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APPENDIX
Appendix A: Proofs for Section 3

Lemma A.1 For any reporting strategy y — z and initial type x, the partial derivative of the
expected value of agent i V;'"*(z) (see definition in Eq. (10)) with respect to x exists and 1is:
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(where the expectation is under y — z and T_;). Furthermore, it is bounded by
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Proof: From Assumption 2.2, we have that for all ¢, ¢, a, z and s, 1, ..., S; ¢,
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Therefore, by Lebesgue’s Dominated Convergence Theorem, the partial derivative W exists,

gévzta T, 81, ]— [g 5—vzta Ty Sidy-esSit)
t=0

’<E[Zt o‘st ]_%'

Proof of Lemma 8.1 Any strategy available to the agents in the relaxed environment is a feasi-
ble strategy in the dynamic environment. Therefore, if all other agents are truthful, any profitable
deviation from the truthful strategy in the relaxed environment implies a profitable deviation in
the dynamic environment. Since no such profitable deviations exist in the dynamic environment,
we obtain that the mechanism M is incentive compatible in the relaxed environment. Therefore,
the optimal revenue in the relaxed environment provides an upper bound on the revenue in the
dynamic environment.
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Proof of Lemma 3.2 For consistency with the notation used in the rest of the paper, we rep-
resent the utility of agent ¢ with initial type s;o = 2’ and reporting his initial type as 3,0 =z by
U77%(2'), assuming all other agents are truthful. Respectively, V;7*(2') and P?7*(%’) represent

the expected discounted value and payment of agent ¢ under initial type z’ and reported initial
type 2.
The expected utility of agent ¢ under reporting strategy z — z and initial type x is

U7 (2) =Vi2(2) = P77 (2). (27)
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Under the same reporting strategy z — z, but under initial type z’, the utility of agent i is
UZ—)Z( ) V7—)Z( ) PZ—)Z( ) (28)

The payments are functions only of reported types, not true types, and therefore, P77*(z) =
P77%(2"). Therefore, for any z # 2’, combining Eqs. (27) and (28) yields

Ul_z—m(z) . Uf—)z(z/) B ‘/’Z_z—>z(z) _ ‘/iz—m(zl)
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At the same time, if z > 2/, incentive compatibility yields U7 =% (z') > Uz~*(2), hence

sz—)z(z) _ Uiz/—)zl(zl) _ Uf_)Z(Z) _ Uiz—>z(z/) '
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Since the partial derivative W exists for all x (see Lemma A.1), we can take the limit as
z' T z and obtain that the left-hand side derivative of U77*(2) satisfies

dU () Ve ()
dz - Os
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Using the same argument for 2’ > z, we obtain that the right-hand side derivative of U77*(z)
satisfies

4L UE(2) Ve (s)

dz - Os
Since | C )\ is bounded by ¥ -5 by Lemma A.1, we get that the absolute value of both the left-
hand and rlght_hand side derlvatlves of U?7*(z) are also bounded by 1Y5. The function U7 7*(z)
%-Lipschitz—continuous and, thus, differentiable almost everywhere. At all points

1
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where the derivative exists, 2% (2 — 9V "(s)

S=z

is, therefore,

. Therefore, the envelope condition follows:
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Plugging in the result from Lemma A.1, we obtain the desired result.

Proof of Lemma 3.3 For notational convenience, we write:
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where the s! implicitly depends on the first signal.
Consider first the utility UM (s) of an agent ¢ under an initial type profile s, which is given by

54,0
UiM (Si,o, S—Zyo) - UZ-M((L S—i,o) = / E
0

Si,0 = %, S_i’()] dz.

from Lemma 3.2. Taking the expectation of this term over all possible first period signals
81,05 -++3 Sn,0, We obtain

E[UM (51,0, 5—i.0) — U0, 5_50)] = /1 </
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Inverting the order of integration,
E[UM (1.0, 5—i0) — UM(0, s / / Zatav”
i 7,09 2 —1,0 —1, O 851 0
/ 25t avz t
(981 0

By multiplying and dividing the right-hand side of the equation above by the density f;(z) we
obtain an unconditional expectation,

Si0 = Z] fi(Si,O)dSi,OdZ

Sio= z] (1—Fi(2))dz.

E[UM(s:1.0,5-50) — UM (0,5_:0)]
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Now note that the discounted sum of payments E[>",° §'p;,] is equal to the expected discounted

valuation of agent i — E[>_ ", 6'v; ;(a, s!)] — minus her utility, which yields the claim.

