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What’s Wrong with the MNL Model?

Insufficiently heterogeneous:

“... economists are often more interested in aggregate effects
and regard heterogeneity as a statistical nuisance parameter
problem which must be addressed but not emphasized.
Econometricians frequently employ methods which do not
allow for the estimation of individual level parameters.”
(Allenby and Rossi, Journal of Econometrics, 1999)
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Several Types of Heterogeneity

O Differences across choice makers

= Observable: Usually demographics such as age, sex
= Unobservable: Usually modeled as ‘random effects’

O Choice strategy: How consumers make
decisions. (E.g., omitted attributes)

O Preference Structure: Model frameworks such
as latent class structures

O Preferences: Model ‘parameters’
= Discrete variation — latent class
= Continuous variation — mixed models
= Discrete-Continuous variation
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Heterogeneity in Choice Strategy
Consumers avoid ‘complexity’

= Lexicographic preferences eliminate certain choices
=>» choice set may be endogenously determined

= Simplification strategies may eliminate certain
attributes

|nformation processing strategy is a
source of heterogeneity in the model.
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Accommodating Heterogeneity

Observed? Enter in the model in
familiar (and unfamiliar) ways.

Unobserved? Takes the form of
randomness in the model.
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Heterogeneity and the MNL Model

P[choice ||I,t] =

exp(a; +pB'x;)

J(0) :

O Limitations of the MNL Model:

= |[ID=> IIA

» Fundamental tastes are the same across all

Individuals

0 How to adjust the model to allow
variation across individuals?

= Full random variation
= Latent grouping — allow some variation
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Observable Heterogeneity in Utility Levels

}

— ! /
Uijt =a;+ B X Y2 T€;
exp(a; +B'x; +Yz;)

J (1) ]
,-il exp(a; +B'x;; +Y'z;)

Prob[choice ||I,t] =

Choice, e.g., among brands of cars
X;y; = attributes: price, features

z, = observable characteristics: age, sex, income



| Discrete Choice Modeling
Modeling Heterogeneity

[Part 9] 8/79

Observable Heterogeneity In
Preference Weights

Hierarchical model - Interaction terms
U,=0q+ Bi'xitj T V;Zit + &€
B, =B +®h
Parameter heterogeneity is observable.
Each parameter B, =B, +¢h,
exp(a; +B/X,; *+ Yz, )

J; (i)
jil exp(aj t pl’xltj + V’Zit)

Prob[choice j|I,t] =
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Heteroscedasticity in the MNL Model

e Motivation: Scaling in utility functions
e Ifignored, distorts coefficients

e Random utility basis
Uj = oy + B’X; + v'Z + o
i=1,...N; j=1,....J() )

F(e) = Exp(-Exp(-g;)) now scaled

e Extensions: Relaxes IIA
Allows heteroscedasticity across
choices and across individuals
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‘Quantifiable’ Heterogeneity in Scaling
U, =qa+ p'xitj + V;Zit +E;

Var[e, ] = ofexp(dw,),0; =11° /6

|

w; = observable characteristics:
age, sex, income, etc.
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Modeling Unobserved Heterogeneity

O Latent class — Discrete approximation
O Mixed logit — Continuous
O Many extensions and blends of LC and RP



LATENT CLASS
MODELS



| Discrete Choice Modeling
Modeling Heterogeneity

[Part 9] 13/79

The “Finite Mixture Model”

O An unknown parametric model governs an outcome y
= F(y|x,0)
= This is the model

O We approximate F(y|x,0) with a weighted sum of specified
(e.g., normal) densities:

= F(y|x,0) = % m; G(y[X,B)
= This is a search for functional form. With a sufficient
number of (normal) components, we can approximate

any density to any desired degree of accuracy.
(McLachlan and Peel (2000))

= There is no "mixing” process at work



Discrete Choice Modeling
Modeling Heterogeneity

[Part 9] 14/79

I Datak. [ || 0 sl
2900 are; 33333 Rows: 1000 Ob
Y = — 148
1» 421855 g ]
2= 1.20367 1
3= 245719 ar ]
S 0470427 4
hn 16.4708
b= 0428376 ]
¥= 1.56961 08 ]
8= 593268 f
9 3.83035 E ]
10> 410209 5
11 = 729334 1
12 =» 14.278
13= 912016 -
14» 1.57473 ]
1h = 519382
16 = 384372 ]
17 = -3h7389 L 000
_I 3 - 232852 | 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 |
19 285411 s ! ’ 0 i = %
20 = 523678
1 » 2 9E015 ‘ Kernel density esfimate for Y ‘
22 = 322748
23= 11.0248
24 = 431525
2h=» 3.68032 . . .
26, 7o Density? Note significant mass below zero. Not a
» B.E1563 oqe .
Soa]  raiee gamma or lognormal or any other familiar density.
29= RE7TI
30 = 11.3807 |
e f




Discrete Choice Modeling
Modeling Heterogeneity

[Part 9] 15/79

oL =27 o] S 2| 124 |

O, O,

Maximum Likelihood Estimates
Class1 Class 2
Estimate Std.Error Estimate Std. error
u 7.05737 17151 3.25966 .09824
o 3.79628 25395 1.81941 .10858
T 28547 .05953 71453 .05953

If(y):.28547{ 1 ¢(y-7.05737ﬂ+.71453{ 1 ¢(y-3.25966ﬂ

3.79628 3.79628 1.81941 1.81941
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[

Two Mormal Densities Mixed to Approximate Unknown Density
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The actual process is a mix of chi squared(5) and
normal(3,2) with mixing probabilities .7 and .3.

Chi Squared(5) and Normal(3,2) Elements of Mixture

— .2097_
.168—:
.126—:
.084—:

.042—

— 0001

ACTUAL2

ACTUAL1

B .52.5 eXp(_5y) y1.5 E y—_3
f(y)=.7 25 +.32¢( > J
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DENSITY

Twao Point Mixed Mormal Approximation to Unknown Density
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Latent Classes

O Population contains a mixture of individuals of
different types

0 Common form of the generating mechanism within
the classes

O Observed outcome y is governed by the common
process F(y|x,0;)

0 Classes are distinguished by the parameters, 6.
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The Latent Class “Model”

O Parametric Model:
= F(y|x,0)
= E.g., Yy~ N[X'B, 6%], y~ Poisson[A=exp(x'B)], etc.
Density F(y|x,®) = % m; F(y|X,6, ),
¢, [0, 0,,..., 0;, Ty, Toyenn, ]

2 T, =1
= Generating mechanism for an individual drawn at
random from the mixed population is F(y|x,®).
= Class probabilities relate to a stable process governing
the mixture of types in the population

11
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Table 8. Estimated income coefficients elasticities for GP and specialist vigMs—country-specific LC hurdle models.

