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Abstract

The present paper analyzes the optimal investment strategy in a defaultable (cor-
porate) bond and a money market account in a continuous time model. The
treatment of information on the firm’s asset value is based on an approach unify-
ing the structural model and the reduced-form model. Specifically, the asset value
will be assumed to be observable only at finitely many time points before the ma-
turity of the bond. The optimal investment process will be worked out first for a
small time-horizon with a general risk-averse utility function, then a multi-period
optimal strategy with logarithmic and power utility will be presented using back-
ward induction. The optimal investment strategy is analyzed numerically for the

logarithmic utility.
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1 Introduction

This paper addresses a utility maximization problem of an investor who can invest in a
defaultable (corporate) bond or shortsell such bond continuously over a finite time-horizon.
In order to pose this problem we need to adopt a model for the evolvement of the price of
the bond, the default time, and the recovery value in case of a default. There is an abun-
dance of literature available on this subject. The first work dates back to Black and Scholes
(1973) and Merton (1974). These authors proposed to price a discount corporate bond as a
contingent-claim on the firm’s asset value, which is often assumed to be a (jump) diffusion
process. A default is triggered when the firm’s asset value process first hits a pre-defined
threshold. This approach, called “structural”, has been extended and enriched by other
researchers. For example, Black and Cox (1976) considered the default barriers as a safety
covenant, Geske (1977) developed a model for pricing coupon bonds. In addition, Longstaff
and Schwartz (1995) provided closed form expressions for the price of coupon bonds with a
stochastic interest rate and complex capital structures; Collin-Dufresne and Goldstein (2001)
proposed a model that provided stationary leverage ratios and generalized the Longstaff and
Schwartz (1995) model to a multi-factor case. However, the structural approach is criticized
for its dependence on the complete observability of the firm’s asset value process, which is
arguable from an investor’s point of view. In addition it yields a predictable default time
which is counterintuitive. In practice default always has a bit of a surprise effect, especially

to those who heavily invested in the bond.

Another approach, called “reduced form” was developed in the 1990’s. In these models the



default time has an intensity and thus is not predictable. Typically the intensity is mod-
eled as a function of the state variables, and a default occurs when the cumulative intensity
reaches a unit exponential random variable that is independent of all state variables. The
reader can find several of papers on the reduced form models, including Jarrow and Turnbull
(1995), Jarrow et al. (1997), Madan and Unal (1998), Lando (1998), Duffie and Singleton
(1999). The reduced-form approach yields a totally inaccessible default time, and integrates
very well the techniques developed for the default-free term-structure models. It also yields
relatively simple pricing formulas. However, the introduction of an exogenous exponential

random variable to determine the default lacks economic justification.

Despite the apparent difference between the structural and reduced-form models, researchers
noticed the connection between them and tried to unify the two models by means of infor-
mation reduction. An incomplete list of references consists of Duffie and Lando (2001),
Collin-Dufresne, Goldstein and Helwege (2003), Cetin, Jarrow, Protter and Yildirim (2004),
Guo, Jarrow and Zeng (2005a, 2005b). Jarrow and Protter (2004) comment that the differ-
ence between the two approaches is whether the information regarding the firm asset value
can be observed by the market or not, and that a structural model with a predictable default
time can be transformed into a reduced-form model with a default intensity by information
reduction. Guo et al. (2005a) actually calculate the default intensity in various reduced

information models.

The purpose of this paper is to investigate the optimal investment in a defaultable bond.

While there is a sizable literature on the valuation of defaultable bonds, little work has been



done on optimal investment in such bonds. In our model an investor’s portfolio consists of
a bank account and a discount corporate bond. The investor observes the firm’s asset value
process only at discrete time points, i.e., we adopt the reduced information model. As pointed
out in Guo, Jarrow and Zeng (2005a) this seems to be a realistic assumption, since investors
usually observe the asset value when the firm provides its quarterly reports. The default will
have an intensity process in this case, as pointed out by the same authors. The asset value
process is assumed to follow a geometric Brownian motion, and the bond contract provides
a constant default boundary and a constant recovery rate. Default occurs if the asset value
drops to the level of the default boundary. The bond market is assumed to be frictionless
with no transaction costs, and investors can trade continuously in time. The interest rate is
assumed to be fixed. Meindl and Primbs (2006) consider this problem through the reduced-

form approach, using receding horizon control and a simple binomial optimization technique.

In this paper we derive an optimal investment strategy to maximize the investor’s expected
utility of wealth at a terminal time. The optimal investment process turns out to be con-
tinuous when there is no corporate news coming in, but it has jumps at times of corporate

news release.

The remainder of this paper is organized in the following way. In Section 2 we present the
model of the firm’s asset value process and derive the bond price. In Section 3 we define
the optimization problem of an investor. In section 4 we solve the problem assuming that
the terminal time for the optimization problem is small enough so that after the initial news

release at time zero there is no additional news release before the terminal time. We solve



this optimization problem for general utility functions. In Section 5 we study the cases of
logarithmic, power, and negative exponential utility functions. In Section 6 we discuss the
numerical properties of the logarithmic utility case. In section 7 we generalize our solution
to a multiple period setting allowing an arbitrary number of news releases between the initial
and the terminal times. We use here backwards induction, and present closed-form solutions
for the cases of logarithmic and power utility functions. Finally, we summarize and give

concluding remarks in Section 8.

2 Model for the defaultable bond

Let (2, F, P) be a complete probability space and {F;,t € [0,T]} be an augmented filtration,
where 7' is the maturity time of the defaultable bond issued by a firm. All processes appearing
in this paper will be adapted to the above filtration (though some will be adapted to a smaller
filtration as well). Let {X;, ¢t < T} be the asset value process of the firm and {p;, 7, t < T}
the price process of the bond. We assume that the wealth of the firm can be observed only
at times 0 =ty < t; < ... <t, =T and at the default time 7 if such default happens before
(or at) the maturity of the bond. Suppose that Xy = x is a known constant. We model the

asset value of the firm with a geometric Brownian motion

(21) dXt = /LXtdt —+ O'Xtth, t S T

where {W;, F;; t < T} is a standard Brownian motion, ¢ and ¢ > 0 are known constants.
Let [ > 0 be a constant representing the liabilities of the form. The default time 7 is defined

as inf{t > 0 : X; <[}, i.e., the bond defaults when the asset value reaches the liabilities.



