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CHAPTER 1

Introduction

1.1. Conditioning information: Definitions

Let F; be the set of information available to investors at 7, let Fy be the set of unconditional
information so .7-}0 C Fi,and let rs4q be an N x 1 set of basis returns.
Define

Xip1 ={@iri+1 |0 € Fr}
as the set of payoffs spanned by r;; using F; and
X?+1 ={w'ri1le 6]:19}

as the set of payoffs spanned by r; 1 using ]-"to. Notice that X 19 11 C Xit1.

Xt +1 includes managed portfolios, i.e. portfolios whose weights in the N assets depend on the
information available at ¢, so X4 is not spanned by r; using only ]_—lo'

We use different expectations operators, conditional expectations E[- | 7;] = E;[] and uncondi-
tional expectations E[- | F°] = E[].

1.2. Understanding conditioning information
Example 1. Suppose F; is generated by d;. Then

Xi+1 = {@)riy1|@: = f(ds), f(-) a well behaved function — RV,

so given d;, we have w; € R¥ for each element of X 41
We can think of .7-',0 as being generated by a constant,

Xto+1 ={o'ri|lo=ffeRV}

1.3. Understanding expectations operators

Conditional expectation is defined as

E/yit1]=  argmin  E[(ye41 — ) | F],
wy €F¢ E[(1})?]<oo

s0 E¢[ys+1] € F¢. E¢[yr+1] is the best guess of y,41 given F;.

Unconditional expectation satisfies

Elyi41l=  argmin  E[(yi11 — p?)? | FLI,
u? €R,E[(uY)?]<o0

s0 E[ys+1] € R. E[y;+1] is the best guess of y,4+1 given FP.

7



1.5. USEFUL RESULTS 8

Example 1 continued. Suppose F; is generated by d;. Then

E¢[ye+1] = M{(dt)

and ) () is a well behaved function that maps into R.

Example 2. In addition to example 1, suppose that y;4; and d; are multivariate normal and
E[d;] = 0. Then

E/lyi+1] = n + bd;,

where

cov[ds, yr+1]

=, E = y.
vard,] Ve+1] = p

1.4. Two issues

(1) What is the payoff space?
(2) What is the expectations operator?

We can calculate

e unconditional expectations for X;41,

e conditional expectations for X;41,

e unconditional expectations for X tO 11, and
e conditional expectations for X ,0 1

1.5. Useful results
Law of iterated expectations. If G; C F;, then
E[yi+1|G:] = E[E[yi41 | Fi]|G:].
Example 2 continued. ]-"? C Fi, 80

Eilye1] = p” + bdy,
Elyr+1] = n?,
E[E;[yt+1]] = E[u” + bd;] = n” + bE[d;] = p”.

Note. The converse does not hold:
1 = E¢[E[yr41]] # Eelye41] = n” + bd;.
Linearity. If a;, b; € F;, then
Elar +beye+1 | Fe]l = ar + b E[yr+1 | Ftl.
Conditionally mean zero condition. If E[y;1z,] = O forall z; € F¢, then E[y;+1 | F¢] = 0.

Example 1 continued. F; is generated by d;. If E[y;+1 f(d;)] = O for all well behaved functions
f(), then B[y; 41| F] = 0.
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Conditional covariance. Since G; C F;,

cov[xXz41, Ye+1 | Ge]
= E[cove[xs41, ye+1]| Ge] + cov[Es[xs41]. Ee[ye+1] | Gel-
PROOF FOR G; = F7.
cov[xs+1, ye+1] = E[xr+1ye4+1] — E[x41] E[yr41]
= E[E¢[xst+1Ye+1] — Be[xe41] Ee[ye41]]
+ E[E¢[x¢+1] E¢[yr+1]] — E[E¢ [x¢4+1]] E[E¢ [y241]]-

Projection and the Reisz representation theorem. Let
L%+1 ={Vt+1: Y41 € ]:t+1,E[y,2+1 | F¢] < oo}

Theorem 1. Suppose H;y1 is a closed linear subspace of L%+1. For y;41 € L%_H, the projection
proj, (ye+1|Hr+1) exists and satisfies

arg min E;[(ys41 — ht+1)2] = h(t)+1»
hit1€H 41

and h?+1 € Hy41 also satisfies
B (V41 —hY )his1] =0 forall hyyy € Hyqy.

Theorem 2 (Riesz representation theorem). Let H; 1 be a closed linear subspace of L% ypand i a
continuous linear functional on H;41. Then there exists a unique element

hyt, € Hiv1 3 Eflhyp1hyt 1 = mi(hyq1) forallhyqy € Hiqy.
+ +



CHAPTER 2

Law of One Price, No Arbitrage and Stochastic Discount Factors

2.1. Definitions
Payoffs. Let X, be the set of asset payoffs at time # + 1.
Prices. Let p;(x;11) be the time-¢ price associated with payoff x; 11 € X;41, 50 p;(-) € Fr. ps

is not uniquely determined without further assumptions, so p; is a correspondence and not necessarily
a functional.

Definition (No arbitrage PNA). A payoff space X4 and a pricing correspondence p;(-) have no
arbitrage opportunities if for every payoff x; 41 € X t+1 such that x;11 > 0 almost surely with respect
to F; and (E[(x;41)2 | F:]))/2 > 0, it is true that p > O forall p € p;(x;41).

Definition (Law of one price LOOP). The law of one price holds if p;(-) is a linear functional so that
if x! = x2 forx!,x2 € X;41, then p;(x') = p;(x?), and if 0!, w? € F;, then

pr(@'x! + 0*x%) = 0! p(x) + 0 pr(x?).

2.2, Setting
Let

L7ty ={ye+1: yir1 € Frer. Ely7py | Fi] < oo},

We can show that L% 41 1s a Hilbert space. L% 1 can be infinite dimensional.
Let X t+1 be

Xip1 = {xt+1 | Xr41 =) 0441, 0f € ]:t},
iel

which is the linear span of xﬁ 4 fori € I and xi 11 € L? 41+ If 1 does not have a finite number of
elements, we may need to take the closure of the span.

The closure of X;41 is a closed linear subspace of L? 1

Let p;(-) be the price correspondence for X;41. Again, if / does not have a finite number of
elements, we may need to augment the set of prices in a natural way.

Suppose there exists x?_H € X;41 so that x?_H > (0 and

||x?+1||t = (E[(X?H)z | ]:t])l/2 >0

that satisfies PNA.
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2.3. Relation between PNA, LOOP and the existence stochastic discount factors

Definition (Stochastic discount factor). ms4; € L? 11 1s a stochastic discount factor (or sdf) for X f+1
with respect to ﬁt C Fyiff

Vxr41 € Xet1 : Elmepixit1 | Fr] = E[pe(xe41) | B

The setting described in the previous section is assumed to hold for all the results in this section.
First, we can describe the relation between PNA and LOOP.

Proposition 3. PNA = LOOP.

PROOF FOR A FINITE NUMBER OF ASSETS. Let N be the number of assets, let p; be the vector
N x1

0 _, we prove by contradiction by

of prices, and let x;1 be the payoffs. Given that PNA holds for x,, |,

Nx1
showing that no LOOP = no PNA. Take X;4+1 € X;41. Suppose p;, pf € p:(X¢+1) and p; < p;f.

Then there exist ®, ®™* € F; where

Xe41 = (;)/xt-f-l = (“A)*)/xt-i-lv @/Pt = D¢, (C'A)*)/Pt = ﬁ:
Since PNA holds for x?, ;, then for °,

X0 = @'x41,  pY = (@°% ' pe > 0.

Consider a portfolio with weight vector

A A
Pt — Pt A N
w0+ ® — o*
p? —_ N
—_—— buy cheap X;41  sell expensive X741
in x?_H

The cost of this portfolio is
pi — Pi .
( —5 )p?+pt—p?‘=0-

P:

The portfolio’s payoff is

b — b

¢ 0 A N

o Yi+1 + Xi41 — X141 > 0, and ‘
t

which contradicts PNA. O

Ax A

Py — Pt o
0 Xi+1
Pt

>0,

We can also show that PNA implies that the price functional is continuous, since the setting of this
chapter and PNA implies that p;(the zero payoff) must equal 0.
Next, we examine the implications of LOOP for sdfs.

Proposition 4 (LOOP implies existence of an sdf). If LOOP holds and the price functional is continu-
ous, then there exists a unique payoff my 11 € X¢+1 which satifies

Vxre1 € Xeg1: pe(Xe41) = E,[m}"+1x,+1].
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PROOF FOR FINITE NUMBER OF ASSETS. Suppose as before that X;4 1 is generated by an N x 1
vector of basis payoffs x;41 with prices p;. Choose

* ’ ’ -1
mip = Py (Belxrs1xiq]) xe41.
1x1 1xN NxN Nx1

Lk .
This m; 1 satisfies
/ * /
P = E¢[my1x,44]
and

Ve € Fy: pre = Bym} (x4 q0)].

O
PROOF FOR INFINITE NUMBER OF ASSETS. Apply the Riesz representation theorem. U
Next, we examine the implications of the existence of an sdf for LOOP.
Proposition 5. If an sdf exists for X¢1, then LOOP holds.
PROOF. The proof is immediate. U

Next, we examine the implications of PNA for sdfs.

Proposition 6 (PNA implies existence of a strictly positive sdf). If PNA holds, then there exists
Miyq € L%—H with msy1 > 0 almost surely and

VXr41 € Xeg1 0 pr(xpg1) = Ee[myp1x,41].

The proof is omitted.
Finally, we examine the implications of the existence of a strictly positive sdf for PNA.

Proposition 7 (Implication of existence of strictly positive sdf). If m;4+1 € L% 11 is strictly positive
almost surely and is an sdf for X;41, then PNA holds.

HEURISTIC PROOF. Consider x;4+1 € X;41 such that x > 0 almost surely and (E; [xt2+1])1/2 > 0.
Now
pr(xe41) = E¢[me41x141] > 0,
>0 >0a.s.

so PNA holds. O

2.4. Complete vs incomplete markets

Consider a one period setting with a finite number of states S and F; = F, ? . If N, the number of
assets, is less than S, the number of states, then the market is incomplete. If N = S, the market is
complete.

In particular, let x;41 be the N x .S vector of basis assets,

X4
Xi4+1 = : , x§+1€RSfori:1,2,...,N.

N
Xit+1
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FIGURE 1. Implications of PNA and LOOP

PNA — LOOP
¢ ¢

existence of a positive sdf == existence of sdf

LOOP: existence of

——  unique my,

Incomplete:

Many m;y;, | Complete:
at least one | Pos. m4+,
.ok . *
pos.; my,y |iS my,q,

need not be | unique

Ppos.
PNA: existence of

pos. mMg41

If N < S, the payoff space
Xi41 = {w/xt_,.l YOS RN} - RS.

If N = S, then X;4; = RS and the market is complete.

2.5. Summary of implications of PNA

Complete markets.

(1) One m;4 that satifies the Euler equation and that is m’t" 11
(2) The one m; 4 is strictly positive.
(3) The one ms41 is m:‘ 1 which must be strictly positive.

Incomplete markets.

(1) There are many m;41 which satisfy the Euler equation.

(2) Atleast one is strictly positive.

(3) mj, | need not be strictly positive.

(4) There is a relation between m ;41 and m;“ 1 1- We can decompose any 7141 as:

*
Mey1 =My + €141

where E;[es4+1x741] = 0 forall x;41 € X¢41. Then:

E([msy1xi41] = Belmy 1 Xe 1] + Eeles1x041] = Be[my X 41].

So we can obtain m*

;+1 by regressing m;1 on x where x is a basis for X;4.
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2.6. Implications of finding an sdf with respect to F;
Suppose m;4 1 constitutes an sdf for X, with respect to F;, i.e.
Vi1 € Xeqr : Belmgaxea] = pr(xip1),
and let
Rivy = {rig1 € Xep1 | pe(rigr) = 13},
Then
(1
1= Et[mt+1rtf+1] = rtf+1 = m
(2) Suppose that rtf_H € X,H. Then

Vr;_H €Ri41:1= Et[mt+1r;+1]7

1 = cove[meg1. 7] + Belmip1] Eelri o],

. 1 1 .
E/[ri ] = — cove[mes1,7} 4]
YT R ] Be[mesd] a
i
_ . f { 7 } {covt[m,.H,rtH]
=r + {—r vary(m
Am .Bim

(3) Suppose again that rtf+1 € Xt“. For any rf_H € Rt+1,
I =E/miq1riy,] and 1= Et[mt+1rtf+1],
0= E/[mip1{riy, — rtf+1}]7

0 = cove[myt1, er — rtfH] + Et[mz+1]Et[”£+1 - ”tf+1]’

Etrf —rf . .
+1 t+1
-5 = _Pt[mt—i-l,r;+1]0t[mt+1]0t[r;+1]
Fis1
E; ri —rf 1
{# ——| < o¢lmi41]
orlriq] Tt

holds for any rf_H € §t+1.
So if r forms a return basis for X, with respect to Fy, E;[r] = w, and cov,[r] = V,

‘((ILI _rtf+1i)/Vt l(ﬂt _rtf+1l)) N2
Fi+1

< o¢[ms41].

max Sharpe measure, H-J bound
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2.7. Consumption-based pricing model

Consider the problem

max E |:Z ,Bru(cf)i| wrt. {¢z}92 and {a;}22,

=0
subject to Wy,
Wesr = We —co 4+ yo)@e(repr —rdp D+ 1l c=0.1,...,
and {c;,a;} € Fyfort = 0,1,... where ry41 is an N x 1 vector of returns on the N basis assets

from timet to time ¢ 4 1 with ith element rti 11
Suppose {c7, aF}22, is the solution. Consider the following perturbation:

Reduce c; by 6z with z; € F;.

Invest §z; in asset i.

* i
Increase ¢/, | by 6z¢r;, ;.

Leave all other c's the same.

Along the optimal path, §* = 0 solves the problem:
m(;:le[,Btu(c:‘ —68z¢) + ,3t+1u(c;"+1 + 8z,r§+1)].
The first-order condition is
E[-B'u'(cf — 8 z0)zs + BT/ (cfyy + 8% 2ur}y)zeri ] = 0.
Set §* = 0 and obtain
Blz{u/ () — Bu' (¢4 )ri 4131 = O,
This holds for any z; € F;, and so
E[u'(c}) = Bu' (¢} )iy | Fi] = 0
and
u'(cf) = ,BEt[u,(C?+1)r§+l]~

using the result in section|l1.5|that provides a sufficient condition for a variable to be conditionally mean

Z€T10.
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So letting x;41 be an N x 1 vector of payoffs on the N basis assets at time # + 1 with ith element

Xip1!
[ u'(c
1 =E; {,3 (, ’il)} t+1] 1,2,..,N returns,
L u'(cr)
; [ u' (e} y)
pi(xjyy) =E; {,3 ,(tCH }x Pl :| i=1,2,..,N payoffs,
: i [f u'(cFy )
Vi, € Fr i pr(2ex;yq) = B¢ | \B——7— ) X4 |1 =1,2,.., N, scaled payoffs,
L t
[ u (Ct_H) . . .
0=E; | {f———— et t+1) ,i =1,2,..., N zero investment portfolios.
i c

More generally,

u'(cryy)
u'(c)

2.8. Using the consumption-based model to find an sdf with respect to F;

VZI,Z{ SV th+z i=E, |:{,3 }(thrtf—i-l +z/,r,+1):|.

Can see that

m _ ﬂu/(cl-i-l)
t+1 e )
satisfies the definition of an sdf with respect to F;.
So
(1)
1 u'(c
e
Fir1 d
(2

u'(cr41) i }

Beri, =rl =1/  cov —r

41 t+1 t+1 t /3 M/(C[) t+1

and so

COVt[“,(Ct+1),”;+1] T E ”f+1 1
cove[eryr,ripq] 4 Eerppg |

When cov[cs+1, rf 411 is lower, the asset is more likely to pay off in bad states, and so the
agent requires a lower expected return on the asset.
(3) In addition,

o A2 1 u'(cr41)
(e =r LoV o = 1) <o |[p— ).
rtf+1 u’(ce)



CHAPTER 3

Stochastic Discount Factors and the F;-Conditional Minimum Variance

Frontier

3.1. Setting and definitions
The setting is the same as in chapter [2| plus PNA. X, is defined as in chapter 2] Define
Riv1 ={re41 € Xeq1 | pe(re41) = 13
Now we can define the F;-conditional MVF for R;4 .

Definition (F;-conditional MVF for R;41). Return /Y, € R4 is on the F;-conditional MVF for
R;4q iff

for preFe: 1= arg min {0,2[1’;“]}.
rll‘+1€Rt+laEt[r;+1]=ﬂt

3.2. Relation between m™ and the F;-conditional minimum variance frontier
We know that there exists a unique my, ; € X;11 satisfying
Vxr41 € Xet1 1 Be[my 1 xe 1] = pr(xe41).
So
Et[m?+1mf+1] = Pt(m?+1)

since m7,; € X;41. Defining

*
* _ t+1
Fi+1 =
Edmi,]
. misy
we know that ', | € Ryy1 since E;[my, /] = El[thE [nt1+ ]] =1.

Theorem 8. 1/, | is the minimum second moment return with respect to Fi.

PROOF. Uncentered second moment for x;4+; € X;41 is E; [xt2+1] We know that rtJrl =
%
my 1/ Eilm t+1] So

Et[m;‘k-%—l] _ 1 and  m* = ;‘—i—l
- t+
(Ee[m;3 D2 B(m}3,]

For r;4+1 € R41, we can write

[rt—H] = E[r t+1]

%
Fi41 = TFpqp1 + Ze+1,
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FIGURE 2. rt* 1 is the minimum second moment return

E¢[rs+1]

otlre+1]

where z;4+1 = re41 — 1/ . Now Be[my re1] = 1,50 Be[rfy 741] = E,[rt*_iz_l], since my, ;| =
rivy/ Belry2 ). Thus By r¥yreqn = Belr) L (r ) + Zs+1)], which implies that E;[r}", ;z,41] = 0.
So
. 2 2 2 2
Vree1 € Revr tEelri ] = Bolr/51] + Eelzi ] = Edrigyl,

and so rt* 1 is the minimum second moment return. O

Corollary 9. Since 02[r;+1] + (E¢[ri+1])* = E; [rlz_H], it follows that r} | is on the F;-conditional
minimum variance frontier (the F;-conditional MVF).

3.3. Relation between returns on the 7;-cond. MVF, sdfs wrt 7; and F;-cond. Beta pricing

[1]
Theorem 10. r;"; € R4y is on the F;-conditional MVF for Ryy1 < myy1 = a + brj | with
[2]
a,b € F; is an sdf with respect to Fy for X141 &
Vrti+1 € Ri+1: E; [rti_|_1] — Oy = ,B;’mvkmv,

where

i my
; covy[r r 1
i,my t+1°"t+1 mv
= v s Amy = E¢ [rt+1] — Oy and Oy =
var [ri% ]

E¢[mq1]
Define Z; 11 = {2141 € X¢41: pe(2e41) = 0.
Lemma. r; +1 € Ri41 can be expressed as
Fign = i1 Wiz A,

where E,[z;"_'_lz’;_i_l] = E,[z’;_,_l]forallsz_1 € Z;41 and wi € Fy is chosen so thatE;[z;‘_i_ln’;H] =

0. Moreover,



3.3. RELATION BETWEEN RETURNS ON THE F;-COND. MVF, SDFS WRT F; AND F;-COND. BETA PRICING 19

(i) 2f1y = proj (1| Ze1).
(ii) Et[r:+1zf+1] = Ei[r/ni] = 0.
(iii) E¢[ny 4] = 0.

PROOF OF LEMMA. (1) Existence of z7 ;: Use the Riesz representation theorem applied to
the linear functional E;[] to establish the existence of z7 ;.

(2) Existence of w; 77, generates a closed linear subspace in L? 1 Which we denote Zf, ;.

Define z},, = r; ; — /4. Since we know E;[(z}; — proj, (2} {1Z; )zf1] =

0 by construction, we obtain w; by setting w;zy, ; equal to proj,(z;,;|Z;, ) (which

we know exists from a result in chapter . Using regression theory, we know w; =

B[z} 120/ Eel(zfy )] :.Et[zi‘+1]/Et[(Z;=+1)2]-
(3) Result (ii): Know that for all z} | € Z;41:

5 .
E/[rii] = Eelry 7]
= Ei[r/  (rfy +wizipy +nigy)]
= forall 2}, € Ziyy s Blriy 254] = Belrf i1 =0

since 2} ; € Z;41 implies E;[r} ;27,41 = 0.
(4) Result (i): Now forall 2} | € Z;41:

E/[12} 1] = Be[(proj, (11Zo41) + €)21 4]
= Ey[proj, (11Z¢+1)2}14]
= Erlz}412i41)-
(5) Result (iii): Forall zi | € Z;4:
B2y i12i41) = Beley i (wizipy + iy )]
= wiEt[Zrﬂ]-
Eilz)41] = Erwizf iy +niyy]
= w) E¢lzppq] + Et[ni+1]-
So E,[n’;_H] =0.
(]

Lemma. r/Y, € Ry41 is on the Fy-conditional MVF for Ryy1 1| = rf | + w2}, for some
Wy € .Ft.

PROOF OF LEMMA. Forany ri,; € R;11,
i % i, % i
Fion =i +Wizi +nlp.
Now
i _ * i *
E¢[r;1q] = Eelripq]l +w; B 2544,

2 2 ' 20 i
o/ [ripq]l = o7 [rip +wiziq ]+ o7 [nh ]
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For each mean, there is a unique w;. Returns with 7}, , ; = 0 are minimum variance for each mean. [J

Example. Suppose rtf 11 € Ryy1. We know that rtf 11 1s on the minimum variance frontier, so
rtf_i_1 =r; +wzf,, forsome w € F;. It follows that z 7, | = ("tf+1 — rt*_H)%. We know that
Ez[Z?+1Z§+1] = Et[(rtf+1 - ”t*+1)%21;+1] = Et[zlr:‘—{—l]
= Et[rtf—{—I%Zé-i-l] = Eylzfqq] since o Belriy 2i4q] =0
= (”tf+1%) E;[z’;_H] = Et[zéﬂ] for allz’;_H € Zi+1

_.f
=>w—rt+1.

(1] .
PROOF OF THEOREM. <> Take an arbitrary r;41 € R;41 and set
Mmep1r =a+briyy=a+b(rfy +wzfy +nig1)

where a, b, w € F; and w is chosen so E; [z:‘+1nt+1] = 0. We will show that m; 1 is a valid sdf for
X¢+1 iff ny1 = 0. Then using the previous lemma, the result follows.
Now m;+1 must at least price r;, ; and z7_;, so

1 =E¢[meg1rfyq] = aBelrf ] + bE[r} 4],
0 =E/miy12741] = aBelz) ]+ bwEs (23]

= aBz7 1] + bwEi[z7 4]

= 0=a+ bw.
Solving for a and b,
B w P
WEt[r;k+1]_Et[r;k.|2-1]’ w

So if this m ;41 works it must be
w — (I”t*+1 + wa_H 4+ niy1)
2
w E; [rt*+1] —E; [rt*—i-l]

me+1 =

Now to price an arbitrary xi 11 € Xt+1, note that
i _ i * i_%* i
Xpp1 = Pr(Xpp )T in + WiZigy + 1y,
SO
i
Et[mt—i-lxt—i-l] =

(w— (g + w2y + D)) (P Dy +wizlyy +nh,)
w El[rt*+1] - Et[r;k-fzq]

E,

E/lnis1ni ]
wE[rfy ] = Eelrf2,

= Es[mir1xf ] = pe(xjyy) —
Using the definition of an sdf, know

VX;_H € Xty E,[m,+1x;+1] = Pt(x;-H)-
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This can be true for all xf; +1 € X;41 iff ny41 = 0, which completes the proof.