B GPs Specialists
Low users High users Low users High users
Estimated Estimated Estimated Estimated Estimated Estimated Eztimated Eztimated
coefficient elasticity coefficient elasticity coefficient elasticity coefficient elasticity
Austria P(Y¥=0) -0.051 (-1.467) -0.012 -0.109 (-0.872) -0.005 0.191(3.743) 0.110 0.211 (3.556) 0.030
E(¥]¥=0)0.012 (0.693) 0.009 0.039 (2.167) 0.035 0.014 (0.210) 0.006 0.105 (3.858) 0.070
Belgium P(Y=0) 0.035(1.002) 0.008 0.292 (4.004) 0.010 0.054 (1.3599) 0.036 0.079 (1.348) 0.014
E(¥]Y=0}-0.052 (-3.125) —0.037 —0.055 (-4.030) —0.050 -0.112 (-1.611) -0.052 -0.049 (-1.920) -0.035
Denmark P(¥=0) 0.083 (1.746) 0.033 0.261 (2.302) 0.023 0.053 (0.738) 0.045 0.079 (1.123) 0.034
E(¥]¥=0)0.042 (0.992) 0.021 -0.030 (-1.009) -0.024 -0.053 (-0.434) -0.022 -0.082 (-1.120) -0.050
Finland P(Y=0) 0.054 (1.358) 0.024 -0.030 (-0.263) -0.003 0.203 (3.525) 0.155 0.167 (1.909) 0.041
E(¥]Y=0)0.007 (0.237) 0.004 -0.048 (-1.706) -0.037 —0.279 (-2.985) —0.090 0.025 (0.487) 0.014
Greece P(¥=0) 0.012 (0.565) 0.008 0.015 (0.447) 0.004 0.184 (7.641) 0.128 0.148 (5.413) 0.060
E(Y]Y=0)-0.024 (-1.854) -0.015 0.026 (1.567) 0.020 0.017 (0.878) 0.010 0.067 (4.152) 0.055
Ireland FP(Y=0) 0.164 (4.754) 0.064 0.026 (0.339) 0.003 0.172 (3.274) 0.152 0.313 (4.367) 0.144
E(¥]¥=0)-0.095 (-3.865) —0.057 —0.049 (-2.528) —0.043 0.063 (0.738) 0.027 -0.091 (-1.838) -0.057
ttaty P(Y=0) -0.001 (-0.054) 0.000 0.116 (3.7685) 0.011 0.136 (6.251) 0.105 0190 (7.518) 0.063
E(Y]v=0)-0.044 [-4.944) -0.031 —0.024 (-2.591) —0.021 —0.084 (-2.787) —0.035 0.000 (-0.028) 0.000
The Netherland=P(y=0) 0.082 (2.897) 0.035 0.094 (1.739) 0.009 0.071 (2.085) 0.055 -0.055 (-1.084) -0.016
E(¥]¥=0)-0.037 (-1.484) -0.019 —0.085 (-5.448) —0.068 —0.250 (-4.377) -0.129 -0.008 (-0.299) -0.006
Portugal P(Y¥=0) 0.223 (10.888) 0.104 0.243 (8.070) 0.036 0.252 (9.190) 0.193 0.295 (9.454) 0.099
E(YY=000.027 (2.302) 0.018 0.001 (0.078) 0.001 —0.087 (-3.292) —0.045 0.041 (2.340) 0.028
Spain P(¥=0) -0.015 (-0.997) -0.006 0.037 (1.261) 0.005 0.112 (5.680) 0.080 0.138 (5.189) 0.042
E(YY=0)-0.053 (-4.401) -0.034 —0.025 (-2.324) —0.021 —0.070 (-2.450) =0.033 0.017 (1.026) 0.012

Motes: t-statistics of coefficients in parentheses. Coefficients in bold are those significant at 5%. Elasticities are calculated for each individual and averaged over the sample.
Elasticities in bold correspond to significant coefficients.
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A Recast Random Effects Model

Uy =a+BX+ U+ g, U ~N[0,6,]

o, =0+ U

T. = observations on individual i
For each period, y, =1JU, > 0] (given u.)
Joint probability for T. observations is

Prob(Yiy, Yigae-- 1) = [T, | F(Yu0 +B%)
Write u. =c v, v. ~N[0,1], |, =a+ oV,

u-i?

N i '
logL|v,,..v, = Zi:i Iog[l_[:=1 F(Y, (a+o,Vv;)+P xit)J
It is not possible to maximize logL|v,,...v, because of
the unobserved random effects embedded In a.




| Discrete Choice Modeling
Modeling Heterogeneity

[Part 9] 26/79

A Computable Log Likelihood

The unobserved heterogeneity is averaged out of log L | v

E,[logL|v]~ " log j”i]‘[jl F(y,, o +[3’xit)Jf (o, )do
Maximize this function with respect to a.,,c,. (o, =+ 6,V.)
How to compute the integral?

(1) Analytically? No, no formula exists.

(2) Approximately, using Gauss-Hermite quadrature
(3) Approximately using Monte Carlo simulation
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Simulation

logL = Z:illog. [HL F(y,, o + ﬁ’xit)} ¢(o)do,
5 of o) |

J2n

This equals > log E[g(c,)]

The expected value of the function of a. can be approximated
by drawing R random draws v, from the population N[0,1] and
averaging the R functions of o, = o + o,v,. We maximize

1 i :
ogL, =31, tog= 37, [ [0, FVur (et o,v,) +Bx,)]
(We did this in part 4 for the random effects probit model.)



Model
DOCTOR

-16296.68110

Random Coefficients Probit

Dependent variable

Log likelihood function
Restricted log likelihood -17701.08500
Chi squared [ 1d.£.] 2808.80780
Simulation based on 50 Halton draws

________ +_______________________________
Variable| Coefficient Standard Error
________ +_______________________________
| Nonrandom parameters
AGE | .02226*** .00081
EDUC | -.03285*** .00391
HHNINC | .00673 .05105
|Means for random parameters
Constant| -.11873*%* .05950
| Scale parameters for dists.
Constant| .90453**%* .01128
________ +_______________________________

Discrete Choice Modeling
Modeling Heterogeneity

[Part 9] 28/79

(Quadrature Based)
(-16290.72192)

b/St.Er. P[|Z]|>z]
27.365 .0000 ( .02232)
-8.407 .0000 (-.03307)
.132 .8952 ( .00660)
-1.995 .0460 (-.11819)

of random parameters

80.180 .0000

Implied p from these estimates is .904542/(1+.90453%) = .449998.
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The Entire Parameter Vector Is Random

U _B|X|t+ 8

B.=p+u., u ~N[O0diag(oc,,...,0.)]
Joint probability for T. observations is

T /
PrOb(Yip Yigre | ui) — thl F(yit, iXit)
For convenience, write u,, = o,V,, vV, ~ N[0,1], B, =B, + o, Vi

logL|v,,..v, =ZiN:ilog[HT‘ F(y, Bix .t)}

It is not possible to maximize logL |v,,...v, because of
the unobserved random effects embedded in B..
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Estimating the RPL Model

Estimation: 8,
Poir =B+ Az + T,
Uncorrelated: I' is diagonal
Autocorrelated: v, = Rv;, + U;,
(1) Estimate “structural parameters”
(2) Estimate individual specific utility parameters
(3) Estimate elasticities, etc.
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Classical Estimation Platform:
The Likelihood

Marginal: f(B. | data, Q)
Population Mean =E[@. | data, Q]