The risk-free interest rate r assumed to be a fixed constant.

The discounted asset value X; = e~ "' X, satisfies
dX] = (p—r)X;dt + o X[ dW,.

We define

(2.2) AW, = dw, + 1 - “at, t<T

and note that by Girsanov’s theorem (Karatzas & Shreve, (1998), Theorem 3.5.1) {/I/Iv/t, t <

T} is a Brownian motion under the probability measure ) that is given by

d@
— =7
dP T,
where
. RY
(2.3) Zt:eXP{—MUTWt—%t}, t<T.

We cast the equations for the asset value and the discounted asset value in the form
dX, = rX;dt + o X,dW,
dX; = o X;dW,

and express X; as

(2.4) X, = zexp{oW, + (r — %2)15}.

The information available to the market is represented by the filtration {G;, ¢t < T'} where

the sigma algebra G, at time t € [t;,t;11) is given by

gt:O-{X07X17~"aX(ti)7Hu7u§t}7



with H; being the indicator function

Ht = 1{7527-}, t S T

In order to compute the arbitrage-free price for the bond we need the distribution of 7 under

(). We express T as

N 2 l
T = inf{tEO:Xtgl}:inf{tZO:aVVt—i—(r—%)tﬁlog;}

= inf{tZO:Wt—i-(Z—z)tgllogl},
o 2

o T

and from Karatzas & Shreve (1998), Section 3.5¢ follows that

QT >t) = (¢, 7, b(x))

where

(2.5) P = g - %

(2.6) b(x) = élogé <0,

and the function 9 (-, -, -) is defined as

(2.7) Yt A\ k) =1— /Ot \/% exp {—%} du.

Clearly under the probability measure P we have

P(r >t) =(t, i1,b(x))

with

(2.8)

=
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We end this section with the computation of the price of the defaultable bond. Suppose that
the face value of the bond (the amount paid at maturity if default did not occur) is one unit,
and F' < 1 is the predetermined recovery value paid at time 7" if 7 <T". We shall apply the

general arbitrage-free pricing formula
e "'pr=e""Eq [Lirory + F - Lirery | G -

Clearly we have

e "plp<y = T Fliap
so it suffices to compute the bond price on {t < 7}. Suppose that ¢t € [t;, ;1) for some
1=0,...,n—1 and let
(2.9) r,=inf{t > t; X; <I}.
On the event {t < 7} the discounted bond e "'p, is given by

G_TTEQ [1{T>T} + Fl{ng} | Xo, ... ,X(ti),t < ’7':|

= ¢ "Eq [l + Flipery | Xo, oo X(6), 8 < 70t < 7]

Q> T | Xopoo o X(ti),ts < 7]+ FQIt <7 ST | Koy, X(ti), ti < 7]
Q[T>t|7’>t“X0,...,X(ti)]

b(X (t:)))

bX ()

(T —t;,7,
¥ (t— f

= ¢ |(1-F)
For brevity we introduce
(2.10) Y(ui,up,2) = (1 = F) v
and summarize our result: for t € [t;,t;41)

(2.11) e o =Ty (t =t T —ti, X () Loy + €7 Flip<y.



This formula holds for ¢t = t,, =T as well. There is a jump of the price at 7 and p, < p,_.
The bond price has additional jumps at times tq,...,t,_1. However, it is left-continuous at

the maturity time 7'.

3 The optimization problem

Let s < T be the terminal time of the investor and m; be the number of bonds held by
her or him at time ¢. All available funds not invested in the bond will be put in a bank
account continuously earning interests at rate r. The number of bonds 7; may be negative
corresponding to shorting the bond. Borrowing at the rate r is also permissible, but we
shall require that the overall wealth of the investor is almost surely non-negative at any time

t € [0, s]. Here are the rigorous details of our requirements concerning investment processes.

DEFINITION 3.1. A process {m;; t € [0, s|} is called an investment process if it is predictable

with respect to the filtration {G;; t € [0, T} and m; = 7, on {t > 7}.

Predictability of the investment process implies that it is also adapted to {G;; t € [0, s]}, so
the investor can base her or his decisions only on the available information. On the other
hand predictability prevents arbitrage at times ¢t = 7 or ¢ = t; when the bond price has
jumps. The assumption that m; is flat on [, 7] (whenever 7 < T') is only a formality. In that
case, formally assuming that the investor holds the defaulted bond is identical to assuming

that all the wealth is put in a bank account earning the continuously compounded risk-free



rate.

Let V; be the wealth of the investor at time ¢t. We postulate that the investor is self-financed,
SO

dVy = mdpy + (V; — mypy)rdt.

This holds on both {7 >t} and {7 < t}. Obviously, it simplifies to dV; = rV,dt if 7 < t.

We can write the discounted wealth V;* = e7"V; (by Ito’s formula) as
(3.1) dV; = e "'y (dpy — rpydt) = midp},

where pf = e "'p, is the discounted bond price. In particular, on {r < ¢} we have

V, = ‘/Te?‘(t—’r)'

DEFINITION 3.2. A function as U : [0,00) — R|J{—oc} will be called a utility function
if it is concave and strictly increasing on [0, 00), twice continuously differentiable on (0, c0),
the derivative function U’(+) is strictly decreasing on (0,00), and the following additional

requirements hold:
(i) lim, . U'(2) =0

(ii) the pseudo-inverse of U’(-) defined as I(z) = inf{u > 0 : U'(u) < z} satisfies 1(z) <

(2™ + 1)K, for some m € N, K7 > 0 and all z > 0.
(iii) If U(0) = —oo then —U (I (z)) < Ky (2™ + 1) for some m € N, Ky > 0, and all > 0.

