Solutions to text problems

Empirical Market Microstructure
(2006, Oxford University Press)

Companion Mathematica notebook

Joel Hasbrouck
Copyright 2007, Joel Hasbrouck. All rights reserved.

m Exercise 4.1 (Source notebook: RollBasicAndGeneralized)

Here is a function to build a table of all possible n successive realizations of q.
gTable[n_] := Table[ (-1) ~IntegerDigits[i, 2, n], {i, 0, 2" -1}];
... and for the 3-period problem, the realizations are:

q =qTable[3];
TableForm[q, TableHeadings » {Automatic, {"'go", "0:", "02"}},
TableAlignments - Right]

Jo d1 Q2
1 1 1
1 1 -1
1 -11
1 -1 -1
-11 1
-11 -1
-1 -11
-1 -1 -1

m\lmo'l-bwl\)ld|

The transition probabilities for each path are:
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PrTrans[q_] := Table[IFf[q[[i, j1] =q[[i, J-11], a, 1-a],
{i, Length[ql}, {J, 2, Dimensions[q][[2]]}];
gp = PrTrans[q];
TableForm[gp, TableHeadings » {Automatic, {"Pro,:", "Pri,5""}},
TableAlignments - Right]

Proﬁl Pr1%2
1l a
2|« 1-a
3|l-aa 1-«
411-a «o
5(1-a «a
6|l-a 1-a
7| 1-«
8 |a o

The total probabilities of each path are:

TotalProbs = Apply[Times, gp, {1}]1/2;
TableForm[TotalProbs,
TableHeadings » {Automatic, {"Pryota1'"}}, TableAlignments - Right]

N

13

2 %(1—0()0(

3| (1-m)?

4 %(1—0()0(

5 %(1—0{)0(

6|3 (1-a)2

7 %(1—0{)0(
0(2

817

Verify that the probabilities sum to one:
Total [TotalProbs] // Simplify

1

Compute the v¢'s using the definition v = ¢ - ¢Q¢ 4 -
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v=q[[AlIl, {2, 3}]1 -¢q[[All, {1, 2}]1];
TableForm[v, TableHeadings » {Automatic, {"v."", "Vv>""}}, TableAlignments - Right]

Vi Vo

1-¢ 1-9¢
1-¢ -1-9¢
-1-¢ 1+¢
-1-¢ -1+¢
1+¢ 1-0¢
1+¢ -1-9¢
-1+¢ 1+¢
-1+¢ -1+¢

0O~NO U WNPE

Verify that Evy = Evo = O
TotalProbs.v[[All]] // Simplify
{0, 0}
Var (vt) = o
Yo = (TotalProbs. (vV[[AIl1]172) // Simplify)
{1+ (2-4a) d+¢?, 1+ (2-4a) ¢+ ¢?}
Cov (Vt, Ve1) =EveVver =71
¥1 = (TotalProbs. (v[[AIl, 1171 v[[AlLL, 2]1) 7/ Simplify)
“4aPp- (1+p)2+2a(1+9¢)2
The v¢ must be uncorrelated, so solve for the value of ¢ that makes y; = O:

s = Solve[y; == 0, ¢]

{{dH _132a}, {d)e—1+20<}}

There are two solutions, but only the second has | ¢ | < 1. For example,

¢/.S/.a- .6
{5., 0.2}

So, take the second solution:
s=s[[2, 1]]

o->-1+2a

Verify that this results in y; = O:
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TotalProbs. (V[ [AIl, 111 Vv[[ALl, 2]]) /- s // Simplify

0
The v¢'s have no skewness:
TotalProbs. (v[[AII, 2]]3) /. s //Simplify
0
Verify that the higher-order serial moment is non-zero, i.e., Cov (vt,l ) vi) =Evei Vi £ 0
TotalProbs. (V[[AII, 111 * V[ AL, 2]]3) /. s //Simplify
32 (-1+a)%20% (-1+20)

ClearAll [g, u, V, ¥, ¥1]

m Exercise 4.2 (Source notebook: RollBasicAndGeneralized)
The model is:

MRute = Me_ > M1 + U,
Prute = Pt_ > Mt + C (¢,
APpyje = APt > (Pt /- Prute /- Mrute) = (Pe-1 /- Prute) >

Apt /- ApRuIe
—CQ._1,¢ +CQc + Ut
We need some alternate rules for the expectation operator to recognize the correlation between g¢ and qe_1.

gAlternategypes = {
e[a?] » 1, &[u’] - of,
&[q ul->0,6[qc gs ]=> 0/; Abs[t-s]>1,
&[Qt_ Qs 1> p/; Abs[t-s] =1,
&[Ur_Us_ ] = 0/; t=1=s};

Erutes = Join[sAlternateryes , ELiNeArityp,jqs]

To get the variance, we multiply everything out, and take the expectation:
&[Expand [Ap% /- Apgyie] ]
&[c?q%.¢-2¢%0 1.¢ e + C? 07 - 2CQ 1.t Ut + 2 C Qe Ug + UF |

Using the rules described about to eliminate terms that have zero expectation:
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% //- Erutes // Simplify
-2¢? (-1+p) + 02

CoV (APg, APy 4):
&[Expand [Apy AP¢_; /- APgrute] ]

2 2 42 2
& [C 02:t0-1+t ~C" QZ3,¢ ~C Q2. e +
2
C°Q0 1:t 0t -CQ 1, U 1,6 *CQOe U 1,6 ~C O 2.t Ue + CO gt Ue + U_1,¢ Ut]

&[Expand [Apy AP¢_y /- APpyte]] /7 - Erutes /7 FullSimplify
c? (-1+2p)
&[Expand [Ap; APy_; /- APryte]] 7/ - Erutes 7/ Simplify