= |, BB |Q)dB,

=B = a subvector of Q

Q-= ArgmaxL(B.,i=1,...,N|data,Q)

N

Estimator =8

Expected value over all possible realizations of Bi. l.e., over all
possible samples.
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Simulation Based Estimation

O Choice probability = P[data |B(B,B,,A,I,R,V; )]
O Need to integrate out the unobserved random term
0 E{P[data | B(B1.B2.A.I\R,v; )]}

= | PL..IviJftv v,
O Integration is done by simulation
= Draw values of v and compute B then probabilities
= Average many draws
= Maximize the sum of the logs of the averages
= (See Train[Cambridge, 2003] on simulation methods.)
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Maximum Simulated Likelihood

True log likelihood
L(B, |data,) =] ], f(data|B,)
L(Q|data)= [ [T, f(data,|B)(B;|Q)dB
ogl =Y, log[ LB, |data)(B |Q)dp

Simulated log likelihood

ogle = 3", log= 3", L,(BxIdata, Q)

Q= argmax(logL.)
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Frobit Mode=l

Fandom Coefficients
Dependent wariable Do TOR
Log likelihood function —16384 69537
Festricted log likelihood -177Y01.07532 probit ; lhs = doctor
Chi =guared [ 4 d.f.] 2B32.75991 ; rhs = one,age.educ,income
Significance lewel .goooo ; panel ; Tpm _
HcFadden Pseudo R-squared 0743672 ;ofentone(n).agein) -educ(n) . incons (n)
Estimation based on N = 27326, K = 3§ S At U
Inf Cr AIC = 32785.4 AICAH = 1.200
Inhbalanced pansel has 7293 indiwvidual=
FEOEIT (normal) probability model
—_—— + —_— —_ —_ —_ —_ —_— —_ —_ —_ —_ —_— —_—
Standard Frob. 95 Confidence
DOCTOR Coefficient Error = |z | > Interval
—_—— + —_— —_ —_ —_ —_ —_— —_ —_ —_ —_ —_— —_—
Means for random parameters
Con=tant —.14345== 05804 —2.47 0135 - 25721 —. 02969
AGE | 022 35%%x .onoogl 27.65 0000 02076 02393
EDIC —. 03259%x% .0n3g4 —83.49 0000 —. 04011 —. 02507
THCOME 03865 05042 Y 4433 —. 0017 .13748
Scale parameters for di=ts. of random parameters
Constant 095G ] e 00866 11.02 0000 L078L3 11249
AGE 0206 Jexx 00026 28,57 0000 02011 02114
EDIC 01207 %% LOno?s 16.20 .0000 01061 01353
IHCOME | 03222 02175 1.48 1385 —. 01041 07486
—_—— + —_— —_ —_ —_ —_ —_— —_ —_ —_ —_ —_— —_—
Hote: *xx  ** Significance at 1%, 55X, 10% lewel.

E 3 ==}
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When Var[u.] is not a diagonal matrix. How to estimate a positive

definite matrix, Q.

u. ~ N[0,Q]

Cholesky Decomposition: Q = LL" where L is upper triangular

u. =Lv. with v, ~ N[O, 1]

Convenient Refinement: Q =LL"= (MS)(MS)' where the diagonal
elements of M equal 1, and S is the diagonal
matrix with free positive elements. (Cholesky values)

u. = MSy,

M = | returns the original uncorrelated case.

We used the Cholesky decomposition in developing the Krinsky and Robb

method for standard errors for partial effects, in Part 3.
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Random Cosfficients=

Dependent wariable
Iog likelihood function

Festricted log likelihood

Chi squared [
Significance level

HcFadden Pssudo E—=guared

10 d.£.]

Eztimation based on N =
Inf Cr AIC =
TMnbalanced pansl has

FROBIT (normal)

Probit

27326,
32727 .4 AICAH
7293 indiwviduals
probability model

Hodel

DOCTOR

—-16349 68809
-17701.07532
270277447

cooano
0763449
E = 114
1.198

Standard Frob. 95% Confidence
DOCTOR Coefficient Error = |z | »F* Interval
Mean=s for random paramnsters
Con=ztant —. 22219%%x .05983 -23.71 0002 .33944 .10493
AGE L0221 0%xx .aooaa 26.67 0000 02055 02381
EDTC —. 0231 0%%x= 00404 -5.74 0000 .03110 01526
THCOME —. 02549 Q5308 —.43 6311 .12953 07855
Diagonal =lement=s of Cholesky matrix
Con=tant C10235%= 06112 1.67 .0940 01744 22214
AGE 0111 9%%% .aoove 14 37 0000 .00%66 01271
EDTC L0042 0% Q0173 2.47 0134 .oooa9 00766
| LHCOME| - 02184 0249 iDEE 02472 |
Below diagonal element=z of Cholesky matrix
1AGE ONE —. 00131 .aoosl -1.62 .10%7 00290 .aoozse
1EDT_ONE 01903 %% 00410 4 64 0000 .01100 Q2707
1EDT _AGE —. 0461 d%%x Q0327 -14 .11 0000 05255 03974
1THC ONE 367 050*xx .0N5258 6.98 0000 26400 47010
1THC _AGE —. 277 1b%%x 06251 —4 .43 0000 .39967 .15466
1IHC_EDUT —. 01902 Q5020 —. 38 7048 11741 07937
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Imnplied covariance matrixz of random parameters

Covariance matrix

OHE AGE EDTC

IHCOME
ONE . 1048E-01
PN A ACE —1341FE-03  .1269E-03
MSS M EDIC 1948E-02 - .5412E-03  .2510E-02
INCOME 3757E-01 —.3582E-02 1969E-01 2137

Implied =standard dewviation=z of random parameters

S.D Beta] 1
1] 102350
7| 0112652
3 0500953
i 162233
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Modeling Parameter Heterogeneity

Individual heterogeneity in the means of the parameters
B.=B +Az +u

Elu. | X, z]

Heterogeneity in the variances of the parameters
Var[u, | data ] =0, exp(h;9,)

Estimation by maximum simulated likelihood
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A Hierarchical Probit Model

U =
3,=PB{+A;; Fema
3,=PB>,+A,; Fema
35 =P3+A;; Fema
B4=Ps+A4; FEMA
Yy = 1[U; > 0]