(iv) If U'(0) = lim, o U'(2) < oo then limy o U” () exists and is finite.

10



The function /(-) becomes the inverse function of U’(-) if U’(0) = co. Otherwise it is strictly

decreasing on (0, U’ (0)) and zero on [U’(0), c0).

The notation V™ will be used for the wealth process corresponding to the investment process
7 whenever we want to emphasize this correspondence. We shall drop the superscript «

whenever it is possible without causing confusion.

DEFINITION 3.3. An investment process will be called admissible if the corresponding

wealth process satisfies V;™ > 0, almost surely, for all ¢ € [0, s].

We shall study the following optimization problem

max {E[U(V])]; = € A}

where A is the class of admissible investment processes satisfying E(U(V;))™ < oo.

The last requirement is included in order to guarantee that E[U (V)] exists.

From (3.1) follows that for every investment process the corresponding discounted wealth
process {V;*, G;;t < s} is a Q-local martingale (Protter (2004), Chapter III, Theorem 29). If
the investment process is admissible, then it is a non-negative local martingale hence also a
supermartingale under @) with respect to the filtration {G;; ¢t < s}. Let Vj = v be the fixed
initial wealth at time zero. The supermartingale property implies that for every admissible

investment process the corresponding terminal wealth satisfies the budget constraint

(3.2) Eq(V:) < v

11



4 Solution to the optimization problem for a small terminal time

In this section we shall assume that s < ¢; (the general case will be discussed in section 7).

The random variable
gs = E[Zs | gs]

will play an important role in our analysis. Note that if YV is a Gs-measurable r.v., then

EQ (Y) = E(Csy)

THEOREM 4.1. Suppose that there exists an admissible investment process {7y, t < s} such
that the corresponding wealth process {‘//\;,t < s} satisfies V, = I(y(s) for some constant

y=y(s,z,v) >0 and
(4.1) Eo(e ™V,) = v.

Then the investment process w is optimal.

Proof. First we show that E {(U (‘Z)) } < oo. This is obvious if U(0) > —oo so we

assume that U(0) = —oo, in which case by item (iii) of Definition 3.2

E {(U (V))] = —E[UI (yG)) Lwawe)<oy] < B [K (y" ¢ +1)].

This last expression is finite since by Jensen’s inequality

12 )= BB 61" < B2 = e {mlm -} < o

202

12



Next we are going to show that 7 is indeed optimal. By the concavity of U(-)
U(l(c)) >U(a)+[I(c) —a)e foralla>0, c>0

thus

where Vj is the terminal wealth corresponding to an arbitrary admissible investment process.

After taking expectations we get
E[v ()] 2 B0 () +E [y, (7. - v3)].
Both V, and V, are G,-measurable, hence by (4.1) and (3.2) we have

E[U(V,)] - E[U(V,)] 2 yE[C(Vs = Va)] = yEq(Vi — Vi) = ye"[v — Eq(Vy)] 2 0. O

In the rest of the section we shall identify the investment process 7 characterized in the

above theorem.
LEMMA 4.2. There ezists a unique constant y = y(s, z,v) > 0 such that Eq [e""*1(y(s)] = v.

Proof. The function &(y) = e "*I(y(,) is continuous and decreasing on (0, c0), satisfying
lim, ¢ &(y) = oo and lim, .« &(y) = 0. The Monotone Convergence Theorem implies that
lim, o Eqgle "1 (y(s)] = oo. Next we show that lim, .. Egle™"*I(y(s)] = 0 and the function
y — Egle " 1(y(s)] is continuous. Both properties will follow from the Dominated Conver-

gence Theorem once we established Egle "1 (y(,)] < oo for every y > 0. However, by item

13



(ii) of Definition 3.2
Eqle " 1(y¢)] < e Eol(y ¢ "+ DK ] = e Ky (y "E[(7"] + 1),

and (4.2) demonstrates that this expression is finite (we have to replace m in (4.2) with

(1 —m). O

Next we are going to represent the optimal terminal wealth in the form

(43) [<st) =a- 1{s<7—} + 6(7—) ’ 1{327}

for some deterministic function 5(t) = 5(¢, s, z, v) and non-negative constant & = (s, z,v).In

order to simplify the notation we shall write b instead of b(x).

LEMMA 4.3. In the previous expression for I(y(s), we have

(4.4 B(t) = 1 <ye“ (1)>

where L = (r — p)/o?, K= (u+r—0*)(u—r1)/(202), and
B (s, 7,b)
(4.5) a=1 (y—s p ) :

The constants i, 7, b = b(z) and ¢ have been defined in (2.8), (2.5), (2.6), and (2.7). The

constant y = y(s,x,v) is the one implicitly determined by Lemma (4.2).

Proof. From (2.2), (2.3), and (2.4) follows that

(4.6) Zy = el (X?)L

14



X, is a Markov process, hence for all t < s

X, \"*
ElZ;|T=t = E eKS(?) X, >l Yu<t, Xt:l]

I L

.

Xi=l

T

where the last identity follows from the fact that the process {eK ¢ (&)L ,t<T } is a mar-

tingale (see (4.6)).

If 7 > s then

It follows that

which completes the proof. 0

LEMMA 4.4. The constant y = y(s,z,v) is determined by

e {aw(s,f, b) — /Os B (t, T, b)dt} =,

where 1’ is the derivative of 1 with respect to the variable t.

15



Proof. We have

v = Eqle™I(y6)]
= gl Ty + H(7) - Ly
= aQ(r> )+ [ sl e i)
— rfavts b = [ B

hence the lemma follows. O

We are going to search for the optimal investment process in the form
(4.7) e = h(t)Lp<ry + h(7)1ir<ny

for some continuous function h(t) = h(t,s,T,x,v). In the following theorem we shall iden-
tify this function. Note that if U’(0) = oo then §(-) is continuously differentiable on (0, c0)
since U(-) was required to be twice continuously differentiable on (0,00). However, if
U’(0) < oo then there may exists a point ug such that 3(-) is continuously differentiable
on (0,ug) U (ug, 00), but has a breakpoint in ug. Let () be the derivative of 3(-) with the

understanding that if 3(-) has a breakpoint in wuy then ’'(ug) is arbitrary.

