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Abstract
This paper considers the measurement of ﬁrm’s speciﬁc (in)efﬁciency while allows for
the possible heterogeneous technologies adopted by different ﬁrms. A ﬂexible
stochastic frontier model with random coefﬁcients is proposed to distinguish
technical inefﬁciency from technological differences across ﬁrms. Posterior inference
of the model is made possible via the simulation-based approach, namely, Markov
chain Monte Carlo method. The model is applied to a real data set which has also
been considered in Christensen and Greene (1976), Greene (1990), Tsionas (2002),
among others. Empirical results show that the regression coefﬁcients can vary across
ﬁrms, indicating the adoption of heterogeneous technologies by different ﬁrms. More
importantly, we ﬁnd that, without considering this possible heterogeneity, the
inefﬁciency of ﬁrms can be over-estimated.
JEL Classiﬁcation: C11, C21, D20
Keywords: stochastic frontier, random-coefﬁcient, Gibbs sampler, Metropolis–Hastings

1. Introduction
There has been much interest, in many areas of economics and ﬁnance, in the
estimation of production technology and the measurement of a ﬁrm’s inefﬁciency
relative to this technology. For this purpose, the techniques used in the literature
differ mainly by how the difference between inefﬁciency and random error is
distinguished, by how the functional forms are speciﬁed, and by how the
distributional assumptions are made. Among which, the stochastic frontier model,
ﬁrst developed by Meeusen and van den Broeck (1977) and Aigner et al. (1977), has
been one of the most commonly used tools. The usual assumption for the
measurement error vi is i.i.d. normal and independent of the inefﬁciency ui . In
contrast to the symmetric assumption, the inefﬁciency term ui , denoting deviations of
the individual units from the frontier, is commonly assumed to follow a one-sided
distribution, for example, exponential, truncated (or, half ) normal, or gamma.
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Based on the distributions, the ‘‘composed-error’’ model can be estimated by
maximum likelihood approach. Due to the complexity of the log likelihood function,
for example, the normal-gamma model of Greene (1990), however, the classical
method often requires cumbersome computation in order to obtain maximum
likelihood estimates. Alternatively, the use of Markov chain Monte Carlo (MCMC)
method, especially Gibbs sampler with data augmentation, for making Bayesian
posterior inference in stochastic frontier models has also been shown to be
computationally feasible and conceptually simple. Of particular interest is that
implementation of the Bayesian approaches allows us to calculate point estimates
and standard deviations of any feature of interest including the inefﬁciency measure
ui . Methods along this line include Koop et al. (1994, 1995), and Fernandez, et al.
(2000, 2002). An updated review on the issue can be found in Koop and Steel (2001).
So far, it is commonly, implicitly or explicitly, adopted in the literature that all
ﬁrms are assumed to share exactly the same production possibilities and differ only
with respect to their degree of inefﬁciency. In practice, however, ﬁrms may adopt
different technologies for a variety of reasons. As argued in Tsionas (2002), adoption
of a new technology is costly, and ﬁrms adopt new technologies only with
considerable lags. If costs related to installation and personnel training differ across
ﬁrms, it follows that at any given point in time there will be some variability in the
types of technology used by ﬁrms. As a result, we might expect the production
possibilities to be different in a cross-section of ﬁrms. The later situation is
considered in Kalirajan and Obwona (1994) who specify a random coefﬁcient
average production function and measure inefﬁciency using the residuals from a
frontier derived by using the mean response coefﬁcients. Unfortunately, their
measurement of inefﬁciency mixes the effects of technological differences and ﬁrmspeciﬁc inefﬁciency. In contrast, Tsionas (2002) proposes a stochastic frontier model
with random coefﬁcients to separate technical inefﬁciency from technological
differences across ﬁrms. Based on Bayesian technique, the inference is performed via
the Gibbs sampler with data augmentation algorithm. Although Tsionas’ (2002)
methodology can avoid the confusion between technological differences and
technology-speciﬁc inefﬁciency, the modeling can be extended in at least two
directions. First, the exponential distribution assumption on the inefﬁciency measure
ui can be too restrictive. To relax this assumption, we will postulate that the
inefﬁciency term ui follows a gamma distribution with the shape parameter not
necessarily being an integer. Second, the speciﬁcation in Tsionas (2002) requires that
the regression parameters are all random at same time. Our modeling strategy has
the ﬂexibility to allow for only a subset of the parameters to be random while the
others to remain ﬁxed.1
This paper is organized as follows. Section 2 reviews the basic stochastic frontier
modeling strategy. Section 3 presents our ﬂexible random-coefﬁcient stochastic
frontier models. Section 4 introduces the MCMC approach, especially the
Metropolis–Hastings and Gibbs sampler with data augmentation algorithm. Section
5 derives the full conditional densities for implementation of the MCMC methods.
Section 6 applies the novel model to a real data set and discusses the empirical
results. Conclusions are ﬁnally given in Section 7.
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2. Stochastic Frontier Models
2.1.

