7 Appendix: Proofs

Proof of Lemma 1.
Proof. Define
du;

dw;

fi(wi) =

S_ij
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It’s easy to see that df L w’) < 0. We need to examine the incentive constraints of the three
groups in equlhbrlum
1) content consumers: /.

For user i € I., the necessary and sufficient condition for her to choose w; = 0 is
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Inequality 15 becomes to
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2) content producers: I,
For user ¢ € I,,, the necessary and sufficient condition for him to choose w; =1 is

Sy
1) = TR 000080 + a3 ro 2

Tir; >0 (16)
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Inequality 16 becomes
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Apparently, user with he(i) < a;q; < hp(i) will choose 0 < w; < 1. O
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Proof of Lemma 2.

Proof. (1)
If ny/n-»0 as n — oo, then we immediately have ny; — oo as n — oo. Pick 1 > § >
0, w > 0 such that Vn, at least ny;6 of those ¢ € I, choose w; > w. 8.

S = ZQjTjwj > Z q;Tjw; = (nyd — 1)quwT
J#i JE€IM,jFE
TS Tn

< —0Qasn—0
SP. " PwiTP (npd —1)8

If npr/n—0 as n — oo, then we must have T — oo and S_; — oo since otherwise either
C
he(i) — oo or hp(i) — 0 both of which can’t be true in equilibrium. Furthermore N

» S,
C
as n — oo since otherwise hp(i) — 0 too. Therefore, lim,, % =0,V8 > 1.
(2)
If ny/n - 0, then

—Qasn—0

T‘j’l“j TLMT
2 e (ard — 2)PwP P T?
€l i O —ij M WL
where §, w are defined in the first part of the proof.

i

C
If npr/n — 0, then ng/n - 0 since otherwise g:_ — 0, ho(i) — oo which can not be
Tyr; < TC. Now

true in equilibrium. So we must have Zj Ly i

Tyr; Si’ =
Z 5 < =% Oasn—0
S (S_; —qI')P S”,

JE€In g T 1

Proof of Proposition 1.

Proof. We will prove the proposition in four steps. Throughout the proof, we will constantly
use the boundedness of ¢(-) but we won'’t refer to it each time.
1) First we will show

o i) _ ()

n—oo hp(i)  ¢'(0)
Define h(i) = he(i)/hp(i), which could be written as

S_;TC,

S_iji
N (S—itaqT)? + ZjEIM’j?éi (sz'jﬂIJiTi)QTjrj W(Tz)
h(Z) = 7C, Tyr; w/<0)
S + ZjelA47j7éi S

8Technically, it is possible that such (6, w) does not exist. In such case, = 0, but w; — 0,Vi € Iy
We don’t discuss this pathological limit equilibrium in the current paper.
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C
Since he (i) - oo in equilibrium and ¢(+) is bounded, g;—l— > el ki gﬁ - 0asn — 00.
—1 ij
. N w’(Ti)
So lim, o h(i) = 0] -

2) Second, we will show
_heli) (T
lim = , Vi, k
n—oc ho(k) ' (Tk)

Z Tiry Z Tirj | _ Z Qe Trwy — q;Tiw; T+ Tyry — Tiry
4 CSs Sk 4 < S_i;S_k;j 7 S_ik
JE€Im,j#i J€lm,j#k JEIn j#ik
Tir;  Tyry —Tir;
< g Tewy, — ¢ Tyw| Z SJQ ] S —
jel i~ ik
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. . TC, Tors
_— VAV
Since ho(i) » 00, g+ > icr iz 5 =0, hence

he(i) _ St D eri 5 P(T)H(S) D)
he (k) sf Iy Lrs Y(Te)p(S—x) ' (Tk)

JE€EIm,j#i S_s;

3) From 1) and 2), we immediately have

o 1) _ (i) ho(k)/he(k) _ /(T3 w/(T)/4(0)

n—00 hp(k’) - hc(k‘> hC(Z)/hP(Z> w/(Tk) w/(yvl)/w,(o) =1,V k

Since hp(k) - 0,Vk, hp(i) — hp(k) — 0,Vi,k. Denote lim, .., hp(i) = hp, then
limy, 0 ho (1) = Sl hp. O

Proof of Corollary 1.
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Proof. By Proposition (1), we only need to examine the case when w; and wy, are the interior
solutions of the first-order conditions of user ¢ and user k’s utility maximization problem.
From the proof of Lemma (1), we have

’ S_ij
V(T = w))B(5-0) = s ) g s T
i —1) 1+1%

(Tl = wi))(S k) = ange Y G
J#k

V(T = w)) _ $(S-1) i Ly 5ot BT
V(T —we))  G(S=) an Y, Skl

J#k (S_kj+anTiwg)? 7

(1) If T; = Tk, ¢; = qx, i > y, then, using Lemma(2), one can easily show that
S_ijgqi
oy 2 T L

S_kjdk
n—o00 _ ToRydAR
Zj?ék S_ kJ-HIkka)QT]T]

=1

% = g‘—k > 1, which implies that w; > w;,

(2) If T; = Ty, o; = ag, G; > Gy, then using Lemma(2), one can easily show that

Hence, lim,,_,

S—z]Qz
s T ra P LT g,
lim o _—_—
n—00 _ MoRyAR
Zj?’ék (S- kJ+Qkka)2Tjrj U

Hence, lim,, .o P (Tiow) ;1—; > 1, which implies that w; > wy, O

(T (1—wy,))

Proof of Proposition 2.

