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A. Online Appendix of “Optimal Multiperiod Pricing with Service Guarantees”
A.1. Appendix to Section 3

Proof of Lemma 1  First note that we can add the constraint 0 < p <1 to the problem without loss of optimality,
since customer valuations are bounded by 1. Consequently, it follows that for a given fixed ranking R, the set of
consistent and feasible prices defines a closed and bounded set. Since the objective function is continuous in prices
(for a fixed ranking), we conclude that optimal prices exist for any given ranking R. By maximizing over the finitely
many possible rankings, we conclude that an optimal solution of OPT-2 exists.

For the second claim, observe that if p is a feasible solution of OPT-1, then (p, R°(p)) is a feasible solution of OPT-
2 with the same objective value. Thus, the maximum of OPT-2 is an upper bound on the supremum of OPT-1. Given
an optimal solution (p*, R*) of OPT-2, and any € > 0, p* + eR* is a feasible vector of prices that is consistent with the
ranking R*, and hence (p* + eR*, R*) is a feasible solution of OPT-2. This is because, if R} < R}, then p} < p},, and
consequently p; + eR; < p;, + €R},. Moreover, this inequality also implies that in p* + eR* no price is repeated, and
hence the only consistent ranking with this price vector is R*. This implies that R* is the customer-preferred ranking
corresponding to p* + eR*, and thus this price vector is feasible in OPT-1 with the same objective value. Since the
objective of OPT-2 is continuous in prices for a fixed ranking R*, the value of (p* + eR*, R*) approaches to that
of (p*, R*), as € goes to 0. Thus for € > 0, p* + eR* is a feasible solution of OPT-1, value of which converges to
maximum of OPT-2 as e goes to 0. Since maximum of OPT-2 is an upper bound on the supremum of OPT-1, it follows
that these values are equal, and p* + e R* converges to the supremum of OPT-1, as claimed.

If p is an optimal solution of OPT-1, then its value equals to the supremum value. However, as explained earlier this
value equals to the maximum of OPT-2, and (p, R(p)) is a feasible solution of this problem with the same value.

Thus, the claim follows.

A.2. Appendix to Section 4

Proof of Proposition 1  Since the valuations are bounded by 1, it is not beneficial to set a price above 1. Now,
suppose (p, R) is a feasible and consistent price ranking. Let p’ be the price vector such that p, = max{pas,p:}.
We claim that (p’, R) is both consistent and feasible. For consistency, note that if R, < R, then p, < p,,. Hence,
max{pas,p:} < max{py,py }. Therefore, (p’, R) is consistent. Moreover, because we have (weakly) increased the
prices, it is a feasible solution. Finally, observe that the revenue obtained from (p’, R) is at least equal to the revenue of

(p, R). The reason is p,(R) does not change, but the uncapacitated revenue function, p(1 — F(p)), increases. Namely,
> p (1= F(p)p(R) <Y pi(1—F(p;))pe(R).
t t
since by definition p,, maximizes p(1 — F'(p)). Therefore, starting from a feasible solution, we can construct another
one with weakly better objective value, where all prices are weakly above p,,, thus the claim follows.

A.3. Appendix to Section 6

LEMMA 6. Let A" be the population matrix with elements a;’; and AV be the population matrix with elements a .

Then, OPT-4 is equivalent to:

T
D AF
aomax ;pz (e, R, A”)
s.t. D, (p,, R, AY) < cf forallte {1,...T} (OPT-R)

R, <Ry = p, < py forallt,t' €{1,...,T},
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Proof of Lemma 6:  The function D, (p;, R, A) is weakly increasing in all the elements of the matrix A. There-
fore, for all A € A, the tightest constraint among all of constraints of the form M < Zthl peD;(p;, R, A) is the one
given by AL. At optimal solutions of OPT-4, M should be replaced by the maximum value it can attain, which is
Zthl p.D,(p:, R, A"). Similarly, the tightest constraint among of the constraints of the form D, (p,, R, A) < ¢, is the
one given by AV and ¢F. Thus, the claim follows replacing constraints of this form by D, (p,, R, AY) < cr.

Proof of Proposition 4:  The constraint set of OPT-R is identical to that of an instance of OPT-2 with parameters
(ct, AY). Additionally, the objective functions of both problems are nonincreasing for all p > p,,. Since, Proposition
3 relied on the monotonicity of revenue in prices, and the properties of constraint sets, it follows that for OPT-R, a
set I with O(T*®) prices that contains all candidate optimal prices can be constructed (using parameters (ct, AY)).
Thus, we can still use the recursion in (7) to find the optimal sequence of prices. However, 7;’ (p) needs to be modified
slightly since in OPT-R the feasibility constraints involve AY, whereas, the revenue function involves A~. Therefore,
the recursion in (7) solves OPT-R (again in O(7%)), using the following modified definition of +;’ (p):

() = (Z Z) (=FEp i (S Siteal,) (1= F) <cf

l=i4+1m=k
—00 otherwise.