Basic Modeling

We start with the basic stochastic frontier framework,
yi ¼ a þ x0i b þ vi  ui ;

ð1Þ

where yi is the (natural) logarithm of the observed output for the ith ﬁrm, a is a nonrandom scalar intercept term, xi ¼ ðxi1 ; xi2 ; . . . ; xik Þ0 is a k61 vector of logarithms of
inputs, b ¼ ðb1 ; b2 ; . . . ; bk Þ0 is the corresponding k61 vector of parameters. The
measurement error vi is assumed to be distributed as i.i.d. nð0; s2 Þ and ui is a nonnegative error term indicating the extent of technical inefﬁciency. To see why, note
that the technical efﬁciency of the ith ﬁrm can be deﬁned as ri ¼ expð ui Þ due to our
logarithmic speciﬁcation. Thus, the technical inefﬁciency of the ith ﬁrm is measured
by 1  ri . For small values of ui , the inefﬁciency 1  ri ¼ 1  expð ui Þ can be
approximated by ui , so that it is common to use ui as a measure of technical
inefﬁciency.
Equation (1) can be reformulated as,
yi ¼ ai þ x0i b þ vi ;

ð2Þ

where ai ¼ a  ui . With this deﬁnition, the conventional stochastic frontier model
with composite errors can be re-interpreted as a random coefﬁcient (for the intercept
term only) framework.

2.2.

The Random-Coefﬁcient Stochastic Frontier Model

In contrast, Tsionas (2002) argues that, in practice, ﬁrms’ technologies may be
heterogeneous rather than homogeneous. Thus, it would be more appropriate to
distinguish technological differences and technology-speciﬁc inefﬁciency rather than
simply assume that ﬁrms share the same technology. To account for both features,
Tsionas (2002) proposes a stochastic frontier production regression to relax the
assumption of common frontiers to all ﬁrms by allowing the slope coefﬁcients to be
random,2 that is,
yi ¼ a þ x0i bi þ vi  ui ;

ð3Þ

where the coefﬁcients of the explanatory variables, bi ¼ ðbi1 ; bi2 ; . . . ; bik Þ0 , are
assumed to vary across ﬁrms so that ﬁrm-speciﬁc technical inefﬁciency ðui Þ can be
separated from technological differentials which are captured by the different values
of slope coefﬁcients ðbi Þ.
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Speciﬁcally, Tsionas (2002) assumes that the individual parameter vectors,
bi ; i ¼ 1; 2; . . . ; n, are independent and follow a k-variate normal distribution,
bi *nk ðb; OÞ;

ð4Þ

where b is the k61 mean vector and O is the k6k variance-covariance matrix. Note
that nk represents a normal distribution with dimension k.3
Substituting (4) into (3), we can obtain,
yi ¼ a þ x0i b þ ei  ui ;

ð5Þ

where ei is independently distributed as nð0; s2 þ x0i Oxi Þ. Therefore, Tsionas (2002)
interprets that the assumption of random coefﬁcients in equation (3) implies a
stochastic frontier with heteroskedastic measurement error as shown in equation (5).

2.3.

The Distribution of ui

So far, we have been silent about the speciﬁcation of the inefﬁciency term ui .
Conventionally, a distributional assumption is often made for the one-sided
disturbance term ui , for example, exponential or truncated normal.
As an alternative, Greene (1990) proposes a gamma distribution for measuring the
technical inefﬁciency ui . In particular, given the shape parameter P and scale
parameter y, the probability density function is given by,
ui *gðP; yÞ ¼

yP P1
u
expð yui Þ;
GðPÞ i

ð6Þ

where Gð ? Þ is the gamma function. This speciﬁcation nests the commonly used
exponential distribution as a special case since the exponential distribution can be
obtained by restricting the shape parameter of the gamma distribution to be 1, i.e.,
P ¼ 1. Although this normal-gamma model exhibits richer and more ﬂexible
parameterization of the inefﬁciency distribution than previous ones, the estimation
of such model is of only limited success due to complexity of evaluating the log
likelihood function. Thus, Greene (2003) proposes an alternative approach to
estimate the model by the simulated maximum likelihood estimation. As argued in
Greene (2003), the simulation method has proved as a useful tool and seems to work
quite well.
Another simulation-based approach is the recent advance in Bayesian analysis, in
particular, the MCMC technique. For instance, Koop et al. (1995) consider (three)
different speciﬁcations of ui , corresponding to the gamma distribution with different
integer shape parameters P ¼ 1; 2 or 3. They use the Gibbs sampler, a special case of
the MCMC approach, with data augmentation algorithm to make posterior
inferences in the stochastic frontier model. However, they restrict their attention to
the Erlang case (gamma distribution with integer values of shape parameter), as
mentioned above. In contrast, Tsionas (2000) recognizes the constraint and proposes
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a computational method to free up the restriction that the shape parameter can take
only integer values. He also uses the Gibbs sampling approach to make Bayesian
inference in the stochastic frontier model with gamma distributed inefﬁciency terms,
where the shape parameter of the gamma distribution is not restricted to be integer
values (the Erlang distribution).