Proof. The 7if” part is obvious from Proposition 1 and is explained in the paper. The "only
if” part could be similarly proved. Suppose lim,, .., - = 0, then

Tir; S_ZJ
fm > G =0 m D> g =0

J€Im JE€IN,JFL

since S — 0o as n — oo. Hence

lin he(i) = tf(1) im 6(S),  lim hip(i) = 5/(0) im 6(S)

n— o0 n—oo n—00 TC n— o0

With continuous distribution of («, ¢, T'), if ¢”(-) < 0, then there is a always positive propor-
tion of user who have h¢ (i) < a;q; < hp(i) as n — oo and those user choose r; > 0, w; > 0.
Hence "2t — 0, contradiction. Il

Proof of Corollary 2.
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Proof. In a partition equilibrium, the utility function simplifies to

T
u; = P(Ti(1 — w;))p(S—) + Oéi(IiTiwiFC
Since r; =0if j € Ic and r; =0 if j € Ip.
Ifi € Ic, then w; =0 and S_; = S. So u{ = ¥(T;)é(S).
If i € Ip, then w; = 1. So ul’ = oziqiTi%”.
From Proposition 1, we know in a partition equilibrium

: . . . S . S
Jim he(i) = lim hp(i) = 7z¢'(0) im ¢(5) = =5 = h
and S =3, aTi, T¢ = > aiqi<n Lis 80, I is determined by
i1
b= Zai(h‘>h q (18)
Zaiqz'<h T
which always has a solution in (0, aqg). O
Proof of Corollary 3.
Proof. The original threshold h is determined by
i1
= 2o 4T (19)
Zcxz-qz'<h T

Denote &’ the threshold after the shift and & the threshold that keeps the same group of people
content consumers/producers, i.e., >, 3 Ti=>_,  Tior > . ;Ti=> . 7T
If the population shifts up in «, then

Za’iqi>h’ QZE

h = (20)
Za;qi<h’ 1—’1
and
Zagqi>f1 qu‘Z
cx;qi<h 1

We must have ' > h since otherwise the RHS of (20) will be greater than (19) which
leads to contradiction. From this, we must have i/ < h since otherwise the RHS of (20) will
be smaller than (21). which also leads to contradiction. This implies that more user will
become content producers and that more content will be generated.

If the population shifts up in ¢, then similarly we would have A’ > h. Now suppose S’ =
Zaiq;>h/ <S5= Zaiqz'>h’ Le., h Zaz‘q;<h’Ti < hZaiqz‘<hTi’ then ZaiQ§<h’E < Zaiqz‘<hTi
which implies h' < h, contradiction. Hence we must have S’ > S, i.e., more content will be
generated after the shift up of ¢.

U
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Proof of Proposition 3.

Proof. Suppose that user i chooses T; in the first stage, and that in the second stage, the
partition equilibrium is played. Denote user i’s utility by u¢ if he is a content consumer and
P

u; if he is a content producer. From Corollary (2) and our assumption of quadratic cost

function, we have

1 T 1
c 2 P ¢ 2
;=1 — o5l v = —goql — T
where S =) icrp @13

In the first stage, each user chooses T; to maximize utility. We have

{Tf = ¢(5)78;, ic g

P_Z'ITJ' <22)
77 = Bl

@;qi0;, 1€ lp

Summing up over ¢ € I for the first equation, we get 7¢ = >, 1, #(S)70;. Multiplying

by ¢; on both sides of the second equation, and summing up over ¢ € Ip, we get S =
c . . : . :

Ziefc %aiqfﬁi. By Proposition (1), i € I¢ if a;q; < T% and i € Ip if ayq; > Tic So (S,T¢)

is the solution to Equation (6). O

Proof of Lemma 3.

Proof. Denote f(S) = ¢(S5) — ¢/(5)S, f'(5) = f¢'(S) — ¢(5) — 5¢"(5) = (8 —1)¢'(5) —
S¢"(S)>0,¥vS >0,6>1. f(0) =0, Hence f(S) >0,VS >0 O

Proof of Proposition 4.

Proof. From the proof of Proposition (3) we know

{TC ~ ZiEIP ¢(S)T0i (23)

_ T° 2
S=2ier, 5%t b

Denote
kl = ZiEIc 9"
ko = \/ Zjelp aiqui

Then we obtain Equations(8) which characterizes the content consumption and pro-
duction at the macro-level. From Equations(8), we have S*? = kiko(S*). Obviously,
(S*,T9*) = (0,0) is always a solution. But there is at least one solution (S*,T¢*) # (0,0)
since ¢'(0) > 0.

The proof of asymptotic stability of this equilibrium point is a simple application of
Liapunov’s indirect method.

G — <§ﬁ %) _ ( 192 k1¢(;(s)) (24)

orc¢ 9S8 2/ TC
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k1kao' (S)T

The eigenvalues of G satisfy |A|* = e We need to check whether or not Al <1 at

the equilibrium point (T¢*, S*).

*

S
N <1 <= kik¢/ (ST < 21{:_
2

= kik3¢'(S*)S* T < 25 = 2k k3(S*)T
< ¢'(5%)5" < 2¢(S¥)

The last inequality is ensured by Lemma (3)

Proof of Corollary 4.

Proof. By checking % > 0 and % > 0, the corollary follows.
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