So the m 41 linear in r%’; that works as a sdf with respect to F; for X;+; when /"7, is on the on
the F;-conditional MVF for R;4 is given by:
w—(rfy +wzryy)
wE[rf ] - Et[rﬁl]

Note that m;41 is not defined when

Et[ t+1]
B )
and E¢[m;41] = 0 when
_ E[r/ ]
1—Eelz74]

me+1 =

(2]
To prove <, note that
Xit1

~ € X¢+1
Pt(x;_H)

Xig1 € Xew1, pi(xppy) #0 S riy =

and
xiip € Xep1. pe(xiy)) = 0 & there exists x| ;. X7, € X;11,pi(x}y;) # 0and
pt(xterl) # 0 such that x; | = xtl_H + xt2+1-
It follows that:
Vx;+1 € X¢q1 :Eff(a + br?—i‘il)x;—}-l] = Pt(x;+1),
& Vriiy € Reyr :Efl(@+brjyriy ] =1

& Vri € Ryt iEel(a + bri DIEe[ri 1] + cove[br™  ri ] =1

. . 1 b ;
& Vrl eR ‘Esrl = — covy[r™ . rt ]
t+1 t+1 t 41 Et[mt] Et[ t] t[ t+1 t+1]

N —
Oy

Intuition: We know that

i i,mv
E; Fer1 = Qmy + Amv t

See ﬁgureon pagefor the case with rtf_i_1 ¢ Riy1.
If riyq € R;+1, then

(1) myy1 = a+brjy, = my,, forall r/}, onthe MVF except rtfJrl (see ﬁgure@on page.

1 Et[rt+1] ") gmv E¢[r t+1] p—
@ E[m7 ] - E,[rt*ﬂ] =1 = Byl = T[Zt—}-l] where r;,;" is the return on

the global minimum-variance portfolio.

Et [7‘;(_’2_1] f f . . .
B)w= ﬁ =r;, ., = w’/ = ws corresponds to m 41 being a constant, which is not
tFe+1%

a valid sdf, and rf_ﬁv = rtf 11 Which is not a valid beta pricing model.
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If rtf+1 ¢ R;41, then
(1) Each r{"}, gives the m7 ; that corresponds to an augmented space (see figure|S{on page :

X?—H = Xr+1 + {0my}-
The m;1 linear in 7%, that works as an sdf is the m;‘+1 for X;+1. So the o™ associated

Eq[r/ 3]
Edmip ]~ Edlrf]
1 E[rf2y]

m Et[ t+1]
2) a* = = # B, [r¥"] = — =2 (see figure|6|on page 24).
Et[m;k+1] Eilrfiql o+l I —E¢[z744]

3) w = E[r t+1]

with 7, ; as a 1-factor Bpm equals

=E ] corresponds to E;[m;41] = 00, so m;41 is not a valid sdf, and «,,, = 0.
tWip
— E; [rt+1] — 1y 8MY
= ———— = w8 corresponds to E;[m;41] = 0, s0 ay = 00 or —o0, and r/Y; is
—Eslz7 4]

not a Valid beta pricing model (see figure[7)on page [23).

3.4. Obtaining m; ; from m; 1

Suppose that
X1 = {w;‘xt-i-l lw; € Ft},

S0 x;4+1 forms a basis for X;4; with respect to F;. We know that m;4; = m:‘+1 + e;4+1 where
Nx1
/ — / : * —_ /
E/ler+1x;,,] = 0" and we can write m7, | = ¢'x;41. So

Ei[m;y1x; 1] = Eele/xs1x7,1] + Esles11x7]
—— ——

0

=c —Et[mt+1xt+1](Et[xt+1xt+l]) !
1xN XN
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FIGURE 3. Intuition for Theoremwhen rtf_H ¢ Rsy1

E¢[re+1]

my
Fit1

1
- =«
E¢lm; 1] my

o¢[re+1]

FIGURE 4. rtf_H € Ry41: 1/ E¢[m;41] is the risk free return
E¢[re+1]

*
Fir1

ot[re+1]

23
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FIGURE 5. rtf_H ¢ Ry41: Each r}Y, gives m}_; for an augmented asset space

E¢[ri+1]

my
rit1

amv

otlre+1]

FIGURE 6. rtf_i_1 ¢ Riy1: o £ E; [rfﬁvl]
E¢lre41]

o¢[re+1]
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FIGURE 7. rtf_H ¢ Riy1: rtgﬁvl corresponds to o, = 00 and so is not a valid beta
pricing model
E¢[re41]

Eclri]

ot[re+1]




CHAPTER 4

Beta Pricing Models

4.1. Definitions
Let E;[[] = E[|.7:",] For an arbitrary payoff space X, 1, define the return space

Rig1 = {riv1 € Xeg1 | pe(regr) = 1.

Here is the definition of a Beta pricing model (8pm):

Definition (Beta pricing model). Let .7:", C F:. A set of factors h ;41 constitutes a beta pricing model
(Bpm) with respect to Fy for R r+1 iff
Vrti+l € kt+1 : Ef[r;.—i-l] =&+ i/ﬂ ’h,

where
a A i h - . 1 - . -
[i} €Fr, B = (Bilhesr,hiyq])  Eplhisr,rigq], hegr = hogr — Eglhiqa].

Let r;4+1 bean N x 1 return vector: so ps(rs+1) = iy and rs4+1 € Rs4+1. Define X;41 and Ry 41
as before, and assume that r;4; constitutes a basis set for X;; with respect to F;. Let F; C F;.
Define

X1 = {wgrm lw; € Fr},
Riv1 = {w;r,H lw; € ]-",,w;iN =1}

Define X t+1 and R r+1 analogously for ]:",

4.2. Equivalence of a Spm and a linear sdf: Basic results

Theorem 11 (Equivalence of a Spm and a linear sdf: Part 1). Let Fi S F C Fy

-

hiy1, a K x 1 vector, constitutes a Bpm with respect to F; for Ry < there exist 4, b’ € F;
such that

Mep1 =a+b'hiy
is a valid sdf with respect to .7}; for X¢y1.
PROOF. Let
Ejlmsy1] = @ + b'Ei[hy41] = a,
SO

Mmi41 = a + b/h[+1 =a+ b,ﬂt+1.

26
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Now

Mip1 = a + b'hs41, an sdf with respect to Fy for X;41

& Vx§+1 € X1 : f[mt+1x§+1] = Ef[l’t(xiﬂ)]

[mi41(@D) 1] = B[ pi (@) 4 1) ri41)]
& Vol € Fy i Bi(@h) (mig1rip1 —in)] =0
[

E
& Vol € F; 1 E;
E
E

i D . i —
= Vr;q € Rey1 (EBp[myprr; 4] =1

& Vr;H €Ry1:1= E;[mt+1]E;[rf+1] + covy[m 1, rf+1]

. _ . 1 E;[b'hyyqr! 1
& Vrii, € Reyr (Efrly ] = - s
e+ o t[ t+1] Ef[mt-i—l] Ef[mtﬂ]
1 P o
= + —;b/E;[h,H,h’,H] (Eplhsgrht 1)) (Bplhigarisq])
a i, ﬂ;,h

g

Demeaning the factors is unimportant. Note that the theorem does not say: k1 constitutes a Spm
with respect to F; for R;+1 = thereexista, b’ € F; such that m; = a + b'h; 1 is a valid sdf with
respect to F; for X t+1. To obtain this result, need to set F; C Fr.

Theorem 12 (Equivalence of a Spm and a linear sdf: Part 2). Let Fi C ﬁt C F;.
h; 11, a K x 1 vector, constitutes a Bpm with respect to ]:"t for Ry & there exist 4, b’ € .7:",
such that

Mmiyr =a-+b'hiyy
is a valid sdf with respect to Fy for X¢y1.

PROOF.
<: As before.
=: Know h;4+1,a K x 1 vector, constitutes a Spm with respect to ]:} for Ryy1 <

(1) there exists 4, b’ € JF; such that ‘v’rf_,_1 € Ryt : Ef(a + b'h,+1)r§+1] =1

Consider xﬁH € X;41. Can write x§+1 = w;-rt.H for @; € F;. So know pt(x£+1) e Fi C Fu.
There are 2 cases.
Case 1. pt(xiﬂ) #0

i
X141

- € Rt—i—l-
Pt(x;_H)

Pt(x;+1) #0= r;+1 =
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And so

xi
@ = Bil@+b'her) = =1
Dt (xt+1)

= E;[(@ + b'hi1)xi 1] = pe(xiyy)

as required.
Case 2. pt(xiﬂ) =0
T : 2
Take rtl_i_1 € R;+1 and define rt2+1 = X;q + rt1+1. Know p,(rt1+1) = 1 and so know r;, | €

Rt—i—l since Pt(rtz.H) = Pt(x;_f_l) + Pt(rll.H) =L
So

@ = Efl@+b'hy)rly] =1
and
= E;[(a + b'h,+1)rt2+1] =1
Since xi_H = rt2+1 — rt1+1, it follows that:
Eil@+b'hes)xiq] =1-1=0
as required. O

Corollary 13. Let Fi C Fu.
h:y1, a K x 1 vector, constitutes a Bpm with respect to Fy for Ry+1 < there exist a,b’ € F;
such that

Mmes1 =a—+b'hitq
is a valid sdf with respect to Fi for X f+1-

Corollary 14. h;41, a K x 1 vector, constitutes a Bpm with respect to Fy for Ry+1 < there exist
a,b’ € F; such that

~ ’
mep1 =ad+bhiiq

is a valid sdf with respect to F; for X¢+1.

4.3. Equivalence of a Spm and a linear sdf: Additional useful results

Theorem 15 (Equivalence of a Spm and a linear sdf: Part 3). Let ]:", C Frand Fy C Fy.
h: 11, a K x 1 vector, constitutes a Bpm with respect to Fy for Ry & there exists 4, b’ € F;
such that

mey1 =a+b'hyyq

is a valid sdf with respect to Fy for Ry41.
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PROOF. Again let E;[m;41] = a. There exists a, b € F; such that
miy1 =a+b'hiyy
is a valid sdf with respect to .7:} for R 1
& Vrfﬂ € Ry :E;[m,+1r§+1] =1

& Ver €Ri1q:1= E;[m,H]E;[er] + cov;[m,H,er]

. _ . 1 E;[b'hesrri, ]
& Vrii, € Regq Efrio ] = - Lt
R T B my 4] Eg[m; 1]
1 1 . . . B L
= 4 — B Eilher ki) il )7 Eilheniriig))
a i ﬂ;h

g

Let f"; C ]-_} C F;. For the payoff space X t+1 With respect to F ¢, define the augmented return
space
R =1{riv1 € Xeg1 | Eflpi(rep D] = 13,
Theorem 16 (Equivalence of a Spm and a linear sdf: Part 4). Let Fi - Fi C Fy.
h; 11, a K x 1 vector, constitutes a Bpm with respect to Fy for I_?l’le & there exist 4,b € Fy
such that
mep1=a+bhiq
is a valid sdf with respect to ]A-} for Xsy1.
PROOF.
«: As before.
=: Know h;4+1,a K x 1 vector, constitutes a Spm with respect to Fy for 1_3;4+1 =4
(2) there exists @, b’ € F; such that ‘v’r;'Jr1 € R;“H :Eql(a + b/ht+1)rf+1] =1

Consider xi 11 € X t+1. There are 2 cases.
Case 1. Ep[ps(x;, )] # 0

i
Y41

Eilpe(xi D] '

Eilpe(xi D] #£0= 7l =
And so

i
= E{@+bhip)——F—]=1
Ef[pt(xt+1)]
= E;[(@ + b'hey1)xiy ] = Eilpe (xi4 )]

as required.
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Case 2. E;[p,(ic£+1)] =0
Take xtl_H € R;41 and define th_H =X;4 t xtl_H. Know E;[p,(xllﬂ)] = 1 and so xt2+1 €

Ry 41 since Bz[p; (x2, )] = Elps (xi, D]+ Ezlp (X} )] = 1.
So

= Ef[@+ b'hi1)x} ] =1
and
@ = Eil@+b'hy1)xF] =1
Since x§+1 = x7,, + x; . it follows that:
Eil@ +b'hes1)xiq] =1-1=0
as required. U
For the payoff space X; 11 with respect to F?, define the augmented return space
R =1{riv1 € Xeg1 | Elpi(ris)] = 1},

Corollally 17. h; 41, a K x 1 vector, constitutes a Bpm with respect to F, for R;‘lJrl & there exist
a,b’ € F; such that

mep1=a+b'hiq

is a valid sdf with respect to fto for X;41.

4.4. Multi-factor Spm implies single-factor Spm

Proposition 18. Ler ]}t C Frand Fy C Fy. hsy1, a K x 1 vector, constitutes a K -factor Bpm with
respect to Fy for Ryy1 = there exists ¢ € Fy, a K x 1 vector, such that ¢'h; 11 constitutes a single
factor Bpm with respect to F; for Ry 1.

PROOF. From theorem , if hy41 is a multi-factor Spm for R,H, thenm;y1 =a + bI;H_l is
a valid sdf for R; 4. Take g/+1 = b'hy41 (50 G141 = b'h;41). We know that m; 11 = d + gr41
is a valid sdf for R;41. So from theorem we know that g;41 constitutes a single-factor Spm for
Rit1. O

4.5. Mimicking portfolios

Note that r; 41 € I%H_l constitutes a basis set for X t+1 with respect to Fi. Suppose that h;41
Nx1 Kx1

constitutes a multi-factor Spm for ﬁ,+1 with respect to F:. We can obtain K assets, each an element
of R ¢+1, that also constitute a multi-factor Spm for R r+1 with respect to F;. These assets are known
as mimicking portfolios. Let’s go through the reasoning.

Suppose that &, constitutes a multi-factor Spm for R r+1 with respect to F;. From corollary'
Kx1

we know that there exists a, b’ € F ¢ such thata + b’ h t+1 1s a valid sdf for X t+1- Project each element
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of h t+1 On ry41 with respect to F . Let xi’ 11 be the set of assets obtained from the projection, so
Kx1 Nx1 Kx1

h o _
Xpp1= Q r )
Kx1  KxNNxli41

where

0= Ef[’;t—l—l";+1](Ef["t+1";+1])_1 € f:ta
KxN NxN

and xﬁ‘H € Xt+1-
‘We know that

r _ h h T1.h / —
hev1 =x71 +e4y, Et[et+1rt+1] =0.
So for all r;H € Rt

Eil(a +b'her1)riyy = Bplla + b'x}y )ripg] + Eglblel ry o’ =1

0
where r}_ | = r;A_H(w’) and w' € F;.
Since Q € F;, we can then normalize the vector xi’ 1 to be areturn vector rth ' 1» by scaling the

ith element of xﬁl 1 by the ith element of Qiy € Fi. Consequently, we know there exists a, b eF
Kx1 Kx1
such that

V! € Xppr t Bl@ + B'r)y )xi 0] = Bylpe(xp4 )],

From above, we know it follows that r;’ ', 1 constitutes a Spm for ﬁ,+1 with respect to F;. Note that
we can take ]A-} to be F; and then the result holds for F;, X;4+1 and R;+1.



CHAPTER 5

Conditional vs Unconditional Beta Pricing Models

5.1. Definitions
Let E;[-] = E[-|F;]. For an arbitrary payoff space X1, define the return space
Riv1 = {ree1 € Xeg | pe(ren) = 13,

When a set of factors k;1; constitutes a Spm with respect to F; for R t+1, the set of factors h; 4 are
said to constitute a conditional Spm with respect to F; for R t+1. When a set of factors h; constitutes
a Bpm with respect to F? for R; 1, the set of factors A are said to constitute an unconditional Spm
for R f+1-

Letr;41 bean N x 1 return vector: so ps(rs+1) =iy and ry+1 € Rs41. Define X;41 and R;41
as before, and assume, as in the previous chapter, that r;4 1 constitutes a basis set for X;y; with respect
to F;. So

Xiv1 = {w/t"t+1 |w: € Ft},
Rip1 ={wiriy1 |0 € Froop =1},
A .
R = {w/trt+1 |w; € ]-"t,E[w/tt] =1}
0 0
And as before, define X, 1 and R; 11 as
0 0
X ={o'riy1|w € 7Y,
0 _ / 0 le __
R ={ori1|oeF 0 =1}
Now we can define the unconditional MVF for R;41.

Definition (Unconditional MVF for R;11). Return r;"_ﬁl € R4 is on the unconditional MVF for
Ry iff

for wueF,: riy = ' arg min {02[7';_1_1]}.
rio €R41.Elr =1
5.2. Sdfs and conditional vs unconditional moments
If m; 41 is an sdf for X;41 with respect to F;, then
Vxi+1 € Xet1 tE[E¢[mey1x41]] = E[pe (xe41)]
= VX141 € X1 tE[meaxeq1] = E[pr (xe41)],

and so m ;41 is an sdf for X, with respect to ]-'to.
What about the other direction? Yes.

32
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Theorem 19. m; 1 is an sdf for X;41 with respect to ]-"? & My is an sdf for Xy41 with respect to
Fi.

PROOF.
«: See above.
=>: my41 1s an sdf for X;41 using ]-',0 iff

Vxeq1 € Xea1 tE[(myp1x041 — pr(Xe41))] =0
& Vz, € Fr Bz (msari41 —in)] =0
< E[m;11r:41 —in] = 0 using a result from chapter ]|
& Eimipriv1] =in
< Ei[mip1xi41] = pe(xe41)
forall x;41 € X¢41. O
Note that only the <= direction is true when the payoff space is X tO 1 Tather than X;4.
Theorem 20. m;y is an sdf for Xto+1 using ]-",0 & my4q is an sdf for X,0+1 using JFp.
PROOF. If m;41 is an sdf for Xt0+1 with respect to F;, then
Vxip1 € X241 E[Edmig1xi41]] = Elpr (xr41)]
= Ve € X2 :Blmep1xe41] = Elpe(xe41)],
and so my41 is an sdf for Xto+1 with respect to Fy. g

Note that theorem [I9]implies that any m1,4 that works conditionally as an sdf for X;; 1 works as
a Bpm for R;41 wrt F; and as a Bpm for R;‘1+1 wrt 2. Similarly, theorem 20| implies that any m; 1
that works conditionally as an sdf for X tO 't 1 works as a Spm for R(t) 41 wrt both F; and F, 0

5.3. Conditional vs unconditional Spms

Theorem 21. If h; 41 constitutes an unconditional Bpm for R;‘l_H, then h; 1 constitutes a conditional
Bpm with respect to Fy for Ry41.

PROOF. h constitutes an unconditional Spm for R;‘l_H
<3a,b € .7-"t0 S Vxt41 € Xe41 : E[@ + b'hy41)x141] = E[ps(x¢+1)] using corollary [T7]
&3a,beF2>Vz, € Fr tE[((@ + b hyy)ris1 —in)z] =0
=3d;,b; € Fr 2 B¢[(4¢ + bhi1)ri+1] = 1 using a result from chapter [T]
&3, by € Fr 2 Vxig1 € Xe1 : Be[(@r + Byhig1)Xe41] = pe(xe41),
so h;41 constitutes a conditional Spm for Ry wrtF;. O

It is important that h;4; constitutes an unconditional Spm for RZ4+1 and not just R;4; for the
proof of the theorem to hold. Note that if ;4 constitutes an unconditional Spm for R? 11 then it
does not necessarily follow that &, constitutes a conditional Spm with respect to F; for R? 1
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Note. If h; 1 constitutes a conditional Spm for R;41 wrt Fy, then h;4+1 does not necessarily constitute
an unconditional Spm for R;l_H. Here’s where the proof to theorembreaks down going in the other
direction: h;4 constitutes a conditional Spm for Ry wrt F;

<3adr. by € Fr 3 Vxr41 € Xey1 1 Ee[(ar + b/tht+1)xt+l] = pr(xr+1)
&3as, b € Fr 2 Ef[(@r + bihiy)rie] =1

#3a,beFO>Vz € Fr i EB((@+b'his1)rie1 —in)z] =0
©3a.b € TP 5 Vx41 € Xoq1 tE[@ + b'hey1)xi41] = Elpr(x141)]

. I A
< h constitutes an unconditional Spm for R/ ;.

It is useful to ask what conditions are sufficient for h;1 1 constitutes a Spm for R;+q wrt F; to
imply h;41 constitutes an unconditional Spm for Rf_i_l. First, as shown above, if m ;41 constitutes a
conditional Spm for R;4q wrt F;, where that m;4+1 works as an sdf for X,y wrt F;, then that m;
works as an unconditional Spm for R;“H. This direction works when the factor is an sdf for X, wrt
JF¢ because

Vx£+1 € Xr+1 :E;[(i+i7~mt+1)xt+1] = pr(Xs+1)
=0 =1
= Vx;y1 € Xeq1 1 E[(@ + bmyy1)xi41] = E[pi(xe41)]. a.b e ];to.

There are three other results.
Theorem 22. If h;1 constitutes a conditional Bpm for R;+1 wrt Fy, so that there exists a, A € Fy >
Vi, € Riyr iBiri =a+A/pHt
and
.1 _
a=—[1+A"(covilhsr. by D Eilhiqa]] € 77,
(3) * |
b = —A/(COVt[htH,h/tH])_la S
then h;4+1 constitutes an unconditional Bpm for R;l+1'
PROOF.
Vrip1 € Res Eilripq] = @ + 4By,

& Vxiq1 € X1 tEe[(@ + D' hiy1)xi1] = pr(xi41) ©

“) Vxr41 € Xe1 tE[(@ 4 b'hyi1)xe41] = E[pr (xr41)].
and @) = h;4 constitutes an unconditional S-pm for R;l_H. O
Note.

. can hold when «, A and ,B?h ¢ F9.
° holds when E;[-] and EJ[-] are the same.
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Theorem 23. If h; 1 constitutes a conditional Bpm for R;41 wrt F; and

E¢[hi+1] =0
)

. ‘ . 0
Vrig1 € Riyricovelhepr, riy ] € Ff,

then h;11 constitutes an unconditional Bpm for R4 1.

"h _ . .

PROOF.'Notethat,B; = (cov,[ht+1,h/t+1]) Leove[hsyn, i1l and = covelhyyr,ri ] =
covlhsyr, iyl
Since
h ;41 constitutes a conditional Spm for R;y1 wrt F;

. A ; ; ik
&there exists o, Ay € Fr 3 Vri | € Reyy i Eqrj ] = o +A'By",
it follows that
(5) and h ;4 constitutes a conditional Spm for R,y wrt F;
. ' ;o1 4 .

= V1. q € Rev1 1 E[rj ] = Eloy] + E[A (cove[hyy1. B, D)7 T covlhsyr.r} ]
using the law of iterated expectations. So k;41 constitutes an unconditional Spm for R; 4. U

Theorem 24. If h; 1 constitutes a conditional Bpm for R4 1 wrt F; and
Et[ht11] =0

(6) .
4 e 79

then h;1 1 constitutes an unconditional Bpm for Ry 1.

i,h j
PROOF. Note that @) = By = pih,
Since
h;41 constitutes a conditional Spm for R;y1 wrt Fy
. A ; ; i h
< there exists o, Ay € Fy 2 Vrj | € Reqy D Eeri ] = ar + A’ﬁ; ,
it follows that
(6) and k41 constitutes a conditional Spm for R; 11 wrt F;
= Vri,, € Ryt E[rl ] = E[oy] + E[A/]B"
using the law of iterated expectations. So h;41 constitutes an unconditional Spm for R; 4. g

5.4. Relation between returns on the uncond. MVF, sdfs wrt F° and uncond. Beta pricing
Recall Z;41 = {zr+1 € X¢41 0 pr(2¢4+1) = 0}. Define rf | and 27, | asin chapter
Lemma. rf 11 € Rit+1 can be expressed as
Fipr =i F Wi v,
where w' € F? is chosen so thatE[szv;H] = 0. Moreover,

(i) Elzfy 125 4q] = Blet ) forall iy € Ziyy.
(it) zi 1y = proj(1{Ze41).
(iii) B[rfy 27 14] = E[rfynt 4] =0.

