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The Adjusted Present Value: The Combined Impact of
Growth and the Tax Shield of Debt on the Cost of Capital
and Systematic Risk

Abstract

Despite the widespread use of Myers (1974) Adjusted Present Value (APV) approach,
the finance literature does not specify within the context of APV the combined impact of both
growth and the tax shield of debt on the cost of capital, the cost of equity, and systematic risk.
This paper fillsthat gap in the literature. Our results demonstrate that the widely used models of
Modigliani and Miller (M&M) (1963) and Hamada (1972) are inappropriate for a growing firm
and lead to economically significant errors when used to estimate the cost of capital, the cost of
equity, and systematic risk.

We explore ageneral version of Myers' APV in which the firm is allowed to grow and
the discount rate for the tax shield can be any value. Specia cases of this model are the
M& M/Hamada models and the Compressed APV (CAPV) of Kaplan and Ruback (1995). The
M& M/Hamada model s assume zero growth and discount the tax shield at the cost of debt while
the CAPV alows for non-zero growth and discounts the tax shield at the unlevered cost of
equity. Despite these different assumptions, we show that the CAPV expressions for the cost of
equity and systematic risk for arbitrary growth rates and arbitrary tax rates are identical to the
zero-tax, zero growth expressions of M& M/Hamada. 1n other words, if tax shields are
discounted at the unlevered cost of equity, then neither the growth rate nor the tax rate affects the
cost of equity and systematic risk.

We show that if tax shields of a growing firm are discounted at a rate less than the
unlevered cost of equity, then two unusual results are likely to occur. First, the levered cost of
equity can actually be smaller than the unlevered cost of equity! Second, the cost of capital
decreases as growth increases, implying that high growth firms should have large amounts of
debt in their capital structures. These two results are inconsistent with intuition and observation
of actual practices, and suggest that the CAPV is the appropriate model with tax shields being
discounted at the unlevered cost of equity.



[. Introduction

The Adjusted Present Vaue (APV), as developed by Myers (1974), defines the value of a
levered firm as the value of an otherwise identical but unlevered firm plus the value of any “side
effects” dueto leverage. These side effects often include the tax shield of debt, expected
bankruptcy costs, and agency costs. The APV provides a powerful framework for analyzing a
variety of issuesin corporate finance, and is especially useful in applications of corporate
valuation; for recent examples, see Kaplan and Ruback (1995, 1996), Luehrman (1997), and
Inselbag and Kaufold (1997).

Corporate valuation with APV requires estimates for the following items: (1) expected
future free cash flows (defined as net operating profits after taxes less necessary investment in
net operating working capital and net plant, property, and equipment); (2) the unlevered cost of
equity; (3) the expected future capital structure; (4) the discount rate to be applied to the tax
shield; and (5) the steady-state long-term growth rate of free cash flows and debt. Two problems
immediately present themselves. First, the unlevered cost of equity is not observable, and so it
usually is derived from the levered cost of equity for the firm in question or from the levered cost
of equity for similar firms. Second, the appropriate discount rate for the tax shield is not
observable; usually arate greater than or equal to the cost of debt and less than or equal to the
unlevered cost of equity is chosen.

Modigliani and Miller (1963) address these two problems by assuming that the growth
rate is zero and that the appropriate discount rate for the tax shield is the interest rate on debt.
Under these conditions, they show that the relationship between the levered cost of equity and
the unlevered cost of equity depends upon the firm’s cost of debt, tax rate, and capital structure.
Hamada (1972) incorporates the same assumptions and derives the impact that leverage has on
systematic risk. To the best of our knowledge, however, the finance literature does not identify
the relationship between the levered cost of equity and unlevered cost of equity for a growing
firm, especialy if the discount rate for tax shields is not equal to either the cost of debt or the
cost of unlevered equity. Nor does the finance literature identify the impact that growth and the
discount rate for the tax shield have on the cost of capital and systematic risk. This paper fills
that gap in the literature.



Aswe show later in this paper, growth and its interaction with the discount rate for the
tax shield have a major impact on systematic risk, the cost of equity, and the cost of capital. For
example, using typical values for the tax rate, capital structure, and observed levered beta, even a
modest growth rate of 5% causes the widely-used Hamada adjustment to underestimate
significantly the unlevered beta, leading to an unlevered cost of equity that istoo low by 86 basis
points. Alternately, if the appropriate discount rate for the tax shield is the unlevered cost of
equity rather than the cost of debt, then applying the M& M-Hamada adjustment to atypical firm
resultsin an estimate of the unlevered cost of equity that is too high by about 35 basis points.
These biases in the estimated unlevered cost of equity are large enough to cause economically
meaningful errors in the valuation of afirm, even if free cash flows are correctly estimated.

We aso show that if the tax shields of a growing firm are discounted at a rate less than
the unlevered cost of equity, then two unusual results can occur. First, the levered cost of equity
can actually be smaller than the unlevered cost of equity! Second, the cost of capital decreases
as growth increases, implying that high growth firms should have large amounts of debt in their
capital structures. These two results are inconsistent with intuition and observation of actual
practices, and suggest that the CAPV is the appropriate model with tax shields being discounted
at the unlevered cost of equity.

The remainder of the paper is organized as follows. Section Il isabrief literature review.
Section I11 presents the equations that define firm value, the cost of capital, the levered cost of
equity, and systematic risk as functions of growth, the discount rate for the tax shield, and capital
structure. Section IV demonstrates the impact of growth and the discount rate for the tax shield
with a numerical example. Section V isadiscussion and a brief summary.