THEOREM 4.5. The optimal investment process is determined by (4.7) where h(t) is con-
tinuous on [0, s] and is given by h(t) = h(0) + fg h'(u)du,

e’ w—e3(0)  v—ep(0)

(48) h0) = 1—-F O(T,7,b) py—e"TF’
iy T (D) g'(t)
(4.9) WO =—3—F WD) == —etap

16



Proof. Tt is clear that the above defined function A(-) is either included in C*((0,00)) or in
C((0,ug) U (ug, 00)), similarly to 8(-). We are going to show that even in the second case
h(-) is continuous in ug. Suppose that indeed we are in the second case, so U'(0) < co. We
need to show that the expression defining A'(¢) on the right-hand side of (4.9) has finite left
and right limits in ¢ = uy which amounts to showing that both limy,, 5'(t) and lim,,, 5 (¢)
are finite. By (4.4) breakpoint ug is determined by

I\

yexp{Kup} (5> =U'(0).

If the above equation leads to a nonpositive value for uy then we are in the case of h(-)
being in C*((0,00)), so we assume that this equation yields a positive uy. In the following

calculation we shall assume that K > 0; the complementary case can be covered in a very

similar fashion. For the left limit

‘ ‘ ) K=z . KU'(9)
lim 3'(t) = lim KI'(z)z= lim ———— =1
0 = fiy KT = W (1 ) =08 Ty

and this is finite by the last requirement of Definition 3.2. For the right limit
limf'(t) = lim KI'(z)z =0,

tluo z|U'(0)

so we established the continuity of A(-) on [0, s).

In the remaining part of the proof we are going to show that 7 satisfies
(4.10) eV, = +/ midp; .

0
Formula (2.11) for the case of t € [0,;) gives

(4.11) e o= ey () Ly + €7 Flir<y,

17



where we use v(t) = v(t, T, z) for the sake of brevity.

We separate two cases:

Case 1: 7 > s. In this case (4.10) is equivalent to
(4.12) e a=v+e T / h(t)y (t)dt
0
Case 2: 7 =u < s. Now (4.10) is equivalent to
(4.13) e " Bu) =v+e T /“ R(t)Y (t)dt + h(uw)e”™ F — e ™ y(u)]
0

We shall work on case 2 first. We already established that h(-) is continuous, so (4.13) holds
if it is true for u = 0, and the derivatives of both sides in every point u # u, are identical.
Naturally if both sides are differentiable on (0, 00) then we disregard the u # ug condition

in the previous sentence. Taking derivatives of (4.13) with respect to u we get

e (u) = W (u)le " TF — e~ Ty(u)] = —h'(u)e~"T(1 - F)—ig - 2’))

which follows from (4.9). In addition, (4.13) with u = 0 follows from (4.8) and the definition

of ().

Next we consider case 1. Let 71(t) = e "Tv(t) — e”"T F. By integration by parts, we have

o~ /OS h(t)y (£)dt = h(s)71(s) — h(0)y(0) — /8 W ()7 (t)dt.

0
In order to show that (4.12) holds for h/(t) specified in (4.9), we substitute (), (4.8) and

(4.9) into the right-hand side of the above equation after which it can be simplified to

et /08 h(t)y (t)dt = ﬁ [v +e7" /08 w'(u)ﬁ(u)du} — .

18



We apply Lemma 4.4 here, and it is straightforward to see (using another partial integration)
that the right-hand side of the above expression is exactly e "*a — v, which implies (4.12).
Note that the partial integrations above are correct even if h(-) and (3(-) have a breakpoint,

because both functions are continuous. ]

REMARK 4.6. Notice that h(-) is linear in 1/(1 — F'). Another interesting feature of the
optimal investment process is that the terminal wealth V, = I(y(s) does not depend on the

maturity of the bond T'.

5 Examples

In this section we shall investigate some special utility functions.

A. Power and logarithmic utilities.

Suppose the utility function is

%c‘s, if 0 <1 and d # 0;
(51) U5(C) =

log ¢, if 9 =0.

In this case U(c) = ¢! and I(u) = us1 for all § < 1.

19



By straightforward substitution

V0o, 7)
% I\ L/6-1)
— /=D _— -
o) = e { e (1)
eT g — e rayl/G-1) (L)L) (6-1)
h — T
0) = =% (T, 7. )

The optimal terminal wealth is determined by the above formulas for a, 3(t), and (4.3). By

Lemma 4.4 we have

yl/(é—l) — "0 (w (S,f, b))% (w (S,/l, b))—ﬁ . /S exp {6—I(1t} (é) o1 '[b/ (t,f,b) dt]
0 _

For the utility function given in (5.1) we use the notation hs(-) instead of A(-), and with an

eye on future developments we also write hs(t,s,T,v,z). We summarize the above results

in the following theorem.

THEOREM 5.1. The optimal investment process for the above utility function is determined

by

(5.2) hs(0) = hs(0, 8, T, v, ) = %A(s, T, z)

(5.3) Bt = Lhy(t 5. 7o 2) = ——B(t, 5, T, )
: 8 _815 s\, S, 4,0,T _1—F ,8,4,T

where A(s,T,xz) and B(t,s,T,x) do not depend on v or F. These functions are given by the

following formulae:
A(s, T,x) = Cy (T, x) {1 — ¢(s,x) (é)é—l}

20



and

o(s,) = {w (5,7, B)) 2 (3 (5, 1, b)) — 802<t,x>w'<t,f,b>dt}_ |

0

An itmportant feature of this optimal investment process is that it is linear in the initial wealth

V.

In the case of log utility (6 = 0), ho(0) and hy(t) can be greatly simplified because

Eqle " 1(y(s)| = v implies e /y = v. Thus,

(54)  ho(0) = ho(0.T,0,0) = - w<T€; e [1_ (é)_ ]
, 0 W e’ 3 ("
(5.5)  hy(t) = aho(t,T,v,w) =T %" w(T,f,b(x))¢(t’r’b(x))K6 (E)

It is worth noting that in this case the optimal investment process does not depend on s.