(iv) E[v;44] =0.
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PROOF OF LEMMA. (1) Result (i): From the relevant lemma in chapter 3 know that
Et[z}kHZiH] = Et[z’;H] for all ZI;H € Zi+1
Using the law of iterated expectations, it follows that
E[Zf_i_lzl;_,_l] = E[z§+1] for all z§+1 € Zii1

as required.
(2) Existence of w': 27, generates a closed linear subspace in L? 41 Which we denote Z7 . De-

fine z§+1 = r§+1—r;k+1. Since we know E[(z’;_,_l—proj(z’;_i_l|Z;"+1))z;"+1] = 0 by construc-

tion, we obtain w' by setting wiz’; 11 €qual to proj (z’; 4112741 (which we know exists from

a result in chapter . Using regression theory, we know w! = E[z§+1z;k+1]/ E:[(z ;*H)z] =

E[Zl;+1]/Et[(Z>tk+1)2]-
(3) Result (iii): Know that

forall 2}y € Zey1 : Ee[rf2q] = Eolrfyqriig]
Using the law of iterated expectations it follows that
E[r;71] = Blrfy 1]
= E[”;k+1(’”;k+1 + thf-H + V£+1)]
= forall 2}, € Zey1 tE[r) 25 ) = Elrfvig ] =0
since 2} ; € Z;+1 implies E[r}"_ 27, ;] = 0.
(4) Result (ii): Now forall z}, | € Z;41:
El12}41] = E[(roj(1|Zs+1) + €)z14]
= E[proj(11Z1+1)241]
= E[Z;‘k-l—lzl;—i-l]'
(5) Result (iv): For all z§+1 € Zit1:
E[Z?+1Zl;+1] = E[z}kﬂ(wiZ?H + V§+1)]
= w' Eelzi44].
Elzt11] = Blw'z}y +vig]
=w' E[z714] + E[V§+1]-
So E[v§+1] =0.
O
Lemma. 1}, € R;41 is on the unconditional MVF for Ryi16ry, = rf | + wz} for some
w e F.

PROOF OF LEMMA. Forany rl,; € R/11,

i % i_* i
Tigl =Tip1 TW 241 T Vegg-
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Now
E[”;+1] = E[r/54] + w' E[z7 4],
02[”:+1] = Uz[rz*+1 + wiz’,"H] + ‘72[”;+1]-

For each mean, there is a unique w’. Returns with v; , ; = 0 are minimum variance for each mean. [J

.. . . .. (1]
However, it is not possible to show that: r{"_ﬁl € R;4+1 is on the unconditional MVF for R;4+; &

: . . (2]
mey1 =a+bri witha,b € F is an sdf with respect to F? for X, 41 &

Vrtl+1 € Rt+1 . E[r;—i-l] —Omy = ,Bl’mvkmv’

where

COV[r;+1’r?1—i‘il] 1
——"= Aw=E[r"]—-an and o, = ——.
my [ t+l] my my E[mt+1]

ﬂi,mv —

var[r;¥ ]

(1]
Let’s see where the proof of < breaks down. Take an arbitrary ;1 € R4 and set
mey1 =a+ brt-i—l =a+ b(r;k+1 + wz;k+1 + Vt-}-l)
where a, b, w € ]-',0 and w is chosen so E[z}, ;v;+1] = 0. We will not be able to show that m,1 is a
valid sdf for X; 4 iff vi41 = 0.
Now ;41 must at least price r;,_; and z}_;, so
1 =E[msyir/ ] =aElr/ ]+ bE[r,*fl],
0 = Elms41274] = aBlz) ] + bwE[z)3]
=da E[Z;k_i_l] + bw E[Z;k_i_l]
= 0=a+bdw.

Solving for a and b,
w a

* *2 1° b=
wE[rf, ] = E[r{,] w

So if this m;41 works it must be
w—(rf g + Wy +vigr)
wErt + 1*] —E[r}3,]

me41 =

Now to price an arbitrary xﬁ 41 € Xt+1, note that
j _ i * i, % i
Xpp1 = Py )y +w'zipy +vigg),
where pt(xﬁﬂ) € F; need not be in }—to' So
E[my1x;44] =

(W= (e +wzfiy F ) pe (i, )7 Fwizf, +v)

E
wE[r/ 4] - E[rt*fﬂ
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= E[m41xi 4]
E[pf(le;+1)(wrt*+l - r;k-iz-l - v;-l-l(w —ri Wil . E["t+1’£+1]
wE[r/ 4] _E[rt*-iz-l] wE[r[ ] _E[r;k—i%l]

Know that, for m;41 to be an sdf for X;41 wrt ]—',0 , need

in+1 € Xiq1: E[mt—f—lxi—i-l] = E[pt(x§+1)].
Note that v;4; = 0 does not imply that this definition is satisfied for all x;' 41 € Xt41, which is why

[1] [2]
the proof of < for theorem |10|breaks down here. Note that we can only prove the = part of < using
theorem [[11
Finally, we can use theorem [I0|to prove the following result:

(1]
Theorem 25. r/Y, € R;41 is on the unconditional MVF for RtJrl & mip1 = a + briY, with

[ ]

a,be ]:0 is an sdfwzth respect to fofor Xt+1

i . i — Bl
where

covlri, ,rm ] 1
—H_ L v Amy = [rt+1] Oy and  Qpyy = .
Var[rt+1] E[m; 1]

ﬁi,mv —

PROOF. Same as for theoremwith F: set equal to F, tO. Note that X;41 becomes X to 1 When
Fy is set equal to F2. O

5.5. Conditional vs unconditional MVF

Theorem 26. r/, lies on the unconditional MVF for R;11 <= 1", lies on the conditional MVF

t+1
for Ry 1 wrt Fi.
See figure[8|on page
PROOF.

=>: We have shown above that any return on the unconditional MVF for R4 can be written
In chapter 3] we show that any return on the MVF for R; 1 with respect to F; can be written
ri =i T WXy, we € T

Since w € }-to implies w € F;, this completes the proof.
<£: See counterexample A. O

Note. r/}, lies on the unconditional MVF for R0 111 (&£7) # i lies on the conditional MVF for

R; 1 wrt F;. For #: see counterexample B below.

Note. r/}, lies on the unconditional MVF for R0 1 <= (#7) r/}, lies on the conditional MVF for

Rt 1 wrt F¢. For <£: see counterexample A.
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FIGURE 8. F;-conditional and unconditional MVFs

E[r+1] R E¢[ri+1] R
t+1 t+1

my
Fir1

olre+1] o¢[re+1]

BRUTE FORCE PROOF OF =. The = part of the theorem can be restated as r;4+1 not on the
Ft-conditional MVF for R;4+1 = ry4+1 not on the unconditional MVF for R;4 ;.

Suppose without loss of generality that F; is generated by z;, where Z; is the set of values taken
by z¢, and that 7,41 is not on the F;-conditional MVF for R;4;. Letting Z ¢ be the set of z; values for
which 741 is not on the F;-conditional MVF, Prob(z; € VA ¢) > 0 using .7-}0.

Now there exists uﬁ)(zt) such that defining ;,H = uﬁ)(Z F 41

(7) Vzi € Zt i Belre1] = Bl

(8) VZ; S Zt :Ot[;t-l-l] < Ut[ft+1],

Yz ¢ Z, IUt[’et+1] < o¢[Fr41].
Statement (7)) implies that
9 Elfr1] = Elfrs1].
Statements (7) and (8) imply that
Vz, € Z; 3Et[’at2+1] < E:[f74 4],
Vz: ¢ Z 3Et[’at2+1] = Et[?t2+1]’
which again imply that
(10)  E[F2,,] <E[f2 ]
since Prob(z; € Z ¢) > 0 using F2. Statements @) and imply that
olfi41] < o1,

S0 F¢+1 does not lie on the unconditional MVF for R, 1. O
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Why does the = proof break down with R? 117 Note that 5,.4.1 is formed using weight vector

w(z¢) € Fy. Unless w(z;) = W, a constant vector for all z; € Z;, then 7,41 does not belong in R?_H.

Counterexample A. This counterexample illustrates the <= part of the theorem.
Suppose that rtf 41 € ]_—to‘ There are two possible states given F;, each equally likely. rtp 11 lies on

the F;-conditional MVF for R;41, so

Elr? sl =rl +8, 0?2 1s1]>0,

E[rtp_i_1 | s2] = rl =8, o?|

141 rtp—H | s2] >0

= E[r/,] = rtf-i-l’
but

02[";]4-1] = E[Otz[rf+1]] + GZ[EI[”:)+1]] )
>0

>0 >0

o) rtp 1 does not lie on the unconditional MVF for R;4.
This counterexample also works replacing R;41 with R? 11+ So it also shows that

r;”ll lies on the unconditional MVF for R? 1 "?11 lies on the conditional MVF for R? L Wit Fy.

Counterexample B. This counterexample illustrates r/y; lies on the unconditional MVF for

R?H # r{y lies on the conditional MVF for R4 wrt F;. (see ﬁgure@on page .

In this counterexample, there are two states, 1 and 2, each equally likely, so Prob(1) = Prob(2) =
0.5. Turning to the payoff space, there are two risky assets, A and B, and a riskless asset, whose returns
satisfy:

rrp = 1= I'fl2, Ma1 = 1.1 = MA|2, O'j“ =0.01 = O'j|2,

pepn = 1.3, ppp =07, o§|1 =0.01 = a§|2, 04.B)1 = 04,852 =0,

where 77| is the riskfree rate in state s, ;|5 is the conditional expected return on risky asset i in state s,
0j|s 18 the conditional standard deviation of return on risky asset i in state s, and o0; ;| 18 the conditional
covariance of returns on risky assets i and j in state s. We are interested in the conditional MVF for
R; 11 and the unconditional MVF for R? 1~ With arisk free asset and 2 uncorrelated assets A and B,
the weight vector for the tangency portfolio P is given by

— . HA—Tr
G 2tV N I
Pyt —rsi) LI (MA—zrf+MB;rf)
04 Op

since
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implies that

0

1
)
Op

vl =

St :Swl"‘

We next apply these formulas to obtain the weight vector for the tangency portfolio in each state.

0.1 1 |: i| |: 0.1 :| 1 |:—O 5:|
_ | 0.01 _ — | 001 _ .

Wpi1 = | 0.3 - » Wp)2=1| Zp3 = .
|:W:| 10 + 30 005 10 — 30 1.5

Thus, any portfolio on the conditional MVF for R;4; is a combination of r/ and a risky-asset portfolio

ENIVENT

which has these tangency-portfolio weights in A and B in each state. Thus, asset A is not on the
conditional MVF for R; 4.
Now we can calculate unconditional moments for returns as follows:

na = 1.1, aj =0.01, up=1,

op = Elog,] + 0*[ups] = 0.01 + (50.3% 4 30.3%) = 0.01 +0.09 = 0.1,
and

04,B = E[UA,BIs] + O[IU«A\S’/LB\S] =0+0=0.

We next calculate the weight vector for the tangency portfolio when using unconditional moments.

0.1
o1 | 10 0

Thus when using unconditional moments, P = A. So asset A is on the unconditional MVF for R? 1
but is not on the conditional MVF for R;41.

5.6. Extending the results of this chapter

Let F; C F; and E;[] = E[|]:",] as before. All the results in this chapter continue to hold if we
replace Fy with F;. So we can replace F? with Fi, X,O_ir1 and R?_H with

Xt+1 = {w}rH_l |(z)tA S ft}and
Ri+1 = {w;rt—i-l |wf € ]:t,w%iN = 1},
which are defined as before, and R;“H with

R = {rig1 € Xeq1 | Eilpe(res)] = 1},

and all the results of this chapter continue to hold.
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5.7. Joint test problem: Market efficiency and candidate sdf

Definition (Market efficiency). A market is efficient if the price p;(-) is an unbiased estimate of value
given all available information at time ¢ (F;).

Value depends on the choice of model, i.e. the choice of sdf, so the definition can be quantified as
follows:
A market is efficient with respect to F; using m ;41 if
A VYxi41 € Xegr 1 Ee[mipaxiia] — pe(xi41) = 0.
So holding depends on: the choice of m;41 (model) and the p;(-) functional (market efficiency).
Notice that implies that
(12)  Vxiq1 € Xoq1 s Bl(meprxe41 — pe(xe41))] = 0.
So if (I2) does not hold, then (I 1)) does not hold.
Notice that 1' implies , but, letting X +1 S Xrt1

oy

VXt41 € X't+1 CE[(my1xi41 — pe(xe41))2] = 0 & ’

so it is difficult to prove market efficiency.



CHAPTER 6

Prices in a Multiperiod Setting

6.1. Basics

We want to price an asset i that pays a stream of dividends d!, d!

fi1- At each time © > ¢, there

exists a set of sdf M4 such that m,4; € M4 implies that

Vxr41 € Xet1 @ Be[mepixeq1] = pr(xe41).

Let pi be the price at T of the remaining di+1- We know that xiH = di+1 + piﬂ, and so since
Xi’—i—l € Xr+1,

(13) Ec[mey1(diy, + plip] = pl fort >t

Since this is true for all T > ¢, we can start with

(14) Et[mt+1(dti+1 + P§+1)] = pi,
(15) Et+1[mt+2(dti+2 + P§+2)] = P£+1-
Substitute (I3) into (14)),

Ei[mes1(dlyq + Erprlmega(dl L, + pliy)D] = pl,

and using the law of iterated expectations,

(16) E/mig1(diyy +mesa(d] 5 + piin)] = ph.

Iterating forward gives

T T T
17 E; |:Z l—[ mt+f)dtl+r:| + E; 1_[ Mg+ j p;_'_T = p;.
=1 =1

J=1

Suppose that the transversality condition holds:

T
() tim E | | []mess |piyr | =0.
L=t

Then

.
(18)  pi=E | l—lmt+j)d,i+r:|.
=1

1

44
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Suppose that d§+t = 0for 7 # T. Then
T
p; =El Hml‘-{-J dtl-l-T N
j=1
SO (]_[f=1 My j) is a valid T -period sdf that prices time ¢ + T payoffs at z.

pr+iand di are not usually stationary, so rewrite 1i in terms of price-dividend ratio pi / dti and
dividend growth rates

i dti+r
Mygr = =3 .
i dtl-i-‘c—l
Then (I8) becomes
[e)e] T . pi
19  E [Z [1 mt+j’71t+j):| =
=1 =

6.2. Bubbles
Bubbles occur when (TC) is not satisfied.

Example. Suppose dé' = Ofort >t + 1. First, pi = 0 for t > ¢ is the only solution to that
satisfies (TC) at all T > ¢. Now consider { Pi}rzt satisfying
. A
pi=c¢ and pl, ., =—"— T>1I.
! ot Ec[mr41]
Clearly such a pi satisfies (0) but need not satisfy (TC) since
T
E; l_[mz+j Piir | = p; forallT.
j=1
In general, when the (TC) is not imposed, a multiplicity of price processes can support {di }o>¢ for

a given {my}r>¢.

6.3. Volatility tests

Imposing (TC) implies (I8)) or (I9). Taking the variance of both sides of each gives

B e ) T r oo T
var[p!] = var | E; Z mt+j)dti+r:|:| < var Z mt+j)d;+ri|
L =1 \J=1 Lz=1 U=1
and

i [0 (T ro. ]
var [%] = var | E; Z mt+j) l_[ Ul,+j):|
t Lz=1 =1 =1 _

§var[§1 ]i[lmtﬂ) ]i[ln’}ﬂ)]
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If m; = m for v > ¢, then

[~ o0
var[p}] < var Z m’d,’+t:| ,
Lt=1

and

i [ o0 T
var [%} < var Zm’ 1_[ fllt+j):| .
| 7=1 =1

t

These inequalities may be violated because: m is not constant; or, (TC) is violated.

6.4. Asset specific sdfs
Suppose {m;+1}r>; is allowed to be asset specific so {mi+1}‘EZt is an sdf for asset i if
E,[mi+1(d£+1 + pi+1)] = pi fort > 1t.

This greatly expands the set of valid sdfs.
A particularly useful asset specific sdf is {(ri +1)_1}rzt- Notice that

1= (i )7k
(20) & pl=0l ) (Pl +diyy)
= Pi = Er[(”iﬂ)_l(PiH + d£+1)]-

Further using (20), we can get an even stronger result than (17),
T L T
> l_l<ri+j)‘1) e+ | [T | Piir = 2
=1 \J=1 j=1
Assuming limT_,oo(]_[JT=1(r§+j)_1)p§+T = 0, then
00 T
ey S T] <r5+j>‘1)d;'+t = pl.
=1 =1
Notice that this result is tautological: it must be true. This is the danger of using an asset specific

sdf.
Taking expectations of also gives with my4, = (rf _H)_l. Dividing through by d! gives

o0 T ) -1 T ) pl
22 E Y ]_[r;+j) (l_[n;ﬂ.) :d—tg.
=1 \U=1 =1

6.5. An approximate pricing relation

We can use a Taylor series expansion to obtain the approximate relation

. o0
—_— X E Q i — T i ,
di ¢+ T |:/§:1: (nt-‘r] t+])i|
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where

Al =Ind! —Ind!_,. 7 =nrl, Q=expE[7L] -E[).

1>

6.6. Another approximate pricing relation
Let

42; =Ind!, pl=Inp., F=lInrl.
We can write

Feyr = In(pryy +dpyy) = In(pp)

:1n<pt+1i r+1) +pAlr+l_pAlr
pr—i—l

(23) = lai_H - lslr + In(1 + exp(di_,_l - ﬁ::-H))

Any nonlinear function f(x;4+1) can be approximated around the unconditional mean of x;41, X,
using a first order Taylor series expansion,

fet1) = f(X) + /() (Xeq1 — ).
Taking f(x) to be In(1 + exp(x)),

exp(X)

In(1 + exp(x)) ~ In(1 + exp(X)) + 1+ exp(X)

(x — X).

Taking x;+1 to be (c?; 41— PLyq) with mean di — pt implies that |i can be written

fi_i_l ~ ﬁi_H — ﬁ’r + In(1 + exp(cfi —pb)

exp(d’ — p')

el ) (dg1 = Pepr — (d = p")
exXp — P

1—pf
~ Pilai-m - lalr + ln# + (- Pi)ﬁ;-H + (1 — Pi)(d£+1 - ﬁi+1)

—(1—p')In(exp(di — pi))

———

1
ol !

~ —In(ph) — (L= p))In( = 1) +p' iy + (U= p))diy = ph T21

ki

Thus

(24) Pkl + (1 —pdi —F +p plyy, fort>1.
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This is a linear difference equation for 5’ which can be solved forward to give from ¢

T T
Pkt D (N D (Y (M =p)dly =Py )+ (0D B
j=0 j=0
N —p—
|—pT+1
1—p!
forany T > t.
So long as

lim p! pi, =0,
T—>oop P+t

then

i oo

v k - o r
pr ~ 1= pi + Z(Pl)] (=it jr1 = Figjg1):
j=0

We can take expectations to get

» ki g L r
(25) Py ~ 11— + E; |:/Z(Pl)J ((1 _Pl)dtl+j+1 - ”t+j+1)i| .
=0

We can also obtain an expression for the log price dividend ratio,

o0
5i_ Ji~ k' L E DOV C Mg )
Prode ™y TR S ——

d

i _gi
t+j+17 0

since
(XD . . . A . A .
(26) Y Y (1 =p)df 4y —d]
j=0
=dly, —di —p'dlyy + P disie — (0)2diii + (0)2dig1 12
. m . . .
— (0" dir142 4 = Z(pl)’ﬁ’t+1+]-.
Jj=0
Define (E;+1 —E¢)(.) such that (E;+1 —E¢)(ye+1) = Er41[ye+1] — E¢[yr+1]. We can obtain a

return decomposition as follows:

Plor — Bl ~ k40 pryy + (1= p)diyy = Py —k — p' Be[pid]

— (1= p)E/[dly ]+ pi  using @F)
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~ 0 (phy —Ee[pio D]+ (1= p')(dl Ly —Efldl )]

o0
~ —p' (Bi41 —Ey) Z(Pl)]f;+2+j) using
=0
m . . . A .
+p"(E;+1 —Ey) Z(Pl)] (1— Pl)d;l+2+j) + (1 - Pl)(Et+1[dtl+1] - Et[dtl-H)]
=0
m . . . A A .
= p' (Bsy1—E;) (Z(Pl)] (1= p")drya+j —drl+1) + (Eirr1—End]L)
=0

Z?io(pi)j 7];+2+j using @l)

o0
1 ad n n
= (E;+1—Ey) Z(pl)J Motrj tdipr—d;
i—0 ——
J 4 )
can add since (E; 4 —Et)(dtiH) =0

o0 o0
~ —(Bi41 —Er) Z(p’)’f;Hﬂe +(Esi1—Fy) Z(p’)’ﬁ’,+1+; setting | = j+1.
j=1 j=0

6.7. Risk neutral probability measure

Suppose there is no arbitrage in the setting of chapter 2] Then for all > 1, there exists m;y, €
M4+, astrictly positive sdf for X[+I wrt F;4¢—1. Define p7(.) such that p} (x;4) is the time-¢ price
for the payoff x;, received at time ¢ 4 7.

One-period setting. In a one-period setting we know that
pi(xi11) = Es[xspimey1] forall xpqq € Xiq
~ [tr©mea© 1) ds

Let f,*(s) be the conditional density for the possible states at ¢ + t given F;.

Define
1
fH(s) = c———=mi11(5) fi(5)
! Emia] t
to be the risk neutral measure. Notice that f,*(s) > 0 and / f*(s)ds = 1.
So

Pr(Xr41) = /Et[mt+1]xt+1(s)ftl*(5)ds

1 -
= E’; |:rf—xt+1:| for all x;41 € X¢41,
t+1

where E[-] is a conditional expectation with respect to the risk neutral measure.
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So using the risk neutral measure, prices are obtained by discounting back at rtf 11 and then taking
expectations.

Multiperiod setting: Natural extension of single period measure. We know that
PtT(XH—T) =E; [(]—[]T:l mt+j)xt+T] forall x;y7 € XH—T

— [xer 6 (T mes )0 17 ) ds.
Define

T
1
[[mei )& £ )
E, [H,T=1mt+j] Pl t

to be the risk neutral measure. Notice that the scaling term is an element of ;. Notice that ftTJr (s)>0
and that

ftT+(S) =

T
l_[j=1 mg+ j

/ftT+(S) :/E [ 1 ](]_[szlmHj)(s)ftT(s)ds =1.

So

Pl Ger) = [ B [Ty | ar )7 0 ds

1

_pt| ——

—Et T—periodfo_T ,
Yeyr

T -period f .

where E t+ is conditional expectation with respect to this risk neutral measure and r,  '» is the

yield at time # on a T -period discount bond.

Multiperiod setting: More common measure. Define

T
1
mitj | () £F (s)
(HJT=1Ez+j—1[mr+j])(S) /l:II ! t

to be the risk neutral measure. Notice that the scaling term is not an element of F;. Notice that
£,7*(s) > 0 and that

T -1
Hj=1 me+j ]_[jzl Mitj Beyr—1meyr
E; =E,;

T T—1
[Tj=1 Eetj—1lmi+;] j=1 Bt j—1lmeq jlEsyr—1[miyr]

ftT*(S) =

So

T
P;T(Xt+T)=/ [T Eesjmilmess] |xea(s) £7*(s) ds

J=1

1
=E; | o7 7 “+T |,
|:l_[j=1rt+1

where E} is conditional expectation with respect to the risk neutral measure.
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6.8. Dynamically completing the market

One-period setting. Suppose the number of states S is finite and define the Arrow—Debreu security
for state s to be an asset that pays 1 in state s and O in all other states. The market is complete if all S
Arrow—Debreu securities are elements of the payoff space. The market is complete when X, = R5.
If N, the number of assets, is less than S, the market is incomplete. In particular, if N < S and x;41
isthe N x S vector of basis assets,

1
X1
Xt+1 = s x;+1€RS, i=1,...,N,
N
Xi+1
then the payoff space

Xi41 = {0’41 |0 € RV} SR,

Multiperiod setting. If no rebalancing is allowed between ¢ (today) and ¢ + 7" (the terminal date),
then the one period analysis applies. If rebalancing is allowed between ¢ and # + T, then N can be less
than S, but still markets are complete in the sense that the space of payoffs achievable at t + T (X;471)
equals RS.