Proof of Proposition 5 Let c*, A* denote the capacity and arrivals in a given problem instance. We will show that
V(er,A*) — VEOB(C, A,c*, A*) < 6(2H + 1)P(AY). Since, c*, and A* are arbitrary, the claim then follows from
taking supremum over all c* and A*.

Let Vz(c, A, A*) denote the revenue obtained by (i) offering a price vector consistent with ranking R, (ii) ensuring
that prices are feasible for arrival matrix A and capacity vector c, (iii) having arrival realization A*, i.e.,

T
VR(caAvA*): >a’3< ZptDt(thvA*)

p

=1
s.t. D,(ps, R, A) < ¢ forallte {1,...,T}
pr < py if Ry < Ry forall ¢,¢' € {1,...,T}.

Note that imposing the constraint p, < p,, if R, = R, + 1 (for all ¢,t’) is equivalent to imposing the constraint p, <
py if Ry < Ry in the above optimization problem, due to the transitivity of the inequalities. Thus, we conclude
T
Vi A AY) = D R, A"
R(C7 ) ) PZag( ;pt t(pta ) )

s.t. D,(p;, R, A) <¢, forallte {1,....T} (16)

Dt Spt/ lth/:Rt+1 forall t,t’€{1,7T}
Let A, > 0 denote the Lagrange multiplier corresponding to the capacity constraint associated with time ¢, and
e, > 0 be the Lagrange multiplier associated with the ranking constraint p, < p,s, assuming R, = R, + 1. The KKT

conditions (see, for example, Bertsekas (1999)) imply that for all ¢, the optimal prices satisfy:
8Dt(pt7RaA*) 8Dt(pt7R7A)
t - At
8}% apt
where ¢, t', and ¢’ are such that Ry, = R; 4+ 1 and R; = R, + 1. By the complementary slackness conditions, if two

Dt(pt7R7A*)+p + ey — pyr =0, 17

prices p, and p,, are different, then p, ,» = 0. Thus, summing the KKT conditions for all periods that have the same
price p (and noting that ranking of such periods are necessarily consecutive), j; terms cancel, and we obtain:

dD,(p,R, A* 0D,(p,R, A
Z |:Dt(p,R,A*)+p t(p ) _)\t t(p )

=0.
t: pr=p 8p @p
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By definition D, (p, R, A) = p,(R, A)(1 — F(p)), where p,(R, A) is the R-induced potential demand for population
matrix A. Hence, using the notation F’(p) = f(p), we obtain

S [(RA(1—F(p) —p pu (R A F(p) + Aepu (R, A) f(p)] = 0.

t: pt=p

Rearranging terms, this equation leads to

1-F
Y nRAN= Y p(R A [p— f(;p)] < > p(R A,
t: pt=p t: pt=p p t: pt=p
where the inequality follows from the fact that optimal prices are bounded by 1, and 1;2 ()” ) > 0. Thus, summing the

above equality over all periods ¢ (or all different price levels p that appear in an optimal solution) we obtain
T T
ST RAN <Y pu(R,AT) = P(A) < P(AY), (18)

where P(A) =}, . a; ;. By the complementary slackness conditions, ¢; = D, (p;, R, A) = p,(R, A)(1 — F(p,)) <
p:(R, A) whenever the Lagrange multiplier A; # 0. Hence, the above inequality also implies

T
> e < P(AY). (19)

t=1
We next consider how Vi(c, A, A*) changes as ¢ increases and A decreases. The Envelope Theorem (see Kimball
OVR(c,AAY) o0 OVR(cA,A")

(1952)) suggests that the derivatives are equal to

dcy Baiyj
Vi(c, A, A* OVi(c, A, A*
712( ) = )\t and 7}2( ) = _At’(i,j,R)(l — F(pt’(i,j,R)))y (20)
3Ct 3am~

where t'(i, j, R) represents the period ¢’ that has minimum ranking in R within {4, ..., 5}, i.e., the time period popula-
tion a; ; receives service.