Next we calculate the value function of our optimization problem for the power and loga-

rithmic utility function, i.e., the maximal expected utility from terminal wealth

Ws(v,z,8) = FE [U5 <Vs)] :

21



THEOREM 5.2. For all 6 <1, § # 0 the value function is

L s
(5.6) Ws(v,z,s) = Ds(x,s) - 50
and for 6 =0 it is

(5.7) Wo(v,z,8) = Dy(z, s) + logv.

where

and
Dol ) = s — (s, i, b Tog L5 (4 s b)) Tog [ L+/8 Kt/ (t, i, b)dt
0\ ez gw<3;,&/,b ez g T 0 y s
Proof. This is an immediate consequence of (4.3), (4.4), and (4.5). O

B. Negative Exponential Utility.

Not every utility function implies a linear relationship between the optimal investment pro-

cess m and the initial wealth v. Negative exponential utility provides a counterexample.

Suppose an investor has the utility function of Uy(c) = —e~% with § > 0, ¢ > 0. Then we
have Uj(c) = fe=% and I(u) = (1/6) [log(6/u)]". We define the intervals Ny = (O, 0 (l/z)7L>,

Ny, = (O, fe K1 (l/x)_L> and N3 = (0, 0v¢(s, fi,b)/9(s,7,b)). It is straightforward to show
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that

H0) = T [“‘%S'h“(y)'k’g (“’(9)]

(&
1— r
erT
(1 — F)w(T,f, b) 'w(tvﬁb) ’ K- 1N2<y)

—Trs

0

e

According to Lemma 4.4 we have an implicit representation for y in the form of

v = % {1N3(y) (s, 7, b) log (%) . /0 1Y) - 0L ) log (96;& (é) L) dt} .

Unfortunately, the dependence of the right-hand side on y is complicated hence there is
no simple way to extract y in order to write down a closed form expression. Lemma 4.2
guarantees that a unique y > 0 satisfying the above identity exists. However, the optimal
portfolio process m cannot be linear in the initial wealth v, unlike in the case of the power

and logarithmic utility functions.

6 Numerical analysis for the logarithmic utility function

The logarithmic utility function is an important case worth further discussion, because max-
imizing the expected logarithm of the terminal wealth of an investor amounts to maximizing
the expected return rate of her or his portfolio. In addition, the optimal investment process,
given in (5.4) and (5.5) has a particularly simple form; it is linear in the initial wealth v,

and does not depend on the terminal time s.

Identity (5.4) clearly implicates that an optimally behaving investor equipped with the log-
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Plot of Optimal Investment Process h(t) vs t
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Figure 1: Case 1: g >r and 02 > p+7, [/x = 0.5, K and L are close to 0.
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Figure 2: Case 2: p > r and 02 < pu+ 7, [/x = 0.5, K and L are close to 0.
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Plot of Optimal Investment Process h(t) vs t
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Figure 3: Case 3: u <r and 02 > p+ 7, [/x = 0.5, K and L are close to 0.
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Figure 4: Case 4: pu < r and 0? <+, [/x = 0.5, K and L are close to 0.
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arithmic utility function takes a long position in the bond at time zero if © > r, and a short
position otherwise. The sign of the increment depends only on the sign of the constant K
(see (5.5)). In Figure 1 through Figure 4 we show a plot of hg(-) in a typical example for
each of the following four cases: case 1, u > 7 and 02 > p+r; case 2, u > r and 02 < pi +7;
case 3, u < r and 02 > pu+r; case 4, u < r and 0? < pu+ r. For the purpose of illustration,
we set v = $10,000, T'=5, F' = 0.4, [/x = .5. Various values of y, r and o are listed below
the corresponding graphs. We plotted the graph of h(-) on the time horizon [0,.25] since

there are usually quarterly announcements of the firm’s asset values.

We are going to interpret case 1 and 4 (Figure 1 and Figure 4 respectively). In case 1, the
investor decides to buy the bond at time zero, because the firm runs well in the sense that
it provides high expected asset return (u > r). However, the firm’s performance is volatile
in the sense that o is relatively high (02 > u + r), so a risk-averse investor reduces her or
his position over time. In case 4 the investor shorts the bond at time zero since the firm is
running poorly (4 < r); in addition, the firm’s performance is relatively stable (6% < p + r)
so the firm’s asset process is not driven much by the diffusion component in (2.1). In other
words, the firm tends to underperform consistently, which implies a high probability of de-

fault, so the investor continuously shorts more bonds.

As shown in the illustrations, in various scenarios the graph of the function h(-) is almost
linear. In the four cases illustrated in Figure 1 through 4 the absolute value of K is small,
hence the almost linearity of the graphs. In Figure 5, the absolute value of K is relatively

large (K = 9.99), but L = —72 is negative with a large absolute value which makes the graph
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almost horizontal. There is some curvature in the case illustrated in Figure 8, where L is a
large positive number and | K| is large. In this case our optimal policy requires shorting the
bond at time zero at an astronomical level, which is quite intuitive considering that the drift
i = —.15 drives the asset value down fast. However, shorting that many bonds is clearly
not realistic, and one can conclude only that the investor ought to short as many bonds as
possible (presuming that there is a buyer for such bond). Finally, h(-) has a strong curvature

if we select the debt ratio very large (I/x = .95), as illustrated in Figure 6 and 7.

In addition to the case depicted in Figure 5, even in cases illustrated in Figure 1 through 4
the rate of change of the portfolio is very small. Taking Figure 2 as an example, the investor
purchases only about 76 additional bonds (after an initial purchase of 5,735 bonds) within
a quarter of a year, buying roughly 1 bond a day. Over the period of a quarter of a year the
investor increases her or his holdings by only a bit above 1% of the initial holding. In many
realistic scenarios keeping the investment process at the constant level of hy(0) is almost

optimal, and has the advantage that transaction cost can be reduced significantly.