1. Literature Review

The impact of leverage on the value of afirm and its cost of capital and cost of equity has
been analyzed extensively in the finance literature, beginning with the seminal works of
Modigliani and Miller (M&M) (1958, 1963). Their analysis included corporate taxes but not
personal taxes. In addition, they assumed that the growth rate of free cash flow is zero, that the
appropriate discount rate for the tax shield of debt is the interest rate on the debt, and that the
firm has only debt and equity in its capital structure. Based on these assumptions, they derived
the relationship between leverage and the value of the firm, the cost of capital, and the levered



cost of equity.’ Using the M&M assumptions and also assuming that the debt is riskless,
Hamada (1972) identified the relationship between leverage and systematic risk. Miller (1977)
extended the origina M&M analysis by incorporating the impact of personal taxes. Conine
(1980, 1980) further extended the analysis by allowing the capital structure to include risky debt
and risky preferred stock, and Ehrhardt and Shrieves (1995) extended the Conine analysis by
allowing the capital structure to include warrants and convertible securities. In summary, these
studies extended the original M&M work aong the dimensions of more complicated tax regimes
and more complicated capital structures.

A separate line of research focuses on the choice of a discount rate for the interest tax
shield. M&M assumed that the risk of the interest tax shield is the same as the risk of the
underlying debt, so the tax shield should be discounted at the interest rate on the debt. Other
authors, beginning with Miles and Ezzell (1980) and Ezzell and Miles (1983) argued that the tax
shield isriskier than the debt itself. If afirm maintains a constant capital structure, then the
amount of debt will depend on the value of the firm. Thus, they argued that the tax shield is as
risky as the underlying assets, and should be discounted at the unlevered cost of equity.? They
analyzed the issue in discrete time, and assumed that the tax shield for the first year should be
discounted at the cost of debt, but that subsequent tax shields should be discounted at the
unlevered cost of equity. Harris and Pringle (1985) argued that all tax shields, including the first,
should be discounted at the unlevered cost equity, and they provided an analysis based on this
assumption. Taggart (1991) provides a nice synthesis of these results.

Along these same lines, Luehrman (1997) argued that the appropriate discount rate for
the tax shield should be between the cost of debt and the cost of unlevered equity. Although
Luehrman’s argument is reasonable and is likely to be endorsed by practitioners, the
existing literature does not actually show how an arbitrary discount rate for the tax shield (i.e.,
one that is not equal to either the cost of debt or the cost of unlevered equity) affects the value of
the firm, the cost of capital, the cost of levered equity, or systematic risk.

1 M&M did express the value of a firm within the context of a two-stage mode!, but they showed the relationship
between leverage and the cost of capital only under the zero-growth assumption.

2 Another source of risk is the possibility that earnings before interest and taxes will not be greater than the interest
expense. In this case, the tax shield may still be valuable in the current period if the firm can use tax-loss carry-
backs. Otherwise the loss must be carried forward. It is aso possible that the tax shield will be valuable to an
acquiring firm that has tax liabilities. However, these solutions are costly in the sense that there will be aloss dueto
the time value of money if the tax shield is carried forward and aloss due to transaction costs if the firm is acquired.



To the best of our knowledge, only Lewellen and Emery (1986) have analyzed the case of
afirm with non-zero growth. They examine three specific scenarios: (1) the M&M scenario in
which the cost of debt is the discount rate for the tax shield; (2) the Harris and Pringle scenario in
which the unlevered cost of equity is the discount rate for the tax shield; and (3) the Miles and
Ezzell scenario in which the first tax shield is discounted at the cost of debt and subsequent tax
shields are discounted at the unlevered cost of equity. For each scenario, they show the value of
alevered firm, but not the impact of leverage on the cost of capital, the levered cost of equity, or
systematic risk.

In summary, there are some significant gaps in the literature. First, virtually all corporate
valuation models assume non-zero growth, but the only analysis in the existing literature for the
case of agrowing firm focuses on the value of the firm and does not address the impact of
growth and leverage on the cost of capital, the cost of levered equity, or systematic risk. Second,
al of the existing analyses focus on two specia cases with respect to the discount rate for the tax
shield: (1) the discount rate is equal to the cost of debt; or (2) the discount rate is equal to the
unlevered cost of equity. None of the existing analyses shows the impact that the choice of the
discount rate for the tax shield has on the value of the firm, the cost of capital, the cost of levered
equity, or systematic risk.

[11. The Impact of Growth and the Tax Shield Discount Rate

Only the results of our analysis are shown in the text; full derivations are in the appendix.
For expositional clarity we assume only corporate taxes, the results are easily extended to
include personal taxes. Because we derive our results in continuous rather than discrete time, we
implicitly assume that the appropriate discount rate for the interest tax shield is constant, rather
than different in the first period. We believe this is a reasonable approximation, given the
prevalence of floating rate debt, the variation of debt balances during the year, and the relatively

small contribution to value made by the first tax shield in an infinite stream of tax shields.

[11.A. Firm Value and the Cost of Capital

Table 1 defines the value of alevered firm (V) and its cost of capital (WACC) for four
different sets of assumptions. The first row in Table 1 shows the general APV in which the
growth rate (g) and the discount rate for the tax shield (krs) can take on any arbitrary values.