Observe that by definition V5 is increasing in ¢ and decreasing in A. Slnce and c i) <1+ 0, it follows that

@i 7

0 < Vgr(c*, A%, A*) — Vg(cp, AY, A*) < Vg(ey, A", A*) — VR(cL,AU,A*)

2D
SVR((1+9)CL7AL,A*)—VR(CL,AL(1+9),A*)
Using the Fundamental Theorem of Calculus (and the notation gz (z) = VR((l +xz)ck, AL, A*)) it follows that
¢ d 8V
OgVR((1+0)cL,AL,A*)—VR(cL7AL,A*):/ gR (@) ;. _/ B ((142z)e, A", A" )cEda
=0 = Ot 1 act
(22)
</ ZGVR«Hmc AP A (14 o)cbda
= o et 3ct L> ) t .

Observing from (20) that aVR ((1 +x)ep, AF, A*) equals to the Lagrange multiplier ), for the problem instance with

capacity vector (14 z)c;, and using (19) and (22), we obtain
0
Va((140)cy, A", A*) — Vi(ey, AY, A%) < / P(AY)dx =0P(AY). (23)
=0
Following a similar approach, we also obtain

0<Vg(ep, A", A*) = Vi(ey, (1 +60) A%, A7) / ZSVR (cr,(1+)A" A%)a, ;dx
Qi j

(24)

OVr .
S_/l Zaa”(cL,(Hx)AL A1+ z)a; jdx
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Using (20), it follows that — 22 (cy,, (1 +2) AL, A*) = Aoy (L= F (D igry)) < Mg, r)» Where A, denotes the

Oaj,j

Lagrange multiplier in a problem instance with parameters ¢, (1 + =) A*, A*. Thus, using (24) and noting from the

definition of ¢'(i, j, I?) that p,(R, A) =3, ../(; ; gy @i.j» We obtain,
0 T
Vi(en, AY, A%) — Vin(er, (14 8) A7, A%) g/ Nepe(By AL (14 2))da 25)
=0 4—1
Thus it follows from (18) that
0
VR(CL,AL,A*)—VR(CL,(1+9)AL,A*)S/ P(AU)dJ?:aP(AU) (26)
z=0

Adding (23) and (26), and using it in the right hand side of (21) it follows that
Vr(e*, A", A*) — Vg(ep, AV, A*) <20P(AY). 27

Note that by linearity of the objective of (16) in its third argument, and the fact that a}; < a;; <a, < (1+0)a},
it follows that Vg (¢, AY, A*) < Vx(cr, AY, A*)(1+ ). On the other hand, since maximum price customers can pay
for service is 1, it follows from the definition of P(A) that Vz(c., AV, AY) < P(A%) < P(AY). Thus, we conclude
Vr(er, AV, A*) — Vr(cp, AV, AY) <OP(AY). Combining this with (27) we obtain

Vi(e', A", A*) < Vir(ep, AV, A) + 30P(AY). (28)

Maximizing both sides of this inequality over R and noting that maxy Vz(c*, A*, A*) = V(c*, A*), we conclude
V(c*, A*) < maxg Vr(cp, AV, A") + 30P(AY). Note that by definition maxy Vi (cr, AV, A®) equals the solution
of OPT-R and VE9B(C A, c*, A*) is larger than this solution (OPT-R gives the worst case profits for optimal prices
that are feasible for all capacities in C, and arrivals in A, whereas VE9B(C, A, c*, A*) is the realized profit). Thus, we

conclude V' (c*, A*) < VEOB(C, A, c*, A*) + 30 P(AY), and the claim follows.

A.4. Appendix to Section 7

Proof of Lemma 2 Let p* and R* denote an optimal solution of OPT-5. Observe that for all ¢, the set P. N [p}, p} +
€) contains a single element. Denote this element by p;.

We first show that p is consistent with ranking R*. Note that if R} < R}, then p}, > p;. Moreover, since we have
Pl + € > pr + €, and Py, is characterized by intersection of [p}, p; + €) with P, for all &, it follows that p,, > p,, and
hence the consistency claim.

By Assumption 2, h;(p, R*) is decreasing in p, for any R. Therefore, ({p;}, R*) is a feasible solution of OPT-5. By
Assumption 2 again, and the fact that p, € [p}, p} + ¢) for all ¢, it follows that

0= B) <Y (9.0 R+ ie). (29)

On the other hand, by construction p, € P, for all ¢, thus ({p,}, R*) is a feasible solution of OPT-6. Hence v, >
>, 9:(P¢, R*), and together with (29), this implies that v, > v —€e )", I;.