3. Our Modeling Strategy
In this paper, we propose an alternative random-coefﬁcient stochastic frontier model
which includes many previously analyzed ones as special cases.4 Particularly, the
model is speciﬁed as,
yi ¼ a þ x0i b þ z0i gi þ vi  ui ;

ð7Þ

where zi is a k0 61ðk0  kÞ vector of variables that are a subset of xi . The
corresponding k0 61 vector of coefﬁcients gi ¼ ðgi1 ; gi2 ; . . . ; gik0 Þ0 for the ith ﬁrm is
assumed to be independently, identically and normally distributed with mean vector
0 and variance-covariance matrix O, that is,
gi *nk0 ð0; OÞ:

ð8Þ

Following Greene (1990, 2003), Koop et al. (1995) and Tsionas (2000), we also
assume the gamma distribution as in (6) to capture the technological inefﬁciency ui .
However, we do not restrict ourselves only to the integer-value shape parameter case.
Instead, we consider the non-Erlang case as well, that is, gamma distribution with
non-integer shape parameter. As argued in Tsionas (2000), computation of the
likelihood function requires the evaluation of integrals with neither closed form
solution nor polynomial approximation. Thus, Tsionas (2000) proposes a feasible
method to make posterior inference in such model with arbitrary values for the shape
parameter.
As claimed earlier, our model is rather ﬂexible and includes many popular
stochastic frontier approaches as special cases. In particular, we discuss some cases
below. When zi is a null set and P ¼ 1, model in (7) becomes the one considered in
Aigner et al. (1977) and Meeusen and van den Broeck (1977), that is, the exponential
case. In contrast, if zi is an empty set and P ¼ 1; 2; 3, our model becomes the one
investigated in Koop et al. (1995), that is, the Erlang case. The case discussed in
Tsionas (2000) can also nested by restricting zi to be a null set and freeing up the
shape parameter P to be non-integer. In case when zi is identical to xi , equation (7)
appears to be the random-coefﬁcient stochastic frontier model in equation (3)
discussed by Tsionas (2002). The equivalence can be seen by setting P ¼ 1 and bi in
equation (3) to be b þ gi in equation (7). If we do not consider the one-sided
disturbance term ui , the restriction of zi ¼ xi makes our model identical to the one
proposed by Kalirajan and Obwona (1994). Of course, zi need not be a null set or
identical to xi . It can be a subset of xi , meaning that only some of the coefﬁcients are
random while others remain constant.
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To ﬁx the idea, the joint posterior distribution of parameters ða; b; s2 ; g; O; P; y; uÞ
based on the observed data y ¼ ðy1 ; y2 ; . . . ; yn Þ0 , X ¼ ðx01 ; x02 ; . . . ; x0n Þ0 and Z ¼
ðz01 ; z02 ; . . . ; z0n Þ0 can be expressed as a product of the prior pða; b; s2 ; O; P; yÞ and the
likelihood function,5
pða; b; s2 ; g; O; P; y; u j y; X; ZÞ ¼ pða; b; s2 ; O; P; yÞ


n 
Y
1
2
2 1=2
0
0
ð2ps Þ
exp  2 ðyi þ ui  a  xi b  zi gi Þ
6
2s
i¼1

 Y


n
n 
Y
yP P1
1 0 1
k0 =2
1=2
u
expð yui Þ 6
ð2pÞ
jOj
exp  gi O gi ;
6
2
GðPÞ i
i¼1
i¼1

ð9Þ

where g ¼ ðg01 ; g02 ; . . . ; g0n Þ0 and u ¼ ðu1 ; u2 ; . . . ; un Þ0 .
Note that the posterior of the ‘‘structural’’ parameters, namely ða; b; s2 ; g; O; P; yÞ,
can be obtained by integrating out the nuisance parameter u, that is,
Z
pða; b; s2 ; g; O; P; y j y; X; ZÞ ¼ pða; b; s2 ; g; O; P; y; u j y; X; ZÞdu:
ð10Þ
Although equation (10) seems awkward, the Bayesian approach outlined later on,
via Gibbs sampler or Metropolis–Hastings with data augmentation algorithm,
allows us to obtain exact ﬁnite sample properties of all features of interest (including
ﬁrm-speciﬁc inefﬁciency) and surmount some difﬁcult statistical problems involved
with classical estimation.