Proof of Lemma 3.4 Observe that for multiplicatively-separable value functions

dv; 4(a', st)

Js = Ag(Si,o)Bi,t(at, Sily ey Sm)
i,0

and, therefore, Egs. (7) and (6) are identical. Similarly, for additively-separable functions,

0v; 4(al, st)

Bsi0 = A;(Si,O)Ci(at)

and, therefore, Egs. (7) and (6) are again identical.

Proof of Corollary 3.1 For an IC mechanism M, the expected discounted sum of payments by
agent ¢ is equal to

E [i 5tpi,t
t=0

by taking expectations over s_;o (see Eq. (7)). Since the mechanism satisfies IR,
E [UZ-M’T(si,O =0)] > 0 and, therefore,

Z 5tp11,t
t=0

The profit of M is given by the sum of payments minus the cost of actions (see Eq. (4)),
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The bound above is valid for all IC and IR mechanisms. By maximizing over the set of all possible
allocation rules (payment rules do not enter the equation above), we obtain the desired result.
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Proof of Lemma 3.5 The expected utility of agent ¢ under reporting strategy =’ — z and initial
type z is / / /
U7 (2) =V 77 (2) = P 77(2), (30)

where PF HZ( ) is the expected discounted sum of payments of agent ¢ under reporting strategy
# — 7 and initial type z (see similar definitions of U* ~*(z) and V' %(z) in Eqs. (9) and (10)).
Under the same reporting strategy ' — z, but under initial type Z', the utility of agent ¢ is

The payments are functions only of reported types, not true types, and therefore, Pf/—’z(z) =
Pr7%(2"). Therefore, for any z # 2’, combining Eqs. (30) and (31) yields

Uix’—%z(z) _ Uf’—)z(zl) B ‘/’iw/—m(z) _ V;w’—)z(zl)

z—2z z—2z

Periodic ex-post IC guarantees that U* ~'(2') > U¥ ~*(2'). Therefore, for any z > 2/,
Ur =(2) ~UF =7 (2) _ UF =2 (2) U 3(2)

z—2z - z—2z

6Vz—>2(z)

Since the partial derivative exists for all x (see Lemma A.1), we can take the limit as

#'1 z and obtain that the left-hand side derivative of U 7*(z) for any constant z’ satisfies
d_UZ () _ oV (s)
dz - Os

Using the same argument for z’ > z, we obtain that the right-hand side derivative of U 2% (z)
satisfies

S§=z

d UF = (2) _ 9V~ (s)
dz - s
Since |U\ is bounded by Y 17— by Lemma A.1, we get that the absolute value of both the left-

hand and rlght hand side derlvatlves of U? —’z( ) are also bounded by ;. The function U} _”(z)
is, therefore

S=z

-Lipschitz-continuous and, thus, differentiable almost everywhere At all points
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716

. Therefore, the envelope condition follows:

Uflﬁ)aj(x) o U,L.x/*}m/ (x/) — /, d(]dz()dz — /, a‘/zaS(S) S:Zdz'

Proof of Lemma 3.6 The envelope condition from the relaxed environment (see Lemma 3.2)
also applies to this setting since a deviation that is feasible in the relaxed environment (that is,
using reporting strategy z — z for an initial type z’) is also feasible in the dynamic environment.
Therefore, if the mechanism is incentive compatible, then it satisfies Eq. (29), which is identical to
Eq. (15).

To see that IC implies the dynamic monotonicity condition in Eq. (16), simply note that IC
is equivalent to Eq. (11) and Egs. (15) and (13) are respectively equal to the left-hand and the
right-hand side of Eq. (11). We thus obtain that IC implies Eq. (16).

We now show that if both Egs. (15) and (16) hold, then the mechanism is IC. If both equations

hold, then for all z and «/,
vzee) -7 ) = [ RGO e [ gsmp e v ),

S=z
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where the last equality follows from Lemma 3.5. The equation above is equivalent to IC (see Eq.
(11)), when the mechanism is periodic ex-post IC for ¢ > 1.

Appendix B: Proofs for Section 4

Lemma B.1 Suppose Assumptions 4.1 and 4.2 hold. Then «; is strictly increasing for multiplica-
tively separable functions and [3;, is strictly increasing for additively separable functions.

Proof:  For simplicity of nation, let s =s; . Also, let 1;(s) denote the hazard rate, i.e.,

i fi 3)
771(8)_ 1_E(S)
In the additive case,
Ofi(at,s)  ni(s) 1
) ’ — A/ ) t\ _ A// . t
s 7’]22(8) z(s)clyt(a ) 771(8) i (S)Cl,t(a )

where (-)’ denotes a partial derivative with respect to s. By the assumptions that A; is concave and
strictly increasing, and the hazard rate is positive and strictly increasing, we have that the above
has the same sign as Ci;. In the multiplicative case, first note that a;(s) =1— - (s) (log A;(s))".