e + Ay, Married
e + Ay, Married
e, + A3, Marriecd

e + A4, Married

By + BxAge; + BsEduc, + ByIncome; + &

i T Uy
i T Uy
i T Us;
i T Uy

All random variables normally distributed.
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Fandom Coefficients Probit Hodel
Dependent wariable DOCTOR
Log likelihood function -16228 33601
Fesztricted log likelihood -17701.07532
Chi squared [ 18 d.f.] 2945 47863
Significance level .goooo
McFadden P=eudo RE-sgquared 0832006
Eztimation based on H = 27326, K = 22
Inf Cr AIC = 32500.7 AIC-H = 1.1389
finbalanced panel has 7293 individuals
FEOBIT (normal) probability model
Standard Frob. 95 Confidence
DOCTOR Cosfficient Error = |z | »E= Interwal
Means for random paramnsters
Con=tant —-. 11521 12228 —.94 . 3del . 35487 12445
AGE C01le60%xx 00173 9.61 0000 01321 .11993
EDUC — . 03299%%% .no7as -4 .19 0000 .04843 .01754
IHCOME —. 03627 .10540 —-.34 7308 .24285 17032
Diagonal element= of Cholesky mnatrix
Con=tant 4948 9%%x .0B515 7.60 0000 .36719 .B2259
AGE L1205 7%xx .000ed 31.94 0000 .01931 02183
EDUC C0Ed]1 Jexx .Qozos I0.81 0000 .de005 g8zl
IHCOME .n3zo0 L2142 1.49 1352 .10993 .07399
Below diagonal elements of Cholesky matrix
1AGE OHE — . 01351%%x .aoos? —-15.44 0000 L1152z .011749
1EDU_OHE D267 Nxxx .ood4n 6.07 0000 .n1s08 .03532
1EDTU_AGE —. 04147 %% .10Zed —-15.48 0000 .1de72 .03e2l
1IHC OHE — . 392p5%%x .15705 —6. 838 .0000 .50446 .28084
1THC AGE — 2063 0%%x .05181 —-3.98 0001 30793 .10483
LINC EDU 01241 .de0ls .21 3366 .10553 .13035
Heterogeneity in the mean= of random paramsters
ciOHE_FEHM L5724 12313 e 6420 .18409 . 29856
cOHE MAR — 497 02%%x% 13211 -3.%6 0002 . 755495 .23810
cAGE FEHM — O05953%%% 00163 —-3.66 0003 .00914 L0276
cAGE MAR L0133 0%xx .no1sz 7.33 0000 00974 .11e86
cEDTU_FEH 586 Nexx .aog3s .00 0000 142149 L7502
cEDU_MAR — . 00&z20 .108e3 —. 60 5473 221z L01173
cIHC_FEHM .doe00 .101e7 06 9529 .19326 20527
cIHC_MAR —. 03671 .11437 —-.32 7482 26086 18745
Hote: %% %% % ==3: Significance at 1¥, &X. 10% lewvel.
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Simulating Conditional Means
for Individual Parameters

EZL ([3 + IA—Wi,r)HLCD((ZYit _]—)(3 + I:Wi,r)’xit)

E(B 1y %)== —— —
=2 T @(@y D@+ Lw,, )%, )

1l <R o A
= EZH Weight B.

Posterior estimates of E[parameters(i) | Data(i)]
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Frobit Fegres=sion Start Values for DOCTOR
Dependent wariable DOCTOR
Log likelihood function —17422 71144
Eztimation bazed on H = 27326, K = 7
Inf Cr AIC = 34859 .4 AICAH = 1.276
Standard Frob. 95% Confidence
DOCTOR| Coefficient Error z |z | »Z% Interval
AGE L01189%%x .aoogn 14 .94 0000 01033 .01345
MARRIED 07352 %% 02064 3.56 0004 03306 .113983
FEHALE . 35591 %% 01e0? 22 .22 .0000 .372451 C38730
HHEIDS —. 1521 1%%x 01833 —-g.30 .0000 —.13803 —-.11619
Constant —. 12433== .05815 -2.14 0325 —. 23830 —. 01037
EDTIC — . 01496%%% 003548 -4 18 0000 —-. 02197 —. 00795
ITHCOME —. 13260%=x 14857 —-2.85 0044 —. 22387 —. 04132
—_— ] —_— —_—
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praobhit ; lhs = doctor
; rhs = one.age.educ,lincome, married, female, hhkids
; panel ; rpm
» fen=one(n).educin).income(n) : correlated
; halton : pts=10
; par 5
matrixz ; heduc = heta_1(1:7293,2:2) 5
kernel ; rhs = beduc
: title=mample Conditiconal Means of Education Coefficientss
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[ A

Implied covariance matrixz of random parameters ] :
Matrix - BETA I =R =
Covariance matriz [F293.3) | Cel [00207043 M X]
OHE EDTC THCOME 1 | 2 | 3 | N
ONE ' 1 532 1 0636212 DO0IE3M2 0.00232707
EDTC —. 4437E-01 C2526E-07 2 -0.28047 00201771 0126372
INCOME -8081 - 3632E-01 -6045 3 113626 00115655 0.125616
Inplied standard deviations of random parameters 4 0.0848325 -0.0053234 0.0453072
5 000761816 0017374 0217335
S5.D_BEetal| 1 b 0509238 -0.0153648 -0. 20551
1 i 1 23780 i -0.935034 -0.00712345 0307114
2] 0502610 ] 0125411 00215151 -0.233235
3 CFTFAT0 9 0433399 -0.0360507 04517149
10 -1.03039 002077 0.0028 52
Implied correlation matriz of random parameters 11 0.556545 | -0.00872336 0.0862487
12 -0.954397 -0.0196685 0.0229384
. 13 -0.395515 -0.0165301 00717262
Cor.Mat . | ONE EDUC THCOME 14 0409222 -0.0491156 -0.4135649
t 15 0414609 | 000622438 -0.144334
Egggi 152335 IE%SSE gggig 16 165292 0.00551486 0.495509
IHCOME | 23968 _: 92948 1 aoonn 17 027807 001714305 | -0.00559716 -
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“Individual Coefficients”

Sample Conditional Means of Education Coefficients
35.16+
28.13+
21.10+
14.07
T.03+
Riliy
| | | | | | | | |
--o000 -07&D -.0500 -.0250 .0ooo 0250 0500 0750 Aooo
BEDUC
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Programs differ on the models fitted, the algorithms, the paradigm, and the
extensions provided to the simplest RPM, B; = p+w;.

o WinBUGS:

= MCMC

= User specifies the model — constructs the Gibbs Sampler/Metropolis Hastings
o MLWin:

= Linear and some nonlinear — logit, Poisson, etc.

= Uses MCMC for MLE (noninformative priors)
o  SAS: Proc Mixed.

= Classical

= Uses primarily a kind of GLS/GMM (method of moments algorithm for loglinear models)
o  Stata: Classical

= Several loglinear models — GLAMM. Mixing done by quadrature.

= Maximum simulated likelihood for multinomial choice (Arne Hole, user provided)
o LIMDEP/NLOGIT

= Classical

= Mixing done by Monte Carlo integration — maximum simulated likelihood

= Numerous linear, nonlinear, loglinear models
o Ken Train’s Gauss Code, miscellaneous freelance R and Matlab code

= Monte Carlo integration

= Mixed Logit (mixed multinomial logit) model only (but free!)
o Biogeme

=  Multinomial choice models

= Many experimental models (developer’s hobby)



SCALING IN CHOICE MODELS
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Using Degenerate Branches to Reveal Scaling

LIMB Travel

BRANCH

TWIG Air Train Car Bus




FIML Nested Multinomial Logit Model
Dependent variable

Log likelihood function
The model has 2 levels.
Nested Logit form:IVparms=Taub|l,r,Sl|r
& Fr.No normalizations imposed a priori

MODE
-182.42834

[Part 9] 49/79

Number of obs.= 210, skipped 0 obs
________ +__________________________________________________
Variable| Coefficient Standard Error b/St.Er. P[|Z|>z]
________ +__________________________________________________
|Attributes in the Utility Functions (beta)
GC| .09622** .03875 2.483 0130
TTME | -.08331**%* .02697 -3.089 0020
INVT | -.01888*** .00684 -2.760 0058
INVC| -.10904**%* .03677 -2.966 0030
A AIR| 4.50827**%* 1.33062 3.388 0007
A TRAIN| 3.35580*** .90490 3.708 0002
A BUS| 3.11885** 1.33138 2.343 0192
| IV parameters, tau(b|l,r),sigma(l|r) ,phi(r)
FLY | 1.65512** .79212 2.089 0367
RAIL| .92758*** .11822 7.846 0000
LOCLMASS | 1.00787*** .15131 6.661 0000
DRIVE | 1.00000  ...... (Fixed Parameter)......