4. Bayesian Inference
In order to conduct Bayesian posterior inference, we need to specify the prior
distribution on the parameters ða; b; s2 ; O; P; yÞ. It is worthwhile noting that the use
of improper priors in stochastic frontier models can cause problems such as lack of
existence of the posterior itself, for example, Ritter and Simar (1997) and Fernandez
et al. (1997). As a result, the values for the hyperparameters are chosen so that they
imply relatively vague but proper priors. In particular, we assume the priors are:
pða; b; s2 ; O; P; yÞ ¼ pðaÞpðbÞpðs2 ÞpðOÞpðPÞpðyÞ:

ð11Þ

Speciﬁcally, the prior for the constant term a is a univariate normal distribution
with mean a0 and variance A0 , that is,
a*nða0 ; A0 Þ;

ð12Þ

and the prior assumed on the frontier parameters b takes the following form,
b*nk ðb0 ; B0 Þ;

ð13Þ

that is, a k-dimensional normal distribution with mean vector b0 and variance-
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covariance matrix B0 . In the following empirical application, we specify a0 ¼ 0;
A0 ¼ 100; b0 ¼ ð0; 0; 0; 0Þ0 and B0 ¼ 1006I4 . In general, those values represent
relatively vague priors. Alternatively, we could set the priors for a and b to be ﬂat
as does in Tsionas (2002), reﬂecting no prior information about parameter means.
We deﬁne the prior for s2 through a gamma distribution on the precision s2 ,


n 0 d0
;
s2 *g
:
ð14Þ
2 2
In many applications, the hyperparameters n0 and d0 are set to be zeros to have a
standard diffuse Jeffrey’s prior. However, as shown in Fernandez et al. (1997), a
proper prior is required in order to make the posterior distribution well deﬁned in
the stochastic frontier framework. As a result, we set n0 to be 0 but let d0 be 0.01.
Similarly, the prior for the k0 6k0 variance-covariance matrix O is deﬁned through
a Wishart distribution on the precision matrix O1 , expressed as,
O1 *wk0 ðr0 ; R0 Þ:

ð15Þ

Jeffrey prior can be obtained by restricting r0 ¼ 0 and R0 ¼ 0. However, we set
r0 ¼ 0 and R0 ¼ 1006I4 to have a relatively vague but proper prior.
Finally, the priors for the shape parameter P and the scale parameter y are chosen
as,
P*gða0 ; b0 Þ;

ð16Þ

y*gðc0 ; d0 Þ;

ð17Þ

i.e., both priors are gamma distributed. In Tsionas (2002), he assumes that
inefﬁciency is exponentially distributed with prior on the parameter y being
exponential. In terms of our notations, this means that P ¼ 1; c0 ¼ 1 and d0 ¼
 lnðr Þ where r is the prior median efﬁciency as introduced by van den Broeck et al.
(1994). Similarly, we follow van den Broeck et al. (1994) and Tsionas (2002) to
specify c0 ¼ 1 and d0 ¼  lnðr Þ. In addition, we assume that a0 ¼ 1 and b0 ¼ 1 such
that the prior for P is exponential with mean being equal to 1 as in Tsionas (2002).6
Given the speciﬁed priors, estimation can be carried out via the MCMC approach,
in particular, the Gibbs sampler and Metropolis–Hastings algorithm with data
augmentation. Appendix A provides a brief review of the methods.7 For the relevant
full conditional densities needed for implementation of the MCMC approach,
readers are referred to Appendix B for more details.

5. Empirical Applications
The data set used to illustrate the technique is collected by Christensen and Greene
(1976) for a total of 123 electric utility companies in the United States. The same
data set has been previously analyzed by Greene (1990), van den Broeck et al. (1994),
Koop et al. (1995) and Tsionas (2002). For comparison purpose, we ﬁrst estimate the
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ﬁxed-coefﬁcient Cobb–Douglas cost function speciﬁed as,
 
 
 
c
pl
pk
¼ a þ b1 ln
þ b2 ln
þb ln qi þ b4 ln2 qi þ vi  ui ;
ln
pf i
pf i
pf i 3

HUANG

ð18Þ

where c is total cost, q is output, and pl ; pk and pf are the unit prices of labor, capital
and fuel, respectively. The symmetric disturbance term vi is i.i.d. nð0; s2 Þ and the
non-negative error ui is i.i.d. gðP; yÞ.
In contrast, the random-coefﬁcient counterpart takes the following form,
 
 
 
c
pl
pk
ln
¼ a þ b1 ln
þ b2 ln
þ b3 ln qi þ b4 ln2 qi
pf i
pf i
pf i
 
 
pl
pk
þ gi1 ln
þ gi2 ln
þ gi3 ln qi þ gi4 ln2 qi þ vi  ui ;
ð19Þ
pf i
pf i
or, more compactly,
yi ¼ a þ x0i b þ z0i gi þ vi  ui ;
ð20Þ