Let S;+; be the number of states possible at time ¢ + t given the state at f + v — 1 and define

T
ST =TT St
=1

So without loss of generality, we are assuming that the number of states possible at time ¢ + 7 given
the state at r + 7 — 1 are the same, irrespective of the state at # + v — 1. Consider N assets that pay off
X;yT attime? 4+ T

1
Yigr
Xi+T = : )
N
XiyT
; T . . .
where x;_ € RS fori = 1,...,N. Define {m,+,}Z=1 such that my is the 1-period sdf for
1xST

pricing assets at t + v — 1 wrt F;4,—1 using payoffs at r 4 7.
One-period analysis with no rebalancing. In this setting, the payoff space is given by:

XZ:;_T = {“’ltxH—T twy € Fr}

and
T
T
M = 1_[ Mitz
=1
is a valid sdf for X tT L wIt prices at t and F;. In other words,

Vxiir € X1 T 2 pf (xeq1) = Eelml, pxes7].

Soif N < ST, then XtTJrT - RS” and the market is not complete.
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Rebalancing every period. With rebalancing every period, we can have N < ST, bur the market
may still be dynamically complete. Foreacht =¢,...,t + T — 1,

pe M) = Eelmepapr T (g )] fori = 1.2, N,

and investors are able to generate

o/ TH+t—t—1 .
xD . _ o THi—t—1 =@ Pri1 - (Kerr) T=L 0+ T =2,
t+T = V4T - @ Pryg (xt41) )
available toinvestatt +1 [ = X¢+T t=t+T -1

chosen portfolio at T + 1

wreF, T=t,....,t+T—1¢,

where P?+T(xz+T) = X¢4T-
It is easy to see that X tD-I-T DX tT - Now X g_T = RS and the market is dynamically complete
iff
Xeg1(5,...,87) = {w;pf+1(xt+r) Cw € Fr} = RSz+1

for all (s;,...,s;) paths forall t = ¢,...,t + T — 1. That is, the market is dynamically complete iff
market is complete from 7 to t + 1 for all (s¢,...,s;) paths forallt =1¢,...,t + T — 1.

Example of dynamically completing the market. Let 7 = 3, S; = 2 forall r, N = 2, and
ST = 8. At each point in time, there are two possible states at the next point in time, u or d, each
equally likely: so prob(u) = 0.5 and prob(d) = 0.5. Define m*® to be the value taken by the 1-period
sdf if state s occurs at the next point in time and assume

M<m“ =0.4
d

md =12

Let 7° be the state price today for state s at the next point in time: so an agent pays * at time ¢ for
1 in state s at time (f 4+ 1). So

Now

1 1
7 = E[mlgmy] = 5m“ x 1+ Em“’ x0=0.2

1 1
n? = E[mlg—gy] = Em“ x 0+ Emd x1=0.6
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Let prob™(s) be the risk-neutral probability of state s. Then

" prob(s)m*
prob™ (s) =
prob(u)m* 4 prob(d)m4
. 0.5x 0.4
prob™(u) = =0.25
05x044+05x1.2
0.5x1.2
prob™ (u) = x =0.75

0.5x04+4+0.5x1.2

Let the payoff from an asset at t + T be represented by a S7 x 1 vector whose j th element is the
payoff on the asset in the jth state.

ji=1
j=2
j=3
j=4
j=5
i=6
i=17
j=38

Let

gl..=[0 0 ... 0

Jjth element
be the payoff on an asset that pays 1 in the jth state and O otherwise. The market is dynamically
complete and X,I:LT = RB¥ iff it is possible to create assets with payoff vectors qtj or forall j =
1,---,8T.
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Consider 3 assets with the following payoff vectors:
xhp=011111111]

1 1 —
504x1+512x1=0.38

104x08+11.2x0.8 =0.64 1
1
1

10.4x0.64 + 1.2 x 0.64 = 0.512
1
1
1
1

xZp=[1 010101 0]
1 1 —

704x 1+ 312x0=0.2 1
70.4x 024 21.2x0.2=0.16 0
1
0

10.4x0.16 + $1.2 x 0.16 = 0.128
1
0
1

54
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x}op=M4 020201 0

104x4+112x0=08 4
104x08+11.2x04=04 0

2

0

70404+ 31.2x0.2=0.2

2

0

104 x04+112x02=02 1
104x1+212x0=02 0

Economy A. Agents have access to assets 1 and 2 with payoffs xtl 4 and xt2 - Itis not possible

to create q{ 4 forall j =1,2,--- 8 and so the market is not dynamically complete and xBrT < RE.
3

Economy B. Agents have access to assets 1 and 3 with payoffs le Lrandx It is possible to

: 14T
create qt] ypforall j =1,2,--- 8 and so the market is dynamically complete and xﬂ_T = R8.



CHAPTER 7
Utility Theory

7.1. Single period utility theory

We wish to use a concept of utility that is able to deal with uncertainty. So we introduce the von
Neumann—Morgenstern utility function. The investor makes choices consistent with maximizing the
expected value of the utility function. Utility is defined over either consumption or wealth, but can
also be defined over a bundle of goods. von Neumann-Morgenstern utility functions can be developed
axiomatically.

Suppose an individual cares about consumption ¢ and define a lottery L as a set of consumption
outcomes (ci,...,Cn) and an associated set of probabilities (71, ..., my). Let £ be the space of
lotteries. Elements of the set of consumption outcomes can be elements of L.

Axiom 1 (Completeness): For every pair of lotteries, L1 2 Ly or L1 X Lo.

Axiom 2 (Reflexivity): For every lottery, L = L.

Axiom 3 (Transitivity): If Ly 2z L, and L, Z L3, then Ly X L.

Axiom 4 (Continuity): For any x, y,z € L,

{r e[0.1]: ((x. ). (. (1 = 7)) Z (z. 1)}

and

{m €0, 1]: ((x,y), (. (1 = 7)) T (z, D}
are closed sets.
Axiom 5 (Independence): If (x, 1) ~ (y, 1), then ((x, 2), (7,1 — 7)) ~ ((y, 2), (77, 1 — 7)).
Axiom 6 (Dominance): Let L1 = ((x1,x2), (1,1 —m1)) and Ly = ((x1, x2), (;m2, 1 — mp)). If
X1 > xa,then L1 > Lo & w1 > m5.
Axiom 7 (Not Necessary): If x; Z xp X x3, then there exists 7 € [0, 1] such that (x3,1) ~
((x1,x3), (w,1 —m)). The 7 is unique unless x; ~ x3.

Theorem 27. Under Axioms 1-6, there exists a utility function u(-) such that the choice of lottery by a
decisionmaker corresponds to the lottery with the highest E[u(-)].

PROOF. Let Lj, be the best lottery in £ and L., be the worst lottery in £. Define u(Ly) = 1 and
u(Ly) = 0. To find the utility of an intermediate lottery L; € L, set u(L;) = p;, where p; is defined

We need to check two things:

e Existence of such a p;: The two sets

{p €[0,1]: (L. Lw).(p,1—p)) Z Li}
56
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and

{p €[0.1]: (Lp. Lw).(p.1—p)) 3 Li}

are closed (Axiom 4) and nonempty (since Lj, is best and L, is worst). Every point in [0, 1]
is in one or the other of the two sets (Axiom 1). Since the unit interval is connected, there
must be some p in both, but this will be just the desired p;.

e Uniqueness of such a p;: Suppose p; and p; both satisfy the above definition. Then one must
be larger than the other. By Axiom 6, the lottery that gives a bigger probability of Lj; must
be preferred to the one that gives a smaller probability. Hence p; is unique and u(-) is well
defined.

We next check that u(-) has the expected utility property. This can be shown as follows. By

Axiom 5,

((Lx.Ly),(p.1=p)) ~ (Lp: Lw), (px. 1= px)), (Lp: Lw). (py. 1=py)). (p. 1= D)),

~ ((Lp, Lw), (pxp + py(1=p), (I1=px)p+ (1 —=py)(1—p) ))

——

1—pxp—py(1—p)

~ ((Lps Lw), (pu(Lx) + (1 = pJu(Ly), 1 = pu(Lx) — (1 = p)u(Ly))).

SO

u((Lx. Ly). (p. 1= p)) = pu(Lx) + (1 = p)u(Ly).

as required.
Finally we verify that u(-) is a utility function. Suppose that Ly > Ly. Then

u(Lx) = px > Lx ~ ((Lp, Lw), (px, 1 — px)),

u(Ly) = py > Ly ~ ((Lp, Lw), (py, 1 = py)),
so by Axiom 6, u(Ly) > u(Ly). O
A von Neumann—Morgenstern (vINM) utility function is identified up to a positive linear trans-

formation, i.e. u(-) and a 4+ bu(-) with b > 0 are equivalent. If the agent prefers more to less, u(-) is

increasing.

7.2. Risk aversion

A decision-maker is said to be risk averse at a particular consumption level if she is not prepared
to accept any actuarially fair, immediately resolved consumption gamble. For a given vNM utility
function u(c-), the utility function is risk averse at ¢ if u(c) > E[u(c + ¢)] for all ¢ satisfying E[¢] = 0
and var[e] > 0.

Theorem 28. A decisionmaker is globally risk averse iff her viNM utility function is strictly concave at
all consumption levels.
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Absolute risk aversion. For a utility function u(-), the absolute risk aversion measure is defined

as
u”(c)
u'(c)

It measures the dollar amount that the decision-maker would pay to avoid an actually fair gamble (per

ARA(c) = —

unit of dollar gamble variance), i.e.

E[u(c + ¢)] ~ u(c — %ARA(C) varle] ),
q

where E[¢] = 0. To show this, use Taylor series expansions of both sides:
E[u(c) + eu/(c) + 3e%u”(¢)] ~ u(c) — qu'(c)
= 1 var[e]u”(c) ~ —qu'(c),

q = %ARA(C) varle].

Relative risk aversion. For a utility function u(-), the relative risk aversion measure is defined as

u//(c)
u'(c)

It measures the amount (as a fraction of consumption) that the decision-maker would pay to avoid an

RRA(c) = —

C.

actuarially fair gamble (per unit of variance of the gamble expressed as a fraction of consumption), i.e.

E[u(c + e)] ~ u(c — C%RRA(C) var[e/c] )),

q

where E[e] = 0. To show this, notice that

%CRRA(C) varle/c] = %ARA(C‘) varl[e].

Comparison of ARA(c) and RRA(c). Consider:

e CARA: constant ARA(c), so RRA(c) is increasing in c.
e CRRA: constant RRA(c), so ARA(c) is decreasing in c.

Fix ¢, vary ¢, and consider the dollar payment the decision-maker would pay:

dCARA(c) = %CARA var[e] a constant,

1 CRRA C .
4CRRA(c) = 3 - var[¢] which is decreasing in c.

Fix ¢/c, vary ¢, and consider the payment as a fraction of ¢ that the decision-maker would pay:

gcara(c)/c = %CCARA var[e/c] which is increasing in c,

qcrra(c)/c = %CRRA var[e/c] a constant.
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7.3. HARA utility function

The functional form of the hyperbolic absolute risk aversion (HARA) utility function is

l—¢ w ~\? w .
u(w)—a( p )(1_(/) w) + b, p#0, ——w>0, a>0,

with

w A\?!
u’(w):a(l_ —w) >0,

%
w -2
u//(w):_a(l_(p—lf)) <0,
" -1
" -1
= (125 -5)

HARA specializes to a number of important utility specifications.

Power utility. If 10 = 0, we obtain power utility. Defining y = 1—¢ and settinga = (1—¢)~ 179,
1 —¢ > 0, then

1-y

l—y

u(w) = , y>0, w>0, RRA=1.

Log utility. If ® = 0,a = (1 —¢)" 't and b = —1/¢, letting ¢ — 0, we obtain log utility as
the limit since

¢ _1
u(w) = ——
%

so using L”Hopital’s rule,

i(e(plnw . 1)

. . d .
lim u(w) = lim 24— — lim
p—0 o—0 1(0 ©—0

de

w?lnw
=Inw.

Note that since u’(w) = oo, a power or log utility agent does not want to hold a wealth portfolio with
a positive probability of a return of —1. Consequently, when a power or log utility agent has access
to risky assets whose returns are multivariate normal and a riskless asset, the agent chooses to hold a
portfolio 100% invested in the riskless asset.

Quadratic utility. If ¢ = 2 and @ < 0, we obtain quadratic utility. Setting a = 1 and » = 0 and
defining w* = —w, we get

u(w) = —3(w* — w)?, w<w*.



7.4. UTILITY THEORY WITH MULTIPLE PERIODS 60

Exponential utility. If

o (21 _ (¢! o ¢ —
= () =) e

then letting ¢ — o0, we obtain exponential utility since
—1\?¢1 1 — 1\?
o (5] 2 (5
@ 0 1—9¢ l—¢ A
—1\°¢ 1 4
(55 )
17 o —1\A4
A 4
)
4

: : Aw\? —Aw
lim u(w) = lim —(1—— ] = —e , ARA(w) = A.
p—>00 @—>00 )

and so

7.4. Utility theory with multiple periods

Use a time separable (or additive) utility function

o0
max E |: Z STu(ciyz) ]-",i|,
=0

where u(-) is a vNM utility function and § is a patience parameter.

Intertemporal elasticity of substitution. The intertemporal elasticity of substitution is the per-
centage change in consumption growth in response to a percentage change in one plus the interest
rate.

With power utility, the intertemporal elasticity of substitution for consumption is equal to the
inverse of RRA. To illustrate, ignore uncertainty and consider a 2-period problem,

Cl—y Cl_y

max +85 L steir = W —e)(1+ R).
crcit1 1 —y 11—y

The first-order condition is

¢;’ =81+ Ry, [, =0
c 14
=>( ’c“) =8(1+ R)
t

= cti — 81/)’(1 + R)l/y
Ct
c 1 1
:>1n( ’“) — —né+ —In(l + R).
Ct Y Y

Now the elasticity is given by

Cri1
dln’c—t l

din(1+R) 3’
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as required. Why?

d In &£L
Ct
dme  gEH g ge jes
din0+R)  din(I+R) d(1+R) d(1+R)/1+R)
d(1 + R)

7.5. Using dynamic programming to solve multiperiod problems

Finite-lived investor. Define

T
(27) Vt(Wt,St) = max E |:Z St_tu(cr) |St, Wt:|

{e3 T2 fo 31 2] =t

subject to
(28) Wepr = (Wr — Cr)(“/t(Rr+l _iNRtf_H) + RTf.H), Co. 0ty € Fr(se, Wr)

fort =1t¢,...,T — 1, where s; is the vector of state variables that affect the investor’s happiness at
timet fort =1¢,..., T — 1.
We would like to convert the multiperiod problem into a single period problem. We can solve
recursively working back from 7. At time (T — 1),
Vr—1(Wr—1,s7—1) = max  Efu(cr—1) + su(Wr) | s7—1, Wr—1]
CT—1,0T—1

subject to

Wr = (Wr—1 —cr—1)(ap_(RT — iNRi) + R;), cr—1,87-1 € F(s7-1)-

ST—2
Wr—>

AtT —2,

Vr—2(Wr—2,57-2) =  max {E |:u(CT—2) + Su(cr—1) + 8*u(Wr)
Crir—=T—2>
{“}zr;}—z

subject to

Wepr = (Wr — cr)(‘x;(Rr+1 _iNer_H) + er.H)v Cr 0 € F(s7)

fort =T —2,T — 1. This time-(T — 2) value function can be written as:

Vr_o(Wr—2,57—2) =

_ o _
E [u(cT_l) +Su(Wr) | " 1}
Wr—1 E

u(cr—) +8  max s.t. Wy = (Wr—1 — cr—1)x r=2
max { E €T—1,67-1 r(R . of f Wr—2 >
ra (a7_;(Rr —inR7) + Ry),

cr—1.07—1 € F(ST-1)
L Vr—1(Wr—1,87—1) i
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subject to

Wr—1 = (Wr—z —cr—2)(@p_5(R7—1 — iNR;_l) + R{_l), crT—2,87—2 € F(sST-2).

ST—2
Wr—>

Wr_1 = Wr—a —cr—2)(ap_5(Rr—1 — iNR{_l) + R%_l)» cT—2,87—2 € F(sT-2).
This holds forany t =1¢,..., T — 1, so
(29) Ve(We,s¢) = max {Blu(ce) +8Ver1(Wetr, se+1) [ sel}

Thus, the time-(7 — 2) value function becomes

Vr—o(Wr—2,s7—2) = max {E |:”(CT—2 +8Vr—1(Wr—1.57-1)

CT—2,0T—2

subject to

L(cr,0c;We,s7)
subject to

28) Wrt1 = (We—cy) (“;(Rr—i-l —iNRTf.H) + R{.H) . Crop € F(sg), Vr() =u().

——

w
R‘[—i—l

PROOF. Fix {c*}T P~ {a**}T-»=1 a5 any arbitrary choice of ¢, and a; fort = ¢,..., T —

WT v:|

subject to fort =T —v,...,T — 1. Let {cX*}T==1 {a**}T=>=1 be any other arbitrary choice.
By definition
T—v:|

|: Z 5T (T— v)u(c )

=T—v
which means using the law of iterated expectations,

_ :| |: Z 5T (T— v)u(c**)
T—v—1 T
E[ > 5f—fu(c;‘*)+5T—”—’( > 5f—<T—“)u(c:))

v—1.
Let {c;"}z:%_v, {oc;‘}rT:_}_v be the solution to

(30) Vr—y(Wr—y,s7—y) = max [ Z s Ty |’
{c

T}TTV t=T—v

—V
St j|
T=t =T—vp Wt

T—v—1 T
2E|: Z 81’—tu(C:<*)+8T—v—t< Z 81—(T—v)u(c;k*))

=t t=T—v

St
W |

Since this holds for any {c*}T_¥=1, it holds for {¢¥}7="~1, the optimal solution to . Hence the
solution to (30) is also the solution to 27) fort = T —v,..., T — 1, so dynamic programming works
for

Uy = M(Ct, Ct—1s.-, C’t_s).

which is habit persistence. But does it work for u; = u(cs, Cr+1,...,Cr+5)? O
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It can be shown that if u(-) is increasing and concave, then V; (W7, s;) is increasing and concave in
W‘r-

Envelope condition. We can show that

u/(C:(WT’ ST)) = V‘L’,W(W‘L” S‘L’)’

where ¢} (-,-) and &} (-, -) solve (29).

PROOF. The first-order condition for wrt to c;au is given by:

8L(c':<(WT9 S‘L’)’ “:(W‘Ev S'E); W‘L’s S‘L’) —
dce

(3D u/(C:(Wr’ 57)) = SE[Veg1,w (Weq1, Sr+1RE-/H |s¢] =0.

0

The first-order condition for (29) wrt to e;au is given by:
OL(cE(Wy,57). * Wy, 51): Wi 5¢)
dot,

E[Ves1,w Wit 5e41)(Reg1 — RY, in) | sc] = 0.

=0

Now

dL(C;k(W.[, St), a:(Wn 5t): W, s¢)
dW;

_OL(-) | OL() Oc* OL(-) Oda*

=ow, T ) oW T e oW,

— — — —

Vr,W(Wr, St) =

=0 =0
= SE[Veyr,w Wer1,se11) R [ sel.

So using (31)
u/(c;k(W‘DS‘E)) = Vr,W(Wr,St)~

Infinite-lived investor. The problem at time ¢ is

00
Vi(Wt,st) = maxE |:Z §"u(cro) | St:|

=0
subject to (28)) for t = ¢,7 + 1,.... The problem at time # + 1 is

o0
Vie1(Wig1,8:41) = maxE |:Z §Tu(cr+1+1) |St+1j|

=0
subjectto 28) fort =1+ 1,1 +2,....
The problem at ¢ looks the same as the problem at ¢ + 1, so if the solution to the right-hand side is
finite, the Bellman equation becomes

V(Wers0) = max (E[u(co) + 8V (Werr, 501 | sel)

T ¥t

subjectto 28) fort =, +1,....
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7.6. Campbell-Viceira approximate solution for the multi-period agent’s problem

Consider a multi-period investor who solves the following problem:

T Cl—y
Vt(Wt,Xt) = max s Et 281’—1"’7_
T=t L=y

{CT}Z=t{aT}Z=[

’ C‘L’ya‘[ S .F‘[VT.

s.t.

(32) Weir = (Wr — Co)Rw o1

and

(33) Rw, 1 = (Ric+1 — Ry) + Ry.

Let r,z+1 = ln(R15r+1), "we+1 = ln(RW,H_l), rg = ln(Rf), Cr+1 = 11’1(C-5+1) and Wr4+1 =
In(Wry41). The return generating process satisfies:
Ecl[r1,e4+1] — 15 = X<,

Xe41 = p+ @(xe — @) + N1,

where 0 < ¢ < 1 and u are constants and 7,41 is normal i.i.d. white noise with zero mean and
standard deviation of 0. The conditional mean of (E;[r1,z+1] — r7) is given by the state variable x,
which evolves through time as an AR(1) process. Moreover, r1 ;41 is conditionally homoskedastic.
Letting 741 = r1,z+1 — E¢[r1,z+1]. assume that

varg[uc+1] = 05,

CoVe[Uz i1, Net1] = Oupy.

The Euler equation for R; ;41 that comes out of the first order condition for this investor’s problem
fori =1, W and f says

-V
(34) 1=E, [S(C’C“) R,-,,H]
t

Let Vx,y,r = cove[Xs41, Ye41]). Assume ry 41 and ¢z1 = In C;41 are multivariate normal condi-

tional on time-7 information. Then (34)) implies that fori = W,

0=1né—yE:[Aci+1] + Es[r1,041]
+ 3207 [Acii1] + 07 [r1e1] — 2yoi[Aci 11, ri41]).
E([ri41] = —Iné + y Es[Acs44]
— 1y202[Aci11] — 307 [r1e41] + vor[Aci 1.1 41]

rr=—Iné§ +8E; Xcr1 — %ozatz[ActH],
and so

(35 Edriar)—rp + 5VE1 = vViea
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But c;41 and r1 ;41 are not multivariate normal conditional on time-t information even if r1 r41 is
conditionally normal. Even if r1 ;41 and ¢;41 are not multivariate normal conditional on the time-¢
information, it is possible to obtain (35]) using log-linearizations.

Let Aw;41 = w¢41 —w;. We can use a log-linearization of the budget constraint to obtain an
approximate expression for Aw, 41 that is linear in 7y ;41 and (c; — w¢). We log-linearize the budget
constraint by a first order Taylor expansion of ¢; — w; around ¢ — w. Letting p = 1 — exp(¢c — w),

Witv1 = Rwr1(Wr — Cy),

C;

W, W; =R 1——
t+1/ Wt W,t+1( Wz)
Awry1 = rwe4+1 + In(l — exp(c; — wy))

= rw,z+1 + In(1 —exp(¢c —w)) + %(q —w; — (¢ —W))
1 1
(36) =rwge+1 + (1 - ;)(Cz —wy) + (ln(,o) - (1 - ;) In(1 — p)).

We can log-linearize the portfolio return equation (33)) by a first order Taylor expansion of r'W, t+1
with respect to r1,¢+1 around zero and ry around zero:

Rwi+1 = ar(R1t+1 — Ry) + Ry,

rwi+1 = In(aty exp(ri,e+1) — oz exp(ry) + exp(ry))

(37 = In(as exp(0) — oz exp(0) + exp(0))
Oy
" arexp©) — o exp(©) 1 exp@)
1 —oy
+ as exp(0) — oy exp(0) + exp(0) (ry =0)
(38) = (ri,e+1 —717) + 17

We can use the approximate expressions derived in (36)), and to show that the following
approximate relation holds:

1.2
Eilria+1] =rp + 300 covelriesr, coe1 — wig1]
2 2 :

Combine (36) and (38) to get

B9  a=

1
(40) Awt+1 %at(r1,t+1 —rf)+rf + (1 —;)(c,—w,)+k.

Using and

(41) Aciy1 = (Cr41 — Wrt1) — (¢r —wy) + Awg 4,
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we can show that Vi, , can be written as a function of V1 ¢y ¢, oty and Vy 1 4:
Ve = cove[riv1, Acr+1]
= COV¢[r1,e41, Ct41 — We1] — cOve[rie41, ¢r — wy]

+cove[ri e, aer et + (L= an)ry + (1= 2) (e — wr) + K]

= Vie—w,s +orVi1,s.