2

—C,O

&[Expand [Apy APy 3 /- APryte]] /7 - Erutes /7 Simplify

0

Verify that\/—Cov (8Pgs OP¢,) <C

Simplify[\/-s[Expand[Apt APyy /- APrute]] /7 - Erutes < C,

Assumptions -» {0O<p<1/2, Cc> 0}]

True

m Exercise 4.3 (Source notebook: RollBasicAndGeneralized)

Model:

MRute = Me_ = My_1 + Ug,
Prute = Pt_ = Mt + CQ¢;
APpyte = APy (Pt /- Prute /- MRute) = (Pt-1 /- Prute) >

Apt /- ApRuIe
-CQ.1,t +CQ¢ + Ut

Modified expectations rules:
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gAlternategypes = {
&[aZ] -1,
&[u?] - of,
&E[Qs_U¢ ] »poy /; =5,
&[0s U ]1»0/; t=1=s,
&[0¢ 0s 1> 0/; t=1=s,
&[Ur_Us_]= 0/; t=t=s};

Erutes = Join[&Alternateryes , ELinearityp,jqs|;

&[Expand [Apg /. APpue]] /7 - Erutes // FullSimplify

202+oﬁ+2Cpou

&[Expand [Ap; APy_; /- APryte]] 7/ - Erutes 7/ Simplify

-C (C+poy)

8[Expand [Apt AP¢_2 /- ApRule]] /7 - 8rutes // Simpl ify

0

Verify that\/—Cov (2Pgs OP¢y) > C

Simplify[\/-a[EXpand[Apt APy.y /- APrute]] /7 - Erutes > C,

Assumptions » {O<p, o, >0, c> 0}]

True

m Exercise 5.1 (Different us for different brokers, Source notebook: SequentialTrade)
Ask

VLo & (-1 +pu) +VHE (-1+6) (1+p)
-1+ (-1+206) u

Ask /. 8->1/2// FullSimplify

=

, (VHE + VLo + VHi 1 - VLo )
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Profits, = (ASK /. u - pother) - (ASK /- u->pp) /-6->1/2// FullSimplify

1 i
> (VHI - VLO) (1p - Lother)

Simplify[Profits, >0, {O<pup <1, O< pother <1, Up < Hother> VHIE > VLO, 0<S6<1}]

True

m Exercise 5.2 (Informed trading only in low state, Source notebook: SequentialTrade)

LabelTree = {V, {VLo, {In, S}, {Un, B, S}}, {VHi, {Un, B, S}}}:
LabelTree // ShowTree

VVLo INn S
uUn B

S

VHi Un B
S

PrTree = LabelTree /. {VLo, {In, S}, a_} = {VLo, {In, 1},a}/-B|S->1/2/.In->u/.
{VHi, {Un, a__}}» {VHi, {1,a}}/-Un>1-pu/.VLO->6/-VHIi»1-6/.V->1;

ExTree = BuildTree [LabelTree, PrTree];

ShowTree [ExTree]

V|| VLo In S
i I ) u 1
i I ) S u o U
Un B
1-u i
s(1-pw || 2
55(1*11)
S
1
2
1
56 (1-p)
VHi un B
1-6||1 1
2
1-6(|1-6 s
2
S
1
2
1-6
2

Verify that terminal node total probabilities add up to one:
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Pr[ExTree, B] + Pr[ExTree, S] // Simplify

1

Conditional on a buy, the revised & is:

6B = Pr[ExTree, VLo, B] /Pr[ExTree, B] // Simplify
6 (-1 +p)
-1+6u

Conditional on a sell ...

8S = Pr[ExTree, VLo, S] /Pr[ExTree, S] // Simplify
S (1 + )

1+6u
Ask = Simplify[6B VLo + (1-6B) VHi]

VHI (-1+6) +VLo 6 (-1 + )
-1+56u

Bid = Simplify[6S VLo + (1-6S) VHi]

VHI -VHI 6 +VLO 6 (1 + )
1+6u

Simplify[6S /. 6 » 6B]

S (-1+p) (1+p)

-1+6p?
Manipulation by buying at the ask and selling at the revised bid? Nope.
Simplify[(-Ask + Bid /. 6-6B) >0, {O<u<1l,0<6<1, VHi >VL0}]
False
Manipulation by selling at the bid and buying at the revised ask? Nope.

Simplify[(Bid - Ask /. 6-6S) >0, {O<u<1l,0<6<1, VHI > VL0}]

False
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m Exercise 5.3 (Informed traders get a signal, Source notebook: SequentialTrade)

LabelTree =
{v,
{VLo,
{In, {SLo, S}, {SHi, B}},
{Un, B, S}},
{VHi,
{In, {SLo, S}, {SHi, B}},
{Un, B, S}}
}; LabelTree // ShowTree

V VLo In SLo S
SHi B

un B

S
VHi In SLo S
SHi B

un B

S
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PrTree =

LabelTree /. {VLo, {In, {SLo, S}, {SHi, B}}, a_} > {VLo, {In, {¥y, 1}, {1-vy, 1}},

a} /- {VHi, {In, {SLo, S}, {SHi, B}}, a_} >
{VHi, {In, {1-vy, 1}, {¥v,1}},a}/-B|S->1/2/.
In-u/.Un>1-pu/.VLo>6/.VHi»1-6/.V->1;

ExTree = BuildTree [LabelTree, PrTree];
ShowTree [ExTree]

V|| VLo In SLo
11|16 u Y
1|6 S U Y & U
SHi
Aty
(l-v)ou
Un B
1-u <
5 (1-p) :
50 (1-pw
S
1
2
1
56 (1-pu)
VHi In SLo
1-61(|u 1-v 1
1-6||(1-6)u (L-v) 1-6) ||l (1-v) (1-6)u
SHi
Y
Y (1-6)u
Un B
1-u 1
(1-6) (1-u) |2
5 (1-6) (1-p)
S
1
2
la-s) 1
5 (1-9) (1-n)
Pr[ExTree, B] + Pr[ExTree, S] // Simplify