Another question that we consider is whether an investor would switch from holding long
positions to holding short, or the other way around. We shall show that such switches are
rare due to practical constraints. It can be seen from (5.4) and (5.5) that such switch occurs
only if 02 > p+r. We first consider the case of > 7, which implies the investor starts with

a long position (ho(0) > 0) and reduces her or his position over time (K < 0 and hy(t) < 0).
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05 x 10° Plot of Optimal Investment Process h(t) vs t
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Figure 7: p < r and I/x = 0.95, K and L are far from 0.
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Figure 8: p < r and l/z = 0.5, K and L are far from 0.

29



Clearly, the necessary condition of observing ho(t) < 0 for some ¢ < .25 is

AN N —Ku N
1— (5) + K (E) /o e “Mi(u, 7, b)du < 0.

Since 0 < 9(t,7,b) < 1 and t < .25, the above condition implies

I —L
1— (= 67.25><K <0
T )

T

which gives

In the case of 1 < r, the exactly same necessary condition is concluded.

The right-hand side of the above expression decreases in o, so the higher the asset volatility
is, the more likely we observe a position switch. However, even for a very large volatility the
debt ratio [/x must be very large in order to observe a position switch within a quarter of
a year. For example, suppose that © 4+ r > 0 and the volatility is as large as 0 = .5. Our
necessary condition for a position switch becomes [/z > exp{—% X .5?} = .97. However,
in this case the bond (presumably having a very low rating at this point) is a nuance away

from default, and very likely will default before such position switch would take place.

7 Solution for the case of large time-horizon

In this section we allow the terminal time s to be an arbitrary time point between zero and 7.

A. Logarithmic utility

30



Here we consider the case of U(v) = logv. We shall proceed by backwards induction, and in
order to do so we have to consider initial times other than zero. Suppose that the present
time is t; < s for some index i, the asset value of the corporation has just been announced to
be X(t;) = x, and the current wealth of the investor is V' (¢;) = v. Also assume that default
did not happen yet, i.e., 7 > t;. Let P! be the conditional probability measure given that
X(t;) =z and 7 > t;, and let E"* be the corresponding expectation. We shall now adapt
the notations in the previous sections to this situation. The asset value of the corporation
X; now satisfies diffusion (2.1) with initial data (t;,z), and 7 = 7; since we assumed 7 > t;
(1; was defined in (2.9)). The wealth V[ (¢;,v) at time u corresponding to an investment

process m and to wealth v at time ¢; is determined by the equation

efruvuﬂ-(ti’,w — efrti,u +/ Wtdp: .

(ti 1“‘]

Let A®(v,2) be the class of investment processes such that V. (t;,v) > 0, a.s., for all

u € [t;, s] and E%* [(log VT (t;,v))” ] < co. The value function at time ¢; becomes

Wy (v, 2) = sup {E* [log VI (t5,0)]; 7 € AD (v,2)}

Suppose now that the present time is “just before” ¢; for some ¢; < s (in the case of s = T we
consider only ¢; < s), so our information is represented by G(¢;—). In this case the information
concerning the asset value of the corporation can be summarized as X (¢t;_1) =z, 7 > t;. To
reduce the burden of notation, let P%~® be the conditional probability measure given this
information, E"~* be the corresponding expectation, and suppose that V(t;—) = v. It is

important to note that x in this case corresponds to the asset value at t;_; due to the discrete
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nature of corporate news. The wealth V™ (t,—,v) at time u corresponding to an investment

process 7 and to wealth v at time ¢;— is determined by

e”""Vu’r(ti—,v) — efrtiv +/ Wtdp;: )

[ti 7“}

Notice that in the above calculation the discounted gain, represented by the integral on the
right-hand side, is calculated on the closed interval [t;, u], so gains or losses derived from the

jump of the default bond at time ¢; is included in the wealth at time wu.

Let A®7)(v,z) be the class of investment processes such that V" (t;—,v) > 0, a.s., for all

u € [t;, s] and B~ [(log V[ (t;—,v)) | < oo. The value function at time ¢;— now becomes

W (w,2) = sup {E“ log VI (t;—,v)]; 7 € AW (v,2)}

Let j be the index for which t; < s <.

THEOREM 7.1. For all 0 < i < j there exist functions ¢;(z) and & (x) such that

(7.1) W()(i)(v,x) = logv + ¢(x)

(7.2) Wi (v, 2) = logv+ &(x)

where the functions c;(x) and ¢é(x) do not depend on v, but both may depend on s — t;,
tisn—ti , tigo—ti, ..., t; —t;, T —1;, and ¢(x) may in addition depend on t; —t,_y as well.

Wo(i_)(v,x) has the form given in (7.2) even if s =t;+1 <T andi=j+ 1.

Proof. In this proof we shall assume that s # ¢;;; (the complementary case can be covered

with a minimal modification of this proof and will be omitted). We are going to proceed by
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backward induction. In step 1 we show that (7.1) holds for i = j, in step 2 we show that
(7.2) holds assuming that (7.1) holds, and finally in step 3 we shall show that (7.1) holds

with i replaced by i — 1 provided that (7.2) holds.

Step 1 follows from (5.7) since
W (0, 2) = Wo(v, 2,5 = t;),

which by (5.7) indeed gives the form required by (7.1).