________ +4-—-—————————ee e =

NLOGIT ; Lhs=mode
; Rhs=gc,ttme,invt,invc,one
; Choices=air,train,bus,car
; Tree=Fly (Air),
Rail (train),
LoclMass (bus) ,
Drive (Car)
; ivset: (drive)=[1l]1$

Discrete Choice Modeling
Modeling Heterogeneity
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[E= e o |

A Model with Choice Heteroscedasticity

UQi,tj) = a; + B'xitj + Vj'zit t 0&;
F(Ei,t,j) = exp(_exp(_ai,t,j))

lID after scaling by a choice specific scale parameter
P[choice = J| xy;, 1, ] =Prob[U,; > U, ], k=1,...,J(i,t)
EXP I:(aj s B'xitj + Vj'zit)/ c5,':|

J(i,t) , '
> o [exp(a+Bxy +Y,'2,)/ o]
Normalization required as only ratios can be estimated,;
o, =1for one of the alternatives

(Remember the integrability problem - scale is not identified.)
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Start values obtained using MNL model < (l—
Maximum Likelihood Estimates

I

I I

| Log likelihood function -184.5067 |

| Dependent wvariable Choice |

| Response data are given as ind. choice. |

| Number of obs.= 210, skipped 0 bad obs. |

e e +

$-—— - e e BT e e e L L e e Ep e $-—m— - +
|Variable| Coefficient | Standard Error |b/St.Er.|P[|Z|>z]|

+-—— - e e LT e e e L LT +-—— - +-—— - +
GC | .06929537 .01743306 3.975 .0001
TTME | -.10364955 .01093815 -9.476 0000
INVC | -.08493182 .01938251 -4.382 0000
INVT | -.01333220 .002516098 -5.297 0000
AASC | 5.20474275 .90521312 5.750 .0000
TASC | 4.36060457 .51066543 8.539 .0000
BASC | 3.76323447 .50625946 7.433 .0000
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Heteroskedastic Extreme Value Model

| |
| Log likelihood function -182.4440 | (MNL logL was -184.5067)
| Number of parameters 10 |
| Restricted log likelihood -291.1218 |
e et +
- Fomm - Fomm - e it +-———— - +
|Variable| Coefficient | Standard Error |b/St.Er.|P[|Z]|>z]|
- Fomm - et +-———— - +-—————- +
————————— +Attributes in the Utility Functions (beta)
GC | .11903513 .06402510 1.859  .0630 - 06929537
TTME | -.11525581 .05721397 -2.014  .0440 -.10364955
INVC | -.15515877 .07928045 -1.957  .0503 -.08433182
INVT | -.02276939 = -.01333220
AASC | 4.69411460 2.48091789 1.892 .0585 5.20474275
TASC | 5.15629868 2.05743764 2.506 .0122 4.36060457
BASC | 5.03046595 1.98259353 2.537 .0112 3.76323447
————————— +Scale Parameters of Extreme Value Distns Minus 1.0
s AIR | -.57864278 .21991837 -2.631 .0085 - - -
s TRAIN |  -.45878559 .34971034  -1.312 .1896 | Normalized for estimation
s_BUS | .26094835 .94582863 .276 .7826
s_CAR | .000000  ...... (Fixed Parameter).......
————————— +Std.Dev=pi/ (theta*sqr(6)) for H.E.V. distribution.
s AIR | 3.04385384 1.58867426 1.916 .0554
s TRAIN |  2.36976283 1.53124258 1.548 .1217 | Structural parameters
s_BUS | 1.01713111 .76294300 1.333 .1825
s CAR | 1.28254980  ...... (Fixed Parameter).......
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| Elasticity averaged over observations. | ; ; ;

| Attribute is INVC in choice AIR | MUItInomlaI Loglt

| Effects on probabilities of all choices in model: | +---———-———--———-———-———————- +
| * = Direct Elasticity effect of the attribute. | | INVC in AIR |
| Mean St.Dev | | Mean St.Dev |
| * Choice=AIR -4.2604 1.6745 | | * -5.0216 2.3881 |
| Choice=TRAIN 1.5828 1.9918 | | 2.2191 2.6025 |
| Choice=BUS 3.2158 4.4589 | | 2.2191 2.6025 |
| Choice=CAR 2.6644 4.0479 | | 2.2191 2.6025 |
| Attribute is INVC in chojce TRAIN | | INVC in TRAIN |
| Choice=AIR .7306 .5171 || 1.0066 8801 |
| * Choice=TRAIN -3.6725 4.2167 | | * -3.3536 2.4168 |
| Choice=BUS 2.4322 2.9464 || 1.0066 8801 |
| Choice=CAR 1.6659 1.3707 || 1.0066 8801 |
| Attribute is INVC in chojce BUS | | INVC in BUS |
| Choice=AIR .3698 .5522 | 4057 .6339 |
| Choice=TRAIN .5949 1.5410 | 4057 .6339 |
| * Choice=BUS -6.5309 5.0374 | | * -2.4359 1.1237 |
| Choice=CAR 2.1039 8.8085 | 4057 .6339 |
| Attribute is INVC in chojce CAR | | INVC in CAR |
| Choice=AIR .3401 .3078 | 3944 .3589 |
| Choice=TRAIN .4681 .4794 | 3944 .3589 |
| Choice=BUS 1.4723 1.6322 | 3944 .3589 |
| * Choice=CAR -3.5584 9.3057 | | * -1.3888 1.2161 |
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Variance Heterogeneity in MNL

We extend the HEV model by allowing variances to differ
acrossindividuals

U(i,t,j) = Q; + ﬁ'xitj tvY,2,t0€,,

o, =exp(0, +d'w;). & = 0returns the HEV model
F(ei,t,j )= exp(-exp(-ai,t,j))

(%)j =0 for one of the alternatives

Scaling now differs both across alternatives and across individuals
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Application: Shoe Brand Choice

O Simulated Data: Stated Choice, 400
respondents, 8 choice situations, 3,200
observations

O 3 choice/attributes + NONE
= Fashion = High / Low
= Quality = High / Low
= Price = 25/50/75,100 coded 1,2,3,4

O Heterogeneity: Sex, Age (<25, 25-39, 40+)

O Underlying data generated by a 3 class latent
class process (100, 200, 100 in classes)
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Discrete choice (multinomial logit) model

I I

| Number of observations 3200 |

| Log likelihood function -4158.503 |

| Number of obs.= 3200, skipped 0 bad obs. |

e et e L e +

+-——————- o - Fom - +-——————- +-——————- +

|Variable| Coefficient | Standard Error |b/St.Er.|P[|Z]|>z]|

+-——————- Fmm - Fmm e +-—————- +-—————- +
FASH | 1.47890473 .06776814 21.823 .0000
QUAL | 1.01372755 .06444532 15.730 .0000
PRICE | -11.8023376 .80406103 -14.678 .0000

I

.03679254 .07176387 .513 .6082
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Logitﬂ Elasticities

Elasticity averaged over observations.
Attribute is PRICE in choice BRAND1

Effects on probabilities of all choices in model:
* = Direct Elasticity effect of the attribute.