The second row shows the original APV of Myers, which allows the growth rate to be any value
but which restricts the discount rate on the tax shield to be equal to the rate on debt (i). Thethird
row shows the Compressed APV (CAPV), so named by Kaplan and Ruback (1995), in which the
growth rate can be any value but which restricts the discount rate on the tax shield to be equal to
the unlevered cost of equity (ke). The fourth row shows the well-known M&M results, in
which growth is equal to zero and the discount rate for the tax shield is equal to the cost of debt.
For the remainder of our analysis we assume g < krs; otherwise, the discounted value of the tax
shield would be infinitely large. We also assume that the appropriate rate for discounting the tax
shield is bounded below by the interest rate on the debt and bounded above by the unlevered cost
of equity: i £ krs £ Keu.

The first column in Table 1 shows the value of alevered firm as the sum of the value of
an unlevered firm (Vy) and the value of the tax shield (V1s, shown as the second term in the
expressions in the first column). Comparing the second and fourth rows, the value of the tax
shield in Myers APV is always greater than the value of the tax shield under M&M. Thisis not
surprising, since the value of a growing tax shield is always larger than the value of a constant
tax shield. The value of the tax shield in the CAPV is aways lower than that of Myers APV,
because the tax shield is discounted at a higher rate with the CAPV than with Myers' APV. The
value of the tax shield for the CAPV may be either higher or lower than the value of the tax
shield under M& M, depending on the relative magnitudes of the growth rate and the unlevered
cost of capital.

The second column shows the cost of capital. Rather than express the cost of capital as
an explicit function of the levels of the current market values of debt (Do) and equity (Ep), we
follow the convention in the existing literature and express the cost of capital as afunction of the
percentage of debt: wp = Do/(Dot+Ep). However, care must be taken to apply these relationships
only for valid values of wp. Surprisingly, not al values of wp that are less than 100% are valid.
Asthe dollar-value of debt in afirm increases, the size of the debt tax shield also increases. This
additional value accrues to the equity holders, and hence both Dy and Ey in the expression wp =
Do/(Dot+Ep) increase as Dy increases. Using the expression for firm value as shown in the first

% The regular APV discounts separately the free cash flow and the tax shield. To find free cash flow, it is necessary
to find the net operating profit after taxes (NOPAT) and the investment in capital. Inthe CAPV, thereisno need to
identify separately NOPAT and the tax shield, since both are discounted at the unlevered cost of equity. Instead, the
cash flow is defined as net income less the investment in capital, and it is discounted at the unlevered cost of equity.



column and first row of Table 1, the appendix demonstrates that there is an upper limit on wp as
debt goes to infinity:

Krs- 0

W £
PT T

(1)

This constraint is not binding (i.e., less than 100%) for the M&M model in which g is
zero, krsisequal toi, and T islessthan one. However, for other reasonable values of g and krs,
this constraint does become binding. For consistency with the previous literature, we will
continue to use wp in the expressions for rates of return and aso for systematic risk, but with the
implicit assumption that wp is chosen such that it does not violate the constraint in equation (1).

The Appendix shows that for the general APV the partial derivative of the cost of capital
with respect to growth, holding wp constant, is strictly negative for kys < key, which is also the
case for Myers' APV. In contrast, this partial derivative is zero when krs = key, which is the case
for the CAPV. In other words, the cost of capital is adecreasing function of the growth rate for
both the general APV and Myers' APV, but the CAPV expression for the cost of capita is
independent of growth. Even though growth has alarge impact on the CAPV value of the firm,
as shown in Table 1, growth does not affect the CAPV cost of capital.

The intuition behind these contrasting results can be seen by examining the expression
for the value of afirmin the first column of Table 1. Letting FCFy denote the free cash flow at
time zero, the value of the levered firm is:

FCF, . &TD, 0

V, =V, ,+V_ .= + T (2
- ’ ™ (keu - g) ngs' g
The cost of capital satisfies
FCF,
— —0 =V, +V 23
WACC-g ° ' © (2)
so that
wACC=—Fo g (20)
Vi, +Vig



The first term in equation (2b) isthe “free cash flow yield,” and the cost of capital isthe
sum of this “free cash flow yield” and the growth rate. Inspection of equation (2) shows that an
increase in g causes Vy and Vs to increase, which decreases the free cash flow yield in equation
(2b). If krs = keu, asin the CAPV, then an increase in growth, but holding wp fixed, causes Vy
and Vs to increase by enough so that the decline in the free cash flow yield in equation (2b) is
just sufficient to offset the increase in g, leaving WACC constant. When krs < key (Which isthe
case for the genera APV and Myers' APV) the partia derivative of the present value of the tax
shield with respect to growth islarger than when ks = key. Thus when ks < key, anincreasein
growth causes alarger increase in Vs, leading to a decline in the free cash flow yield in equation
(2b) that is greater than the increasein g. The net effect is a decrease in the cost of capital with
increasing growth for the general APV and Myers APV.

The costs of capital in Table 1 can be ranked in the following descending order:

WACC for CAPV > WACC for M&M > WACC for Myers APV.