1

6B = Pr[ExTree, VLo, B] /Pr[ExTree, B] // Simplify

5 (-1+ (-1+2vy) )

-1+ (-1+2y%) (-1+26) uu
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Values = {y» .1, u-» .2, 6> .3};

6B /. Values

0.371795

Ask = Simplify[6B VLo + (1 - 6B) VHi]

VLoS (-1 + (-1 +2y) ) +VHI (-1+68) (1+ (-1+2v) u)
1+ (-1+2y) (-1+26) u

8S = Pr[ExTree, VLo, S] /Pr[ExTree, S] // Simplify

6 (1+ (-1+2v) w
1+(-1+2v%) (-1+26) 1

Bidl = Simplify[6S VLo + (1-6S) VHi]

VHI (-1+6) (-1+ (-1+2vy) ) +VLoo (1+ (-1+2v) u)
1+ (-1+2y) (-1+26) u

Simplify[8S /. 6 » 6B]

o)

m Exercise 5.4 (Offsetting trades, Source notebook: SequentialTrade)

A sell followed by a buy gives ... (see the analysis of the original problem, above).

FoldList[sCond, &y, {S, B}] //- 6Condgyje // Simplify

(1+u) 60
oo 00 )
17/1+2L160

m Exercise 7.1 (Informative noise traders, Source notebook: StrategicTrade)
As in the basic problem:
Prute =P > Y A+ pu;
Yrule =Y = U+ X;
TRute = 7T > (V - P) X;

The informed trader's profits are:

7T /- TRute / - Prute /- YRule

X (V= (U+X) A-p)
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At this point we diverge from the basic model because u and v are correlated. The projection the informed

trader makes is:

uvDist = MUN[{{po}, {0}}, {{Z0, ow}, {ow, 0i}}, {V, u}]
() - ((5): |

0
uConditionalDist = MVNConditional [uvDist, u, V]

20 Ouv

2
Ouv Oy

(V- Po) Ouv 5, Cuv

20 Zo

u-N

The informed trader's expected profits (conditional on v) are:

Erx =7 /. 7rute /- Prute /- Yrule /- U - GetMean [uConditionalDist]

(V-Po) Ouv

20

X [V-p-X|X+

|

XOpt = First @ Simplify[Solve[dxEx == 0, X]]

The informed trader's optimal trade is:

(V-pu) Zog+ A (=V+Pg) Ouy
{x }
2 X35

The MM conjectures that the informed trader's demand is linear in v (as above), and must figure oUtE[v | y]:

XRule = X>a+Vf3;
XEqQu = (X /- Xgure) = (X /- XOpt)

(V-u) 2o+ A (=V+Pg) Ouy
2 1 %

a+V 3=

Xsolutions = Reduce[ vy XEqQu && =g >0 && A >0, {a, B}, Reals]

- Zg + A Po Ouy Zo - A Ouy
50 >08&&2A>08 8% 00 = —i— ——— &&B= —
2 X% 2 X%

Xsolutions = Simpl ify @ ToRules e Take [Xsolutions » —2]

U Po ouv
A >0

Zof)LOuv}
2 2%

Now the MM must compute E[v | y]:
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13

MakeLinearForm [uvDist, {V, Y /- Yrute /- Xrule}]

(e )
O(+Bp0 7

vyDist = SetLabel [%, {V, Y}]

\% ) B

>y) B Zo + Ouv
U+a+Vv/p

B 3o + Ouy OS‘*‘BOuv"'B (B Zg + Ouv)

(y) - N

20 B Zo + Ouv )]

B % + Ouv 05+BOUV+B(BZO+OUV)

(870
O[+Bpo ’

vConditionalDist = MVNConditional [vyDist, v, y] // Simplify

v-N

(Y -a) (BZg+0u) +Po (OSJrBqu) pay) Oﬁfoav ]

B2 5g + 02 +2 B ou ’/3220+05+2[3qu
Market efficiency:
pPEqu = GetMean[vConditionalDist] == (P /- Prute)

(Y -a) (BZo+0u) +Po (03 + B ou)

== A
5 5 YA+ U
B° 2o + 05 + 2 3 ouy

r = Reduce [ForAll [y, True, pEqu], {u, A}]

) ) —aBZO+oapo—aouv+Bpoouv B 3o + Ouv
B Zg+05+2Bou + 08&& 1t == && A ==

/3220+OS+2/30W /3220+oa+2/30u\,

Psotutions = TORules[Take[r, -2]]

, A=
5220+o§+2/30uv 5220+o§+2/30uv

{ —o¢620+oﬁpo—aouv+6poouv B 3o + Ouv
u -

Collecting the results and solving:

Equset = App'Y[Equal ’ Join [pSqutions » Xsolutions ] » 1]

—a520+oﬁpo—aouv+ﬁpoouv
{ N B2 50 + 02 +2 3 ouy ’

” B Zo + Ouy B 1 K Po Ouv B Zo - A Ouy
"/3220+oﬁ+2/30u\,’a"5 5 70T T2 }
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Modelsorutions = Simplify [Solve [EquSet, {u, A, a, B}], {of >0, %o > 0}];
Modelsoputions // Transpose // TableForm

Po (Ouv*\ 4329 05’3 05\, ) Po (Ouv+\ 4 %o 05’3 va )

= =
@ 2350 @ 2350

H = Po K1 = Po
o (Ouv+'\ 4 50 0%2-3 03, ) o (fou\,+«/420 02-3 02, )
A=
4 59 02-3 02, +0uy | 4 5o 02-3 03, -4 50 02+3 02y +0uv A/ 4 20 02-3 0%y
—Ouy+~/ 4 50 02-3 03, Ouv+~/ 4 5o 02-3 02,