 
where yi ¼ ln c=pf i ; xi ¼ ln pl =pf i ; ln pk =pf i ; ln qi ; ln2 qi Þ0 ; b ¼ ðb1 ; b2 ; b3 ; b4 Þ0 ;
zi ¼ xi , and gi ¼ ðgi1 ; gi2 ; gi3 ; gi4 Þ0 .
Both models are estimated via the Metropolis–Hastings and Gibbs sampler with
data augmentation algorithm by assuming relatively diffuse priors. The chain is then
run for 10,000 iterations. We collect the last 5,000 sample variates after discarding
the ﬁrst 5,000 draws. As a result, the following results are based on 5,000 Gibbs
output for making posterior inference. Note that we have used the Metropolis–
Hastings algorithm in two places, one for ui and the other for P. We choose the
exponential distribution as the proposal density in both cases since the values must
be non-negative for both parameters. In general, the acceptance rates for generating
ui are around 0.25 to 0.30 while the acceptance rate for generating P is
approximately between 0.40 and 0.45.
The left panel of Table 1 reports the posterior moments of the ﬁxed-coefﬁcient
stochastic frontier model and Figure 1 shows the boxplots of the relevant
parameters. First, note that the posterior means of b coefﬁcients are all positive as
expected despite that the coefﬁcient of the squared output term, ln2 yi , is not
signiﬁcantly different from zero, judged by the 95% Bayesian conﬁdence interval
½ 0:0512; 0:1739. In addition, the sum of the b estimates equals to 0.7667, implying
that the technology is decreasing returns to scale. The estimate of the variance term
s2 is very small with a value 0.0141. The shape and scale parameters, i.e., P and y, of
the gamma distribution of ui have posterior means 0.9575 and 9.9025, respectively.
These results are comparable to those found in Koop et al. (1995) and Tsionas
(2002). Note that the posterior mean of the shape parameter P is very close to 1,
justifying the use of the exponential distribution for the inefﬁciency term ui as in
Tsionas (2002). As discussed earlier, our main concern is on the measurement of
ﬁrm-speciﬁc efﬁciency. Figure 2 presents the kernel density of the (mean) efﬁciency
measures of all ﬁrms. It is apparent that the efﬁciency distribution is highly left-
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Table 1. Fixed- vs. random-coefﬁcient model.
Fixed-coefﬁcient

a
b1
b2
b3
b4
s2
P
y
o11
o21
o22
o31
o32
o33
o41
o42
o43
o44

Random-coefﬁcient

Mean

Std

Mean

Std

 7.4784
0.4447
0.0284
0.2346
0.0590
0.0124
0.9575
9.9025

0.3146
0.0390
0.0027
0.0626
0.0575
0.0027
0.1136
2.2668

 7.2171
0.3668
0.0335
0.2517
0.0695
0.0014
0.9063
77.4337

0.5843
0.0726
0.0055
0.1101
0.1076
0.0012
0.2252
16.5072

0.0222
 0.0014
0.0001
 0.0156
0.0008
0.0131
 0.0010
 0.0001
0.0002
0.0153

0.0239
0.0016
0.0001
0.0166
0.0011
0.0121
0.0142
0.0010
0.0103
0.0179

Note: The posterior means and posterior standard deviations are obtained using 5,000 simulated draws
after discarding the ﬁrst 5,000 variates to mitigate the start-up effect.

Figure 1. The boxplots of the ﬁxed-coefﬁcient model: a; b1 ; b2 ; b3 ; b4 ; s2 ; P; y (left to right).
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Figure 2. The kernel density of mean efﬁciencies obtained from the ﬁxed-coefﬁcient stochastic frontier
model.

skewed and exhibits large variation over ﬁrms. In addition, the average efﬁciency
measure of those ﬁrms has a value 0.9103, which is very close to that of the
representative ﬁrm considered in Koop et al. (1995).
In contrast, we also report the posterior results of the random-coefﬁcient model in
the right panel of Table 1. The posterior distributions in terms of boxplots are also
presented in Figure 3. The posterior means of the common coefﬁcients b, again, are
all positive but with larger variation according to the corresponding (larger)
posterior standard deviations. In fact, the posterior means of b1 ; b2 ; b3 and b4 are
0.3668, 0.0335, 0.2517 and 0.0695 with posterior standard deviations 0.0726, 0.0055,
0.1101, 0.1076, respectively. In addition, we calculate the posterior means of the
random-coefﬁcient vector gi ¼ ðgi1 ; gi2 ; gi;3 ; gi4 Þ0 to be  0:0005; 0:0000; 0:0007 and
0.0004, respectively. By taking the sum of the mean values of both common and
random coefﬁcients, we can obtain the mean coefﬁcients to be 0.3663, 0.0335, 0.2524
and 0.0699, respectively. Compared to the estimated values in the ﬁxed-coefﬁcient
model, b1 is smaller but b2 ; b3 and b4 are all larger in the random-coefﬁcient model.
The variance term s2 has a posterior mean 0.0014 which is almost one-eighth of the
corresponding estimate in the ﬁxed-coefﬁcient model. The mean shape estimate of P
is 0.9063, slightly less than 0.9575 as in the ﬁxed-coefﬁcient case. The largest
difference between these two models pertains to the posterior mean of the scale
parameter y which carries important implications for measuring efﬁciencies. In the
random-coefﬁcient stochastic model, the posterior mean of y is 77.4337 with
posterior standard deviation 16.5072. The value is about eight times larger compared
to the estimate in the ﬁxed-coefﬁcient stochastic frontier model. Even though, the
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Figure 3. The boxplots of the random-coefﬁcient model: a; b1 ; b2 ; b3 ; b4 ; s2 ; P; y (left to right, top panel);
o11 ; o21 ; o22 ; o31 ; o32 ; o33 ; o41 ; o42 ; o43 ; o44 (left to right, bottom panel).