Given the same tax rate, unlevered cost of equity, cost of debt, and capital structure, the
CAPV leadsto the highest cost of capital. Thisisnot surprising, since tax shields are discounted
at the highest rate in the CAPV. If the appropriate discount rate for the tax shield isthe
unlevered cost of equity, then the CAPV is the appropriate model and the application of the
M&M equation for the cost of capital resultsin a downward biased estimate of the cost of
capital, irrespective of growth. On the other hand, if the firm is growing and the appropriate
discount rate is the cost of debt, then Myers' APV isthe appropriate model and the M& M
eguation gives an upward biased estimate of the cost of capital. In other words, the M&M
expression for the cost of capital amost certainly is biased, given that most firms are expected to
grow. Infact, it isunbiased only if the following condition is true:

ak,,-gbei 0
et o x

The following example illustrates these points. Consider an unlevered firm with an
unlevered cost of equity of 10.6% and an expected constant growth rate of 5.0%. It hasa
corporate tax rate of 34% and is planning on recapitalizing so that its capital structure will have
35% debt at an interest rate of 8.0%. Table 2 shows the resulting costs of capital under the four
different sets of assumptions. Myers APV assumes that the firm will grow at 5.0% and that the
tax shield should be discounted at the cost of debt. Thisresultsin a cost of capital of 8.82%.



Suppose instead that the M&M equations were used, in which growth isignored and the tax
shield is aso discounted at the cost of debt. Thisresultsin acost of capital of 9.34%, which is
52 basis points higher than the cost of capital from Myers APV. In other words, even if the
correct discount rate for the tax shield is the cost of debt, ignoring growth leads to a cost of
capital that is biased upwards by 52 basis points.

On the other hand, if the tax shield should be discounted at the unlevered cost of equity,
asin the CAPV, then the cost of capital is9.65%. In this case, the M&M expression resultsin a
downward bias of 31 basis points, irrespective of growth. The difference between the estimates
of Myer’'s APV and the CAPV is 83 basis points. Thisrange is certainly sufficient to induce
significant valuation errorsif the wrong set of assumptions is used in obtaining the cost of
capital.

As an intermediate case, suppose, that the tax shield should be discounted at arate
somewhere between the cost of debt and the unlevered cost of equity, such as 9.3%. Astherow
for the general case in Table 2 shows, the expected cost of capital is 9.36%. Interestingly, thisis
very closeto the M&M cost of capital of 9.34%. The reason for the rough correspondance of
these estimates is that the M&M model’ s errors are offsetting for these parameter choices. (1) the
M&M model assumes a growth rate of zero when the actual growth rate is 5.0%, which biasesits
cost of capital estimate upwards; and (2) the M& M model assumes an 8.0% discount rate for the
tax shield when it should be 9.3%, which biasesits cost of capital estimate downwards. As
Table 2 shows, two wrongs almost make aright for this example. For these parameters the value
of equation (3) is0.98. If equation (3) had been exactly equal to 1.0, then M&M would be
unbiased relative to the general case.

[11.B. The Cost of Equity and Systematic Risk
Table 3 shows the relationships for the levered cost of equity (ke ) and systematic risk of

equity (be ) under the four different sets of assumptions. Not surprisingly, many of the results
for the cost of capital aso apply to the levered cost of equity and systematic risk. For example,
the levered cost of equity and the levered beta can be ranked in the same order as the cost of
capital:

ke for CAPV > kg for M&M > kg for Myers APV;

be for CAPV > by for M&M/Hamada > by for Myers' APV.



Aswith the cost of capital, the levered cost of equity and systematic risk are explicit
functions of the growth rate in the general case and Myers' APV, but they are not functions of
growth for the CAPV. Also, the M& M/Hamada expressions for the levered cost of equity and
systematic risk will be biased unless equation (3) holds.

In addition to reinforcing some of the results from Table 1, Table 3 provides some new
insights. First, notice that the CAPV expressions for the levered cost of equity and systematic
risk are the same as the original 1958 results of M&M in which they ignored taxes. Thisis
somewhat surprising, since Table 1 shows the large impact that the tax rate has on the value of
the firm and the cost of capital in the CAPV case. Despite this, the tax rate does not affect the
CAPV cost of equity or systematic risk. The reason for this can be seen by comparing a
definitional expression for the cost of capital to that of the general case in the first row of Table
1

Definition: WACC = (1-wp)ke + Wpi(1-T) = (1-wp)ke + Wpi - Wpi T
Versus

Table 1: wAaCC=k,, - gkeu -9

o)
AT wy .
km'gﬂ

In the definitional expression, the cost of capital is expressed as the weighted average of
the levered cost of equity and the pre-tax cost of debt, reduced by an amount equal to the
periodic tax savings on the debt. In the expression from Table 1, the cost of capital isthe
unlevered cost of equity, reduced by an amount to account for the present value of all of the
future debt tax shields. Inthe CAPV, the reduction to account for the present value of the future
debt tax shields happens to be exactly equal to the reduction in the generic expression due to the
periodic tax savings on the debt because the tax shield is discounted at Key. If kts < Key, the two
reductions do not cancel, and the resulting levered cost of equity isafunction of g, krs, and T.

A second insight comes from close examination of the equation in row 2 of Table 3 for
the levered cost of equity under the Myers' APV assumptions. It is straightforward to show that
if gissufficiently large:

i(1-T) —g <O, 4
then the levered cost of equity is less than the unlevered cost of equity! In other words, the tax
shield of interest adds so much value to the firm relative to the value of the firm’'s other cash
flows that the levered cost of equity goes down. Notice that equation (4) is likely to be true for

10



reasonable valuesof i, T, and g. For example, suppose i=8%, T=34%, and g=5.5%. The vaue
of equation (4) is—0.2%. If the unlevered cost of equity is 10.6% and Wp is 35%, then
application of the Myers' APV from the second row of Table 2 shows that the levered cost of
equity is 10.48%, which is higher than the unlevered cost of equity. In contrast, inspection of the
CAPV relationship for the levered cost of equity in the third row of Table 2 shows that the
CAPV levered cost of equity must always be greater than the unlevered cost of equity, given that
the unlevered cost of equity is greater than the cost of debt. The reason for these markedly
different resultsis that under the CAPV the tax shields are discounted at the same rate as the free
cash flows; different values of g cannot change the relative magnitudes of Vy and Vrs.