230 230

A=

B -
Only the first solution can have 3 > 0, So:

Modelsoputions = Modelsorutions [[111] 5
When oy = 0O, this reduces to the original solutions:

Simplify [Modelsoutions /- ow = 0, {20 >0, oi > 0}]

& Po %o o
{a%—i,uepo,lei,ﬁe —}

[ [ 2,
Zo Oﬁ 2 Zo Oﬁ ®

With perfect correlation...
AltSolution = Simplify[ModeISO|utions /- o N2 Zg . {2050, 02> o}]

{O(%O,u%po,lﬁ Z—:,B%O}

Ou
Since 3 = 0, the informed trader doesn't trade at all. The uninformed trade, though, is linear in v:

2
(V- Po) i Zo
URule = U > = 5
0

Under these conditions, the market clearing price becomesp = po + Ay = V.
Simplify [pryte /- AltSolution /. Yeute /- X =0 /. Upute» {Z0 > 0, off > 0}]
P>V

Also, the conditional variance is:

GetVariance [vConditionalDist] //. Modelsoputions /- Guy = \ 02 Zo

0
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Exercise 7.2 (Informed trader gets a signal, Source notebook: StrategicTrade)

The informed trader in the basic model has perfect information about v. Consider the case where she only gets
asignal sabout v. Thatis,s = v + € where e ~N [O , og] , independent of v. Solve the model by proceeding

as in the basic case. Solve the informed trader's problem; solve the MM's problem; solve for the model parame-
ters (o, B, u, A) interms of the inputs, o3, o, and o2. Interpret your results. Verify that when o2 = 0,

you get the original model solutions.

£ Solution

Prute = P> Y A+ u;
Yrutle =Y = U+ X3
TRule = T~ (V- P) X;

Informed trader's profits:
7t /- TRute / - Prule /- YRule
X (V= (U+X) A-p)

The informed trader gets the signal s:
Spule =S >V +E€;

There are three random variables in this problem:

veuDistribution = MVN[{po, 0, 0}, {{Z0, 0, 0}, {0, oZ, 0}, {0, 0, oi}}, {Vv, e, u}]

v B 50 0 0
€ ~ 0 0 O'g 0
u 0 0 0 o2

We can rework this into a distribution forv, s, u:

MakeLinearForm [veuDistribution, {v, S /. Sgyte, U}]

> Po S0 2o 0
V + € ~ N pO Zo ZO TP Og 0
L 0 0O O o2

vsuDistribution = SetLabel [%, {Vv, S, U}]

v Po %o o 0
s | -~ N Po |, | Zo Zo+ Og 0
u 0 0O O o3

The informed trader forms the conditional distribution of v based on his signal:
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vConditionalDistInf = MVNConditional [vsuDistribution, v, s]

%o (S - Po) =5
Ve N B s

20+O'g Z()+O'E

The expected profits are developed from:
7 /- TRute /- Prule /- YRule
X (V= (U+X) A-p)
... substituting in the conditional mean for v:

Ex =7 /. 7rute /- Prute /- Yrute /- U= 0 /. v > GetMean [vConditionalDistInf]

Zo (S - Po)
X —X)k—[,(+7+po
Zo+O’§

The informed trader maximizes expected profits by trading x:
XOpt = First e Simplify[Solve[dxExr == 0, X]]
S 3o - U (o + 02) + 02 Po

{X% 2}( 2) }

Zo+0€

The MM conjectures that the informed trader's demand is linear in s:
XRule = X > a+S f3;

Knowing the optimization process that the informed trader followed, the MM can solve for o and f3:
XEQU = (X /- Xgule) = (X /. XOpt)

S %o - 1 (3o + 02) + 02 Po

a+S =
2} <20+O'g)

Xsolutions = Reduce[ vs XEqu && 2o > 0 && 02>08% 2>0 && s #0, {a, B}, Reals]

-1 B - 4 02 + 02 Po 2.0
S<0&&a = && 3 ==

2159 +2X02 2159 +2x02

0?>088 55 >088 2 >08&&

s>08&8%a = &&pB= —
2359 +2 A 0? 21359 + 2202

-U Zg - 1 0% + 0Z Po >y) ]]
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Xsolutions = Simpl ify @ ToRules e Take [Xsonutions [ [4- 1] 1, ‘2]

-U (Zo+0§> + o Po >0
{ae ,/39—}
23 (2o +02) 21350 +2 A 02

Now the MM must figure out E[V | Y = y]. This is a little more involved than in the original problem
because the informed trader's demand is conditioned on s. The joint distribution of vandy = u + o + s is:

MakeLinearForm [vsuDistribution, {V, ¥ /. Yrute /- Xrule}]

searsn) N ([ ap)-

o BXo
Uu+a+Sp B 2o OS+BZ(ZO+U§>)]

... and relabeling:
vyDistribution = SetLabel [%, {V, Y}]

o B
B Zo OS + 32 (ZO +O§)

(v ) =N (&po )

|

vConditionalDistributionMM = MVNConditional [vyDistribution, v, y]

So the distribution of v (conditional on y) is:

B 2o (Y -o-Bpo) B2 23
Po + » 20 ~
OS+[3’2 (Zo+o§> oﬁ+[;’2 (Zo+o§)

v-N

Market efficiency requires
pPEqu = GetMean [vConditionalDistributionMM] == (P /- Prule)

0 BZo (Y-0o-Bpo) v
0+ =YA+p
of + 8% (2o + 02)

Solving:
Psolutions = Reduce[ vy pEqu && 2o >0 && o2 >0 && of >0, {u, A}, Reals]

2 . -a 3 2o + 05 Po + B2 0Z Po BZo
0 >06885%) >08&& o] >08&& 1 == && N ==
BZZO+OS+BZO§ /3220+OS+/320§

Psolutions = Simpl ify @ ToRules e Take[pSOIutions L] —2]