Using (35)),

E/[ri,i41] — re+ %Vl,l,t =yN,e—w,s +:V1,1,0)s

Eilrie1] —rp + 3V 1 Vie—wy
Vi 14 Vi1

oy =

as required.

Suppose that the investor’s life ended at time-(¢ + 1): i.e., # = T — 1. How would the formula for o;
in (39) change? If the investor’s life ended at time-( + 1), then C; 41 = Wi41 andsoci41—ws41 =0
and Vi c—w, = 0. Consequently, the the single-period agent’s risky-asset allocation, which is known
as the myopic demand, is given by:

E/lrie+1] —rp + %Vl,l,t 1
Vi Y

oy =

The difference between the the risky-asset allocations by a multi-period agent and a single-period
agent, which is given by —%, is known as the hedging demand and converges to 0 as ¢ converges
to 7" — 1. Suppose oy, = 0. Since x; is the only state variable for the agent’s problem and recalling
that the power utility problem is homogeneous in wealth, we know that ¢;+1 — w41 only depends on
X¢+1. Thus, if oy = 0, then Vi c—y ; = 0 and the hedging demand is zero. So the risky-asset return
from ¢ to t 4+ 1 needs to be F;-conditionally correlated with the state variable at ¢ + 1, x;41, for the
hedging demand to be non-zero.

It is possible to obtain an explicit expression for «; as a function of x;. For simplicity, suppose that

the agent is infinitely lived: i.e., T = oo. It is possible to show that the solution for c; satisfies
(42) ¢y —w; = by + b1x; + bax?,
where by, b1 and b, are constants. We can use and the result
2o —EdxZ ] = (g —02) + 2u(l — @) + 2¢x;)
Xr4+1 TlX741 Nr+1 — 0y H % PX)Ne+1
to show that the solution for «; is linear in x;:
o =ag +arpx;.

We can obtain expressions for ag and a; in terms of y, 02, 0yn, [4, ¢, b1 and b,. Taking ll as given
and noting that

xip1 —Eelxi] = e — 09) + Qu(l — @) + 20x0) 0141,
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it follows that
Vie—w; = €ove[rie+1,Cr41 — Wrt1]
= cov[us1,b1(xt41 — Er xs41)
+ba(n7 11 — 0y + Qu(l = @) + 29x0)1+1]
= cov[us+1,b1ne4+1 + b2 (2u(l — @) + 20x1)Nr+1]
= (b1 + b22p(1 — @) + 2¢x1))Oun,

and so
Xz + %03 1 1
o = —2—— — — (b1 + bry2u(1 — ¢) + 29x)0uy
Ou y GM
1 1 1

= —— = —-— b2 (1 — @)o.
2y 0;% 03 22( ®) un
ao

1 1 b
VT‘% - 0—3 22¢Uun Xt

aj

as required.
It is worth noting that the analysis can be extended to:
e multiple risky assets.
e multiple state variables.
e Epstein-Zin preferences.
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CHAPTER 8
Equilibrium Pricing: Representative Agent

8.1. Setting

There is a set of N assets available at 7 given by return vector r; 1. The set of payoffs available to
the representative agent is given by

Xiy1 ={@;riy1: @ € Ft},

where F; = F(s;, W;). The set of returns available to the representative agent is given by
Rit1 ={@)riy1: 0 € Fr,@)iy = 1}.

Again, let E;[.] = E|[. | F¢]

Definition (Existence of a representative agent). There exists a well-behaved utility function such that
the solution to the problem of maximizing the function subject to the (per capita) wealth evolution
equation for the economy delivers (per capita) aggregate consumption and market clearing portfolio
allocations.

8.2. C-CAPM

Suppose there exists a multiperiod representative agent. We consider sufficient conditions for this
to hold in chapter[I0] The first-order condition for the representative agent’s Bellman equation problem
implies

u'(c; Wr,s1)) = 8Ed[Viea,w Wia1,si41)ri4q) forallri ) €riqg.
Using the envelope condition,
u'(c; (Wi, s0)) = 8Ee[u' (cfy y(Wig1,se41))ry 4] forallriy ) € reyy.
Rearranging, we obtain
Su'(cfyy)
u'(cf)

So §u'(cf ;) /u'(c]) is a Fy—conditional sdf for X;41, and so §u’(c};)/u'(cf) = mrs;4; is a

(43) pt(x¢+1) = E; [ xt+1} forall x;4+1 € X;41.

Fr—conditional 1-factor Spm for R; 41, i.e.
Et[”;+1] =0 + )&tﬁi’mrs

for all r§+1 € Ry4+1, where oy, Ay € F; and

i
i,mrs __ COVy [rt-l-l’rnrst-l-l]

¢ =

var; [mrs;41]
68



8.3. CAPM: SINGLE-PERIOD REPRESENTATIVE AGENT 69
Conditioning down (43)),

Su'(c54)

X for all x € Xsa1.
w(cr) t+1:| t+1 t+1

E[p:(xt+1)] = E [

So mrs; 41 is also an unconditional 1-factor Spm for X, 1.

8.3. CAPM: Single-period representative agent

The single period problem is

max{u(c;) + E¢[Su(ci+1)]}

Cr 0t

subject to
cr41 =Wy —c)driqr, ai=1, ¢, 00 € Fy.

The first order condition for the single period problem is
w'(cf) = Ef[8u (¢} )ri )

where ¢/ | = (W — c;")rtwjr1 and rK/H is the return on the agent’s optimal portfolio.

Quadratic utility: Sufficient condition for CAPM. Quadratic utility is given by

u(c) =—3(A—-0c)* u(c)=A-c.

Substituting into first-order condition,

A—cf =E/8(4— c;"H)r,iH] for all er € Ryt
S A—cf = E8(A— (W, —cHr prip ] forallrl, | € Ry
= there exists a;, by € F; such that 1 = E/[(a; + btrml)rf+1] for all er € Ry,
@rml is a F;—conditional Spm for all er € Ryq1.
ie.,

Et[r5+1] = o + )&tﬂi’W for all rf_H € Rt+1, Olt,)kt S .Ft,

and

LW COVf[r;—H’rK/H]
Po=
Vart[rml]

Notice that A; = E,[rﬂf_l] — ot because rtVYH € R;4+1. Also note that a;, by € Fy # a;,b; € ]-'to, SO

rml need not constitute an unconditional Spm.
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Conditionally multivariate normal returns: Sufficient condition for CAPM. Suppose r;41|F;
has a multivariate normal distribution. First-order condition for single-period problem implies

W' (W —eHrlh)
44)  1=E u'(cf) U forall ri, | € Ry,

—

mrsy 41

Since rs41|F; is normally distributed, both rml and rf 1 are normally distributed for all rf 11 € Reta1.
Stein’s lemma says that if x and y are normally distributed, then

cov[g(x), y] = E[g'(x)] cov[x, y].

Rewrite (@4) as
W ((We—cHr D u' (W —cFrh ) '
1 = cov 8 t+1 , i + E 8 t t+1 E rl .
t [ u’(c;“) Tiiq t u/(ct*) t[ t+1]
) 1 1 w' (W = cr .
= E/ri 4] = - covy [5 (@ *t) H_l), ;4_1] .
E¢[mrs;41]  E/[mrs;4] u'(cf)
Using Stein’s lemma,
; 1 1 xvart[rml] u(cfy ) Wr —¢f) COVt[”tVKp”fH]
Et[rt+1] = - t|6 1 w
E;[mrs;41] E¢[mrs; 1] u'(cf) vart[rt_H]
N ——— —
oy As ﬂtlw

So "tVK1 is a F;-conditional Spm for R; 4.

8.4. CAPM: Multiperiod representative agent

The multiperiod Bellman equation problem is
?},%2 {u(cs,st) + SEVie1 (W1, Se+1) | 52, Wil
subject to
Wit1 = (Wr —cooyripr, oi=1, ¢ 0 € Fy.
If

(45) Viei(Wit1.8t41) = Vie1(Wet1),

then

e The Bellman equation has the same form as the single period problem.

e In both problems, the agent cares about consumption at ¢ and only wealth at ¢ + 1.

e We can show that if u(-) is increasing and concave, then V;41(W;41,Ss41) is increasing and
concave in its first argument.
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o If sufficient conditions for (3) to hold for all ¢ are satisfied, then we can treat the multiperiod
problem as a series of single period problems in which the agent only cares about consumption
today and wealth tomorrow. If, in addition, sufficient conditions to obtain the CAPM with a
single period representative agent are imposed, we obtain the CAPM with a new multiperiod
representative agent.

Proposition 29. A sufficient condition for (#3)) to hold for all t is that u(-) is not state dependent and
return distributions from t tot + 1 are not forecastable using the F; information; i.e.,

(A) uler,se) =uler) and  p(regalse) = p(res1).
PROOF. It is sufficient to show that V; 1 (W;41) = Vi (Wy).
Vi(We,st) = max {uler) + SE[Vig1(Weg1) [se, Wil
= ?}i’é{“(ct) + SEVir1(Wir ) |Wi]} = Vi(Wy)
subject to
Wit1 = (W; —Ct)“/t"t—i—l, Ollti =1, c¢,ar€F;
with solution ¢} = ¢ (W;) and a} = af (W;). O

Sufficient conditions for CAPM.

e (A) plus r;4+1 multivariate normal = CAPM holds.
e (A) plus u(-) quadratic = CAPM holds. Here we need to show that u(-) quadratic = V;41()
quadratic (see Cochrane, chapter 9).

8.5. Special case: Multiperiod log utility

It can be shown (see Problem Set 6) that a T-period agent with log utility u(c) = In(c) and
patience parameter § has a value function of the form

Vi(We,s¢) = A¢(s¢) + By In(Wy)

with
1 _8T—t+1
B =—o—
! 1-6

which is not sufficient for , and optimal consumption that satisfies ¢} = W;/B;. However, it can
also be shown that
su'(cfyy)  Sef Wi B 1 1
wW(ef) oy Wn(I= 1B By rfY

It follows that a modified CAPM with r% as the factor in the Spm rather than )% | holds both F;-

t+1
conditionally and unconditionally for R;4; when the representative agent has log utility, irrespective
of whether the representative agent has a single or multiperiod horizon or whether (A) holds.
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8.6. ICAPM: Multiperiod representative agent

A sufficient condition for the intertemporal CAPM (ICAPM) to hold is that r; 41, S¢41|sz, Ws
multivariate normal.

Lemma (Multivariate Stein’s lemma). Suppose y, x1,...,x> is multivariate normal. Then with
appropriate restrictions on the function g,

covg(xr.....x5).y] = Y Elgr(x1..... x5)] covlxg. y].
k=1

The first-order condition for the multiperiod Bellman equation problem is
u'(cf (W, s1)) = Ee[8u' (¢} g (Wig1,se41))7h 4] forall 7l € Ryqy,

Su'(crpyWett,se41))
| =E w'(cf) U forall i, € Ry,

—

mrsy 41

where Wy41 = (Wy — c;‘)rml.
Define
* *
o ey o _Oery
LW = g, k=5
+ W41 Lk ISk r+1

where i ;41 is the kth element of 5,4 1. From above we can rewrite the first-order condition as

. ‘ 1
Vrii, € Reg1 i Eerl ] = ———

el ! T E, [mrsy 1]

1 w' (el (Wit1,s .
B cov; [8 (t-l—l(/t-i;l t+1))’r;+lj|.
E;[mrs; 1] u'(c]
Using Stein’s lemma,

: 1 ) u”(cr, ;) .
Eilriiq] = - E IHL ox W; —c) [ cove[r) .7
V) = e ) Et[mrsm]{ | e = oot

S ) -
+ ZEt 70:_,_1,1( COVt[Sk,t+1,Vzl+1]
—1 u'(cy)

k_
1 5, rl | i
= Bimes o + A covy[ Jriyq) forallr;, € Reyq
¢[mrsy 1] St+1
N——
SW
t+1
~ w W
= ————— + A cove[s;Lq, 8.4 X
E[mrs;41] ——
\‘~ ’
oy At

(covt[s}’ljrl,s}’ljr/l])_l covt[sml,réJrl] forall ;| € Ryy1.

i.sW
t



So

w
Fit1

St+1

=S

w
t+1

8.6. ICAPM: MULTIPERIOD REPRESENTATIVE AGENT

constitutes a conditional Spm for R;41.
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CHAPTER 9

Arbitrage Pricing Theory

9.1. Preliminaries

Economy. Consider an economy defined as follows. There is a single period with prices at ¢ and
payoffs at t 4+ 1, and the information set available at ¢ is F. There exists a risk free asset x/, with
associated return 7/ . The set of payoffs is x? fori = 1,2, 3, ..., co with associated prices p(x*) and
returns 7. Define the payoff space

xN ={a)fxf+a)1xl + .o+ oV o eF, i=f1,....,N}.
Payoffs satisfy a K factor structure, so for any i,
46)  x' =E[']+Bif +¢.
where E[¢'] = 0, cov[¢’, f] = 0,E[f] = 0,E[¢’¢/] = 0 fori # j,E[(¢")*] < 62, and

~j 2
i )}
[p(x’)

The K factor structure is a restriction on the covariance matrix of returns.
Define MY to be the set of sdf for XV ; i.e.,

MN ={m: E[mx] = p(x) forall x € XMy
We can see that MY > MN+1 5 yN+2
Fixing N. For fixed N,
r' =E[r' |+ Bif +e', i=12,....N,
p(r) = E[r']p(1) + BiE[mf]+ E[me'], forallme MV,
E[r'] = r/ + Bj(—r/ Elm f]) — r/ E[me']
=r + Bid +ul,
where ¢! = &' /p(x') and B = /};/p(xi).
Factors. f k satisfy one of the following foreach k = 1,2,..., K:
o fE¢ XN forall N,eg. f*=limyooo 4 Si, 7.
o

500

1 .
e.g. fk:% rt.

i=1

¢ XN N < NF

r* :
e XN N >Nk
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Define M/ to be the set of sdf for fiie.,

M7 ={m:Emf]= p(f)h

Letting N/ = maxg{Ny : k = 1,2,...,K}, we can see that M/ > MN" > yN/+1 5
MN 2

9.2. Pricing error bounds

Fixing N. For a given N, x! with 62[¢/] > 0, a K factor structure and r/ > u > 0, we can find
p(-) and associated M N such that there exists an m € M such that [u!| > u.

Case l: f ¢ XN

Assign “prices” to f, p(f), which has an associated M/ defined as

M7 = {m :Elmf]=p(f)

and f* = B*f € M/ where f* is the unique sdf associated with p(-) that lies in the space generated
by f. Can define the p(-) for XV associated with a given m/ € M/ as follows:

vx e XV : p(x) = E[m’ x].
Consider m/ = f* + oa'&'. Now m/ € M/ since E[ f*&'] = 0 and so
Elm” f1=E[(/* +o'&) f1=E[f* f] = p(f).

Further,

E[m/ &) = B[f*&'] + E[e’é'é'] = o E[(¢")?],
T
and so for |o! | sufficiently large, it can easily be shown, using ¢! = &'/ p(x?), that
é alo?[e!] 1

E[m’ ¢'] = E[m” —] = >
p(x')

: u—
p(xt)y T/
as required. See ﬁgureon page Choose p(-) so that p(x) = E[m/ x] forall x € X~

Case?2: f e XN

Same as above, but the “prices” assigned to f* become their actual prices under the chosen price
functional p(-).

Limiting arguments fixing /. Fix the sdf for the economy m and consider 7 € XV such that
F=E[fl+Bf +é, Efl=r/+Br+0a, p@ =1
We can show that || — 0 as o[¢] — 0 since
E[meé] = a[m]o[é]pme < o[m]olé] — 0

asolé] — 0.
Fix the sdf m for the economy and consider

1 &
fN:NZrl

i=1
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where
Py =E[fN]+ By f +én. E[fn]=r' + By +ily.
We can show that [iiy| — 0 as N — oo since

N
. 1 ; |
o2[éen] = V2 E o?[e'] < mN(fe2 —0
i=1
as N — oo.

Limiting arguments without fixing m. Let p(-) be the pricing functional for the economy (i.e.,
defined on XV for all N). For each N, no arbitrage says it is associated with a set of sdfs M. If we
consider

PN = ! i rt
YN i=1
without fixing the sdf m associated with the p(-) for the economy, we cannot show that |tiy| — 0 as
N — oo for all p(-) defined on X ¥ for all N. We do this by finding a p(-) defined on X ¥ for all N
for which |[tiy| - 0as N — oo

Case 1: Assign “prices” to f', p(-), which has an associated M/ and f* = B* f € M/ where
f* is the unique sdf associated with p(-) that lies in the space generated by f . Consider

N
mV = f* 4 Zaiéi,
i=1
which has an associated pricing functional pV (-). Now
pY(Bif)=pBif) forall N,

p" (@) =Em"e']
=EB[(f" + ) _o/e)e']
j=1

= o'o?[¢'] = p(&') forall N.

So f and any &’ is priced the same by m® for all N > i as required for the sequence of m”'s to be
associated with a p(-) defined on XV for all N. But notice that since

él B alo?[e]
PG T P
any u’ sequence between r/ and 0 can be obtained from this p(-) by appropriately choosing the o
sequence. Since

1Y
I:ZN:NZUI,

i=1

E[m" '] = E[m"

we can obtain any iy sequence between r/ and 0 by appropriately choosing an &’ sequence (so that
|t |02 [é7] is bounded below). Notice that |a?|o2[¢] bounded below implies that o2[m™ ] is increasing
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without bound in N. But the implication is that when o2[m™] is allowed to increase without bound in
N, any desired 1 5 sequence between r/ and 0 can be obtained by appropriately choosing the p™ ()
sequence.

Case 2: Same as above, but the “prices” assigned to f* become their actual prices under the chosen
price functional p(-).

9.3. Asymptotic no arbitrage

We need to restrict the set of stochastic discount factors further to place restrictions on #s. This can
be done with asymptotic no arbitrage.

Definition (Asymptotic no arbitrage). Asymptotic no arbitrage is attained if there does not exist a
sequence of zero cost portfolios 7%, such that Er% — oo and 02[ry] — 0as N — oo.

Asymptotic no arbitrage is stronger than no arbitrage or the law of one price.
For a given N, run the following cross-sectional regression,

E[r'] =A% + Ay B + 7y
We know that Zf\':l ”l}v = 0 and ZzN=1 névﬂ" = 0. Note that ’73\7 can be thought of a pricing error in
the same way that u’ can be thought of as a pricing error. Consider a portfolio with weights /1 ’75\! for

rt,

N N
E[r?] = ZhNni\, Ert =hy (Z (n’}V)LON + nﬁvk'Nﬂi + (775\])2))
i=1 i=1
N .
=hyn Y ()%

i=1

N N
PP =B’ =Y hn(iyB"f +iye’) = hw Y nye',
i=1 i=1

N N
o*[r?] = hy Y (iy)*0%le’] < hiy ) (ny)*aL.
i=1 i=1
Choosing hy = (Zfil (n’}v)z)_”, we obtain
N 1—y N 1-2y
E[r?] = (Z(nﬁv)z) . o?[rPl <52 (Z(nW) :
i=1 i=1

so asymptotic no arbitrage implies

N
lim 1) = ¢ < oo
N—o0 ;(UN)
Otherwise take % < y < 1 and obtain E[r?] — oo and 0%[r?] — 0. Note that asymptotic no arbitrage
implies that, for any finite number of assets, the sum of the squared pricing errors can be arbitrarily
large
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For specific functional forms, an expected utility maximizing investor may not find it utility
improving to take advantage of asymptotic no arbitrage opportunities. For example, consider the
following sequence of zero cost portfolios:

—N  with probability —
I’IZV =N with probobabity 1 — %
3N with probobabity .

For these portfolios, E[ry] = N — 0o as N — 0o, and az[rjz\,] = % — 0as N — oo, which makes

this an asymptotic arbitrage opportunity. However,
1 1 1
—r5 N -N —3N
BlmeV] = —e NE (l 2N3) - N3 e

——00 -0 —0

We need to bound utility from below for asymptotic arbitrage opportunities to be attractive. A
utility is unbounded from below if u(c) — —oo as ¢ — —oo0.

9.4. Law of one price plus a restriction on the variance of m € M

Imposing the law of one price plus a restriction on the variance of m € MY implies a restriction
on the maximum Sharpe ratio attainable using XV and the factors, since
E[f]—r/ _ ofm]
off] ~ ~ E[m]
whenever m is an sdf for Ry 4.

Vi e R[+1 :

Consider for a given N
F=E[f]+Bf +é,
where
Ef=r/ +BA+10, FexV.

We can show that for a given N: |it] — 0 as 62[é] — 0 for all p™V (-) defined on XV by an associated
m™ that satisfies o2[m™V] < A.
Consider

R 1 ;

ry = ﬁZr
where

Pn = Elin] + By f +én. Elfn]=r' + ByA + iy

as before. We can show that: |iiy| — 0 as N — oo for any p(-) defined on XV by an associated

m™ that satisfies 02[m”] < A for all N. Before, 62[m®] increasing in N without bound allowed

2[m™], i.e. on the maximum

|fi ;| to increase as 02[éx] — 0. This suggests that an upper bound on o%[m

attainable Sharpe ratio, may be enough to get |fiy| — 0 as 62[éx] — 0 (which in fact it is).
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FIGURE 10. Arbitrarily large pricing errors when f ¢ X~

m’ Bi f
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CHAPTER 10

Heterogeneity and Equilibrium: Homogenous Beliefs

10.1. Existence of a representative agent

Complete markets imply that a representative agent exists. This will be illustrated in a one-period
setting, but can be generalized to a multiperiod setting.

Competitive equilibrium. The competitive equilibrium problem consists of:

e 2 consumers, A and B.

e One good.

e Two dates,r = O and 1.

e Consumption takes place only att = 1.

e Endowments at date 0 are w4 and w®.

e States of nature are indexedby s = 1,2,..., S.

e p(s) is the probability of state s.

e 7(s) is the state-price for an Arrow—Debreu security, i.e. a security that pays 1 if state s occurs
and 0 otherwise.

e Complete markets, so 77 (s) is unique and there exists an Arrow—Debreu security for every
state.

o Utility functions are strictly increasing and strictly concave von Neumann—Morgenstern utility
function, denoted u4(-) and ug(-).

Consumer A’s problem is

S S
max 3 p(hualca(s)) st ) mw(s)eals) = wa.
A8 s=1

s=1

The first-order condition is

(1) Py (ca(s)) — Aam(s) =0 fors=1,2,...,8,
S

Z w(s)ca(s) —wy = 0.

s=1
Let c(s) and A} be the solution. Consumer B’s problem is analogous and again let ¢ (s) and A% be
the solution.

Recall the definition of a representative agent from chapter [§] To establish the existence of a
representative agent, we need to show that there exists a vINM utility function such that aggregate
wealth wyq +wp = w as the wealth constraint gives aggregate consumption c(s) + cg(s) = ¢*(s) as
the solution.

80
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Central planner’s problem. The central planner’s problem is

S
max " p(s)aua(ca(s)) + Pup(cp(s)} (@ >0)

ca(9).en(s) T

subject to
S
Y (cals) + cB(s)m(s) = wq + wp.
s=1

The first-order conditions are

ap(s)uy(ca(s)) — An(s) = 0,
Br(s)up(cp(s)) — An(s) =0,

S
> (cals) + cp(s)m(s) = wa + wp.

s=1

Let us consider « = 1/A% and B = 1/A%. Notice that 1’ and A% are positive since they are shadow
prices. Take A = 1,c4(s) = cj(s),cp(s) = cg(s) as a candidate solution. The first-order condition
for consumer A’s problem (1) <

e PN ea(s) — 1(s) =0,
A

and similarly for consumer B. Consumers A and B’s budget constraints being satisfied by ¢ (s) and
cy (s) implies that the central planner’s budget constraint is satisfied. Thus, the solution to the central
planner’s problem with o set equal to 1/A% and f set equal to 1 /A% corresponds to the solutions to the
problems of consumers A and B.

