrfpT �=�crfr��cr ÿ cp� ÿ 1cpipT � � crfp��p ÿ cr� ÿ E�L�crfr ÿ crirT=2��
ÿ �

��cr ÿ cp� ÿ sccrfp ÿ 1cpipT � be�T ; sc�crfpT �2

ÿ �crfp����cr ÿ cp� ÿ sccrfp ÿ 1cpipT � be�T ; sc�crfpT ��
���cr ÿ cp� ÿ sccrfp ÿ 1cripT � be�T ; sc�crfpT ��2 : �A8�

�crir ÿ becrfr�=becrfp�

� crir ÿ �crfrcrir��cr ÿ cp� ÿ sccrfp ÿ 1cpipT ��=�crfr��cr ÿ cp� ÿ 1cpipT � � crfp��p ÿ cr� ÿ E�L�crfr ÿ crirT=2��
�crfpcrir��cr ÿ cp� ÿ sccrfp ÿ 1cpipT ��=�crfr��cr ÿ cp� ÿ 1cpipT � � crfp��p ÿ cr� ÿ E�L�crfr ÿ crirT=2��

� ��p ÿ cr� � �sc ÿ E�L��crfr ÿ crirT=2�
��cr ÿ cp� ÿ sccrfp ÿ 1cpipT �

� (profit per unit to retailer)/(profit per unit to producer). j

@

@sc
�Cr�T ; S�e �T � � Cp�T ; S�e �T �;m;be�T ; sc��

� �crfr ÿ crfp�
T

ÿOQ�S�e �T �� �
�crircrfpT �IEND�S�e �T ��

crfr��cr ÿ cp� ÿ 1cpipT � � cpfp��p ÿ cr� ÿ E�L�crfr ÿ crir=2�
� �

: �A11�
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The expression in parentheses in (A11) can be written as,

The numerator of the expression in (A12) can be re-
expressed as,

�crfpT ���p ÿ cr� � �sc ÿ E�L��crfr ÿ crir=2�OQ�S�e �T ��=T

ÿ �crir ÿ be�T ; sc�crfr�IEND�S�e �T ���
� crfrT ���cr ÿ cp� ÿ sccrfp ÿ 1cpipT �OQ�S�e �T ��=T

ÿ �be�T ; sc�crfp�IEND�S�e �T ���: �A13�
We know that, ��p ÿ cr� � �sc ÿ E�L��crfr ÿ crir=2� is the
per unit margin to the retailer plus the per unit bene®t
from credit less the cost of holding an item in the pipeline
less the cost of holding an item in the pipeline less the
cost per unit of carrying an item as cycle stock. Thus we
observe that the ®rst term in (A13) has the form,

crfpT � [retailer's gross profit per year ÿretailer's
annual cost of holding safety stocks]:

�A14�
Similarly, the second term in (A13), has the form,

crfrT � [producer's gross profit per yearÿ producer's
share of the annual cost of holding safety
stocks at the store]. �A15�

From (A10), both Cr�T ; S�e �T � and Cp�T ; S�e �T �,
m; be�T ; sc� are linear functions of sc. From (A11)±
(A15), if both the retailer as well as the producer make
pro®ts, and, if �crfr ÿ crfp� � 0, then �Cr�T ; S�e �T � �
Cp�T ; S�e �T �, m;be�T ; sc�� is a linear and non-increasing
functions of sc. It also follows that Cp�T ; S�e �T � is a linear
and non-decreasing function of sc. This result is quite
general because given the value of T , it holds whenever
the values of the average order quantity and ending in-
ventory are una�ected by the credit terms o�ered. j

Proof of Proposition 4

We assume with out loss of generality (as explained in the
text) that the retailer carries a safety stock of
K�T �r ������������������

T � E�L�p
. In this expression K�T � can be any

continuously di�erentiable function of T .

Cr�T ;S;be��
Ar

T
�1

2
�SÿlE�L��E�SÿXT�L���crir

��pÿcr�
T

E�XT�LÿS��ÿ�sc�T �ÿE�L��
T

���lT ÿE�XT�LÿS����crfrÿbeE�SÿXT�L��crfr

Cr�T ;S;be��Ar=T �1

2
lTcrir�K�T �r

�����������������
T �E�L�

p
�crirÿbecrfr�

ÿ�sc�T �ÿE�L��lcrfr; �A16�
where the approximation is based on the assumption that
lost sales are small. Let

gr�T � � Cr�T ; S; be� ÿ
Ar

T
ÿ 1

2
lTcrir:

Based on the approximation

gr�T � � K�T �r
������������������
T � E�L�

p
�crir ÿ becrfr� ÿ sc�T �lcrfr:

Similarly,

Cp�T ;m;S;be�

�Ap�B=m
T

�lT 1cpip�lsc�T �crfp

�E�XT�LÿS�� �crÿcp�
T

ÿ sc�T �
T

crfpÿ1cpip

� �
�beE�SÿXT�L��crfp

�Ap�B=m
T

�lT 1cpip�Kr
����
T
p

becrfp�lsc�T �crfp; �A17�

and de®ne

gp�T � � Cp�T ;m; S; be� ÿ
Ap � B=m

T
ÿ lT 1crip

� K�T �r
������������������
T � E�L�

p
becrfp � lsc�T �crfp:

Let be�T ;sc�

� crir��crÿcp�ÿsc�T �crfpÿ1cpipT �
crfr��crÿcp�ÿ1cpipT ��crfp��pÿcr�ÿE�L�crfrÿcrirT=2�

�A�T �ÿsc�T �crircrfp

B�T � : �A18�

Exact equation: the condition for equilibrium is obtained
by equating the ®rst order necessary conditions for an
optima at a value T0,

Ar

�
1

2
lcrir � @gr

@T0

� �
� Ap � B=m
ÿ ��

l1cpip � @gp

@T0

� �
:

�A19�
We are seeking a robust solution, therefore we treat

this equation as a di�erential equation. Rearranging
equation (A19) we get,

ÿ OQ�S�e �T ���crfr��cr ÿ cp� ÿ 1cpipT � � crfp��p ÿ cr� ÿ E�L�crfr ÿ crir=2�� ÿ �crircrfpT �IEND�S�e �T ��
crfr��cr ÿ cp� ÿ 1cpipT � � crfp��p ÿ cr� ÿ E�L�crfr ÿ crir=2�

� �
: �A12�
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Arl1cpip ÿ �Ap � B=m� 1

2
lcrir

� �
� �Ap � B=m� @gr�T �

@T
ÿ Ar

@gp�T �
@T

: �A20�
Integrating (A20) gives (17).

Approximation: for part (ii), using (A16), (A17) and (A19)
and integrating gives,

Ar K�T �r
�����������������
T �E�L�

p
becrfp�lsc�T �crfp

� �
ÿ�Ap�B=m��K�T �r

�����������������
T �E�L�

p
�crirÿbecrfr�ÿsc�T �lcrfr�

� ��Ap�B=m�12crirÿAr1cpip�lT �R;

where R is a constant of integration. Solving for the credit
terms, gives

where

A�T � � crir��cr ÿ cp� ÿ 1cpipT �;
and

B�T � � crfr��cr ÿ cp� ÿ 1cpipT � � crfp��p ÿ cr�
ÿ E�L�crfr ÿ crirT=2�:

From the form of the approximate cost functions, we
can show that there is a unique cost minimizing T (the
proof is omitted). Therefore (A21) is a su�cient condition
for coordination, when the lost sales are small, also see the
next section. The conclusions given in part (ii) follow from
(A21), and the assumptions that K�T � is nearly constant
for small changes in the volatility of demand or the lead-
time, and that it is larger for higher service levels. j

Analysis of the cost functions

We establish if the di�erential equation has a solution
then solving it to deduce the credit terms leads to a
sufficient condition for optimality We also solve a simple
example to illustrate the calculations.

Simple example: in the simple example we assume that the
demand in an interval [0; T ] is normally distributed with
mean equal to lT and standard deviation equal to r

����
T
p

.
Let /��� and U��� stand for the density and distribution
function of a random variable that has the normal dis-

tribution with mean equal to zero and standard deviation
equal to one. let U���ÿ1 stand for the inverse of the
function U���. Assume that B and the lead-time are equal
to zero, and that 1 is strictly positive.

Derivation of safety stock for simple example: from
Proposition 2, the retailer carries a safety stock of given
by

r
����
T
p

Uÿ1
��p ÿ cr� � sccrfr ÿ crirT=2�

��p ÿ cr� � sccrfr � crirT=2ÿ becrfrT �
� �

: �A22�

We know that the safety stock is independent of the
credit terms. Thus setting the credit terms equal to zero,
solving for the sharing fraction and substituting in (A22)
we get:

be�T ;0�

� crir��crÿ cp�ÿ1cpipT �
crfr��crÿcp�ÿ1cpipT ��crfp��pÿ cr�ÿ criT=2� ; �A23�

and

Using (A16) the expected cost to the retailer is

Cr�T ; S; be� �
Ar

T
� 1

2
�S � E�S ÿ XT ���crir

� �p ÿ cr�
T

E�XT ÿ S��

ÿ sc�T �
T
��lT ÿ E�XT ÿ S����crfr

ÿ beE�S ÿ XT ��crfr: �A25�
Similarly,

Cp�T ;m;S;be��
Ap

T
�lT 1cpip�lsc�T �crfp

�E�XT ÿS�� �crÿcp�
T

ÿsc�T �
T

crfpÿ1cpip

� �
:

�beE�SÿXT ��crfp: �A26�

Properties of the cost functions (simple and general case)