- )

Collecting the results and solving:

fa/320+(ol21+/320§>p0 B 2o

oﬁ+62(20+o§) ’ %oﬁ+[52(20+o§
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Equationset = Apply[EquaI » Join [Psotutions » Xsolutions] » 1]

{ —af3 3o+ (OS+/32 Og) Po B %o
Y = ) == >
OS+[3’2 (Zo+o§) US+62 (Zo+o§)
= Ul (Zo+o§> +o§ Po 20 }
22 (m+0?) T 2amp+2A02

MOdGISOIutions =
Simplify[Solve[EquationSet, {u, A, a, B}], {2 >0, 02>0, o° >0}] 7/ First

2

Ou 20 Ou
{O(%— Po> L= Pos A , B~ }
ZoJrOg 2

To recover the original solutions:

2
Modelsotutions /- 05 » 0

of Zo o
{O{%* — Po> L>Pogs A ———, B —}

Zo 24/ 20 OS Zo
Given the price (or equivalently the total order flow), the variance of v is:

GetVariance [vConditionalDistributionMM]

2 2
B 25
20 —

Oa + 62 <Zo + og)

As we degrade the signal (increase o?2), the conditional variance approaches the unconditional variance.

m Exercise 7.3 (Broker piggy-backs on informed trader, Source notebook: StrategicTrade)

£ Solution
Prute =P > Y A+ u;
But now the order flow includes the broker's order flow yX.
YRule =Y 2 U+ X (1+7Y);
The informed trader's profits are:
TRule = T (V- P) X;

Substituting in for the price conjecture and y:
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7t /- TRute / - Prute /- YRrule
X (V- (U+X (L+v)) A-p)
The expected profits (conditional on v) are Es:
Ex = Simplify [7 /. 7rute /- Prute /- Yrute /- U= 0]
X (V=X (1+vy) A-pu)
The optimal quantity is:
XOpt = First @ Solve[dxExr == 0, X]

V- u }

{Xei
2 (1+y)

XRule = X>a+Vf;

XEQU = (X /- Xpure) = (X /- XOpt)

V- u

vf@3=
arve 2 (1L+y) X

Solving:

Xsolutions = Reduce[ vy XEqQu && A >08&& ¥ >0, {a, B}, Reals]

U
A>08 &y >08 800 = -—— — &&B= ———
2AX+2y X 2A+2y X

Xsolutions = Simpl ify @ ToRules e Take [Xsolutions » ‘2]

u 1
{aa—i, /3%7}
20+2y A 2A+2% A

As always, the MM must figure out E[Vv | y]. Starting from the original joint distribution:
uvDist = MUN[{{Po}, {0}}, {{Z0. O}, {0, of}}. {v, u}]

Po 20 0

(O )’ 0 oﬁ)

Now, though, we have a more complicated formfor y : y = u+ (o +Vv 3) (1 + ). The joint distribution of

vandy is:
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MakeLinearForm [uvDist, {V, Y /- Yrule /- Xrule}]

(\l:+ (a+VB) (1+7v) ) -N
Zo

Po
[( (@+VB) (L+y) -V (B+BY) + (B+BY) po)’

...relabeling:

vyDistribution = SetLabel [%, {V, Y}]

(y) - N

The conditional distribution is:

Po
((OHVB) (L+y) -V (B+BY) + (B+BY) po)’

(B+BY) %o
(B+BY) S0 (B+BY¥)25+02

>y)

|

(B+BY) 2o

(B+BY) 20 (B+BY¥)25+0?

vConditionalDist = MVNConditional [vyDistribution, v, y] // Simplify

-B (1 +v) (—y+oc+o<7()zo+05p0 Zooﬁ

v-N

B2 (1+y)235g+02

Market efficiency:

pPEqu = GetMean [vConditionalDist] == (P /- Prute)

-B(l+y) (-y+a+ay) Zo+ 03 Po

=Y A+U
B2 (L+y)% 50+ 03

Psotutions = Reduce [Vy pEqu, {u, A}]

BP9 +2B%ySo+B2y?5p+ 02 +08&

—~aB g -2aByZg-aB ¥y’ e+ 07 Po

32 (1+7{)220+oﬁ]

B3+ BY 2o

= && )\ =
B2 +2B2y 2o+ B2y2 S0+ 03

Psolutions = Simpl ify @ ToRules [Take [pSqutions ’ '2] 1

5 =

{ —a B (1+v)? 20 + 0 Po B (1+v) 2 }
TS

B2 (1+v)2 50+ 02 B2 (1+v)25q+ 02
Equationset = Apply[EquaI L] Join [Psolutions » Xsolutions ]

—a B (1+¥)2 5+ 02 po B (1+Y) %o
{U:: A

B2 (1+7v)25g+ 02

» 1]

u

= B
210+2y A

B2%0+2 B2y 2o+ B2¥2 50+ 08

1

2A+2yk}
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Modelsorutions = Simplify [Solve [EquationSet, {u, A, a, B}]1, {20 >0, of >0}] // First

o2 og
= Po 1[5 %
a—-»-——, U>Pg>» A > — — , B>
{ 1+vy 2 o'a 1+vy

To recover the original solution ...