I I
I I
I I
I I
| Mean St.Dev |
| * Choice=BRAND1 -.8895 .3647 |
| Choice=BRAND2 .2907 .2631 |
| Choice=BRAND3 .2907 .2631 |
| Choice=NONE .2907 .2631 |
| Attribute is PRICE in choice BRAND2 |
| Choice=BRAND1 .3127 .1371 |
| * Choice=BRAND2 -1.2216 .3135 |
| Choice=BRAND3 .3127 .1371 |
| Choice=NONE .3127 .1371 |
| Attribute is PRICE in choice BRAND3 |
| Choice=BRAND1 .3664 .2233 |
| Choice=BRAND2 .3664 .2233 |
| * Choice=BRAND3 -.7548 .3363 |
| Choice=NONE .3664 .2233 |
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Heteroskedastic Extreme Value Model

| I

| Dependent variable CHOICE |

| Number of observations 3200 |

| Log likelihood function -4151.611 |

| Response data are given as ind. choice. |
oo - +
- Fomm - Fomm - +-———— - +-—————- +

|Variable| Coefficient | Standard Error |b/St.Er.|P[|Z]|>z]]|
- Fomm - Fomm - +-———— - +-—————- +

————————— +Attributes in the Utility Functions (beta)

FASH | 1.57473345 .31427031 5.011 .0000

QUAL | 1.09208463 .22895113 4.770 .0000

PRICE | -13.3740754 2.61275111 -5.119 .0000

ASC4 | -.01128916 .22484607 -.050 .9600 -
————————— +Scale Parameters of Extreme Value Distns Minus 1.0 Essentla"y no
s BRAND1 | .03779175 .22077461 .171 .8641 1 1
s:BRAND2| -.12843300 .17939207 -.716 .4740 dlff_erences in
s_BRAND3| .01149458 .22724947 .051 .9597 variances

s NONE | .000000  ...... (Fixed Parameter)....... =
- - --4Std.Devepi/(theta*sqr(6)) for H.E.V. distribution.  ACFOSS Choices
s_BRAND1 | 1.23584505 .26290748 4.701 .0000

s_BRAND2 | 1.47154471 .30288372 4.858 .0000

s_BRAND3 | 1.26797496 .28487215 4.451 .0000

s_NONE | 1.28254980  ...... (Fixed Parameter).......
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Homogeneous HEV Elasticities

Multinomial Logit

i et et e + - +
| Attribute is PRICE in choice BRAND1 | | PRICE in choice BRAND1 |
| Mean St.Dev | | Mean St.Dev |
| * Choice=BRAND1 -1.0585 .4526 | | * -.8895 .3647 |
| Choice=BRAND2 .2801 .2573 | | .2907 .2631 |
| Choice=BRAND3 .3270 .3004 | | .2907 .2631 |
| Choice=NONE .3232 .2969 | | .2907 .2631 |
| Attribute is PRICE in choige BRAND2 | | PRICE in chofice BRAND2 |
| Choice=BRAND1 .3576 .1481 | | .3127 .1371 |
| * Choice=BRAND2 -1.2122 .3142 | | * -1.2216 .3135 |
| Choice=BRAND3 .3466 .1426 | | .3127 .1371 |
| Choice=NONE .3429 .1411 | | .3127 .1371 |
| Attribute is PRICE in choige BRAND3 | | PRICE in chofice BRAND3|
| Choice=BRAND1 .4332 .2532 | | .3664 .2233 |
| Choice=BRAND2 .3610 .2116 | | .3664 .2233 |
| * Choice=BRAND3 -.8648 .4015 | | * -.7548 .3363 |
| Choice=NONE .4156 .2436 | | .3664 .2233 |
e e Tt + H-—mmmmmEEmmmm - +
| Elasticity averaged over observations. |

| Effects on probabilities of all choices in model: |
| * = Direct Elasticity effect of the attribute. |
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| Heteroskedastic Extreme Value Model | Homog-HEV MNL
| Log likelihood function -4129.518[10] | -4151.611[7] -4158.503[4]
et +
- e T o - +-——————- +-——————- +
|Variable| Coefficient | Standard Error |b/St.Er.|P[|Z|>z]|
e e e BT e e e L L e e Ep e $-—m— - +
————————— +Attributes in the Utility Functions (beta)

FASH | 1.01640726 .20261573 5.016 .0000

QUAL | .556684091 .11604080 4.797 .0000

PRICE | -7.44758292 1.52664112 -4.878 .0000

ASC4 | .18300524 .09678571 1.891 .0586

————————— +Scale Parameters of Extreme Value Distributions

s_BRAND1 | .81114924 .10099174 8.032 .0000

s_BRAND2 | .72713522 .08931110 8.142 .0000

s_BRAND3| .80084114 .10316939 7.762 .0000

s NONE | 1.00000000  ...... (Fixed Parameter).......

————————— +Heterogeneity in Scales of Ext.Value Distns.

MALE | .21512161 .09359521 2.298 .0215

AGE25 | .79346679 .13687581 5.797 .0000

AGE39 | .38284617 .16129109 2.374 .0176
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Variance Heterogeneity Elasticities

Multinomial Logit

e - L e e e P +
| Attribute is PRICE in choice BRAND1 | | PRICE in choice BRANDI1 |
| Mean St.Dev | | Mean St.Dev |
| * Choice=BRAND1 -.8978 .5162 | | * -.8895 .3647 |
| Choice=BRAND2 .2269 .2595 | | .2907 .2631 |
| Choice=BRAND3 .2507 .2884 | | .2907 .2631 |
| Choice=NONE .3116 .3587 | | .2907 .2631 |
| Attribute is PRICE in choife BRAND2 | | PRICE in chofice BRAND2 |
| Choice=BRAND1 .2853 .1776 | | .3127 .1371 |
| * Choice=BRAND2 -1.0757 .5030 | | * -1.2216 .3135 |
| Choice=BRAND3 .2779 .1669 | | .3127 .1371 |
| Choice=NONE .3404 .2045 | | .3127 .1371 |
| Attribute is PRICE in choige BRAND3 | | PRICE in chofice BRAND3|
| Choice=BRAND1 .3328 .2477 | | .3664 .2233 |
| Choice=BRAND2 .2974 .2227 I | .3664 .2233 |
| * Choice=BRAND3 -.7458 .4468 | | * -.7548 .3363 |
| Choice=NONE .4056 .3025 | | .3664 .2233 |
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Figure 1 The G-MNL Model and Its Special Cases