However, if krs < Key, then larger growth rates increase the magnitude of Vs relativeto Vy,

driving ke below ke for sufficiently large g.

V. The Magnitude of Typical Estimation Errors

There are two common applications of the expressions shown in Tables1 and 3. The
first application is the use of the APV approach in estimating the value of afirm. Inthis
application, an estimate of the unlevered cost of equity isrequired, which usualy is derived from
an observable cost of equity. This observed cost of equity usually isthe levered cost of equity
for the firm in question or that of asimilar firm. The second common application is the
estimation of the cost of equity that results from a change in capitalization. The unlevered cost
of equity is derived from the observed levered cost of equity given the current capital structure,
and the new levered cost of equity is estimated based on the new capital structure. This same
approach often is used when estimating the cost of equity for a non-traded company. The
following sections show typical estimation errors when incorrect assumptions are employed. As

the examples indicate, these estimation errors are large enough to be economically meaningful.

IV.A. Errorswhen Estimating the Unlevered Cost of Equity

Consider atypical firm whose observed (i.e., levered) betais equal to 1.0. Therisk-free
rate is 5.5% and the market risk premium is 6.5%. Using the CAPM, these imply alevered cost
of equity of 12.0%. The firm isfinanced with risky debt and equity, and has a target capital
structure of 35% debt. The interest rate on the debt is 8%, which implies a debt beta of 0.38.
The tax rate is 34%, and the expected annual growth rate is 5%. Table 4 shows the estimates of

11



the unlevered equity beta and unlevered cost of equity that would be obtained using Myers
APV, the CAPV, and M&M. The beta estimates range from alow of 0.78 for the CAPV to a
high of 0.97 for Myers APV, while the unlevered costs of equity range from 10.60% to 11.81%.
The range in estimates for the unlevered cost of equity is 121 basis points, which is large enough
to cause economically meaningful errorsin the resulting valuation.

If the cost of debt is the appropriate rate for discounting the tax shield, then either Myers
APV or the M&M model should be used. Since the firm in this example is growing, the
unlevered cost of equity of 11.81% from Myers' APV should be used. If instead the well-known
M& M/Hamada model is used, then the (incorrect) estimate of the unlevered cost of equity is
10.95%. For thetypical firm in this example, incorrectly ignoring growth results in an estimated
unlevered cost of equity that is 86 basis points lower than the true unlevered cost of equity.

Suppose an analyst correctly includes growth, but uses the wrong discount rate for the tax
shield. In particular, suppose that the unlevered cost of equity is the appropriate discount rate for
the tax shield. The CAPV should be used, resulting in an unlevered cost of equity of 10.60%. If
the analyst incorrectly uses the Myers' APV, the estimated unlevered cost of equity is 11.81%.
Thisisan error of 121 basis points, which will lead to large errors when estimating the value of
the company.

IV.B. Errorswhen Estimating Levered Cost of Equity in a Recapitalization or Non-

Traded Company

A second application of the equationsin Tables 1 and 3 involves changes in capital
structure. Suppose an analyst wishes to estimate the new cost of equity that will result from a
recapitalization, or the cost of equity for a non-traded company or a division within a traded
company. In the case of arecapitalization, the analyst begins with the observed beta for the firm
in question. In the case of estimating the cost of equity for a non-traded company, the analyst
begins with the observed beta for a similar publicly traded company. In both cases, the first step
isto find the unlevered cost of equity implied by the observed beta and the current capital
structure. In arecapitalization, the second step isto “re-lever” the cost of equity, using the
capital structure that is expected after the change in capital structure. In estimating of the cost of
equity for a non-traded company, the second step isto “re-lever” the unlevered cost of equity

using the capital structure of the non-traded company.

12



Suppose the analyst chooses the wrong model when unlevering the cost of equity, and
chooses the same model when re-levering the cost of equity. How much difference will this
make in the resulting cost of equity? In other words, do two wrongs make aright? We begin
with the same typical firm whose unlevering is shown in Table 4. Suppose the old capital
structure had 35% debt at arate of 8%. The new capital structure has 55% debt at arate of 8.3%,
and growth is 5%. Table 5 shows the results of the re-levering.

Myers APV and the M&M/Hamada model share the same assumption about the discount
rate for the tax shield (kts = i) but make different assumptions about the growth rate. Suppose
the assumed discount rate for the tax shield is appropriate, but that the M& M-Hamada model is
used instead of the correct Myers APV model. The M& M-Hamada model resultsin an
estimated levered cost of equity of 13.09% which is 66 basis points higher than the true 12.43%,
of the Myers' APV model.

On the other hand, suppose the analyst includes the correct growth rate, but is uncertain
whether the discount rate for the tax shield should be the cost of debt or the cost of unlevered
equity. Table 5 shows that the levered cost of equity from the Myers APV is 12.43%, while the
unlevered cost of equity from the CAPV is 13.41%, a difference of 98 basis points.