Modelsorutions /- ¥ > 0

OS 1 by) oy
fas- | = posuospo. xs | = 8> |— |
Zo 2| o2 2o

The expected profits are

Simplify [PowerExpand [Ex /. Xgyte /- Modelsoiutions]]

Jo& (v-po)?
2 (1+%) 20

The informed trader's demand is:

Simpl ifY[XRuIe / - MOdelSolutions]

el

— (V-Ppo)

2o

1+vy

Since y > 0, the informed trader's expected profits are lower. Also, she fades her demand to take into account
the crooked broker. The informativeness of the price is:

GetVariance [vConditionalDist] /. Modelsoputions

2o

2

Unchanged, relative to the original model.

m Exercise 8.1 (Source notebook: RollBasicAndGeneralized)

The model is observationally equivalent to one in which there is no lag on the efficient price. The autocovari-
ances and moving average representation are the same.
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m Exercise 8.2 (Source notebook: RollBasicAndGeneralized)

By rearranging, the model can be writtenas (1 - (1 - a) L) pt = ame. Taking first differences
(1-(1-a) L) Aapg = €ex = owg SO:

$[L_]1:=1-(1l-a)L
The MA representation is Ap, = © (L) ex where o (L) = ¢ (L) *. Furthermore & (1)? =

61117
1

a2

Since 02 = a2 02,0 (1)2 02 = o2

m Exercise 8.3 (Source notebook: RollBasicAndGeneralized)

Over five-minute intervals
ORule = og - 0.00001;
e[L ] :=1-0.3L + 0.11L2

Random-walk variance:

\/9[1]2 Gg / - ORrule

0.00252982

Over one day:

\/6*12*6[1]2 Gg / - ORrule
0.0214663

i.e., about 2%
For the pricing error variance, the C; coefficients are generally:

Exponent[6[L],L]
Crute = C[6_, 1_] > > -Coefficient[o[L], L, jI;

J=i+1

and here ...
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Table[C[e, 1], {i, 0, 2}] /- Crule

(0.2, -0.1, 0}

Exponent[e[L],L]-1
$12 2
Z C[e, 1]1° oc /- Crule /- Orule

i=0

0.000707107

i.e., about seven basis points

m Exercise 8.4 (Source notebook: RollBasicAndGeneralized)

The structural model is:

Mg = Me-1 + We

W = AQ, + Ut

Pt = Mg1 + C Qe

Notice that the price is determined with respect to lagged value of the implicit efficient price.

(a) Using the structural representation, determine the Ap, autocovariances yo, 1 and verify that y, = 0.

In this and the following parts, assume that ¢ = 2 and X = 1.

(b) Verify that autocovariances are the same as the autocovariances for the (statistical) MA(1) model
APy = €¢ + 6 Where

ol = %(O'S+\/(0'ﬁ+1)(0'5+9) +5)
and

o= %(—0‘5+\/(0'5+1)(0'5+9) _5)

(c) Verify that 02 = (1 + ©)2 2.
(d) Compute (in terms of the MA parameters) the lower bound for o2 where s¢ = p¢ - me. Verify that the

lower bound is exact when o2 = O.

7 Analysis

nValues = {C>2, A 1};

MRute = Me_ = Meog + We s
Wrute = Wt_ = A (¢ + Ut

Prute = Pt_ > M1 + C (¢,

Pricing error s¢ =
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Pt - Mt /- Prute /- Mg = (Mg /- Meyge) /- Wrule
COt - AQ¢ - Ut
This implies that the pricing error variance is

(c-2)2+02 /. nvalues

2

1+0]

Price changes:

APryte = APy (Pt /- Prute /- MRute /- Wrute) = (Pt-1 /- Prute) 3
APy /- APgyge

-CO.1.¢ +A0_1,t +CQr + U_1.¢
var [A pe] = vo!
a[Expand [Ap% /- ApRule]] // - Erules

2c?-2cr+2A%+02

2c?-2xc+2%+02
2c?-2cr+ A% +02

CoOV [APg, BPy 4] = V1!
&[Expand [Ap; APy_; /- APryte]] 77 - Erutes
-c?+ca

Cov[apy, APy o] = v2!
&[Expand [Apy APe_; /- APrute]] 7/ - Erutes
0

Summarize the first two autocovariances in terms of the structural parameters:

yStructuralp, s = {yo»2c*-21c+ 2%+ 0], y1 » -C* +C A};
¥Structuraly,,.s // TableForm

Yo—=2C2-2CA+2%+03

¥1 - -C2+cCA

Now evaluate Var [we] = oa:
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&[Expand [wg /. Wrare]] 7/ - Erutes
224 05

The autocovariances computed from the statistical and structural representations must agree. The autocovari-
ances for the MA(1) process Ap; = €¢ + O€¢-1 are:

yStatisticalg, s = {¥0 > (6°+1) o2, y1 > 60Z}; yStatisticaly,. // TableForm
Yo & (1 + 92> o?

yleecg

StatStructEqu = Apply[Equal, Join[yStatisticaly, ., ¥yStructuraly .|, {1}];
StatStructEqu // TableForm

Yo = (1+92) o?

y1 = 6 02
Yo=2C?>-2CA+2%+03
Y1 = -C%2+C

which implies:

sol =So|ve[StatStructEqu, {e, og}, {¥o0, 71}] // Simplify

1
{{ozea (2C2—2CA+)k2+oL2,—\/)\2+ol2J \/402—4CA+A2+05),

E

2C2—2C}+/\2+05+\/12+05 \/40274C}+}2+05
6 - - },
2c2-2c

1
{ogeg (2C2—2CA+)k2+oL2,+\/)\2+ol2J \/402—4CA+A2+05),

2C2—2C}+/\2+OS7\/)L2+0l2J \/40274C}+}2+05
6 - - }}
2c2-2c

InvertibleSolution = sol [[2]]

1
{OE%E (ZCZ—ZC)\+)\2+05+\/AZ+OE \/4C2—4C)L+)\2+ol2J ),

2C2—20/\+)kz+057\/)\2+05 \/40274c/\+/\2+0§

o7 2c2-2ca }

Fullsimplify[InvertibleSolution /. nvalues, {1>0, of >0, ¢ >0}]

(o2 (5ot e[2ret] (9+cd) ). 0o, (5-ctei/(1eeE) (3+ i) )]




26 Solutions.nb

Simplify [ (L+0)2 02 /. InvertibleSqution]
22 05
i.e., the coefficient of e¢ is the same in both representations.