(i) In the simple case, both cost functions have continuous
derivatives of every order and satisfy a suitable Lipschitz

safety stock � r
����
T
p

Uÿ1
1

1� ��crircrfpT �=�crfr��cr ÿ cp� ÿ 1cpipT � � crfp��p ÿ cr� ÿ crirT=2���
� �

: �A24�

sc � ��Ap �B=m��crir=2� ÿAr1cpip�lT �R� ��Ap �B=m��crir ÿA�T �=B�T �crfr�ÿAr�A�T �=B�T �crfp��K�T �r
�����������������
T �E�L�p

�Arcrfp � �Ap �B=m�crfr��lÿ �K�T �r
�����������������
T �E�L�p

crircrfp=BT ��
�A21�
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condition when T is bounded away from zero. Therefore
the solution to the di�erential equation (16) is unique up
to a constant of integration for T greater than some e > 0,
as is discussed by Elsgolts [43]. (In any case, we are not
interested in values of T that are extremely small.)
(ii) Moreover, if the di�erential equation has a solution
then in general the ®rst derivatives of the producer's and
retailer's cost functions are multiples of one another. It is
not straightforward to deduce this. To see this, from
(A20):

�Ap � B=m� @Cr�T ; S; be�
@T

� �Ap � B=m� @gr�T �
@T

ÿ Ar

T 2
� 1

2
lcrir

� �
;

� Ar
@gp�T �
@T

� Arl1cpip ÿ �Ap � B=m� 1

2
lcrir

� �
� �Ap � B=m� ÿ Ar

T 2
� 1

2
lcrir

� �
;

� Ar
@gp�T �
@T

� Arl1cpip ÿ �Ap � B=m� Ar

T 2
;

� Ar
@gp�T �
@T

� l1cpip ÿ �Ap � B=m�
T 2

� �

� Ar
@Cp�T ;m; S; be�

@T
:

(iii) In the simple case, because the di�erential equation
(16) is satis®ed at all T and due to (ii) above, the
®rst derivative of the function C�T � � Cr�T ; S; be��
�fr=fp�Cp�T ; 0; S; be� should be zero at the values of T at
which the ®rst derivative of the two costs equal zero.
The new function is,

C�T � � Ar

T
� fr

fp

Ap

T
� lT 1cpip

� �
� 1

2
�S � E�S ÿ XT ���crir

� �p ÿ cr�
T

� fr

fp

�cr ÿ cp�
T

ÿ 1cpip

� �� �
E�XT ÿ S��:

�A27�
We can simplify

E�S ÿ XT �� �
ZS

ÿ1
�S ÿ x� 1

r
���������
2pT
p exp ÿ 1

2

xÿ lT

r
����
T
p

� �2
 !

dx

� �S ÿ lT �U S ÿ lT

r
����
T
p

� �
� r

����
T
p

/
S ÿ lT

r
����
T
p

� �
:

�A28�
From the expressions for FT �S�p�T ;m; b�� and FT �S�r �T ;b��,
(A24), (A27), and (A28), we obtain:

C�T � � Ar

T
� fr

fp

Ap

T
� lT 1cpip

� �
� 1

2
lTcrir � r/

S ÿ lT

r
����
T
p

� �
�
�p ÿ cr� � fr

fp
��cr ÿ cp� ÿ 1cpipT � � 1

2
crirT

�� ����
T
p

:

�A29�

Cr�T ; S; be� �
Ar

T
� r

����
T
p

/
S ÿ lT

r
����
T
p

� �

� �p ÿ cr�
T

� 1

2
crir ÿ becrfr � sc�T �

T
crfr

� �

� 1

2
lTcrfr ÿ sc�T �lcrfr;

Cp�T ;m;S;be� �
Ap

T
� r

����
T
p

/
S ÿ lT

r
����
T
p

� �
� �cr ÿ cp�

T
ÿ 1cpip � becrfp ÿ sc�T �

T
crfp

� �
� lT 1cpip � sc�T �lcrfp:

Coordination in the simple and in the general case

From (ii) above, if the di�erential equation (16) has a
solution then it is immediately seen that the retailer's cost
function can be written as an increasing a�ne transfor-
mation of the producer's cost function. Therefore, in
general o�ering credit terms based on the solution to the
di�erential equation is su�cient to guarantee coordina-
tion.
In the simple case, it can be shown using (A24) and

(A29) and the function C�T � increases beyond some ®nite
value of T , thus the values of T for which the ®rst de-
rivative of this function is zero are all ®nite. We can also
conclude that if the value of /��S ÿ lT �=r ����

T
p � is

relatively small or relatively unchanged in the range of T 's
we are interested in when compared to the other terms in
this expression (this will be true for example, if the lost
sales are small), then there is a unique value of T at which
the ®rst derivative of the function C�T � equals zero.
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