estimate is comparable to that found in Tsionas (2002). By assuming an exponential
distribution for the inefﬁciency term ui , that is, gamma distribution with shape
parameter P ¼ 1, Tsionas (2002) ﬁnds a posterior mean value for y to be 71.77.
Given those estimates, we are able to calculate the mean efﬁciency of all ﬁrms.
Surprisingly, the mean efﬁciency increases dramatically to 0.9891. Figure 4 shows the
kernel density of the mean efﬁciencies of all ﬁrms in the random-coefﬁcient
stochastic frontier model. In contrast to the corresponding kernel density in the
ﬁxed-coefﬁcient model, those efﬁciency measures are centered around the mean
value. Besides, the graph also shows much less variation over ﬁrms.
For illustrative purpose, we also present the posterior mean efﬁciencies (with
posterior standard deviations) of the ﬁrst ﬁve ﬁrms from both the ﬁxed- as well as
random-coefﬁcient stochastic frontier models in Table 2. It is worth stressing that the
posterior means (standard deviations) of efﬁciency measures for all ﬁve ﬁrms are
higher (smaller) in the random-coefﬁcient model than those obtained from the ﬁxedcoefﬁcient case. Figure 5 presents the kernel densities of efﬁciency measures for those
ﬁve ﬁrms. It is very impressive that the efﬁciency measures of those ﬁve ﬁrms are very
close to 1, that is, fully efﬁcient. This observation is in accord to that found in Tsionas
(2002). Speciﬁcally, Tsionas (2002) argues that ‘‘the random coefﬁcient model
implies that full efﬁciency is about seven times more likely compared to the ﬁxed
coefﬁcients stochastic frontier model.’’ In addition, we ﬁnd that the difference of
efﬁciency measures can be quite large under ﬁxed-coefﬁcient and random-coefﬁcient
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Figure 4. The kernel density of mean efﬁciencies obtained from the random-coefﬁcient stochastic frontier
model.

models. For instance, the mean efﬁciency of the ﬁrst ﬁrm is only 0.6714 obtained
from the ﬁxed-coefﬁcient model while it dramatically increases to 0.9953 when a
random-coefﬁcient stochastic frontier regression is considered. This evidence
indicates the measured efﬁciency can be higher once we allow for ﬁrms to adopt
different technologies.
Although we believe that allowing for heterogeneous technologies makes more
sense and is much closer to real world, a formal comparison can be made via the
Bayes factor, for example, Chib (1995) and Chib and Jeliazkov (2001).8 Let mðyÞ
denote the marginal likelihood, f ðy j yÞ the likelihood function, pðyÞ the prior
density, and pðy j yÞ the posterior density, then the computationally convenient log

Table 2. Posterior moments of efﬁciency measures.
Firm

1

2

3

4

5

0.8911
0.0605

0.9479
0.0306

0.9923
0.0112

0.9926
0.0060

Fixed-coefﬁcient Model
Mean
Std

0.6714
0.1007

0.9700
0.0222

0.9448
0.0414
Random-coefﬁcient Model

Mean
Std

0.9953
0.0059

0.9912
0.0086

0.9861
0.0134

Note: The results are based on 5,000 Gibbs draws after discarding the ﬁrst 5,000 sample variates.
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Figure 5. The kernel densities of the efﬁciencies of the representative (the ﬁrst ﬁve, left to right) ﬁrms
obtained from ﬁxed-coefﬁcient (top panel) as well as random-coefﬁcient (bottom panel) stochastic frontier
models.

marginal likelihood can be obtained by,
^ ðyÞ ¼ ln f ðy j y Þ þ ln pðy Þ  ln p
^ðy j yÞ;
ln m
^ðy j yÞ can be estimated by
where y is often chosen to be a high density point and p
the algorithm discussed in Chib (1995) if all integrating constants of the full
conditional distributions in the Gibbs sampler are known, or/and Chib and
Jeliazkov (2001) if some of full conditionals are intractable, for example, the full
conditional density of P in our case. As a result, Bayes factor for any two models k
and h, that is, mðy j Mk Þ=mðy j Mh Þ, can be calculated by,
^ ðy j Mk Þ  ln m
^ ðy j Mh Þg:
B^kh ¼ expfln m
The Bayes factor for the ﬁxed-coefﬁcient model versus the random-parameter model
is 4:12394646106 , suggesting strong evidence in favor of the random-parameter
stochastic frontier model. In addition, we also provide the kernel densities of the
random coefﬁcients for three representative ﬁrms i ¼ 1; 3; and 5 in Figure 6. It can be
seen that the densities exhibit more or less variations, indicating that different ﬁrms
may adopt different technologies. The ﬁndings of the Bayes factor and the graph
convey an important message to empirical researchers working with stochastic
frontier models, namely, more appropriate measure of technical (in)efﬁciency has to
take into account the possible heterogeneity of technologies over ﬁrms.
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Figure 6. The kernel densities of the parameters (from left to right, bi1 ; bi2 ; bi3 and bi4 ) for the
representative ﬁrms (from top to bottom, the ith ﬁrm, i ¼ 1; 3 and 5). Note that bij ¼ bj þ gij .