Obtaining the representative agent. Consider the function

1 1
M(C) = max —*MA(CA) + —*MB(CB) st.cqy +cp =c.
ca (Ay AB

It can be shown that u(-) inherits increasing and concave from u4(-) and ug(-). Let us rewrite the
central planner’s problem with o = 1/1% and B = 1/A%; we are interested in this problem since ¢ (s)
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and cg (s) are the solution.

me{ Fa(eao) + 5o ua(en(o)

ca (S) CB ()
S

s.t. Z(CA(S) + cp(s))m(s) = wq + wp
s=1

= max
c(s)

ca(s)
s=1 s.t. ca(s)+ep(s)=c(s)

S

s.t. Zc(s)n(s) =wy +wp =w
s=1

Z (s) max { —ualca(s)) + Al* MB(CB(S))}

S
= max {Z p(s)u(c(s))§ s.t. Zc(s)n(s) =w.
s=1

So u(-) is a VNM utility function for the representative agent. Notice that 1’} depends on w4 and A%
depends on wp, so the As change with the distribution of endowments.

Pareto optimality in complete markets. Consider the following problem,

max Z p(s)ug(ca(s))

ca(s),cp (S)

subject to

N

> " w(s)(cals) + cp(s)) = w,

s=1
Z p($)up(ca(s)) = Z p(S)up(cp(s)).
s=1

The first-order conditions are

p(s)uy(ca(s)) — Aim(s) = 0,
A7 (s) + A2p(s)up(cp(s) =0
plus the 2 constraints. Consumption allocations that satisfy this problem are Pareto optimal. We can

A . ..
see that c4(s) = cj(s), cp(s) = cp(s), A1 = Agx and A3 = —=4 satisfy the first-order condition,
B
and so the competitive consumption allocations in a complete market are Pareto optimal.

Implications. If consumers have uninsurable idiosyncratic labor income, then markets may not be
complete and there may not be a representative agent.
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10.2. K-fund separation

Definition (K -fund separation). Suppose an economy has N assets. An economy exhibits K-fund
separation when every agent in the economy holds a combination of the same K portfolios, where K is
less than N.

It is possible to achieve K-fund separation via two channels: restrictions on the utility functions
of all agents in the economy, which is know as utility-based separation; and, restrictions on the joint
return distribution for all assets in the economy. Typically, K-fund separation implies the existence of a
representative agent.

10.3. Single period setting: Utility-based separation = representative agent exists

The following sets of restrictions on utility functions establish K-fund separation and the existence
of a representative agent, in single-period setting.

Quadratic utility. Quadratic utility delivers 2-fund separation because any investor’s portfolio lies
on the minimum variance frontier. Any portfolio on the minimum variance frontier can be represented
as a portfolio of 2 assets where those 2 assets are on the frontier. This holds with or without a riskless
asset.

Power utility. All consumers having the same RRA y and different endowments wq delivers
one-fund separation, since all investors hold the same portfolio irrespective of endowments.

HARA utility. Assume that all consumers have the same ¢ = 1—y coefficients, but have different
subsistence levels w. If the risk-free rate exists, we get 2-fund separation.
Investor i’s problem is

(w) — @)=Y i i N ij Y
rl_na}\)/( E — 1, s.t.wlszZajr , Zajzl,
loj} Y j=1 j=1

Jj=1

where asset 1 is the riskless asset. Suppose the investor places ;i)_; in asset 1. This leaves wf) — ’r"—} to

invest in the N assets, so

i_ uA}i f ; uA)i
o= ()7 + (- 77)

We need to show 2-fund separation. We can think of r/ and the portfolio given by &' as the 2 funds
and need to show that o?j. = @;, which does not depend on 1’ or wj.
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We can rewrite investor i ’s problem as

N 1=y
. B P . N
A1 i w I\l. J 5 .
max E| |V + (wO - _f) g v s.t. vt =1
{&i}N r j=1 J
jii=1 1 j=1
-V
N 1=y N
~i\ 1Y S
i J .
- i_ W E Zajr B =1
max wh — — S.t. s
@ 0 S Jj= /
=1 . j=1
-V

N

where the term inside the expectation does not depend on wf) or w'. So {&; }i—, does not depend on

wf) or 0.
10.4. Multiperiod setting: Utility based separation = representative agent exists

Utility-based fund separation is harder to establish in a multiperiod setting. The value function
depends on state variables as well as wealth and this dependence typically varies with age. For example,
power utility implies

Ar+1(5141)  1-y ¢
Vi(se, we) = max \E ﬁwt-l-l lse,we | + =)

The first-order condition is

(W =)V E[ Ara(se1) () (¢ =inr?) [seowi] = 0.
N ——— ——
depends on age

One fund separation is likely to break down and the age distribution become important. This is not a
problem if the return distribution does not depend on the state.

10.5. Single period setting: Distribution based separation = representative agent exists

The only restriction on utility is von Neumann—Morgenstern utility. In a single-period setting, the
joint return distribution being a K fund separating distribution is both necessary and sufficient for K
fund separation. Before defining a K-fund separating distribution, the following results will prove
useful for the the rest of this section.

Mean-variance spanning. The following theorem can be proven.

Theorem 30. Consider a N x 1 vector of risky returns R, a K x 1 vector of portfolios R, formed

from R, and a linear regression of R on R, and a constant:

R=a+BR,+e

where a and B are respectively an N x 1 vector and an N x K matrix of regression coefficients,
Ele] = 0, and cov[Rp,,e’] = 0. R, is said to span R in a mean-variance sense if the minimum-
variance frontier for R, exactly coincides with the minimum-variance frontier for R. R, spans R in a

mean-variance sense iffa = 0 and Big = iy.
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The proof is the answer to question 3 of Problem Set 9.

Second-order stochastic dominance. Define second-order stochastic dominance as follows:

Definition. (Second-order stochastic dominance) A random variable z, strictly second-order stochasti-
cally dominates another random variable z if the distribution of z; equals the distribution of (z24n+¢€)
where 1 and € are random variables such that:

e n=0;

e E[e|z2 + n] = 0; and,

e at least one of the following is true: prob(n < 0) > 0 or var[e] > 0.

The following theorem can be proven:

Theorem 31. Suppose a random variable 7, strictly second-order stochastically dominates another
random variable z1. If the von Neumann Morgenstern utility function of an investor is monotone

increasing and concave, then she will prefer z, to z1 if comparing the two in isolation.

The proof is the answer to question 1 of Problem Set 9.

K fund separating distribution. A vector of asset returns NR constitutes a K-fund separating
x1

distribution iff

¥, Z , B , & faj}k
(K=1)x1' Nx(K—1) Nx1 =1
such that

i. R=Yiy + BZ + e and E[¢] = 0.

ii. Vi,V&:Ele; | Y 4+ £Z] = 0 where ¢; is the ith element of €.
ii. (x}e =0forj =1,2,....K.

iv. cc;.iN =lforj=12,....K.

o
v. Defininga = | : [, the two matrices

/
oy

liviB] and [ixiaB]
generate submatrices from any set of columns with the same rank.
Condition ii. implies that Vi, V& : cov[e;, Y 4+ £Z] = 0. Condition v. means that [i N B] of rank K

implies that [iK ioeB] is of full rank. {o; }JK=1 gives the K funds.

Understanding condition v.

e Condition v. is the weakest condition that implies that any loading vector ( b) that can be
K—1)x1
achieved using the N assets can also be achieved using the K portfolios.
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e Can use the N assets to create an arbitrary asset:

Ry = @ IS<1=Y+(0L;B)Z+0(;€.

q
1xN —_
b €q
1x(K—1)
e Define
R, = o R and B, = « B .
Kx1 KxNNx1 KX(K—I) KXNNX(K—I)

For the K funds:

oR =Y aiy +aB Z + «e,
——— —— ——
ix Bp Kx1

Il
R, = Yig + B,Z +0.

Can create an arbitrary asset using the K funds: {e; }szl

Rj=&; Ry =Y + @B, Z +0.
1xKKx1 ~——
b;

e Condition v. is the weakest condition that ensures that any b, that can be obtained using
the N assets can be obtained using the K portfolios (i.e., that b; can be made equal to any
feasible by).

e For example, if [iN B ] is of rank K, then any b, € RX-1 is possible using the N assets.

We need [iK iaB] to be of rank K to be able to obtain any b, € RE=1 using the K
portfolios.
e For example, suppose

I b1t -+ Dbyk-1 1 by b1z -+ byx-n
. 1 bay -+ Dyk—1) 1 by b -+ Dbyk-1
1 byt -+ bnk-1) 1 by bn2 -+ bynk-1)

which means that any b, formed from the N assets has a first element equal to by and the
remaining K — 2 elements that can take any values. Condition v. ensures that the same is true
for portfolios that can be formed from the K funds. Take the first 2 columns of [i N B ] and
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[iK aB ] For condition v. to be satisfied, both must have a rank of 1:

1 by i b 1 by

1 bl 110[ bl 1 b]

1 by 1 by 1 by

Nx2 Kx2 Kx2
rankof 1 = rankof1

Take the first column and any other column except the second of [i N B ] and [i K iaB ]:

(1 by 1L by
1 bzk 1 icx bzk
1 by 1 bnk
T ONx2 B Kx2 -
fork =2,3,..., K — 1. Condition v. says the rank of these 2 matrices must be the same.

87

Proof of sufficiency. Since condition v. ensures that any loadings b, that can be attained using the

K fund separation implies a (K — 1) factor fpm. Condition i. implies that

E[R] = E[Y]iy + BE[Z].

N assets can also be attained using the K portfolios, it follows that for any available asset, there exists
a portfolio of the K portfolios with the same loading vector that second order stochastically dominates
the asset and thus, by theorem [31|is preferred to the asset by any investor whose preferences can be
represented by a monotonically increasing and concave von Neumann—Morgenstern utility function.

K fund separation implies a (K — 1) factor Spm using (K — 1) portfolios formed from the K funds.

Suppose Y # Ry and [i N B] is of rank K. We can form K portfolios, D, of the K funds such

D
&b’ al’ b11 0 o .- 0
! ! 0 b2 o0 - 0
: aB = : B = . )
~Dr Dy
(K—1)xK 0 o - 0 bK—l,K—l

a (K —1) x (K — 1) diagonal matrix with (j, j) element bfj). and

&Ilg/ aB =ocllg/ B = 0 .
1xK haad lXNNX(K—l) lX(K—l)
Kx(K-1)
Dy
ay
R?=| : |R.
D/

Og_q
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Know
R2 =aP’'R =Y.
Now
@n  RP=Y+bPz; 5 RP-v=bPz j=12..K-1L

Let R; be an arbitrary return constructed from R and

b = [lel bllc)—1,K—1]'

Conditions i. and ii. imply that a regression of R; on a constant, ¥ and Z yields coefficients of 0, 1 and
b’, where b’ is the ith row of B. So using , a regression of R; on a constant, Y and R? — Yig_;
yields coefficients of 0, 1 and b;./bP’, where ./ represents element by element division: i.e.,

Ri = o +BiyY + ﬂz/',D (RD —Yig_1) + u; .
=0 =1 =b;/bD/ =¢€;

So a regression of R; on a constant, Y and R? yields coefficients of 0, 1 — (b;./bD/iK_l) and
(b;../bD’): ie.,

R = &; + Biy Y + ,BAI{’D R? + u; .

=0 =18 pik—1  =b./bD =€i

From theorem we know that this means that the minimum variance frontier for ¥ and R? is
the same as for R. We also know that the MVF for a given set of assets has a point for each asset for
which the weight in that asset is zero. So there is a portfolio on the MVF for ¥ and R which has a
weight in ¥ of 0. That portfolio is also on the MVF for R. Thus a linear combination of R? lies on
the MVF for R and so R? constitutes a (K — 1)-factor Bpm for R using earlier results.

Alternately, suppose ¥ = R/ . Then the same result can be obtained.

Other results.

e K-fund separating distribution is stronger than APT assumptions on the joint return distribu-
tion.

e The 2 fund separation separating distribution is the weakest distributional assumption that
delivers the CAPM. The 2 funds lie on the MVF if the first 2 moments exist.

e R multivariate normal implies that R satisfies 2 fund separating distribution.

10.6. Multiperiod setting: Distribution based separation = representative agent exists

Let r be a N x 1 vector of returns and k be an S x 1 vector of § state variables. Normality
of returns r and the S state variables that agents care about k is sufficient to obtain (S + 2)-fund

separation.
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Multifactor math (with no riskless asset). Any solution to the following problem is a multifactor
minimum variance MMV portfolio.

(48) min  o2[re] =x' 2, x
x NxN
subject to
B X = be
SXNNx1 Sx1

prx = Elre]

iyvx =1
where

e Y, isthe N x N covariance matrix of returns.

o B = (Zkx) Tk, isan S x N matrix of regression coefficients from regressing r on k, the
vector of the S state variables kg, s = 1,2,...,S (by; is the {s, i} element and b;is the ith
Irow).

e > isthe S x S covariance matrix of the state variables.

e X, isthe § x N covariance matrix of the state variables and the returns.

e [, isthe N x 1 mean return vector.

e FE|re] and b, are the MMV portfolio’s target expected return and regression coefficient vector
respectively.

e x isthe N x 1 vector of portfolio weights for the MMV portfolio.

The following results do not require normality or risk aversion. They only assume:
e infinite divisibility.
e ¥,,, iy and B are given.

b S .
e any ¢ | combination is feasible.

E[re]
It can be shown that the following properties hold for MMV portfolios:

i. re = x'r is a MMV portfolio (i.e. x is a solution to ) N

(49) E[ri] = vo + ¥'bi + yecov[ri,re], i =1,2,...,N,

where
b1i Y1
bai V2
b, = ,l and y =] .
bsi s
ii. Take any S + 2 MMV portfolios e1, €2, . . ., es4+2 which satisfy
Elre,] Elre,] - E[res+2]
b, bey -+ beg, nonsingular,
1 1 . 1

(§+2)x(5+2)
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b
i.e. any S + 2 MMV portfolio from which a portfolio with any given ¢ | can be formed, then
Elre]

any portfolio of these S + 2 is MMV and any MMV portfolio can be formed from these S + 2
portfolios. These S 4+ 2 MMV portfolios form a basis set for the set of MMV portfolios.
iii. Define a multifactor efficient ME portfolio to be a MMV portfolio that also solves

max E[r.] = plx
X

subject to

B x
SxNNx1 Sx1

02[re] = x' Zpr x
NxN

iyx =1
It follows that
re is a ME portfolio <~= r, is a MMV portfolio.

iv. All positively weighted portfolios of ME portfolios are ME.

v. The MVF for any S + 2 MMV portfolios that form a basis set equals the MVF for the N assets,
i.e.any S + 2 MMV portfolios that form a basis set span the N assets in a mean—variance sense.
Thus, using theorem [30}

S+2
n=of £ Bl ret ) Piere ter
—— —— j=2
=0 == Bie;)
where
Ele] =0,

Elejre;] =0, j=12,....5+2.

vi. For any (S + 2) MMV portfolios that form a basis set, the following relation holds using (49):

S+2
(50) ri_rel:ai+Z(re_;_rel)ﬂi—el,ej—el+€i, i:172,~--,N,
j=2

where
Ele;] =0,

El€i(re; —re))] =0, j=2,....8+2,

and

*
ﬁi—el,ej—m = ﬂi,ej‘
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So
S+2

(S1) E[ri —re,] = Z Bi—ei.e;—ei (Elre; —re;]).

i=2
vii. For any (S 4 2) MMV portfolios eg,...,es+2 3
(52) cov[rel,rej] =0, j=2,....,854+2,

and which form a basis set, (50) and (51) hold and

S+2
ri = 0e, + Zrejﬂi,ej +vy, i=L2....N,
j=2
where
E[U,‘] =0

E[v,-rej]zo, j=2,....,8 +2,

ﬂi’ej:ﬂi*,ej’ j:2,,S+2,

and
S+2
Gey = Elre, ][ 1= D Bie, |.
j=2
since

iE[ﬂze(rel_Erel)rej]:(), j:2,,S+2

viii. The following portfolios are MM V:

e All minimum variance MV portfolios are MMV (so the global minimum variance GMV
portfolio and the minimum variance portfolio at the point on the MVF tangential to a line
from the origin in {E[R], 0[R]} space are both MMYV).

e The S “mimicking” portfolios for the S state variables whose portfolio weights satisfy the
following expression are MMV:

X= %, 'B ./ (i{y=»"'B)
NxS 1xS
where

./ is element-by-element division,
X =[x1x2...x5],

and

xgs is the N x 1 vector of portfolio weights for the “mimicking” portfolio for the sth state
variable, s =1,2,...,S.
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So N x 1 vector of portfolio weights for the “mimicking” portfolio for the sth state variable
is given by:
xs= S by /Ay Zr " by)
Nx1
where by is the sth row of B. These are the “mimicking” portfolios described in Fama’s
article. The N x 1 vector of portfolio weights for “mimicking” portfolio for the sth state
variable, x is the solution to the following problem with bs, chosen appropriately, which is
an MMV portfolio problem:
(53) min O'z[l”e] =x"Z,x
x NxN
subject to

bs X :bse

1xXN
iyvx =1

e The S “mimicking” portfolios for the S state variables whose portfolio weights satisfy the
following expression are MMV:
X = Err_lzrk ./ (i/j\] Err_lzrk)

—— —— ———
NxS 1xS

where
X = [¥1%2...Xs],
and
X5 is the N x 1 vector of portfolio weights for the “mimicking” portfolio for the sth state
variable, s =1,2,...,S.
So N x 1 vector of portfolio weights for the sth the “mimicking” portfolio for the sth state
variable is given by:
-fs = Err_lzrs /(I/N Err_lzrs)

Nx1
where X, is the sth column of ¥,;. The N x 1 vector of portfolio weights for “mimicking”
portfolio for the sth state variable, X is the solution to the following problem, with the o,
chosen appropriately:

(54)  min o*[rd] =x' T, x
x NxN
subject to

Yrs X = Oge
—_—

1xXN
iyvx =1
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where X, is the sth row of X, .
e The minimum variance portfolio for any given b, is MMV.

Multifactor math (with a riskless asset). We can formulate an analogous minimum variance
problem to (48). All the properties of MMV portfolios in the no riskless asset case carry over though
since the GMV portfolio for the risky assets is not on the MVF for the risky assets and the riskless
asset, the GMV portfolio is not MMV.

Merton’s ICAPM (no riskless asset).

Assumptions.
i. The number of securities N available at ¢ is much greater than the number of state variables.
ii.
Fie+1 kit+1
Fe41 = : and ki1 =

IFN,t+1 kS,H—l

are multivariate normally distributed conditional on time-¢ information.
iii. Complete agreement.
iv. Perfect capital markets.
v. Unrestricted short-selling.
vi. Investors are risk averse.
vii. Investors care about k;41 as well as Wy 1.

Equilibrium. Assumptions ii. and vii. = an individuals utility depends on

{E[rpl.olrpl.bp1, ..., bps}.

Assumptions ii., vii. and vi. = all individuals hold ME portfolios. Assumptions iv., v. and i. = the
MMV and ME set satisfy all the properties described in the multifactor math section. With assumption
iii. = all individuals see the same u, vector, 3, matrix and B matrix. Each individual’s portfolio as
a positive weight in the market portfolio (since the sum of all individuals’ portfolios equals the market
portfolio and all individuals have positive wealth) and each individual’s portfolio is ME = (using
multifactor math result iv.) that the market portfolio is ME.

So M, the S mimicking portfolios and a MMV portfolio uncorrelated with them form a basis set
for the MMV portfolios, which = (multifactor math results v., vi. and vii.)

S
(55)  Elri —rol = BimElrm —r]+ ) BisElrs —rgl. i =12,....N,

s=1

where ; s are coefficients from

s
ri = o+ Bimrm + Y Bisrs + vi.

s=1

Elvirs] =0 s=1,...,8, ,E[vi] =0,E[viryg] =0,
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or

S
ri—re =@ + Bim s —re) + Y Bis(rs —ro) + bi

s=1

E[bi(rs —rz)]=0 s=1,...,8, E[viry] =0, E[v]=0,

with implying &; = 0.
Although the market portfolio is ME, it almost surely is not mean-variance efficient, i.e. not E.
The same arguments go through if there is a riskless asset, except replace r; with ry, but it is not
possible to sign the expected excess return on the market since bz, s need not be zero.



CHAPTER 11

Term Structure Models

11.1. Notation

e P, is the time-f price of an n-period discount bound paying 1 at time ¢ + n.

® Pnyt =1nPpy.

o Y, = (ﬁ’t)l/ " — 1 is the discretely compounded per-period yield at ¢ on an n-period
discount bond.

® V= —% Dn.t 18 the continuously compounded per-period yield at # on an n-period discount
bond.

® Rytitr = (P”%"’l”) 1/n _ 1 is the discretely compounded per-period holding period return
from ¢ to ¢ + 7 on an n-period discount bond.

® I'ntitr = %( Pn—z.t+7 — Pn,t) is the continuously compounded per-period holding period
return from ¢ to ¢t 4+ 7 on an n-period discount bond.

® Rysy1 = P”%’;‘H — 1 is the discretely compounded holding period return from ¢ from ¢ + 1
on an n-period discount bond.

® rnt+1 = (Pn—1,041 — Pny) = nyns — (n — 1)yu_1,41 is the continuously compounded
holding period return from ¢ from ¢ + 1 on an n-period discount bond.

® [y ntr,r is the T-period forward rate available at ¢ starting at ¢ + n expressed as a discretely
compounded per-period rate.

® fun+r,: is the T-period forward rate available at ¢ starting at # +n expressed as a continuously
compounded per-period rate.

e [ ; is the 1-period forward rate available at ¢ starting at # 4 n expressed as a discretely
compounded per-period rate.

® fn. is the 1-period forward rate available at ¢ starting at ¢ + n expressed as a continuously

compounded per-period rate.

11.2. Basics
An identity.

Nynt = Thy s+ + (n— T)yn—r,t—{—r
—1

=D It + (0= D Ynzite
J=0

n—1
= Z”n—j,t—i—j—i—l-
J=0

95
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A no arbitrage relation. Consider the following two strategies entered into at time O:

e Buy (1 + 7)-period discount bonds with a face value of e+ ?¥n+r. which costs —1: pays
off (n + t)yn4r, attime (n + ), which is certain at time 0.

e Buy n-period discount bonds with a face value of ¢””7-¢, which costs —1, and roll the proceeds
into the f ,4, forward rate: pays off n y, ; + 7 fn n4cr at time (n + ), which is certain
at time O.

Both strategies produce a certain cashflow at time (n + t) using time 0 information, so
(n+ OVnter =MVng + Thantos.
11.3. Expectations hypothesis
Log form of the expectations hypothesis.

Definition. (Log form of the expectations hypothesis) The log form of the expectations hypothesis
says:

(56) E¢[rne+1] = y1,t + kn,
(57) Et[)’l,t+n] = fn,t + Vn,

1 n—1
(58) Yng = X%Et[yl,tﬂ-] + &n.
J:

Proposition 32. (56) holds for all n and for all t < holds for all n and for all t < (58) for all n
and for all t.

PROOF. See question 1 of Problem set 10. O
Pure expectations hypothesis (not log form).

Definition. (One-period form of the pure expectations hypothesis) The one-period form of the pure
expectations hypothesis says:

(59) 14+ Y1, = Es[l + Rpr41]
(60) =1+ Yl,t =(1+ Yn,t)n Et[(l + Yn—l,t+1)_(n_1)]-

Definition. (n-period form of the pure expectations hypothesis) The n-period form of the pure expec-
tations hypothesis says:

©61)  (1+Yn)" =E](1 + Y1,)(L + Y1i,041) - (1 + Y1,04n—1)] foralln.
CLM claim that this implies

(62) L+ Fyo1, = Ee[1 + Y104n-1]

and

©3) (1 +Yn)" = (14 Y0 Eel(1 + Yoore40)" ']

Notice that and cannot hold simultaneously when future discount bond yields are uncertain
today.
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11.4. Using sdfs to price discount bonds

Recall that M4 is a sdf for X;41 using F7 if
VXi41 € Xett t BIMer1 Xppy | Fi] = pe(Xiq).

No arbitrage implies that there exists an sdf that is strictly positive. Equivalently, if there exists an sdf
My4+q > 0, then E[M; 4 X£+1 | F¢] generates prices that satisfy no arbitrage for all X£+1 € Xe+1.
An n-period discount bond at ¢ pays off 1 at¢# + n, soits price att +n — 1 is

Ettn—1[Myynl] = pryon—1(1) = Prsin—1.