G-MNL
)811 = prB—I_ Y + (l - 'J’)G'n"?;r

G-MNL-I G-MNL-II
B.=o.B+m, B.,=o,(B+m,)
var(m,) =0

S-MNL MIXL
.BJ'I': HB B!?:B+nfr
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Generallzed Mlxed Loglt Model

U(i,t,)) = Bx;,; + Common effects + ¢,
Random Parameters
B.=co,[B+Ah]+[y+o,(1-y)lyv,
I =AZ
A is alower triangular matrix
with 1s on the diagonal (Cholesky matrix)
2. is a diagonal matrix with ¢, exp(g.h,)
Overall preference scaling
o =exp(-1°/2+T1Tw, +0'h]
T, =exp(A'r)
O<y<1
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Unobserved Heterogeneity in Scaling

HEV formulation: U, ; =B'%;; +(1/c;)g; ;
Generalized model withy =1 and I" = [0].
Produces a scaled multinomial logit model with B, = 6,8

Prob(choice, = j) = f_Xp(B"X“J’) i=1..,N,j=1.,J,t=1..T
Z jil eXp(Bi’Xitj )
The random variation in the scaling is
o, =exp(-t° /2 +1wW,)
The variation across individuals may also be observed, so that

o, =exp(—t° /2 +w, +8'z,)
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Scaled I\/IN

Dizcrete choice (multinomial logit) model %caleg HzltianETl Logit Model MODE
o dent iabl Chai ependent wariable
Log likelihood function _172 943E¢ Log likelihood function _164 66285
: : = = Fesztricted log likelihood —291 . 12182
Eztimation based on H 210, K 10 Chi squared [ 11 d.E. ] 5e5 31793
Inf Cr AIC = 365 .9 ATCAH = 1.742 L= -t :
Model estimated: Mar 17, 2012, 14:03:50 Significance level . s5a900]
F2=1-LogL-Logl#*® Log-L fncn F—=qrd RZad; Estimation based anH _ 210 ¥ = 11
Cnnstants only —2832.7588 3905 3807 Inf Cr AIC = 351 3 ATCAH = 1 673
ghlgsquaigd[ 71 a 1 = _221'83853 Fesponse data are given a=z ind. choices
rob [ chi squars 2 value ] P ok Feplication= for =simnulated probs. = &0
Respon=e data ?re glwen a= ind. choices Halton sequences used for =imulations
Humber DF obs. = 210, =skipped 0 obs BHHH estimator used for asymp. wvariance
Standard ' Standard
=C L0757 0exx 01833 4 13 |Scaled parameters in utility functio
TTHE —. 10289%xx .oito9 | -9.2% GC L1975 %%xx 05816 3.40
INVC — . 08044%xx .01995 -4 .03 TTHE — . 3452 hwxx 04137 -3.35
INVT — . 01399%=x L00z2e? -5.24 IHNVC — . 21990%xx J0e310 -3 48
A ATR 4, 37035%x= 1.05734 4,13 AIEEE Iéﬂfggg*** 3.%2333 —i.gg
AIR_HIH1 Cn04z28 01306 .33 _ . XXX . )

A4 TRAIN C 91407 %%x L2993 a g7 AIE _HIH1 03846 03587 1.08
TRhL_HINZ — . 0590 7ex* .01471 -4 .02 TﬁETEﬁIg 1?133%%*** 233%%% gg?
A_BIS 4 4626 9%xx C72333 617 _ - bl : -3
EUS_HIN3Z —. 02295 01592 ~1.44 BUSAﬁ?Eg 12dgié§*** 2-3%3%% 5-%2
Note: %%, =% % ==» Significance at 1%, 5%, Tau;cale Variance paranster tau in GHE scale

Samﬁle Hean Samﬁle Std.Dev..
Sigmali) _98R88 1. 38648
Elasticity wrt change of ¥ in rowv choice on P Elaaticiéy wrt change of ¥ in row choice on F
G | ATR TRAIN EUS CAR ae i ATR TRAIN BIS CAR
AIR| 5.4136 -2.3647 -2 3647 -2 3647 ATR| 4.0909 -1.1938 -1.1111 -1.5117
TRAIN| —2.4233 7. 4368 -2.4293 -2 4293 TRAIN| -1.3356 5.7020 —1.4903 -1.9511
BUS| -1.1513 -1.1513 7 5825 -1.1513 BUS| -.9067 -1.0550 4.6017 -1.0007
CAR| -1.9222 -1.9222 -1.9222 5. 3080 CAR| -1.9987 -1.9777 -1.5731  3.948¢
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Scaled Multinomial Logit Model

Dependent wariable CHOICE
Log likelihood function -4088.805%p
Restricted log likelihood -4436R.14196
Chi squared [ 7](P= .000) 694 .67339
Slgnificance level .ooooo
MeFadden Pseudo R-sguared 0782970
Estimation based on N = jzoo, K o= 7
Inf.Cr.aIC = g191.6 AICAH = 2.560

RZ2=1-Logl-Logl* Log-L fnecn RE-sgrd R2AdJ]
No coefficients -4436.1420 0783 .0776
Constants only -4391.1804 _0B&E8Y .0BBZ
At start walues -4155.7814 .0161 .0154
Response data are given as ind. choices
RPL model with panel has 400 groups
Fized number of ohsrvs.- groups= g
BHHH estimator used for asvmp. variance
The model has 1 levels.

Humher of ohs.= 3200, skipped 0 abs

________ +____________________________________________________________________
Standard Proh. 95% Confidence
CHOICE| Coefficient Error z |z | »Z* Interval
________ +____________________________________________________________________
|[Attributes in the Utility Functions (heta)
FAZH| 3.08232%=x .64663 4,77 .0000 1.81545 4,35019
QUAL | .00036 .09386 .00 .949p49 -.183e0 .18432
FRICE| -4.85162%x= .09386 -51.69 .0000 -5.03558 -4.66767
ASCE | 2.23299%%x .06135 d6.40 .0000 2.11276 2.,35323
|Variance parameter tau in scaled MHL model
TauScale | 1.99650%%*= .12248 16.30 .0000 1.75645 2.23656
|Heterogeneity in taui(i)
TauMaLE | LB175 0% .0z2211 27.94 .0000 .574z26 .BB09Z2
TaukGE3D| —.5915%%=x .04874 -12.14 .0000 -.68710 -.49607
| Sample Mean cample Std.Dev.
Sigma(i) 1.04712 3.13241 .33 7382 -5.09230 7.18653
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Price Elasticities

SCALED MHL
Flasticity wrt change of ¥ 1n row cholce on Prob[column choice]
________ +___________________________________
FEICE | BEAWDI1 BEAND 2 BEAND 3 HOMNE
________ +___________________________________
BEEAMD1| -.3805 L1047 L1047 L1047
BRAMNDZ | . 1492 -.4815 . 1492 . 1492
BRAMND 3 | .1348 .1348 -.32B1 .1348
HOME | .oooo L0000 L0000 L0000
ML
Elasticity wrt change of ¥ 1in row cholce on Prob[column cholce]
________ +___________________________________
FRICE | BEAKWDI1 BEEAND 2 BRAND 3 HNOME
________ +___________________________________
BRAND1| -.B8895 L2907 2907 2907
BRANDZ | 3127 -1.2216 3127 3127
BEAND 3 | 664 .3bb4 -.7548 dbb4
BOKE | aoon L0000 aooo aooo
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Scaling as Unobserved Heterogeneity

Removing the Scale Factor Confound in Multinomial Logit Choice Models to Obtain Better
Estimates of Preference’

Jay Magidson
Statistical Innovations Inc.