6. Conclusions
This paper considers the measurement of ﬁrm’s speciﬁc (in)efﬁciency while allows for
the possible heterogeneous technologies adopted by different ﬁrms. A very ﬂexible
stochastic frontier model with random coefﬁcients is proposed to distinguish
technical inefﬁciency from technological differences across ﬁrms. Posterior inference
of the model is made possible via the simulation-based approach, namely, MCMC
method. In particular, for those parameters which have full conditionals with
standard form are directly simulated using Gibbs sampler with data augmentation
algorithm while for those parameters with non-standard full conditionals are drawn
using the Metropolis–Hastings algorithm. The model is applied to a real data set
which has also been considered in Christensen and Greene (1976), Greene (1990),
Tsionas (2002), among others. Empirical results show that the regression coefﬁcients
can vary across ﬁrms, indicating the adoption of heterogeneous technologies by
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different ﬁrms. More importantly, without considering this possible heterogeneity,
the inefﬁciency of ﬁrms can be over-estimated. As a result, we believe that the novel
techniques proposed in this paper might allow for better understanding of ﬁrm
efﬁciency than do traditional methods.

Appendix A: The MCMC Approach
Recently, statisticians and econometricians have been increasingly relied on MCMC
methods to simulate complicated, non-standard multivariate distributions. Among
which, the Gibbs sampler, ﬁrst introduced by Geman and Geman (1984), is an
algorithm for generating random variates from an intractable marginal distribution
indirectly from the full conditional distributions which are usually available in a
simple form.
In many applications, direct sampling from a posterior distribution pðy j yÞ is
commonly infeasible. However, assume that the full conditional distributions of the
latent variable y along with the partitioned parameters y ¼ ðy1 ; y2 ; . . . ; yp Þ0 are all
available and in standard forms. The Gibbs sampler with data augmentation
algorithm generates posterior variates ðyðtÞ ; yðtÞ Þ by recursively drawing from the
following distributions,
p y j y; yðt1Þ ;

ðtÞ

ðt1Þ

p yi j y; yðtÞ ; yj ; yk

;

ð21Þ

where jhi; kii and i ¼ 1; 2; . . . ; p. As shown in Gelfand and Smith (1990), the random
variate ðyðtÞ ; yðtÞ Þ, converges in distribution to that of joint posterior density of the
latent variable y and the parameter y as t??. Furthermore, according to the
ergodic theorem,
Z
t
1X
f ðyðiÞ Þ? f ðyÞpðyÞdy ¼ E ½ f ðyÞ;
ð22Þ
t i¼1
i.e., the averages of functions evaluated at sample values (ergodic averages) converge
to their expected values under the target density pðyÞ.
However, in cases where the full conditional distributions do not have a standard
form direct draws may be possible. In those cases, the Metropolis–Hastings (MH)
algorithm can be tailored to generate the required sample variates. By repeating for
ð0Þ
t ¼ 1; 2; . . . ; T and specifying an initial value of yi , say yi , the MH algorithm
proceeds by generating a candidate value y0i from a candidate-generating density
ðt1Þ 0
qðyi
; yi Þ and n from the uniform density uð0; 1Þ. Then, we set the next draw
ðtÞ
yi ¼ y0i if
2
3
ðtÞ ðt1Þ
ðt1Þ
q y0i ; yi
p y0i jy; yðtÞ ; yj ; yk
ðt1Þ 0
n  a yi
; yi ¼ min4
; 15 ;
ð23Þ
ðt1Þ
ðtÞ ðt1Þ
ðt1Þ 0
ðtÞ
p yi
jy; y ; yj ; yk
; yi
q yi
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ðt1Þ

otherwise, we return the previous draw yi
as a value from the target distribution.
An expository review of the MH algorithm can be found in Chib and Greenberg
(1995).

Appendix B: The Full Conditional Distributions
Given available the priors, we are now ready to conduct the Bayesian posterior
analysis. The idea is to treat the latent inefﬁciency term u as an additional parameter
to be sampled along with the other parameters. Once the values of u are simulated,
the inference for the remaining unknowns becomes straightforward. Thus, we
describe in details how to obtain the relevant full conditional distributions for
implementation of the Gibbs sampler with data augmentation algorithm.9
. Full conditional density of ui ; i ¼ 1; 2; . . . ; n:
First, the full conditional density of the augmented parameter, i.e., the latent
inefﬁciency term ui ; i ¼ 1; 2; . . . ; n, has the following form,