We continue with step 2, i.e., assume (7.1) and show (7.2). By the dynamic programming
principle

Wéi_)(v, x) = sup {Eti_’x [Wéi) (ViT (ti—,v), X (tz))] }
where the supremum is constrained to investment processes such that V;"(¢;—,v) > 0. Notice
that this is a non-stochastic one-dimensional maximization problem, since we are maximizing
with respect to m(¢;) which, by the predictability of 7 can not depend on X (t;), so it is non-

random under P%~*. By our assumption (7.1) the above identity can be written as
Woif)(v, z) = sup {E" " {log V[" (t;—,v)] } + B [¢; (X (8))] -
Let 7(t;) = A. By (2.11) the above can be written as
W (v, 2) = sp {E [log {v 4+ Ae " T [y (0,7 = t;, X (t;)) — v (t; — t;i1, T — t; 1, 2)]}] }
HE T [ (X (6:))]
with the constraint that

v AT [y (0, — £, X () — v (t — tioy, T — iy, )] 20, P77 —as.
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By 7 > t; the support of X (t;) is (I, 00), so by Lemma A.2 in the Appendix our constrains
can be written as

(73) U+ )\eir(Titi) [1 - (tl — tifl, T — tifl, .CL’)] Z 0

(74) v+ )\e_T(T_ti) [F -7 (tl — ti—l) T — ti—17 .T)] Z 0

(we must consider both constraints because A may be negative when the investor shorts the

bond). These become

—U
7.5 A > r(T=t:)
(7.5) - 1—7(751—%71,77—@'717%)6
(7.6) A < Y o (T—t:)

y(ti—ti, T —tiq,x) — F

We conclude that 7(¢;) = A is the solution of the (deterministic) maximization problem
(7.7)  sup {E" " [log {v+ Ae 7T [y (0,7 — t;, X (t:)) — v (t: — tic1, T — ti1, 7))} }
A

subject to constraints (7.5) and (7.6). The expression that we are maximizing is a strictly
concave function of A\, hence it achieves its maximum over the compact interval determined by
the constraints at a unique point. Due to the linearity of the constraints with respect to v and
to the algebraic properties of the logarithm function the point where the maximum is achieved

is a linear function of v. Let this maximum point be vA(z) = vA(z, t; — ti1,..., T — t;_1).

It follows that
WS (v, 2) = logv+Ef = [1og {1 + A@)e T [y (0,7 — t1, X () — v (b — iy, T — tiy, g;)]}]

HE T [o; (X (t:))]

which is indeed the form required by (7.2).
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In step 3 we are showing that Wo(ifl)(v,x) satisfies (7.1) with ¢ replaced by ¢ — 1 provided

that (7.2) holds. By the dynamic programming principle we have

WV (w, z) = sup {Eti*l’x [Wéif) (Vi (tia,v) ’x)”

i—

where the supremum is taken for admissible 7’s. However, by (7.2) and (5.7) this can be

cast into
W()(Fl)(v, x) = sup { E" " log V["_(t;—1,v) } + &(2)
=logv + Do(x,t; — t;_1) + ¢&(x)
which is indeed the form required by (7.1). O

For the purposes of writing down the optimal investment process recall the function ho(t, T, v, x)
from (5.4) and (5.5). Also recall that the function A(x) is defined so that (7.7) achieves its
unique maximum at A = vA(z), subject to constraints (7.5) and (7.6). In other words, A(z)

is the point where (7.7) achieves the supremum under constrains (7.5) and (7.6) with v = 1.

THEOREM 7.2. At a timet < s such thatt € (t;,t;11) for some i < j the optimal investment
18

Telrsy = ho(t — 6, T — 1, V(t), X (1)) 1 r>0y-
This formula is correct for t =0 as well with the selection of t; = 0. Additionally, this gives

the value of the optimal investment process at time t =T if s =T in which case i =n — 1.

For all v < j the optimal investment process at time t; is
(7.8) A(t) U rsty = V(LA X (ti1)) Lty
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This is correct for i = j+1 as well if s =t;11 <T.

Proof. This follows from the theorem 7.1 and its proof. In the case of s = T" we have to

consider the fact that the bond price is left-continuous at the maturity time 7. U

REMARK 7.3. An interesting feature of the logarithmic utility function is that the optimal

1mvestment process does not depend on the terminal time s.

For the actual computation of \(z) we need the conditional distribution of X (;) given that

X(t;—1) =z and 7 > t;. This is given in Lemma A.3 in the Appendix.

B. Power Utility

In this subsection, the utility function is assumed to be the power function with parameter
d < 1,0 # 0 given in (5.1). Since the results are essentially analogous to those in section A,

we shall only state the main results and outline the proofs without providing details.

Define the value function for the power utility similarly to section A, i.e.,

i) = sup { B0 | (V7 o)) | 7 € A9 |
and
Wi (v, x) = sup {Eti_’x E (Vsﬂ(ti—,?f))é] ;) TE A(i_)(”vx)} '

Recall that j is the index for which s € (¢;,¢;41].
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THEOREM 7.4. For all i < j there ezist functions cs;(x) and ¢s5;(x) such that

; 1
(7.9) Wi (v, z) = Své-cw(z)
. 1
(7.10) Wy (wz) = 305'55,1'(@

Wéii)(v,x) has the form given in (7.10) even if s =t; 41 <T andi=j+ 1.

Proof Outline. Step 1. We assume that s # ¢,;.1. From (5.6) follows that
; 1
W (v, 2) = Ws(v, 2,5 —t;) = Ds(x, s — t;) - gva.
Therefore,

(7.11) csj(x) = Ds(z,s — t;).

Step 2: Assume that (7.9) holds. By the dynamic programming principle
Wi (w0, ) = sup { B (W (V7 (60, X ()] }

(7.12)

5

1
= sup {Et”” {— (U + eI [ (0,T — t5, X (&) —y(ti — ticy, T — ti1, )] )

5 cssX(0)|

where A = 7(t;). Here the supremum is taken over all \’s satisfying the admissibility con-

strains of (7.5) and (7.6).

The expression after the sup on the right-hand side of (7.12) is a strictly concave (deter-

ministic) function of A\, therefore the supremum over a compact interval is achieved at a
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unique point. In addition, the point where the supremum is achieved is a linear function of

v. Denote by A(x) the function such that the supremum is achieved at A(z)v. Now we have

W(s(i_)(v, x)

4

1 ~
=5VE" {(1 F AT (0.7 — 1, X(8) ~ 1t~ o T —ti1.2)] )

cos(X (1)
which is indeed of the form required by (7.10), with
(7.13)

Csi(z) =E- " [(1 + S\(x)e_r(T_ti) V(0,7 —t;, X(t;)) = v(ti —tic1, T — ti1, 1) >§C(5,i(X(ti>):| .