Moreover, its price at ¢t +n — 2 is

Etin—a[Miyn—1Pri+n-1] = P2tin—2
= Et+n—2[Mt+n—1 Et+n—1[Mt+n]] = P2,t+n—2

= ErinoMiyn1Miin] = Prsin.

Recursively, its price at ¢ is given by

n
Et[l_[ M;ii] = Puy.

i=1

So by specifying a process for M, with M, > 0 for all t, we can generate arbitrage-free discount bond
prices.

11.5. Affine-yield models: Assumptions

Assume throughout that m,4+; = In M;4 is normal conditioning on a set of state variables
available at t, x;. Make assumptions that imply that discount bond prices and yields in logs at 7 are
linear in the set of state variables x;, and pj 41 is normal conditional on x. for all n and all z. It
follows that

(64) Pur=E{M;y1Pp—1,+1]
and so

(65) Pt = Belmeg1 + pn—tp—1] + 307 Mes1 + pa—1—1l.

11.6. A homoskedastic single-factor affine-yield model

The following is an example of an affine-yield model. It is a homoskedastic single-factor model.
The model is closely related to the continuous time model of Vasicek (1977).
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Environment. The generating process for m;4 is
—Mmi41 = Xt + €141, €141 ~ N(O, (752)-
The generating process for x; is AR(1),
Xep1 =1 =P+ dxe + &1, Er41 ~ N(O’ng)-
Innovations to my4+1 and x;41 may be correlated,
€141 = BEr+1 + i1, N1 ~ N(©0.07),  cov[ner1,&41] = 0.
Pricing. Whenn =1,
Pn—1,t41 = pos+1 = In(1) = 0.
So
(66) pie = Eilmegp1] + 207 [msq1]
=—X: + %(,32052 + U;?)»
and so
67)  yi:=x— 580 +0,).
Guess that
(68)  —pn,z=An+ Bnx;

for all n and all ¢, and prove by induction that the guess is correct.
I’lIOZA():B():O.
n=1 4, = —% ,32082+0$), By =1.
Need to show that p,—1,; satisfies (68)) implies that p, . satisfies (68). Suppose p,—1,,+1 satisfies

(68). Then
Mip1 + Pn—tg+1 ==Xt —P&r1 — N1 — An—1 — Bt (L = P)pp + dx4 + &41)
=—Bp1(1=)u+ Ap—1) — (1 + Bp_19)x;
— B+ Bu—1)&r+1 — Mn+1,

and so
E¢[met1 + pn—1,+1] = —(Ba—1(1 = @) + Ap—1) — (1 + Bp—19)xs,
o7 [mes1 + pu—re41] = (B + Bu—1)’0f + 0.

Substituting into (63)),

—pnt = Buo1(1 = @)t + An—1 + (1 4+ By—19)x: — 5((B + Bu—1)?07 + 0y),
Ap + Bpxt = Bp—1(1 —9)p + Ap—1 — %((,3 + Bn—l)zag2 + 05) + (1 + By—19)xs,



11.6. A HOMOSKEDASTIC SINGLE-FACTOR AFFINE-YIELD MODEL 99

and so

(69 Ap = Ap—i + Ba—1(1 =)t = 5((B + Bu=1)’0f + o)),
(70)  Bp =1+ By_16.
as required for py ; to satisfy (68).
Notice that together with By = 0 implies that
1—¢"
B, = .
1-¢

for all n.
Implications. Notice that
(71) Vi = Xt — %,3205 + 03,
Yt = 2(An + Baxy), By > 0.
So x; tells you the level of the yield curve, in particular the spot rate.
Notice
Pn—1,i4+1 = —(n = D)yn—1,14+1
= —An — Bpnxt41,
and  Tns41 = Pn—1,41— Pn.t
= —Ap—1— Bn—1Xt+1 — Pn.t
= —An—1— pnt — Ba—1((1 =) + ¢dx1) — Bp—18141

which is normally distributed using time-# information. So a positive shock to the level of the yield
curve at # + 1 (i.e. x;41) conditioning on time ¢ information leads to a negative shock to p,—1,41 and
.t +1 conditioning on time-¢ information so cov[ry, s41, Xs41] < 0.

Moreover, —B, 1 is the coefficient from a conditional time-# regression of log 1-period return
for an n-period discount bond from 7 to # + 1 on the state variable at # 4 1 since —B,,—; < 0: so the
regression of 7, ;41 on x;41 using time-¢ conditioning has a slope coefficient of —B,_;. Note that the
regression explains 100% of the variation in 7y 4 1.

Why is —B,_1 < 0 and cov[ry s41.Xs41] < 0? The answer is as follows:

Xe+1 1 =  Eipi[mey] | =  Yn-14+1 71 = Pn-tg+1d = Fnjg+1 4

fort =2,3,....
Log expectations hypothesis. The model delivers the log expectations hypothesis. From (64),
0=Eimis1 + rast1] + 307 [mes1 + 1]
= Eilrnr41] = —Eelmeg1] — 207 meg1] — 307 0rne1] — 0c[megr, rnp41]
forany n > 1. Now forn = 1, r1 441 = y1,, and so forany n > 1,

Vi = —E¢[miq1] — %Utz[mt+1],
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and so
Elrni1] = yiu = =307 i1l — 0e[mis1. rn g1
= _%33—105:2 —0¢[=BE+1, —Bn—1&1+41]
(72) = —3B;_10f — Bu_1B0f,
or

E¢lrna+1] = yie + 307 [Fne+1] = —Ba—1B0f,
which is the same for all ¢.

Intuition for the functional form of B;,. Since the log expectations hypothesis holds, we know
that:

n—1

Png = — Z Etv1lyie+j]—nén.
j=0

So how x; affects

n—1
—ZEt[)’l,Hj]’
Jj=0

determines how x; affects p, . We also know that y; ;4. varies one-for-one with x; 4 from (71)). So
how x; affects

n—1
- Z E¢[xs+;].
j=0
determines how x; affects p, ;. We can show that:

Elxetjlx] = (1 — ¢ )p + ¢/ x,

and

n—1 ) 1_¢n
Z¢J: 1_¢‘

J=0

Thus, we can see explicitly why By, has the functional form that it does. Moreover, we see that ¢ affects

B, because it affects E[x;4|x;]. Note that:

. % > 0 as would be expected since, as n increases, you discount back $1 for more periods

at appropriate future interest rates given x; to get p, ;, which causes p, , to decline in n for

given x;.
. % = j—(p(z;’;(l) #7) > 0 as would be expected since, as ¢ increases, E[x; 1 ¢|x;] increases

for fixed 7, which means that, as ¢ increases, you discount back $1 at higher future interest
rates given x; to get p, , which causes pj, ; to decline in ¢ for given x;.
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Risk premium. Since —B;_; is the coefficient from regressing r, ;41 on x;41 using time-¢
conditioning, we can regard ﬂoé.z as the risk premium for bearing x;-risk.
Notice that B determines the sign of the risk premium on the discount bonds:

< >
ﬁ{>}0 < E¢lrne+1] — yie + %Gtz[rn,t+1]{<}0~

We know that covs[ppn r+1, Xr+1] < 0 and covs[ry s4+1.Xs41] < 0. Now
B <0 <% cove[meyr, Xi41] > 0 & covlry 41, mi41] <O,
which implies
Eilrni+1] — y1.0 + 507 [rn+1] > 0.

Note that

sign{f} = sign{p;[m;y1,me4<]}, forr > 1.

So
sign{E¢[r]' 1] — 1,0 + 307 Fne41]} = —signips[miq1. myg<]}.

Role of 0,%. Both y, s — y1,, the log yield spread of an n-period discount bond less a 1-period
discount bond, and E;[r, s+1] — y1,s, the expected 1-period log return on an n-period discount bond
less the log yield of a 1-period discount bond, are unaffected by 0,?. Only A, is affected by 03. Since
N¢+1 is conditionally uncorrelated with x;4; (using time-¢ conditioning), ns41 is not correlated with
time-(¢ 4 1) discount bond prices (using time-¢ conditioning). Thus 7,4 only affects the expected
1-period discount bond returns through its effect on E;[M;41]. This effect is the same for all discount
bonds.

Forward rate curve. Know that

fn,t = Pn,;t — Pn+1,t
= —pi1s + Et[pni+1] — Pnr1e + Pl,t) — (Etlpne+1]l — Pnyt)
= Y1t + (Et[rn—i-l,t-i-l] - yl,t) - (Et[pn,t+1] - pn,t)-

So using (63), and the fact that implies

E¢[pni+1] — Pn = Bn Be[Axi41]
= Bn(1—¢)(x — x¢),
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it follows that
Jog=Xi—% ,32054‘(773)— 132 — By ,3(75 + Bn(1 =) (1 — x1)
— j+ (Ba(1—§) = (i — x,) — L(B + B)?0? — Lo?
1—¢ (1-¢)?

8 2
Ay

Three possible shapes are possible:

(14)

03+ 9" =)~ 4o [+ - _4;]

2 _
12 - ;8 + L) %} + [(xt -+ Mf@] "

s)

e Rising throughout.
e Falling throughout (inverted).
e Rising at first and then falling (hump-shaped).
Other shapes are not possible, e.g. falling at first and then rising (inverted hump-shaped).
We can see that the effect of x; on f;; is given by ¢"x;, which is consistent with the log
expectations hypothesis holding, i.e. E;[y1,r+n] = fu,s + ¥n, since

Et[)’l,t+n] =E/[xXt4n — 5 ,82 + 02)]
= (1 —¢>u2¢f—1 +¢"x: — 5(B%07 + 07).
j=1

Equilibrium interpretation of M, ; in the model. Consider a power utility representative agent.
It follows that the representative agent’s marginal rate of substitution is a valid sdf for the economy:

Take logs to obtain
me41 = In(8) — yActy1.
Take
x¢ = E¢[-mi41] = —Ind + y E/[Acs41],

€141 = —Mr41 — Ee[-myyq1]
= y(Acs+1 — E¢[Act+1]).

So if expected log consumption growth is an AR(1) process, the homoskedastic single-factor affine-yield
model characterizes the term-structure dynamics for this economy.
We know that

coVy[Fn 41, Xe4+1] = coVe[rn 41, Y Erg1[Aci42]] <O.
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Why is cov¢[rn s 4+1. ¥ Et+1[Acs+2]] < 0?7 The answer is as follows:

YErr1[Aci42] 1 = Er1[In() — yAci4+<] I = yn—14+1 1T = Pn—1p+1d = rugr1 d

fort =2,3,....
Now from above, we know that

< >
ﬁ{>}0 < Eilrne+1] —y1e + %Gtz[rn,l+1]§<}0'

which is consistent with economic intuition because
B <0

=

cove[meyr1, xe+1] = cove[—yAci+1, Y Er1[Acr42]] > 0

or  covi[Acit1,Ery1[Acsy2]] <0
& since cove[rn,r+1. Y Er1[Ace42]] <0,
COVe[Fn 41, Mr41] = cOVe[rn 41, —YAcr+1] <0 or cove[rp 41, Aci41] > 0.
11.7. A square-root single-factor affine-yield model

The model is the discrete time analog of the Cox—Ingersoll-Ross continuous-time term structure
model.

Environment. The generating process for m; 41 is
gy = x¢ 4 x2en = x4+ x} P BEa.
The generating process for x;1 is
Xe1 = (L= @)+ ¢xe +x, 041,
where €;41 and &, are distributed as before.
Pricing. Solution looks similar to previous case,
—Pnt = An + Buxy,
where A, and Bj, can be solved recursively.

Implications. Log expectations hypothesis no longer holds since E;[ry, s+1] — y1,, depends on x;.
The forward rate curve can only take the same 3 shapes as above.



CHAPTER 12

Stylized Facts and Empirical Regularities

12.1. Representative agent puzzles

Equity premium puzzle. Using a standard power utility function, aggregate consumption growth
is too smooth and not sufficiently correlated with equity returns to explain the magnitude of the equity
Sharpe ratio for reasonable values of the relative risk aversion coefficient.

Recall that for a representative agent economy whose representative agent has power utility:

E/[R7, — Rtf+1] = cove[My+1, Ri 1],

" E([M;41]

Et[R?.H - Rtf+1] _ _Ut[Mt+1]
Ut[Rerl] E/[M;41]

pe[Miy1, R 4]

-y
Ct Cl+1 e
o) R
E, [8( t+1) ] ‘
o
where

R? | is the return on the value-weighted equity portfolio from 7 to ¢ + 1,

Rtf 11 is the riskfree return from ¢ to ¢t + 1,
C. is aggregate consumption at 7, and
y is the RRA coefficient for the representative agent.

The puzzle is driven by the joint distribution of R7 | — Rtf +1 and C¢41 and does not depend on
equity cash flows. It is related to the Hansen—Jagannathan bound though the bound is too weak due to
the low correlation between C;+1 and R7 ;. To understand the importance of risk aversion, consider

the log-normal model introduced earlier:

E:[M; 1R ] = 1.

Civ1\ 7,
b [5( Ci ) Rl’“]:L

E;[exp{In(d) — yAcs+1 + Vf+1}] =1,

exp{In(8) — y E¢[Aci41] + Ee[r ] + 307 [—yAcr41 + i)} = 1,
Et[”;+1] + %Of[rfﬂ]

= —1In8 + y E¢[Aci41] — 3202 [Aci1] + yor[Acir. 7)),

104
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which implies
e f 1 _2r..e
Eilri] —rigs + 307744l
e
or[r t+1]

0.0601 — 0.0183 + 3 x 0.1774
0.1774

= ype[r{i1. Acry1]o[Aci 4],

=y x 0.4979 x 0.0328,
0.324 = y x 0.0163,
y =20
where the data values are taken from Table 8.1 of CLM on page 308. Mehra and Prescott (1985) discuss

the experimental evidence and conclude that reasonable values for y lie between 0.5 and 10. So a value
of 20 for y is too high.

Risk-free rate puzzle. The risk-free rate is too low given mean and standard deviation of aggregate
consumption growth. We know that

[V S 1
1 By [ My E, [S(Ctﬂ)_y]
o

Using the log-normal model,

2
E[r/, 1] = —1n(8) + y B[Acr 1] — %U?[ACH-I].

Assuming homoskedastic Ac;4 1, we can take unconditional expectations to obtain

2

14
E[rrf+1] = —1In(d) + y E[Acs41] — Toic
2

= —In(8) + 70.0172 — %0.03282
— —1In(8) + 70.0172 — 20.00053792

where again the the data values are taken from Table 8.1 of CLM on page 308.
Notice that E[rtf 1] has three components:
i. E[r/,,]is high if & is low.

ii. E[rtf 1] is high if E[Ac;41] is high, since the representative agent must be offered a high interest
rate to overcome her desire to borrow to reduce E;[Ac+1]. This effect depends on the elasticity
of substitution, which is the inverse of relative risk aversion in power utility model.

1ii. E[rtf 1] is low if ai . 18 high since a low interest rate must be offered to overcome the representative
agent’s high precautionary saving motive.

Notice that y has two effects:

i. As y increases, elasticity of substitution % decreases, so a higher rtf 11 must be offered for the
investor to have a given wedge E[Ac;+1] between consumption today and tomorrow.
ii. As y increases, the precautionary saving motive becomes stronger and so a smaller rtf 41 heeds to

be offered for a given oi o
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In particular,

dE[r] ]
d—;* = E[Aci41] — yo3x,

= 0.0172 — y0.00107584

For low values of y, E[rtf 1] is increasing in y, but for y sufficiently high (higher than approximately
16), E[rtf 1] is decreasing in y. Assuming § is approximately 1,we can see that for y = 10, the E[rtf 1
implied by the representative-agent model is 0.118, while a y value lower than 1.11 is needed to deliver
a riskfree lower than the data value of 0.0183. However, a y value that low implies a much lower equity
Sharpe ratio than is observed in the data. A y value of 20 delivers an equity Sharpe ratio roughequal to
that in the data but is implausibly high and implies a riskfree rate of 0.128 which is much higher than
its data value.

Notice that the volatility of E;[M; 4] determines the volatility of Rtf 41> Which is an additional
restriction the data imposes on a candidate sdf.

12.2. Equity volatility puzzle

Equity returns are too volatile given the joint distribution of equity dividends and aggregate
consumption to be explained by a power utility representative agent with reasonable risk aversion.
Notice that in contrast to the equity premium puzzle, the equity volatility puzzle depends on the the
joint distribution of equity dividends and aggregate consumption. Because of this, we need to use an
endowment economy to derive market clearing prices given an exogenously specified joint process for
aggregate consumption and equity dividend.

Here is the endowment economy used by Mehra and Prescott (1985) Recall that if

T
(TC) Tli_l)nooEt [( ]_[1 Mt+,-)P;+T} =0
]=
then
0o T . pi
E, [z ( 1 Mt+,-n;+,-)} B
=1 \j=1 f
where r]i_H = D§+j/D;+j_1.
Consider the following economy:

i. Infinitely lived representative agent with power utility: So

Citj \77 : Crie\ 7
s =i ) e (e ) =567
J=

ii. State space: S states at each point in time with transition matrix SHS that satisfies Ilig = ig.
X

iii. Endowment economy: Exogenously specify D; and D1, where

D+iq
Dr
is a stationary process.

= Gry1
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iv. Equilibrium: Market clearing in the goods markets implies D, = C; for all .
v. Pricing: Any asset in this economy can be priced as follows:

(o) T .
Y Pl .
Y
Eq [Z‘SI< [1 Gt+j’7lt+j):| = D—Ii = P/Dy.
=1 Jj=1 t
for which (TC) holds.
vi. Firmi: n’; 41 18 a stationary process.
Prices can be solved in closed form as follows.

i. G is the S x 1 vector whose sth element is the G realisation if the sth state occurs at 7. ni is the
S x 1 vector whose sth element is the ni realisation if the sth state occurs at 7.
ii. In this economy, P/ Di only depends on .
iii. We know that

/3G, ] Rl 1] =1,
E/[§G, 2, (Pl i + Di ] = Pl

Pi Di Di Pi

—y t+1 Pra t+1 )| _ F:

E; |:8Gt+1 (Di_H Df; + Di )i| = D—;-,
t

EI[SG;})-/lnlr:‘—i-l(l + P/D§+1)] = P/Di.

iv. In vector form:
IG™.xn'. % (is + P/D")) = P/D",

where P/ D' is the S x 1 vector whose sth element is the P/ D! value if the sth state occurs at 7.
The .* operator represents element-by-element multiplication.
v. A closed-form solution for P /D' is obtained as follows.

OGEG™7.%q9')+ (6G™.x79").«)P/D' = P/D",
OGG™7.xy')=(Us—BG7.xy').xI)P/D",

P/D' = (I,— GV x7'). x ) 'IGEG . x ).

12.3. Cross section of expected stock returns

CAPM can be rejected. Conditional CAPM does better than unconditional CAPM. Firm and stock
characteristics can help explain the cross-section over and above CAPM beta:

e Market capitalization
e Book to market

Liquidity measures
Past returns
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12.4. Equity return predictability

Publicly available information can be used to predict stock returns. A long list of information
variables can be used:

e Lagged returns

e Aggregate dividend—price ratio

e Aggregate earnings—price ratio

e Aggregate book-to-market ratio

e The share of equity in new finance

e Term spread: spread between long-term and short-term government bond yields
e Default spread: spread between low-grade and high-grade bond yields

e Recent changes in short-term interest rates

e The level of consumption relative to wealth

Many of these variables are related to the stage of the business cycle and predict counter-cyclical
variation in stock returns.
Predictive regressors typically explain a larger fraction of the variance of longer-horizon returns.
Long horizon returns have variances that are less than linear in horizon: negative autocorrelations.
Since consumption growth is close to iid in the data, standard consumption models have difficulty
delivering the variation in conditional Sharpe ratios seen in the data.

12.5. A VAR framework for thinking about return predictability
Suppose

rev1= b + a di +eiqq,
Nx1 Nx1  Nxlix1  pNx1

diy1 = pde + ve41.

where
covlri+1] = Xy, covlery1] = Ze = Xy —aa/cr;, o2[d;] = 03,
2 2 2y 2 e Ogy
0°[vi+1] = 0y = (1-p°)o;. covlest1,Vr+1] = Oep, and Yev = iy
Nx1 (N+1)x(N+1) Oev Oy
Then
diy2 = pdi41 + vey2 = p(pds + veg1) + Vi,
di43 = p2ds + P*Vi41 + pVr42 + Vg3,
—1
dite=p'd + Zplvtﬂ—i + Vit = pdr + U7,
i=1
where

2 = 2i 2 1—:02r 2
o [v;+r] = Zp lUv = (—)Uv'
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Note that

1— 2t
e = o = 970} + (425 )1 = 0f = Lt 407

as required.
Now

re+2 = b +a(pds + viv1) + er42,
re+3 = b+ a(p?ds + pvis1 + vi42) + €43,

i—2
revi =b+ap'"'di +a ijvt+i—1—j +er+i,
Jj=0
and so
T T ) T i—2 ) T
Zrt—i—i =th+a Zpl_ldt +a Z Z P Vrtio1—j + Zet—i-i
i=1 i=1 i=1;=0 i=1
l—pt =1 /i1 ) T
=b‘[+a( l—p)dt +az (Zp])vt+t_i —I-ZeH.i
i=1 \j=0 i=1
1_ T 7—1 1_ i
=bt+a ( P ) de + Z [( P )aUH—r—i +et+r—i:| +er+e
I-p i L\l=p
<t
e;+r

12.6. Term structure facts
The log expectations hypothesis says that
(73) kn + y1,t = Ee[rne41].
By definition,
(74) Fng+1 = Yng — (M = D(Vn—1,041 — Yn,t),
so substitute into (73)),
kn + Vit = Eelyne — (0 = D(Yn—1,041 — Ynt)]

1 1
= nTl(yn,t — V1) = —— [fn = Ei[yn—1,041 = Ynl,

n
which suggests the regression

yn,t—y1,t)+ Ay

A A
Yn—11+1 = Ynz :O‘ny'i‘/gny( n—1 e

where the log expectations hypothesis says ﬂ,,A Y =1.
In the data, we find

1. ﬁ,,A ” is small and positive for small 7.



12.6. TERM STRUCTURE FACTS

ii. B5Y is negative for large n.
Note that

Yng = Tng+1+ =D Vn—1,041 = Yn,t) = Ynyz»
1
n—1
So consider the regression:

Yn,t — V1,
p— (Fni+1 = Y1,0) = 0ty + 5;(%) + &

1
(Vn,t+1 - yl,t) + Vn—1,t+1 — Vi = ﬁ(yn,t - yl,t)-

110

where by construction ], =1 — ,BnA 7. The log expectations hypothesis says B, = 0 and the empirical

findings for ﬂ,,A ? imply B is positive and increasing in 7.



CHAPTER 13

New models to address stylized facts about asset prices

13.1. Habit persistence preferences

Three features. There are three important dimensions to habit models:

e Difference vs. ratio habit models.

Ratio:

ZSJ(CH-j/XH-j) 7.

4

where X, ; is the habit at time 7 + ;.
Difference:

Z 5 (ct+, — Xy )"
-V

Fi

Internal vs. external habit models.

External habit models: habit is determined by current and past consumption of other agents.
In equilibrium, with homogeneity, current and past consumption of other agents will equal
the current and past consumption of the optimizing agent.

Internal habit models: habit is determined by the current and past consumption of the
optimizing agent.

Specification of the habit function:

Xt+j = f(Cryj, Coij-1,...).

Example. Utility specification: difference.

Zgj(ct+]_act+j—1) 4 7

11—y

The first-order condition for external habit is

E[8(Crq1—aC) VR, | | Fe] = (C; —aCry) 77,

C+1—aC v
E[‘S(ﬁ) . ff}l'

111
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The first-order condition for internal habit is

E [(S(Cr+1 —aCy)™V — a82(Cr+2 - aCr+1)_y)er+1 |]:T:|
=E[((C; —aCi—1)7" —a8(Cr41 —aCy) V) | F2].