1
2
exp

ðu

w
Þ

yu
ui ja; b; s2 ; g; O; P; y ! uP1
i
i
i Iðui  0Þ;
i
2s2

ð24Þ

where wi ¼ a þ x0i b þ z0i gi  yi . The density is in a non-standard form which
makes direct draws difﬁcult, if not impossible. However, an independence chain
Metropolis–Hastings algorithm can be tailored to simulate the adequate values
of ui . The basic idea is to draw values of ui from a candidate-generating density
(user-speciﬁed) and we switch to the candidate value with a certain probability as
previously described.
. Full conditional density of a:
From (9) and (12), the full conditional distribution of a can be shown to be,
ajb; s2 ; g; O; P; y; u*nð^a; AÞ;

ð25Þ

where
"
^
a¼A

A1
0 a0

þs

2

n 
X
i¼1

and
2
A ¼ A1
0 þ ns

1

:

yi þ ui 

x0i b



z0i gi



#
;
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. Full conditional density of b:
Similarly, the full conditional density of b can be shown to be,
^; B ;
b j a; s2 ; g; O; P; y; u*nk b

ð26Þ

where
"
^¼B
b

B1
0 b0

þs

2

n
X

#
xi ðyi þ ui  a 

z0i gi Þ

;

i¼1

and
"
B¼

B1
0

þs

2

n
X

#1
xi x0i

:

i¼1

. Full conditional density of s2 :
For simplicity, we will compute the conditional posterior density of s2 . Given
the prior in (14), it can be shown that s2 is gamma distributed as,
"
#
Pn
2
0
0
n
þ
n
d
þ
ðy
þ
u

a

x
b

z
g
Þ
0
0
i
i
i i
i i
i¼1
;
s2 j a; b; g; O; P; y; u*g
:
2
2
ð27Þ
. Full conditional density of gi ; i ¼ 1; 2; . . . ; n:
Following the same derivation procedure, it is shown that the full conditional
distribution of gi ; i ¼ 1; 2; . . . ; n, is normally distributed as,
gi j a; b; s2 ; O; P; y; u*nk0 ð^gi ; Gi Þ;

ð28Þ

where the mean vector is
^gi ¼ Gi ½s2 zi ðyi þ ui  a  x0i bÞ;
and the variance-covariance matrix is
Gi ¼ ½O1 þ s2 zi z0i 1 :
. Full conditional density of O1 :
With the conjugate Wishart prior for O1 , its full conditional distribution is also
Wishart distributed as,
8
"
#1 9
<
=
n
X
0
O1 j a; b; s2 ; g; P; y; u*wk0 r0 þ n; R1
:
ð29Þ
þ
g
g
i i
0
:
;
i¼1
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. Full conditional density of P:
The full conditional distribution for the shape parameter is given by
(
! )
n
X
ynP a0 1
2
P j a; b; s ; g; O; y; u !
P
exp
ln ui  b0 P :
GðPÞn
i¼1

ð30Þ

This distribution is non-standard but the random variates can be obtained in the
same manner as for ui by using the independence chain Metropolis–Hastings
algorithm.
. Full conditional density of y:
In contrast, the full conditional density of the scale parameter y is of standard
form as,
"
#
n
X
2
y j a; b; s ; g; O; P; u*g c0 þ nP; d0 þ
ui :
ð31Þ
i¼1

Clearly, it is gamma distributed.
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Notes
1. In order to decide whether a coefﬁcient is ﬁxed or random, two referees suggest that we can estimate
various combinations of models and compare them using Bayes factor.
2. Although the setup of Tsionas (2002) is in a panel-data framework, it corresponds to cross-section
data case when the time period is set to be 1.
3. From a Bayesian perspective, the distribution on the random coefﬁcient can be interpreted as the prior
density.
4. Thanks to one referee for pointing out that we might ask too much from the (cross-sectional) data by
asking the data to tell us an inefﬁciency measure for each ﬁrm and different regression parameters for
each ﬁrm. As suggested by one referee, we might want to remind the readers that the models discussed
below are really models with panel data with time-invariant technical efﬁciency and time-invariant
parameters.
5. Note that the distribution in equation (8) can be treated as the prior on the parameters gi in equation
(7) as in a hierarchical model. Note also that we treat the unobserved ui ; i ¼ 1; 2; . . . ; n, as additional
parameters to be estimated along with other regression parameters.
6. For illustrative purpose, we follow the suggestion of a referee to draw 10,000 variates each time from
those priors and calculate the mean efﬁciency. By repeating the procedure 10,000 times, we ﬁnd that
the mean efﬁciency is roughly about 0.8 which might be a reasonable approximation.
7. In addition, a referee suggests that model comparison can be implemented by obtaining the Bayes
factor. Chib (1995) and Chib and Jeliazkov (2001) provide an easy and feasible method by directly
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using the sampled output from Gibbs sampler or Metropolis–Hastings algorithm to calculate Bayes
factor in order to compare a collection of models.
8. I thank one referee for suggesting this approach for model comparison.
9. Given the speciﬁed proper priors, the existence of posterior distribution as well as posterior moments
is proved by Fernandez et al. (1997) and Tsionas (2002).
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