Jeroen K. Vermunt
Tilburg University
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Two Way Lateﬁt ~’Ciass.’?

Less certain subgroup More certain subgroup

(s=1): A[s]=1 (s =2): A[s]=2
Segment 1 (X#*=1): joint class (1,1) joint class (1,2)
p1= (0.5, 0.0, -0.5)
Segment 2 (X*=2): | joint class (2,1) joint class (2,2)
I-','I| = {-0,21. -U,R* I[]:!

exploc P X ]
. _ - N sMc —
Prob(Choice=j|class=c,risk=s)=— ’ c,=1

Zaltzl eXp[GSﬁ ;X alt]

e "X
Prob(Choice=)=3"" . 3'°  r(c,s)—, xploBex ]
Zaltzlexp[GS ::Xalt]
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Appendix: Maximum Simulated Likelihood

logL(0, Q)=
>log [ TTe, (Ve | Xer By (B | 2, R)dB

Q= BIAI ¢1/---I¢K151""’6K’r
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Monte Carlo Integration

(1) Integral is of the form
K= g(v|data,B) f(v|R) dv

range of v

where f(v) is the density of random variable v
possibly conditioned on a set of parameters Q
and g(v|data,B) is a function of data and parameters.
(2) By construction, K(®) = E[g(v|data,B)]
(3) Strategy:
a. Sample R values from the population
of v using a random number generator.

b. Compute average K = (1/R)>"" g(v|data,B)

By the law of large numbers, plim K = K.



“| Discrete Choice Modeling
Modeling Heterogeneity

[Part 9] 73/79

Monte Carlo Integration

R
=3 f(u,) ", fu)au)du, =E, [fw)]
r=1 !
(Certain smoothness conditions must be met.)
Drawing u. by 'random sampling'
- ~U[0,1]
=o®™(v, )+ for N[u,0°]
Requires many draws, typically hundreds or thousands

uir = 1:(Vir )’ v

E.g.,u

Ir
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Example: Monte Carlo Integral

_[_O:O D(X, +.9v)D(X, +.9v)D(X, +.9v) exp(-v* / 2) dv

J2n

where @ is the standard normal CDF and

X, =.5, X, =-.2,%X;, =.3.

The weighting function for v is the standard normal.
Strategy: Draw R (say 1000) standard normal random
draws, v.. Compute the 1000 functions

O(X, +.9v, )D(X, +.9v )D(X, +.9v,) and average them.
(Based on 100, 1000, 10000, I get .28746, .28437, .27242)
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Simulated Log Likelihood
for a Mixed Probit Model
Random parameters probit model

f(Yi | Xier By) = OL(2y, —1)x;B;]

B.=B+u,

u. ~ N[0,FAZ"]

LogL(B, I, A)=3_ log [, T, P2y, —1)x;,B:] NIB, FA’T"]c,

1 i ,
Logls =>"" log o > T, @Iy, —Dxi(B+TAv,)]

We now maximize this function with respect to (B, I, A).
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Generating Random Draws

Most common approach is the "inverse probability transform"
Let u = arandom draw from the standard uniform (0,1).
Let x = the desired population to draw from

Assume the CDF of x is F(x).

The random draw is then x = F*(u).

Example : exponential, 0. f(x)=0exp(-6x), F(x)=1-exp(-0x)
Equate u to F(x), x = -(1/6)log(1-u).

Example: Normal(u,s). Inverse function does not exist in
closed form. There are good polynomial approxi-
mations to produce a draw from N[0,1] from a U(0,1).
Then x = p+ov.

This leaves the question of how to draw the U(0,1).
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Drawing Uniform Random Numbers

Computer generated random numbers are not random; they
are Markov chains that look random.
The Original IBM SSP Random Number Generator for 32 bit computers.
SEED originates at some large odd number

d3 = 2147483647.0

d2 = 2147483655.0

d1=16807.0
SEED=Mod(d1*SEED,d3) ! MOD(a,p) = a-INT(a/p) * p
X=SEED/d2 is a pseudo-random value between 0 and 1.
Problems:
(1) Short period. Based on 32 bits, so recycles after 2°! —1 values

(2) Evidently not very close to random. (Recent tests have
discredited this RNG)
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Quasi-Monte Carlo Integration Based on Halton Sequences

Coverage of the unit interval is the objective,
not randomness of the set of draws.

Halton sequences --- Markov chain

D = a prime number,

r= the sequence of integers, decomposed as Z:ZO b p'

H(rlp)=>" bp ™, r=r,.. (eg., 10,11,12,...)

=0

For example, using base p=5, the integer r=37 has b, =
2,b,=2,and b, = 1; (37=1x52 + 2x5! + 2x59). Then
H(37|5) = 2x51 + 2x52 + 1x53 = 0.448.
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Halton Sequences vs. Random Draws

Standard Uniform Random Draws Halton Sequences HT and HI
He " . T LN N l'-- -5 s v ' LS 10 o " a " l' . P Ll .'I
" tae : {. ll . .| L Ly b | .: b " " =t ] '
] ! ' 'lf-‘ :-:* " l- -." 't I.'J nt e ] ' . Tun
g o= . 9] L = m,m ET - ¥ ._' - Il ! "t
a = L ae -* - - ('] - A » a p . - r
r S . LI U T B ML - e - i RIS
'Ll - g [ = 1k . .ll-..l-‘. n 1] . .. . - ..-
Serin Sakerl LT L T,
1 L ] m LI | " ¥ L u [ ) "
B L ‘f'lltl % LI} |'.1' - .=l.- l‘. '] B4 ' L II. ) . i
- . ] L R ' ' [ = am
&~ ' " -'-_ . " ", o "W, ™~ o h " Fur -'.
=] [ Ii . ‘- " : :. - -II.I: . .l'..:.. = . - "t r Jtal '..
al- -*.|.. .|. L] L) J.'. .“ . _ﬂ,_. --l. .._u T " . .t '
N - 1-. . . . -l—-_ .l- '-- . I I O
i LT L et RPN L PRI .-
L B . ALY SRR - e ! - :
R T S L T T = ] "=
2 . a1 |'].| n .- n U " 1 2 ¥ ¥
Lo : l:. e -, .. ll ] ] lll I I, .
g - - '._:; T - . L -,
R ST U Y ELTPRN '’ i i -
I L B B N 1 e B ey e B S s E e B S e =~
¥] 2 q B a 1o o 2 q B a 1.0
u1 H1

Requires far fewer draws — for one dimension, about
1/10. Accelerates estimation by a factor of 5 to 10.