Step 3: Assume that (7.10) holds. Using again the dynamic programming principle we can
show that

- 1
W 00) = 300 Dl = ) 50

where Ds(-,-) is given in (5.8). It is clear that
(714) 657,‘_1(5B) = D5($, ti — ti—l) . 55,2'(113').

O
In order to compute the optimal investment process, we have to calculate the functions ¢s;
for all = 1,2,...,n — 1. This makes the power utility much more computation extensive

than the logarithmic utility. The computation can be done by backward induction using

(7.11), (7.13), and (7.14).

The optimal investment process for ¢ € (¢;,t;,1) such that ¢ < s is given by

ﬁ-tl{7>t} = hé(t —li, 5 — U, T — ti, V<tz)) X(tl>>1{7>t}7
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where the hs function is determined by (5.2) and (5.3). This formula is correct for ¢ = 0 and
t =T as well (the latter is relevant only if s = T'). In the case of ¢t = 0 we select ¢; = 0, and
in the case of t = T we select i = n — 1 (for the t = T case keep in mind that the bond price
is left-continuous at 7T"). For all 1 < i < j the optimal investment process at time ¢; is given
by (7.8),where now 5\(95) is the unique point where the supremum on the right-hand side of
(7.12) is achieved, under the constraints (7.5) and (7.6), and with v = 1. This is correct
fori = j+1aswellif s = t;;1 <T. In order to compute ;\(x) we need the conditional
distribution of X (¢;) given that X (¢;_1) = x and 7 > ¢;, which is calculated in Lemma A.3

of the Appendix.

8 Conclusion

The major contribution of this paper is deriving the optimal investment in a defaultable
zero coupon bond assuming a discrete information flow concerning the firm’s asset value at
specified time points. The methodology we present here can be applied to general utility
functions. For the logarithmic and power utility functions we presented closed-form ex-
pressions for the investment strategy, which can be easily implemented. As an important
example, we numerically analyzed the strategy for an investor who wants to maximize her
or his expected return rate. We observed that under various reasonable parameter settings
the investor changes her or his bond position very slowly between successive news releases,
and most of the changes in the optimal portfolio happen “just before” and “just after” each

news release.
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Appendix

LEMMA A.1. For all k < 0, we have the following alternative formula for :

(A.1) Dt A K) = D (—% + A\/E) _ PG (% + A\/¥>

where ® is the standard normal distribution function.

Proof. The right-hand side converges to 1 as t — 0, and it is straightforward to show that

its derivative with respect to t agrees with that of the right-hand side of (2.7). O
LEMMA A.2. For all u > 0 we have sup,;v(0,u, z) =1 and inf,~; y(0,u, z) = F.

Proof. From the definition of v(0,u, z) in (2.7) immediately follows that F' < ~(0,u,2) <1
and v(0,u,l) = F. Next we show that lim, .., y(0,u,z) = 1. By (2.7) it suffices to show

W(t,7,0(2)) — 1, as z — co. However,

G, Fb(2) = Qr >t | Xo = 2] =Q( inf W, +7u> b(z))

o<u<t

which indeed converges to 1 since lim, .., b(z) = —oc. O

LEMMA A.3. Fori = 1,2,...,n — 1 the conditional distribution of X(t;) given that

X(ti1) =z and T > t; is given by

@(thi - ti—hx)? ZfZ > l;'
P[X(tl) >z | X(tz—l) =z, T> tz] =

1, if z <.

40



where

o(2,t,7) = (b(t, i, b)) {@ (L 1og§ + WZ) e (L log ;—i + ﬁﬁﬂ .

oVt oVt

Here b= b(zx) given in (2.6) and ® is the standard normal distribution function.

Proof. The case of z < [ is straightforward so we only consider the case of z > [. By the

time homogeneity of X;, we have
P[X(tz> >z | X(tz_l) =X, T> tz] = P[X(tz _ti—l) >z | Xo=2a, 7> tz_tz—l]

For brevity, we use t = t; — t;_1, so the above probability is equal to

PX;>z, 7>t]| Xy =1
Pt >t | Xy = 1] '

(A.2)

The denominator is ¢(t, &, b(z)) with b(z) given in (2.6); we need to compute the numerator.
Let Y; = W, + ft, then log X; = logz + oY; and 7 = inf{u > 0 : Y, < b}. Let Q; be a

probability measure, equivalent to P, given by

d _ ~2 ~ ~2
% = exp {—th - %t} = exp {—MYt + %t} ;

and FE; be the corresponding expectation. From Girsanov’s theorem (Karatzas & Shreve,
1998) follows that {Y,;u <t} is a Brownian Motion under ;. The numerator of (A.2) can

be written as

P

1 z . fi?
Y;‘, > glOg Ev T>1 = Et 1{7‘>t, Yt>%log§} eXp 'LLY;/ o ?t '

Let v/ = %log Z. We assumed 2z > [ so we have b’ > b. The above expression is equal to

:&’2 /12
E, [hm} exp {/fm - ?tH ~E {1{@, it} €XD {m - EtH
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By straightforward calculation the first expectation in this expression is

1 T
o1 _+~¢z).
(a\/f gz u

In order to evaluate the second expectation, we apply the reflection principle. We reflect Y
on the level b < 0 after 7, and denote the reflected process by Y which is also a Brownian
motion under @);. Then Y; = 2b — Y; on the event {T > t}, hence the second expectation

becomes
~ ji2
E, {tht’ V,<2b_tyy €XP {[L(Qb -Y) — 71&}]
Since 2b — b’ < b, this is
~ i
[ [1{17t<2b—b/} exp {ﬂ(% -Y) - 775}] ;
which can be easily seen to be equal to

_ 1 2
ezb“(I)( lo —+ \/—>
Ry g M

O
REMARK. Ezpression (A.1) for verifies that the conditional distribution function computed

i the above lemma is continuous at z =1 as expected.
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