Simplify[e® oZ /. InvertibleSolution /. nvalues, {1>0, o} >0, c > 0}]

5+ 02 -/ (1+02) <9+05))

N|

Simplify[e® o2 /. InvertibleSolution /. nvalues /. of -0, {A>0, of >0, c>0}]

1

Solve[ (6?02 /. InvertibleSolution) == (c-2)®+ 03, of]
{{of > 0}}

InvertibleSolution /. nValues /. o2 -0 // Simplify

{o§e4, ee—%}

m Exercise 9.1 (Glosten and Harris, Source notebook: MultivariateMicrostructureModels)

Definitions:

MRute = Me_ = Mg + We s
Wrule = We_ = Ag Q¢ + Ag Qg + Ug;
Prute = Pt_ * Mg + C1 Q¢ + Cp Q¢

With these definitions, m¢, Wy and pe are (respectively):

TableForm[{ m¢ /- MRrute» Wt /- Wrutes Pt /- Prute}]

M_1,¢ +We
Ug + 0t Ao + Qe A
Me + C1 Ce + C2 Q

The price change at time tis Ap, =

APpyje = APy > (Pt /- Prute /- MRute /- Wrute) = (Pt-1 /- Prute) 5
Simplify[ap; /- APryse]

C; (-0.1.¢+0t) +C2 (-Q_1.¢ +Qe) +Ug + 0 Ao + Qe A

The vector of variables is:
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Yrute = Yt_ »> Transpose [{{ap¢, Q. Qe}}]; MatrixForm[ys /. Yrutel

APy
Jt
Qt

and the disturbances are e¢ =
€Rule = €¢_ > Transpose[{{Ut, Jt, Qe}}]; MatrixForm[e¢ /- €rulel

Ut
Jde
Qc

With substitutions, the vector of system variables is:
(yt /- Yrute / - ApRule) // MatrixForm // Simplify
C1 (-Q_1,¢ +0t) +C2 (-Q_1.¢ +Qe) + Ut + de Ao + Qe A1

Jt
Qt

The MA model is y¢ = 69 e+ + 61 €¢_1 Where the coefficient matrices are:

ClearAll [e];

Orutes = Table[Rule[es, Table[Coefficient | (yt /- Yrute /- APrute) [[i, 111,
(€t-s /- €rute) [[J» 111], {i, 3}, {i, 3}]], {s, 0, 1}];

{Map [MatrixForm, 6gryres- {2}1}

1 _ _

1 c +AO Co +}1 0 Cy Co
01 0 , 00 0

{{60 ; 00 1 o 00 0 }}

To build the covariance matrix, we need to work out Cov (gt¢, Qt) = E[Qe Sign (Q¢)] = E | Q¢ |

ClearAll [Q]

If Qe ~N (0, of) ,thenE[ | Q] =

Simplify[j Abs[x] PDF [NormalDistribution [0, oq], x] dx, {oq € Reals, Re[(cQ)z] > O}]

2
— og
7T

So the disturbance covariance matrix is:
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uute =2 ({{o3: 0. 0}, {0, 1. oq.o}. {0, 0u.0. &)} /- om0+ V208 /x )

Map [MatrixForm, Qgpuje, 1]

0
0 |2

The random-walk variance is o2 =

Simplify[ (6 + 61) -Q.Transpose [6g + 61] /- Oputes /- Qrutes {0g >0, o_eReals}][[1, 1]]
2

og+ A5 +2 | — 0§ Ao+ 0§ AT
JT

7 Decomposition with g first:

F1 = Simpl ify[Permute[CholeskyDecomposition [Permute[Q /- Qrute> {2, 3, 1}11,
{3, 1, 2}1, {04 >0, o >0}];
F1 // MatrixForm

o2 00
2
—2+71 2
0 0 fn OQ

VarDecompl = ((6p + 61) -Transpose [F1] /. 6rutes // Simplify) [[1]]

The variance components corresponding to u¢, Q¢ and Q¢ are:

{VarDecompl2 // Simpl ify} // TableForm

[2 [ 2
)\0+ . OQ )Ll

Verify that they add up to the correct o2:

2

(-2+7) 05 A3

o
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Plus ee VarDecompl2 // Simplify
2

O§+Ag+2 7x/o% )ko)kl+oé)kf
7T

7 Decomposition with Q¢ first:

F2 = Simplify[Permute [CholeskyDecomposition [Permute([Q /. Qrute» {3, 2, 1}11,
{3, 2,1}1, {0g>0, oy >0}1:
F2 // MatrixForm

o2 0 0

0 -2+ 0

s

VarDecomp2 = ((6g + 61) -Transpose [F2] /. 6rutes // Simplify) [[1]]

{\/g’ﬂ,fZ;N Ao ;Ao+ﬁh}

{VarDecompZz} // Simplify // TableForm

2

5> (-2+m) 23 2 2
Oy pn x )\0+ OQ )\1

... and verify:

Plus ee VarDecompZ2 // Simplify

[2
of+28+2 | — 0§ Ao Aq+f N2
Tt

m Exercise 9.2 (Madhavan, Richardson and Roomans, Source notebook:
MultivariateMicrostructureModels)

The model is:

Qrute = Jt_ = Ve + B Qg1
MRute = Me_ > M1 + Wi,
Wrute = We_ = A Vg + Ug;

Prute = Pt_ > Mt + C (¢,
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With these rules, ¢, M¢, We, and py are:

{9t /- Qrutes Mg /- Mrytes We /- Wrute» Pt /- Prute} // TableForm

B 1.t+ Ve
M_g.¢ +We
Ut + A Vg
M¢ + C Q¢

The price change is Ap=

APpyte = APy AP¢ = (Pt /- Prute /- Mrute /- WRute) = (Pt-1 /- Prule) >
Simplify[ap; /. Apryse]