As this example shows, accurate results cannot be obtained ssimply by picking a model
and using it consistently; i.e., using the same model to unlever and re-lever. Ignoring growth
leads to large errorsin the estimated cost of equity. Furthermore, the choice of the appropriate
discount rate for the tax shield leads to large differences in the estimated cost of levered equity.

V. Summary and Discussion

An estimate of the unlevered cost of equity is necessary for many applications of
corporate valuation. However, the widely used M& M/Hamada formulais based on two
assumptions that may not be true. First, the M&M formula assumes that the firm will not grow.
This assumption is amost certainly violated in practice, since amost all firms are expected to
grow. Applying the M& M/Hamada formulato a growing firm leads to large errorsin the
estimates of the unlevered beta and unlevered cost of equity. Aswe show, even modest growth
of 5% causes the M& M/Hamada estimate of the levered cost of equity to be 86 basis points too
low relative to Myers' APV, even though both models discount the tax shield at the same rate.
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A second issue is the choice of discount rate for the tax shield. The M&M and Myers
APV models assume that the discount rate for the tax shield should be the cost of debit.

However, there are sound arguments for using a larger rate, perhaps even as high as the
unlevered cost of equity. We provide specific formulas for the general APV case in which the
discount rate can be any value.

If the appropriate discount rate should be the unlevered cost of equity, the M& M/Hamada
adjustment produces an unlevered beta that is higher than the true beta. For atypical company,
this causes the M&M formulato estimate an unlevered cost of equity that is 35 basis points too
high relative to the true unlevered cost of equity.

A typical use for these modelsisto unlever afirm’s cost of equity and then re-lever it
with adifferent capital structure. We show that if the incorrect model isfirst used to unlever a
firm’s cost of equity, and then to re-lever it, large estimation errors still result. In other words,
consistent use of the same model doesn’t prevent large estimation errors; i.e., two wrongs don’t
make a right.

Thisimplies that despite its widespread use by practitioners, researchers, and textbook
writers, it is almost always inappropriate to use the M& M/Hamada model, since virtually all
firms are expected to grow. Using this model inappropriately leads to errorsin the estimated
costs of equity that are large enough to be economically significant. Given that growth should be
incorporated explicitly into the model, the only remaining decision is the choice of discount rate
for the tax shield. Should the discount rate for the tax shield equal the cost of debt, the unlevered
cost of equity, or some value in between?

Unfortunately, there are no empirical teststo provide an answer to this question, and two
major econometric problems will confound future research in thisarea. First, the unlevered beta
and unlevered cost of equity for afirm are unobservable. Second, there are large measurement
errors in the other required variables. If empirical tests are unable to provide definitive answers,
then guidance for the choice of a discount rate for the tax shield must be sought elsewhere.

We show that using the cost of debt as the discount rate for the tax shield can lead to a
levered cost of equity that is less than the unlevered cost of equity. Since this contradicts both
intuition and casual observations of levered firms, we believe that arate higher than the cost of
debt should be used. In fact, for sufficiently large growth rates, the levered cost of equity can be

less than the unlevered cost of equity when any rate less than the unlevered cost of equity is used
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to discount the tax shield. This effect diminishes as the discount rate for the tax shield
approaches the unlevered cost of equity, which suggests to us that discount rate for the tax shield
ought to be closer to the unlevered cost of equity than to the cost of debt.

We also show that if arate less than the unlevered cost of equity is used to discount the
tax shield, then the partial derivative of the cost of capital with respect to growth is negative, and
it becomes more negative for higher degrees of leverage. Taken alone, thiswould imply that a
high growth firm could substantially reduce its cost of capital, and hence increase its value, if it
had a high degree of leverage. But thisisinconsistent with the observed capital structures of
high growth firms, which typically have low levels of debt. Although there are other
explanations for this phenomenon, such as agency costs and asymmetric information, this
suggests once again that arelatively high rate, perhaps even the unlevered cost of equity itself,
should be used to discount the tax shield of debt.

15



Table 1: Leverage, Value, and the Cost of Capital

Value of the Firm

Cost of Capital

General APV

v, =v, +2 100 2 WACC=k,, - gke”' 93T w, .
kTS- Jdg 1s-9g
Myers APV )
v, =v, + 21 Do ? WACC=k,, - gkf“_ggT w,
krs=1i gi-g,a, -9 g
Compressed APY V, =V, +aeiTD0 8 WACC =k, - iTw,
Krs= Keu K- 0g
M& M
Kro=i V, =V, +TD, WACC =k, - iTw,
g=0

Note: V| denotes the value of alevered firm; V denotes the value of an otherwise

identical but unlevered firm; Do denotes debt at time zero; ks denotes the appropriate
discount rate for the tax shield; i denotes the interest rate on debt; WACC denotes cost of

capital (i.e., weighted average cost of capital); T denotes the corporate tax rate; g denotes

the growth rate of free cash flows and debt; and wp denotes the percent of the firm that is

financed with debt.
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Table 2: The Combined Impact of Growth and the Tax Shield Discount Rate on the

Cost of Capital
Tax Shield

Discount Cost of

Growth Rate Capital
General APV 5.0% 9.3% 9.36%
Myers APV 5.0% 8.0% 8.82%
Compressed APV 5.0% 10.6% 9.65%
M&M 0.0% 8.0% 9.34%

Notes: The target capital structure has 35% debt. The unlevered cost of equity is 10.6%,
the tax rate is 34%, and the interest rate on debt is 8.0%