Therefore, () A2(s)
;i) Alls
aoi(s) = -
=T A6 T me)

which is positive by the assumption.
Proof of Lemma 4.1 1If agents are truthful, by Eq. (24), the expected payment of each agent i
given s, o is equal to max{p}(s;0),0}, where 0 occurs if agent 7 is excluded from the system (i ¢ a;).

Namely,
’ *(50) = V(s) /‘éi’o OV (8,0, 8-i0)
D;(So) =V S;)—
0 0 882-70

(log Ai(s))"

dz (32)

Si’OIZ

where
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51& 3’01 t 731',07 Si1ye-- Si,t)
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For notational convenience, we write:
t t ot
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where the s! implicitly depends on the first signal. The expected payment of agent i is equal to:

1
/ max{p? (5, 50 _.), 0} fi(s)ds
*t 8vzt t7 z)
/ ( [Zétvzt ,8;)|8i0 =15 3—i,0] —/ 2575 Bsi0

where we can drop the max with zero since the agent obtains value zero at all periods when she is
excluded from the system. By changing the order of integration, we have

Sio =2, S_w] dz) fi(s)ds,

| mapi 500,01 i5)ds
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gAGICE )
/ ( [Z(St ai(si0)vie(q,80) + Bia(q,si0)) 8170—5,3_170]> fi(s)ds

sw] (33)

81',0 =S, 8—1',0] > fl(S)dS

=K [Zé @i (55.0)vis(q*,85) + Bii(q* 751',0))

Therefore, the profit of the mechanism matches the upper-bound provided in Corollary 3.1.
Hence, to prove the optimality, it suffices to show that the mechanism is individually rational. By
construction, we have the utility of agent i equal to 0 if s; o =0 for any s_, o. Therefore,

54,0
UZ‘(So) = / E
0

0v; 1(q*",50,018415--50t)

By Assumption 4.2, o
nal. Precisely, periodic ex—post IR at time 0.
Proof of Lemma 4.2 Define u;; to be the instantaneous utility of agent 7 at time t. We get

dz.

S5i,0 = 2,540
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st avi,t(q* 384,00 Si, 150 - - Si,t)
> e
S— 27

is non-negative. Hence, the mechanism is individually ratio-

Ui = Ui,t(a*fa 7,) Dit
m;t

= (vm(a*t,sfﬁ) _Ui,t(a*t’éz))—" @’

i

= ,Ui,t(a*tasz) BZE)( )
—I—i Z(d'v‘t(a*t §j’t)>—ct(a*t)—W( 7/3)( =1 5 4 6F e ’ﬂ)(a | §t+1)}
& g Vi, 5 o ‘.

The last equality follows from Eq. (21). We dropped the conditioning of WSCZB ) (a*', 81 on st = 3,
a*', and a*,;, as it is clear from the context. For ease of notation, let s = sy. Because all agents

except ¢ are truthful, we have

n

wi = 3 (S (@l + i) ~ata®)

W8 (1 ) 4 R [W(“( 5D (gt st“)} )
If agent 7 is truthful and other agents are truthful, we have

Zétun/ = (W<a<s) BN (11 gty — @B (gut 1,St)>

t'=t Qi B
Hence, the allocation rule is aligned with the incentive of agent i. She can maximize her utility
by reporting truthfully.
Observe that agents with &; < 0 would have been excluded. Hence, we have Y, wy > 0.

Therefore, the mechanism is periodic ex-post IR.
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Proof of Lemma 4.3 Observe that Eq. (15) is followed from Lemma 4.1 and Eq. (33). To estab-
lish Eq. (16), we show that the inequality holds point-wise, i.e., if x > 2’, then

oV ()
0s

1

VT ()

(34)

s=wx; 0s s=xz;

By Eq. (14), this is equivalent to

ov; st) ov; st)
E : t %, t a 1, > , § : t i, t ) Z
x i T 5 881 0 ]Eac —x; [ 5 881 0

where E,,_,,, is the expectation under the stochastic process determined by agent i reporting
according to x; — x; (while other agents are truthful) and a*' represents the allocation at time ¢
in this case. Similarly, for reporting strategy ; — x;, we use the notation [E,/_,, and represent the

Sio= xl] (35)

Si,OZS Si,O:S

allocation at time ¢ by a'.
Recall that we have:

1-— Fi(si,O) 8vi7t (at, Sf)

— i(s10)vi ot 80) + B o, 51
fi(3i70) asi,O - al(sl,O)vz,t(a ’sz) + ﬁz,t(a ,8170)
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Hence, we get

0 i,t t’ 1; i\ 54, P .
v ai(j’o S ) — i fé’i(;?)o) ((1 - Oéi(Si,O))Ui,t(a ,SZ—) — Bi,t(a 78i)> (36)

Therefore, by Eq. (36), the inequality below is equivalent to the desired equation, Eq. (34):

Eoima; [Zfst (1= ai(x:))vie(a’, 57) = Bie(a’, 930)] (37)

t=1

> Eur o, [iét <(1—ai($i))vi,t(ata si) = Bia(a”, ; )>]

In the following we prove the inequality above. For k # i, define z; and xj to be equal sy .
Because a* and a’ are optimal allocation rules with respect to (a(z),f(x)) and (a(z’),5(z)), we
have:

ZE =g [Z6t (Z o -rJ)U]t( *tgsz‘)+Bj,t(a*t,$j))_ct(a*t))]

2 Ez’%zl [Zét <Z )vj,t( /t783) +/6j,t(a/t7xj))_ct(alt>>]

j=1

and similarly

Eosa; [Z‘St <Z(O‘j (w;)vjyt(a*t,sé) +5j,t(a*t,$j))—ct(a*t))]
§ ]Ez;—)zi [Z (Z ,)U],t( /t,Sz) —l—,Bj,t(a/t,x;))—ct(a't))]
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Subtracting these inequalities we get:

Evimse, [Z5tz< (5) = o (@)))vse(a™’, s5) + (Bra(a™, 25) = Ba(a™, )))]

> By [ZcStZ( oy (25) = a; (@) ve(a”, ) + (Bju(a”", ;) —Bj,t(a’t,x}))ﬂ

Because for k # i, agents are truthful and xj, =z, we have

:L’Z~>a:l [25t< az x; *Oéz($ ))Uz t( *tasﬁ) + (Bi,t(a* y L ) Bz t( ) z)))] (38)

> Emgﬁm [Zét <(Oéz({ll'1) - ai(aj;))vi,t(a/ta Sf) + (/Bi,t(a,tﬂ IEZ) - ﬁi,t(a/tv 1‘;)))]

Now suppose v; is multiplicative separable (i.e., f;(-,-) =0) and Assumption 4.2 holds — we
consider the additive valuations later. Because x > 2’, by Assumption 4.2 and Lemma B.1, we have
a;(z;) > a;(z)); moreover oy (z;) is less than 1 for x € [0,1). Multiplying both sides of the inequality

above by aw)% yields the following;:

a;(azh)?
EI«L—W«L [Zét(l - Oéi(xi))vi,t(a*ta Sf)] > Ez’—)wl [Z(St 1 - al vl t(a ?SE)]
t=1

which is equivalent to Eq. (37) for multiplicative-separable valuations.
Now consider the case of additive-separable value functions. We have a;(z) = a;(z") = 1. Plugging
into Eq. (38) we get

:J(:l~>:1:Z [Z(St th y L Bz t( 71";))

Z Ezé—)zl [Z5t (/Bi,t(a/ta xz) - Bi,t(a/tv l’;))]

Recall that B;.(a*,x;) = 1;;”%1’( ) (at). Because x > 2/, by Assumption 4.2 and
Lemma B.1, we have —%A’ (z;) > -2 F D 4! '(x}). By multiplying both sides of the inequality
ik (ml)A:m)
above by — F<IZ>AZ/(T )+1 Fm)A, —, we get:
Tl M@0t TRen - A D’

_Ewlﬁwl [Zétﬁiﬁ(a*t?xi)] Z _Ex;%zl [Zét/@i,t(a/tvx;)]
t=1 t=1

which produces Eq. (37) and, thus, completes the proof.

Appendix C: Proof for the Single Agent Case

Proof of Corollary 5.1 Simply note that under the VIRTUAL-P1vOT Mechanism, if the agent is
allocated the item at any time ¢, the price she pays, under the VIRTUAL-PIvOT Mechanism, is not
a function of her report at time ¢ (or any report after ¢ = 0). Furthermore, the prices that the agent
is charged at ¢ > 1 are identical to that in the VIRTUAL-PIvOT Mechanism (see Eq. (22)). Also,
the prices charged at ¢t =0 is identical to that in the VIRTUAL-P1voT Mechanism by construction.