Proof of Lemma 3  Construction of optimal prices and ranking, using the dynamic programming recursion in (10)
is identical to the construction given in Theorem 3, and is omitted. In the rest of the proof we characterize the compu-

tational complexity of this construction.
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In order to solve the recursion in (10) we compute all values of w(i, j,p) by solving O(T?|P.|) subproblems. At
each step of the recursion we solve for the optimal &k and p. Finding these requires at most O(T'|P,|) trials. Given
a value of p and k, we need to evaluate 4;’ (p). This requires checking if constraints are satisfied in the subproblem
(hence computing h(p, R)), and evaluating the corresponding objective value (g, (p, R)) in the relevant subproblem.

Thus, computation of 4;’ (p) can be completed in O(s(T")) time, and the overall complexity is O (%)

A.5. Appendix to Section 8

Proof of Lemma 4: Let S; be a revenue maximizing vector in S(4,,p, k). Suppose there exits a price vector
S5 € 8(i, 4,p, k) and period ¢ such that p,(S2) = p < p,(S1). We show that no such price vector exists, hence proving
the lemma.

Define S’ to be the price vector such that

pt(S')Z{p Pt(Sl).:BOTPz(Sﬂ:B
p:(S1) Otherwise

To prove the claim, first consider the assignment of the populations to the periods when the price vector is S;. Let A;
be the set of periods that have price p under S; and A, be the set of such periods under Ss. Note that in .S’, we update
S by decreasing the prices of periods in A, \ A; to p. Observe that the price change only matters for populations that
are present in the system in a period in A \ Ay, but not A, N Ay, since it is possible to schedule all the remaining
populations exactly as we did under S;. Since S5 € S(i, j,p, k) is feasible, it follows that for .S”, there exists a feasible
schedule that assigns all populations that are present in a time instant in A \ A;, but not A, N Ay, to time instants in
Ay \ Ay, even when the price offered at these periods equals to p. Moreover, because p > p,,, reducing the prices can
only increase the revenue, implying that S’ leads to higher revenues than S;, and contradicting with the assumption
that S, is a revenue maximizer. Hence, the lemma follows.

Proof of Lemma 5:  We say that interval [l, k] satisfies the “minimum requirements” for having price p if this
interval can serve all customers who can receive service only in this interval at price p. Namely, 2521 ey > (1—
F(p)) Zﬁ:l Zf:u ., This is a necessary condition for time instants in this interval to have price equal to p.

We claim that the algorithm described in Figure 6 finds set L in polynomial time. To prove the correctness of
the algorithm, first observe that if interval [i + 1, k] satisfies the minimum requirements, then we can serve all the
populations who arrive at the system after time ¢, and can wait up to (and including time) k, to this interval at price
p. Hence, L= {i+1,i+2,---,k}. We also show at step 3 of the algorithm that if interval [¢, k] does not satisfy the
minimum requirements, then ¢ does not belong to ﬁ(z, J,p, k). To show this consider the largest ¢ such that [¢, k] does
not satisfy the minimum requirements, and assume that £ belongs to L. Note that because we chose the largest such ,
all the populations that arrive at time ¢ or after that need to be scheduled to periods in [¢, k] for service. However, this
period does not satisfy the minimum requirements, and we obtain a contradiction.

Finally, we note that the algorithm is polynomial; the number of recursions is bounded by k£ — i, and we can verify

the minimum requirements in polynomial time.
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Figure 6

FindL(i,k,p,A,c):

1. If interval [k, k] does not satisfy the minimum requirements:
It is infeasible to assign time instant k price p.
Terminate and Return S = 0.
2. If interval [ + 1, k| satisfies the minimum requirements.
Terminate and Return S = {i+1,---  k}.
3. Let ¢ be the largest element in [i + 1, k] such that [/, k] does not satisfy the minimum
requirements.
(Time instant £ cannot receive price p)
(a) Define a new problem instance where period ¢ is removed, and search for the maximal
set which receives price p in this new problem instance.
(b) Label periods in the new problem as ', (i +1)’,... (k — 1)’. Construct a population
matrix A’ = {a; ;} and capacity vector ¢’ for the new problem.

ag ji<t—1
Qg g+ Qg i/<f,j/:£—1
ag,d, = 4§ @y jr41 7’ <£,j/ >/—1
Qpjrp1+ Qg i1 0 =1
G/ 41,5 +1 e<
¢ = % 7 <€
Cjrt1 (<j <k

(c) Let S"= FindL(i',k',p, A’, )
L IfS' =0
It is infeasible to assign price p to any subset of [i, k].
Terminate and Return S = {).
ii. IfS"#0

Construct the solution from 5.

S={slseS ands<l, ors>lands—1€S"}.

Terminate and Return S.

which can receive price equal to p , where the population matrix and capacities are given by A and c.

Algorithm FindL(i,k,p,A,c): Finds the maximal subset of (i, k| (excluding time i but including time &)