17




Table 3: Leverage, the Cost of Equity, and Systematic Risk

Levered Cost of Equity

Systematic Risk

w, 0 w
General APV Ky =Ko+ bL:bU§[+_D:' b
é @& iT 0. kT Oolw R
éKe 3 = glkL:u_D (b, - b )ae iT oW,y
e 15" 99 s~ 9 We Vo R K - IgWe
iT Owp O
Myers APV ky =kgy, + b, =b 1+§- —I—1I
y o =Key ) - U§ i- ggWe 5
Krs= (Kq, - i)?- & | 2 %ﬁ b gi iT Owp
i- W - I —
90 oWe I-ggWe
Compressed APV W Wa 0 W
Ky =Ky, + (kg - 1) —2 b, = U§[+_D:- 5 —2
Krs= Keu We Eo We
wp 0
b, =b, ¢I+(@1- T)—2=+-
M & M/Hamada K, =k, + (K - )(1- T)% L ugI @-m -
kTS:i F Wp
g=0 bp(1- T)W—

E

Note: ke, denotes the cost of equity of an unlevered firm; ke denotes the cost of equity of a
levered firm; krs denotes the appropriate discount rate for the tax shield; i denotes the
interest rate on debt; T denotes the corporate tax rate; g denotes the growth rate of free cash
flows and debt; by denotes systematic risk of an unlevered firm; b, denotes systematic risk
of equity in alevered firm; bp denotes systematic risk of debt; brs denotes systematic risk of
the tax shield; wp denotes the percent of the firm that is financed with debt; and we denotes
the percent of the firm that is financed with equity.
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Table 4: Unlevering Beta and the Cost of Equity for a Typical

Firm
Unlevered | Unlevered Cost
Equity Beta of Equity
Myers APV 0.97 11.81%
Compressed APV 0.78 10.60%
M&M 0.84 10.95%

Notes: The current target capital structure is 35% debt and the tax
rate is 34%. The levered betais 1.0 and the levered cost of equity is
12%. Theinterest rate on debt is 8.0%, implying a debt beta of 0.38.
The expected growth rate is 5%.

19




Table5: Re-levering Systematic Risk and the Cost of Equity to Reflect a Different
Capital Structure

Results of unlevering at the | Results of re-levering at the
old capital structure. new capital structure
Unlevered Unlevered |Levered Cost|Levered Beta
Cost of Beta of Equity
Equity
Myers APV 11.81% 0.97 12.43% 1.07
Compressed APV 10.60% 0.78 13.41% 1.22
M&M 10.95% 0.84 13.09% 1.17

Notes: The unlevered beta and unlevered costs of equity are from Table 4. The new target
capital structure is comprised of 55% debt (at an interest rate of 8.3%) and 45% equity. All
other parameters are the same asin Table 4.
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Appendix

V denotes the value of alevered firm at time O, Vy denotes the value of an otherwise
identical but unlevered firm at time O, FCF; denotes free cash flow at timet, and let ke, denote
the cost of equity of an unlevered firm. Free cash flow isthe amount of cash available for
distribution to all investors, after the firm has paid all costs and made all capital investments
necessary to support the growth in sales. In particular, we define free cash flow as net operating
profit after taxes (NOPAT) less investment in capital, where capita is defined as the sum of net
operating working capital (NOWC) and net plant, property, & equipment (PPE). NOWC isthe
difference between the operating current assets, such as inventory and receivables, and the
operating current liabilities, such as payables and accruals. See Copeland, Koller, and Murrin
(1990) or Brigham, Gapenski, and Ehrhardt (1999) for a more detailed explanation of the
calculation of free cash flow.

The value of an unlevered firm is the present value of the expected free cash flows

discounted at the unlevered cost of equity:
Vy=Q FOR e dt . (AL)

The value of alevered firm is the sum of the present value of its free cash flows, the
present value of the expected interest deduction tax shields, the present value of expected
bankruptcy costs, and the present value of any expected agency costs or benefits due to debt. Let
TS denote the expected tax shield at time t, BC; denote the expected bankruptcy costs at timet,
and AC; denote the expected agency costs or benefits at timet. Also, let kts, Ksc, and kac denote
the appropriate discount rates for the debt tax shield, expected bankruptcy costs, and expected
agency costs. In the most general case, these discount rates may themselves be functions of
other state variables, including time, free cash flows, tax shields, bankruptcy costs, and agency

costs. The value of alevered firm can then be written as:
\¥ - Krat \¥ - Kpet \¥ - Kot
VL:VU+QTSte s dt+QBCte Be dt+QACte Aetdt . (A2)

In general, free cash flow is determined by NOPAT and capital expenditures, which may
themselves be complex functions of other state variables and time. For example, free cash flows

may be adversely affected by high probabilities of bankruptcy, as suppliers tighten credit
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standards. To simplify matters, we assume that there is a stable proportional relationship
between sales (S denotes sales at time't) and NOPAT. NOPAT can be written as:

NOPAT;=ATOPM S, (A3
where ATOPM isthe after tax operating profit margin. Similarly, assuming that capital is
proportional to salesyields:

Capital; = CRR S, (A4)
where CRR is the capital requirement ratio (i.e., theratio of capital to sales). Under these
assumptions, the rate of capital expendituresis equal to the CRR multiplied by the rate of growth
in sales.