APy > -CQ_1.¢ + COc + Ug + A Vg
The system variables are y¢ =
Yrute = Yt_ > Transpose [{{ap¢, Ge}}]s5 Ye /- Yrute // MatrixForm
[ac'
Qe

The vector of disturbances is:

€Rrule = €¢_ > Transpose[{{Ut, V¢}}]: €t /- €rule // MatrixForm

()

ClearAll [o]
With substitutions, the vector of system variables becomes y¢ =

{{ap¢}> {ae}} /- AP > (Pt /- Prute /- Mrute /- Wrute) = (Pe-1 /- Prute) /- Gt > (Gt /- Orute) //
Simplify // MatrixForm

(C (-1+B) g.q.e +Ug + (C+A) Vy
BO-1.t + Vt

This is a first-order vector autoregressive process: Y¢ = ¢ Yt.1 + © €¢ Where
Srute =9 » {{0, c (-1+B)}, {0, B}}; MatrixForm /@ ¢gyje

0 c(-1+p)
¢ - 05

and
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Orute =0~ {{1, (C+A)}, {0, 1}}; MatrixForm /@ 6gyje

9%(1 C+})

01

It may be put in vector moving average (VMA) formas: y¢ = (1 - ¢L) 1 6 e¢. We could obtain the VMA

VMA coefficients

coefficient matrices by doing the series expansion. Here, though, to compute the random-walk variance, we
just need the sum of the moving average coefficients, and (1 - ¢) 1 o =

maSum = Inverse[ldentityMatrix[2] - (¢ /- drute)]- (6 /. 6rute) // Simplify;
masum // MatrixForm

12

1
0 =

7

To compute the random-walk variance o2, take the upper left hand entry of [ (1-¢)t e] Q[ (1-¢)t e]

masum. {{of, 0}, {0, o}}-Transpose[maSum] // Simplify // MatrixForm

2 2 2 A0y
og + A% of "
A U\% 03
1-5 (-1+8)2

The quantity o3 + A2 o2 summarizes the public information and trade-related components of the random-walk.

m Exercise 11.1 (Soure notebook: DealersAndInventories)
(The numbers in Exercise 11.1 were used to generate the figure.)

fla_,b ,c ,x ]:=ax?+bx + c;
Inverse arrival rates of sellers (who receive the bid price)
ps=f[.2, .2, 2, A]

2+0.21+0.222
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Plot[ps, {A, 0, 1}]

2.4}

2.3

Inverse arrive rate of buyers (who pay the ask)
pb=f[.2, -1, 3, 1]

3-1+0.222

7 The single price equilbrium

Plot[{ps, pb}, {A, 0, 1}, AxesLabel - {"1"", "p"}]

3.0

2.6

2.4}

2.2+
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Determination of the single-price equilibrium arrival rate:
AEq = A /. Flatten[NSolve [ps == pb, A]]
0.833333
PEq = ps /- A > AEqQ
2.30556

(Optimal) average profit and arrival intensity:
sol = NMaximize[{A (pb-psS), A >0}, A]
{0.208333, {1 > 0.416667}}
A0pt=x/.sol[[2, 1]]

0.416667
bid = ps /. A -» 20pt
2.11806

ask =pb /7. A » A0pt

2.61806



34

Solutions.nb

extra = {GrayLeveI [0.97], Rectangle[{0.01", bid}, {AOpt, ask}],
GrayLevel [0], Dashing[{0-01"}], Line[{{xOpt, 0}, {AOpt, ask}}],
Line[{{0, bid}, {AOpt, bid}}], Line[{{0, ask}, {xOpt, ask}}],
Line[{{AEq, O}, {AEQ, pEQ}}], Line[{{O, pEq}, {AEd, pEQ}}],
Text["2°Y (p)”, {0.37, 2.97}],
Text["2%'" (p)", {1.057, 2.67}]
}:
Plot[{ps, pb}, {2, 0, 1.27}, PlotRange » {{0, 1.27}, {1.87, 3.17}},
Frame -» True, FrameLabel - {"Arrival rate'", "Price, p"},
Background - GrayLevel [1], FrameTicks -

{{{xopt, "a%Ptiral =} f3Eq, "27"}}, {{bid, Bid}, {ask, Ask}, {pEq,

None, None}, Epilog - extra, BaseStyle - baseStyle]

ABY(p)
Ask
o
3
&
p
Bid

}LOptimaI AEq

Arrival rate

Ca)e

m Exercise 15.1 (Source notebook: TradingStrategiesl)

7 Model dynamics

MRute = Me_ > (Mg /- Mg > 0) + X ¢ Se + U+ €5
Prute = Pt_=>Me +¥ (St /- So = 0) ;

Wrute = We_ > Weg = (S¢-1 /- So»0) /; ! t===0;
€eZap =€ - 0;
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solution = OptOrders([3, {Prute> MRute» €ZapP} /- u->0/. y->0] 7/ Simplify;

Lagrangian: 6 (1-s; - S, - S3) +s§ A1 +S2 (S1 A1 +S2A2) +S3 (S1 A1 +S2 A2 + S3 A3)
First order conditions:

-5+2S3 201 +Sp A1 +S3 A1 =
~6+S1 A1 +2Sp2 A2 +S3 X2 =0
-6 +S1 A1 +So Ao +2S3 A3 =
l1-s3-S2-s83=0

Solutions:

221 (A3+21 A3-4 22 23)
A2 (A2-423)

A (22-223)
Sp > ————
A2 (A2-423)

A
Qp-4 A3

S3 > -
solution /. (A1 -2, Ao »1, 23> 1/2} // TableForm
6-0
Sl = ,1
S, >0
S3 — 2
As a check, verify that with constant X, we obtain the original solution to the basic problem.

solution /. {x_- 2} // TableForm

IN
~

Wk WR W W‘