For the case of constant growth in sales,

S=S€, (A5)
where g isthe growth rate in sales. These relationships allow free cash flow to be expressed in
terms of salesin an intuitive fashion:

FCF = (ATOPM —CRR @) S. (A6)
Under these assumptions and the additional assumption that the growth rate is less than
the unlevered cost of equity (i.e., g < keu), the value of an unlevered firmis:
(ATOPM - CRRQ)S,
Ky-9 '

Ignoring expected bankruptcy costs and agency costs, the value of alevered firm is equal

(A7)

V,, =) FCF e dt =¢) (ATOPM - CRRQ)S, & " dt =

to the value of an unlevered firm plus the present value of the interest payment tax shields. Let i
denote the interest rate on debt, D; denote the amount of debt at time t, and wp denote the
proportion of the firm’s market value that is financed with debt. For a constant growth firm with
a constant capital structure, the assumptions above imply that,

D; = Do €%, (A8)
where Dy is the initial amount of debt. Notice that Dy can also be expressed aswp V..

Under the assumption that growth, interest rates, and the tax rate are all constant, and that

the growth rate is less than the discount rate for the tax shield (i.e., g < krs), the value of the tax
shield is:

¥, ] & i
Vis=QiTD 6% e*='dt = : !

8
TD,. (A9)
kTs' gb °

The expression for the value of alevered firm for arbitrary krsis:
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vL:vU+§e ' 27p, (A10)

TS~ gﬁ

Equation (A10) is shown in the text as the first row of the first columnin Table 1. The
remainder of the first column of Table 1 can easily be found by specifying specific values of krs
and g and simplifying Equation (A10).

Equation (A10) has implications for the range of possible values of wp given agrowing
tax shield. Using the definition wp = Do/V |, substituting Equation (A10) and rearranging, gives

an expression for wp:

Koo -
Wy = (Krs 9)‘ _ (A11)
&V (ks - g)g+_ Q
&~ gtiTz
éé Do ad g

As more and more debt is used, the value of tax shield, and hence the value of the equity,

increases along with the debt, preventing wp from increasing further. Examination of Equation
(A11) showsthat in the limit as Do goesto infinity, wp is constrained from above by (krs—g)/iT.
Noting this constraint and substituting V. wp for Do into Equation (A10) and rearranging, the
value of alevered firm can be expressed as a function of wp instead of Do:
Vu

V= X
x |

(A12)

5
Twp
Kis-dg

1-

Equation (A12) is only meaningful if iTwp/(kts-g) < 1. For combinations of low krs, high
growth rate, high tax rate, high debt interest rate and high debt level, the value of the debt tax
shield exceeds the value of the entire levered firm, and the constraint derived from Equation
(A1l) isviolated.

By definition, the value of alevered firm is the present value of the free cash flows
discounted at the weighted average cost of capital (WACC). Under our assumptionsthisis:

_ (ATOPM - CRRQ)S,

VL
WACC - ¢

(A13)

Substituting Equations (A7) and (A12) into (A13) and rearranging gives the following

expression for the cost of capital for alevered firm:
&Ky, -9g0
= ng Wp . (A14)

s-9g
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Equation (A14) is shown in the second column and first row of Table 1 in the body of the
text. The remainder of the second column of Table 1 can easily be found by specifying specific
values of ks and g and simplifying Equation (A14).

As Equation (A14) shows, unless key=krs, the cost of capital is an explicit function of
growth. The partial derivative of Equation (14) with respect to g is:

- (0}
TWACC_ it Wo éaq(—eu kT§ T (A15)
g 8(kTS' 9) o}

Since the unlevered cost of equity is defined to be greater than or equal to the discount
rate on the tax shield, this partial derivative is aways non-positive.
Also by definition, WACC is:
WACC =k, (1- wp)+i(1- T) wp . (A16)
Setting Equations (A14) and (A16) equal and rearranging gives an expression for the levered
cost of equity for a constant growth firm and arbitrary discount rate for the debt tax shield:

é i 0 . ou
k, =k, +8k - T i—lgi- Kis T QEWp (A17)
e s~ Og kTs' JgaWe

Equation (A17) is shown in the first column and first row of Table 3 in the body of the
text. The remainder of the first column of Table 3 can easily be found by specifying specific
values of ks and g and simplifying Equation (A17).

The value of alevered firm can be expressed:

VL= Ep+Do=Vy+ Vrs, (A18)
Where E, denotes the current market value of equity and Vs denotes the current value of the tax
shield of interest payments.

The systematic risk of afirm isthe weighted average of the systematic risks of the
components of value. Let by denote the systematic risk of an unlevered firm, b, denote the
systematic risk of equity in alevered firm, bp denote the systematic risk of debt, and brs denote
the systematic risk of the tax shield. Using Equation (18), systematic risk can be expressed as:

by Vy +brsVig=b Ey+bp Dy (A19)

Rewriting Equation (A18) in terms of Vy and substituting for Vy in Equation (A19)
yields:

by (E0+Do' VTS)+bTSVTS:bL Eo +bp Dy (A20)
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Solving for by, substituting Equation (9) for the value of the tax shield, and rearranging

provides and expression for the systematic risk of alevered firm.

wq O w
b, =by §L+ —Di- by —2>- (by - brg) <
We g We Kis- OgWe

e 1T owp (A21)

Equation (A21) is shown in the second column and first row of Table 3 in the body of the
text. The remainder of the second column of Table 3 can easily be found by specifying specific

values of ks and g and simplifying Equation (A21).
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