Notice that for external habit,

C C(C —aC_y) V1 C
rira — _Cucc _ yC(€ —aC) —y -
uc (C—aC_y)7 C—aC_4
so habit can increase risk aversion, but
o 1
Rip =

Ciy1—aCy -y ,
E|é§| ———— Fi
|: (Ct—aC,_l) t:|

which is too volatile when y is set large enough to deliver the equity premium puzzle.

Campbell-Cochrane habit model. This is an external difference model. Define

G- X
7|1

St - ’
where vy4+1 ~ N(O, 03), and specify an AR(1) model for s;+1 = In(S;+1):

G
so the first-order condition is given by

Sit1Crp1\ 7 i
E|é R
{ ( St Ct ) t+1

Assume ¢; = In(Cy) follows

Aci41 =g + Vitr,

(75)  Se41 = Min(Spmax, (1 — §)S + @s¢ + A(se)ves1).

So X; is a complex nonlinear function of current and past consumption. The advantage of this
specification is that consumption never falls below habit. Campbell and Cochrane show that at

St+1 =5,

00
g .
Xi+1 =InXyqq1 = [h + m} + (- ¢)j§_O¢Jct—j,

where £ is the steady-state value of x; — ¢;.
The risk free rate is given by
rthrl =R/
= —In[E[exp{ln§ — y(sr+1 — s¢ + Acr41)} [ Fi]]
= —Iné + —In[E[exp{—y((1 = $)(5 —5¢) + &) — (1 + Als:))ve1} | Fil]
= —Ind +yg —y(1—§)(s: —5) — 37°(1 + Als1) %0y,
S

f+1
Regarding the third term, if s; is low, marginal utility in period ¢ is higher, but marginal utility in period

The second and third terms capture the effect of the investor’s intertemporal saving motive on r



13.2. IDIOSYNCRATIC LABOR INCOME 113

t 4 1 is lower as s; reverts to its mean. So the agent wants to borrow, which forces rtf 41 Up-
The fourth term captures a precautionary saving motive that stems from the volatility of marginal utility
atz + 1. It motivates the agent to save, which forces rtf 41 down.

Campbell-Cochrane set

1
A(Slf) = V1—2(St—E)—1, St = Smax»

s

5 = oy /ﬁ and smaxzi—i-%(l—iz),

which causes the effects of the third and fourth terms to exactly offset, leaving the risk free rate constant.

where

When s; is low, this functional form for A(.) causes the precautionary saving motive to increase by just
enough to offset the investor’s increased desire to borrow because marginal utility at # is higher than at
t + 1. Thus, the model has time varying risk aversion
Cu

cc _ Y Y.

RRA = — =Y
uc Se

with a constant risk free rate
14
rtf+l =—Iné+yg— 5(1 — ).
13.2. Idiosyncratic labor income

If agents in an economy receive idiosyncratic uninsurable labor income, a representative agent may
not exist for the economy. So using a representative agent model to price assets can produce expected
returns that deviate from those found in the economy. Recall that the equity premium puzzle says that
aggregate consumption is too smooth and not sufficiently correlated with equity returns to generate
Sharpe ratios for equity as high as seen in US for any reasonable risk aversion coefficient. Perhaps
idiosyncratic uninsurable labor income can help explain the equity premium puzzle. This subsection
presents a simple model to examine this question.

Model setup. Consider a 1-period world with two points in time, O and 1, when agents consume.
There is a continuum of agents who are all identical at time 0. Each agent maximizes the CRRA utility
function

el ey
(76) 0 L4+Eg|1 i
-y -y

where ¢; is consumption at time ¢ and y is relative risk aversion. All agents are endowed with

consumption at time O that is normalized to equal 1. There are 2 aggregate states at time 1, each equally
likely: a good state denoted by G and a bad state denoted by B. In the good state, half the agents
receive an endowment of g (1 + ¢g) and the other half receive an endowment of g (1 — ¢g ), where
0 < pg < 1. So in the good state, each agent has a 50% chance of receiving ug (1 + ¢g) and a 50%
chance of receiving g (1 — ¢g). In the bad state, half the agents receive an endowment of g (1 + ¢p)
and the other half receive an endowment of up(1 — ¢p), where 0 < pp < 1. So in the bad state, each
agent has a 50% chance of receiving g (1 4+ ¢p) and a 50% chance of receiving up(1 — ¢p). Note
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that ug > pup > 0. There are two assets: equity and a riskless asset. A unit of equity pays g in the
good state and g in the bad state, and offers an expected total return of (1 + R¢). The riskless asset
offers a certain total return of (1 + R/ ). There are no assets available whose payofts depend on the
agent’s realized endowment within a state.

Average per capita endowment. Define

dcu =1+ ¢G,
$Ga =1 —¢a,
$Ba =1 — ¢, and,
¢Bu =1 + ¢B.

The average per capita endowment in the good state is given by:

1 1
E[Ell«cwau + 5#G¢Gd|G] = UG-

The average per capita endowment in the bad state is given by:
1 1

E[5M3¢Bu + 5#3¢Bd|B] = UB.

Equity return. Let (1 + Rg) be the total return on equity in the good state, (1 + R%) be the total
return on equity in the bad state, and Py be the price of one unit of equity at time 0. We know that

HG KB
1+ RS =—-2 d 1+ RS =—.
+ Po an + Rp Po
Further, we know that
P 3G + iB)
0 1+ Re

It follows that the total return on the equity in the good and bad states can be written as

_ 2uG - HG — 4B _
1+ R; =(1+R)———— =(1+R° (1+—)= 1+ R)(1+
G =( )MG+MB ( ) G+ g ( )L +§)
and
sen 2B - HG — LB .
1+ RS =(14R)—MB  — (14 Re (1——)= 1+ Re)(1—§).
B = )MG+MB ( ) WG + B ( )(1—§)
respectively, where £ = %.

Riskfree rate and the equity premium. Let
e _ 1 + R® .
14+ RS
All agents are ex ante identical. An agent’s first order conditions imply the following expression for the
total return on the risk free asset:

14+ R = 4[(kepcu) ™ + (r6pca) ™" + (updpu) ™" + (MB¢Bd)_”]_1
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An agent’s first order condition with respect to the total return on the equity is given by
= 3[(k6da) (1 + R+ 8) + (nopca) (1 + R)(1 +6)
+ (uBppn) " (1+ RO)(1 = §) + (updpa) " (1 + R)(1 - §)].

This first order condition can be used to obtain the following expression for the expected total return on
the equity:

1+ R = 4[5 (1 + 85 + ¢ + 1y (1 =) + d5]
-1
= 2uG + 1p) 157 9g, + 850+ uk T @5l + 650

It follows that

Qc Qp
e _ pe (A+¢6)" +(U—96)7) +ug” (A+¢p) 7 +(0—9p)")
ng 1+8) (1 +96)”" +(1=96)") +ug"(1-§) (1+¢p)" +(1-9p)7")
Q¢ Qp
_ M(yc.¢8)
N(pG.¢B)

where M(¢g, ¢p) is the numerator expressed as a function of pg and ¢p and N(¢g, ¢p) is the
denominator expressed as a function of pg and ¢p

Effect of o and ¢ on r¢. How does ¢ vary as a function of ¢p (holding all other parameters
constant) in this economy? Differentiating 7¢ with respect to ¢p

9F¢  NMp — MNg _
305 = 2 > 0, since
Mp = pg’ (=y(1+93) " +y(1—p)™" ™)
=ug’y (1—ep) " ' =(+ep)™"") |
An
Npg=pg'y(1—§) (1—¢p) "' =(1+¢p) 77", and
Ap
NMp — MNp = pug’ g’ vQeAp(1 + &) + ug" ng" yQpAp(l—§)
— g 1wy vReAB(1 —§) — ug" ug yQeAp(l —§)

=2tng g vQeAp > 0.

So the equity premium 7€ is increasing in ¢ g, which means that larger idiosyncratic shocks in the bad
state can help explain the equity premium puzzle.
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How does 7¢ vary as a function of ¢g (holding all other parameters constant) in this economy?
ar¢  NMg — MNg
dog N2
Mg = pg"yAg.

Ne = ng’v(1 +£Ag,  and
NMg — MNg = pug" (1 + §)Qcug vAc + ng’ (1 - §Qpug vAc
— g Qeng vl +EAG — ug" Qg v+ EAc

= —26up" ng vAc Qe < 0.

< 0, since

So the equity premium 7€ is decreasing in ¢g holding ¢p fixed, which means that a larger idiosyncratic
shock in the good state, holding the bad-state idiosyncratic shock fixed, lead to an even larger equity
premium puzzle.

Notice that if oG = ¢p, then

fe he +hg
pg (L+8) +pg"(1-8)

and 7¢ does not depend on ¢p. In other words, the equity premium 7¢ does not depend on the

7

magnitude of the idiosyncratic shocks when ¢ = @p. That is, the equity premium 7¢ does not depend
on the magnitude of idiosyncratic shocks that are the same irrespective of the aggregate state (or more
generally that are distributed independently of the aggregate state).

Econometrician. Suppose an econometrician thought the economy had a representative agent with
utility given by (76). What expression would this econometrician obtain for 7¢? This econometrician
thinks ¢ = ¢p = 0, and so would obtain the expression given in for 7¢. So using equation (77)),
it follows that idiosyncratic shocks with the same distribution across aggregate states do not affect the
equity premium and cannot help explain the equity premium puzzle.

Importance of a continuum of agents. How important is the assumption of a continuum of
agents for the results obtained above? The answer is not very important since it is possible to describe
an economy with a finite number of agents and the same parameters, (g, UB, G, ¢p and y, which
has identical prices for equity and the riskless asset (as in the economy above) whenever the parameter
values for g, wB, G, ¢p and y are the same (as in the economy above).

Consider an economy with two agents each with the same utility function as in a continuous
economy. Each is endowed with consumption at time 0 normalized to 1. There are two possible states
at time 1, G and B, that are equally likely. In state G, one agent receives g (1 + ¢g) and the other
receives g (1 — ¢g). Each agent has a 50% chance of receiving g (1 + ¢g). In state B, one agent
receives ip(l + ¢p) and the other receives up(1 — ¢p). Again, each agent has a 50% chance of
receiving g (1 + ¢p). There are the same two assets as in the economy with the continuum of agents.
Since the first order conditions of the agents and the aggregate quantities are the same as those in the
economy with a continuum of agents, it follows that the prices in this economy are the same as those in
that economy.
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Implications for the equity premium puzzle. To summarize, the model developed in this sub-
section shows the following:

e idiosyncratic uninsurable labor income risk can help the equity premium puzzle if it’s concen-
trated in bad states.

e idiosyncratic uninsurable labor income risk does not effect pricing if it’s independent of the
state of the economy.

e the model’s assumption of a continuum of agents is likely not critical for the first two results.

13.3. Epstein-Zin preferences

CRRA utility. Consider the problem faced an infinitely-lived agent with CRRA preferences:

o0
max E |:Z §TI(1 = 6) ]-}i| ,
T=t

{co,oc 382,
(78) Croor € Fr, Weypr = (Wr — Co)(oc(Rep1 — Ryeq1in) + Rppyr).

cl
-y

subject to

where Ry is the riskfree rate from 7 to T + 1 and R¢41 is a N x 1 vector of risky asset returns
fromttot + 1.
The Bellman equation has the form

clv
11—y

V(We, Fo) = max J(1 = 8)~— + SEV(Wesr, Fern) | | st @),

We know that the solution satisfies
(19 Co=@(F)Wr and a; = a(F),
and we know the form of the value function is
a(FOW, ™ = V(We, Fo).
Define
J(We, Fo) = [(1= )V (We, FI ™7 .
Then it follows that
J(We, Fo) = ¢(Fo)We
and the Bellman equation can be rewritten:

1
J(We, Fr) = max [(1- §)CYY 4 SEJ(Wyg1, Forr)'™? | F]]™ st (7).

E} |

The first-order condition is

C -V
Vi:f,l,...,N:let[5( tCH) Rijt+1
t
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A more general specification. Consider the following more general specification for the Bellman
equation:

1/p
(80) J(We, Fr) = Cmaax [(1 —8)CP + S(E[J W41, Frg1)® |]_—t])p/oz] s.t. (78).

This is the Bellman equation for an infinitely-lived investor with Epstein-Zin preferences. Notice that
when p = o = 1 —, this specification collapses down to the rewritten Bellman equation for the CRRA
case. So power preferences can be regarded as a special case of Epstein-Zin preferences. It can be
shown that for Epstein-Zin prefernces, « = 1 — y, where y is relative risk aversion, and p = 1 — 1/,
where v is the elasticity of intertemporal substitution. So o« = p < y = 1/y as expected.

Preferences for the timing of the resolution of uncertainty. An investor with Epstein-Zin pref-
erences cares about the timing of the resolution of uncertainty:

e o < pory > 1/¢¥ means early resolution of uncertainty is preferred
e a > pory < 1/ means late resolution of uncertainty is preferred.

Here is an example to illustrate this. Consider an investor with Epstein-Zin preferences who
consumes at three dates: 0, 1, and 2. Hold Cy and C; constant and let
c C*  with probability 1,
2 =
d . o 1
C? with probability 5.
Suppose C5 is not known until time 2. Then the agent’s value function at times 1 and 2 can be
written as
1/p

J=[(=8)Cf +8[Lac + (cd)“)]p/a} and

_ 1/
Jo = [(1=8)c§ + s8]

= [a=5)cg +s[a-acf + 53 + )]

respectively.
Suppose instead that C; is known at time 1. Then the agent’s value function at time 1 depends on
consumption at time 2:

je = [a-oep +siener] "’
—[a-5cl +8cC**]"”  and
et =[a-sct + 8(Cd)p]l/p,
and so the agent’s value function at time 0 is given by

, i A a1V
o = [0 =868 + 8 + hich) ]

= [(1 —8)CH +8(L([(1 = §)CP + 8(CH)P1/P + [(1 - §)CP + 5(cd)p]a/p))0/a]“".
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Now J 0> J() iff

S8 = (1 =8)CP)sian(p) > S — (1 =5)CF) sign(p)

<
10/ o uypee/p 4 dypra/pye/e | sign(p)
3 ([(1=8)Cy +8(CHPI¥P +[(1 = 8)Cy + 3(CH)P1*P) gn(p
10/ .
> ((1=5CT +85 (€ +(Ch)*)el ) sign(p)
4
o/a
sign(p)(E [(k1 +5c2")“/p}) > (ky + SB[C2))P/®) sign(p), k1 > 0.
<
sign(p) sign () El(k1 + 8(C§)7/*)%/0) > (ky + SEICS1P/*)*/° sign(p) sign ().
Define
F(C5) = (ky + 8(C5)P/ )P,
Now
(€5 = (k1 + 8(CHyPloyelr 1 Z5(cgyrlat D
o o
= (ki(C5)™P* + 6P~ and
o
75 = (=) da(esy ol + a2 (<) ey,
p o
since
Py P
o __a __P
o« TEp Ty
P o
Jensen’s inequality says that for an arbitrary twice-continuously differentiable function f ),
> >
E[f(@ly=¢ fEl4D <« f'Oy=¢0.
< <
Now define
A . . 1Y
f(€5) = sign(p) sign () £(C3).
Then
71(cs) =
; 1 ; PY(_P ay—p/a a/p—2 oy —p/a—1
sign(p) (@ =) sien (£)(=5) (e e (s .

+ —
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So it follows that

f'O)1=105a p & E[f (CH)] fEIC) & Jo 3=} Jo

prefers early resolution of uncertainty.
agent { does not care about the timing of uncertainty resolution.

prefers late resolution of uncertainty.

This example illustrates how the agent’s preference for the timing of the resolution of uncertainty
depends on the relative magnitude of « and p.

First-order conditions and solution. Suppose the value function can be written

JWis1, Frv1) = ¢ (Fr+1) Wi

and the solution satisfies (79), then the Bellman equation for Epstein-Zin preferences (80) can be
written

@8 ¢(FW, =

max_ [(1=8)p(F)° + 81— 9(F)) (E[@Firn)Rwer)® | FDP 17w,
o (Fr),e(Fr)

——

Q(Fys0)P

since

st. Wip1r = Wi(1 —@(Fy)) (“(]:t)/(Rt—H - R{JrliN) + R{_H) .

Rw 141

The first-order condition for this problem with respect to &; is given by

(82 Elp(Fi+1)*(Rw,+1)* " Re1 — RY i) | Tl = 0,
which shows that e, does not depend on W as conjectured. The first-order condition with respect to ¢
is
83)  (1=8pe(F)*! = dp(1 —(F) "' Q(Friar)” =0,
which can be rewritten
(1= 8eF)"™ =801 — p(F)" ™ QFrier)

o (17‘8)”_1@(%) — (1 - p(F)QF )T

1

o {(%)10 + Q(]:t;a)ﬁ’p‘i| o(Fy) = Q(]:tJOCt)ﬁ
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<

1
84  o(F) = i :

[I‘STSQ(}",;a,)P]m +1

This expression shows that ¢(F;) does not depend on wealth W; as conjectured.
Now to verify the conjectured form of the value function we first substitute (84) into the Bellman
equation (1)) to obtain

JWe F) = [(1 = )@(F)P W, + 8(1 — o(F)P WEQUF )]
= [(1 = 5)p(F)* + 8(1 — p(F)*QFr; )] * W,

_ 241\ e
(1-8) + 8952 [ LraFiar]™

= 1 P
([%Q(ﬂ;a)p] "y 1)

5 \!T% Y
1+(ﬁ) (QFr )T

1 14
(o]

Wi

1/p

== W,

1-6
= (1= 8)YPe(F))F Wi,
as conjectured, with
85)  B(F) = (-8 YPe(F) T .

We have just shown that the form of the value function and the solution are in fact as conjectured.
Next we show how to obtain a representation of the first order conditions for e and ¢ that is often

used in the literature and that is used below to obtain expressions for conditional expected log asset

returns. First, equation (83), which is the first order condition with respect to ¢, can be written as

(1 =8e(F)~" =801 - p(F)’ ' Q(Fria)”,
which can be rewritten as
s
1—-6
Then take equation (82)), which is the first order condition for e, and premultiply by &(F;) to obtain
@) Elp(Fr+D)* Rwar )™ (Rwarr — R, ) | Fi] = 0.

Now (82), and (86) imply
88)  p(F)P VY

a a/p a
86)  p(F)P Vs = ( ) (1= o(F )P D% Bl (FE, ) (Rwas)® | Fi.

1) G Y1 _ .
B (m) (1= @F NV Elp(Frs)*Rwar1)* 'Rigy1 | F]. i=fil.....N.
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Finally substitute into to obtain

e 5 3 e p—1 o—1
p(F) e = (1—_3) E| (=@ 50(Fan) *Rys) 7

Ci/W; Ci+1/W;

a 1—p —_
(1—8)7(Rw,41) ?» *(Rws+1)* ' Rirs1 ]]:z]

=

p—1

o Cir1) » ¢ a=p
(89) 1=67E (c ) (Rw,+1) » Rirs1

t

]-";:|, i=f1,...,N.
Notice that this expression collapses to the CRRA first order condition when p = «.

Log risk free rate and expected log risky asset return. Suppose

Cr+1
gr+1Eln( c ) rwe+1 =In(Rw+1) and  ripy1 = In(Rjr41)
t
are conditionally distributed
2 .
Hg,t Ogr OgWp Ogiyg
2
Normal| | uw, | .| owg,: OW: OWigt ,
Mit Oigyt Oiwt Uiz,t

and let rg; 1 = In(Rppyq).
With these assumptions and definitions, it is possible to obtain closed-form expressions for rr; 4

and
In(B/[Ri 111/ Rpe41) = Belripr1 — el + 307,
Define
0
meiy1 = OIné — Jgt-’-l + (9 — l)rW,H_l,
where
1 —
o= —"
1—1
v

Using the first order condition derived above, we know that exp{m; 41} is the agent’s marginal
rate of substitution which can be used as an sdf. So

E:lexp{mss1 + ris+1}] = 1,
=

exp {E[mi41 + rig1] + 507 M1 + riggalf = 1.
<=

(90) Eelmitr + rigr1] + 507 [mep1] + 5 — 07 [rigsa] + orlmesr.rigp1] = 0.
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Since implies that

1.2
—E¢[me1] — 307 [mev1] = rpeqas

it follows that
Eelrig+1 —rres1] + %Olz[ri,tﬂ] = —0¢[meq1.Ti41).
And finally, since the definition of m;; implies that
6
otlmes1.rip+1] = _Jagi,t + (0 —Dowi,.
it follows that
1.2 0
O Etlrig+1 — g1l + 307, = Eo'gi,z + (1 —=0)owi,.

Setting i = W in equation gives us the following expression for the expected log return on
the agent’s wealth portfolio:

6
92 Edlrwet1 —rrasl + 2od, = ot (1= )0+

Using the definition of 0, it follows that

1

)/__
1-6="-Y

=3

Soif ¢ > 1, then a preference for early resolution of uncertainty (i.e., y > %) implies that the agent
dislikes the volatility associated with the log excess return on her wealth portfolio and so requires
a higher conditional expected log excess return on her wealth portfolio as this volatility increases.
Moreover, consistent with intuition, expression (92) implies that the conditional expected log excess
return on arbitrary asset i is increasing in the conditional covariance of its log excess return with the
log excess return on the agent’s wealth portfolio. Alternately, if ¢ < 1, then a preference for early
resolution of uncertainty (i.e., y > %) implies that the agent likes the volatility associated with the log
excess return on her wealth portfolio and so requires a lower conditional expected log excess return
on her wealth portfolio as this volatility increases. Moreover, consistent with intuition, expression
(92)) implies that the conditional expected log excess return on arbitrary asset i is decreasing in the
conditional covariance of its log excess return with the log excess return on the agent’s wealth portfolio.

It is now possible to obtain an expression for 77,4 in terms of utility parameters, variances,
covariances and (g ;. First, it is possible to express rr; 11 in terms of utility parameters, variances,
covariances, (tg,; and E¢[rw,+1 — rfs41]. Using , we know

rree1 = —Eime] — 307 me1]

6
= =08+ g+ (1= O

162 06— 1)
- E(Pag,, +(0-1)%0%, - 2TU§W’,).
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Subtract (1 — 6)rf,;4 from both sides and divide by 6 to obtain

1 1—-6
rriv1 =—1Ind + Jﬂg,t t—3 E/lrwe+1 = rfes1]

1i02 _1(9—1)2 ) O-1 ,

292l T g Ow.t R Ogw,t:
Now substitute in (92) to obtain
1 16 1-0E—-60) 106-12)\ 2
=—In8+ —figs — =502 2 — =
rf;t+1 n + w/'l'gat 2w20g,t +( 9 2 9 GW,I
1-6060 60-1
+ — + OoW.t
( oy v )g ’
1 16 , 1 5 5 5
:—1H8+Jﬂg,t—§PO’g’t+§0(l+29 —30-0 _1+20)UW,t
1 16 1
=—Iné + s Eﬁog{, + 500 - Doy,

Equity premium and riskfree rate puzzles: CRRA versus Epstein-Zin. We compare how
In(E; Rw,t+1/Rfs+1) and In(Ry, 4 1) change going from CRRA preferences with y = 10 to Epstein—
Zin preferences with y = 10 and ¢ = 1.5. Note that

l—y 1-10 15(1-10) _

0= = —27.
0.5

- T~ 1

- l-13
for Epstein—Zin preferences. This comparison shows how Epstein-Zin preferences can help with the
equity premium puzzle and the risk-free rate puzzle.

First, consider In(E¢[Rw,r+1]/Rfs+1):

0
E-Z: Elrwe+1 —rfee] + %U%V,t = v ew, + (1 — 9)01%1/,,
—27 .
= 15 Oewa + 2804,

= —180gw, + 280%,J

CRRA: Eilrw.i+1—rfe41] + 505, = 100gw,:.

Recall that the equity premium puzzle says that the equity Sharpe ratio is too high using CRRA
preferences and aggregate consumption data moments. Since ow,; > ogw, it follows that

1 2
Eilrwe+1 —rre+1] + 30w,

is much higher for Epstein—Zin than power utility, which means Epstein—Zin preferences can help
explain the equity premium puzzle.
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Second, consider In(R; 4 1):

1 16 , 1 5
E-Z: rﬁt+1 =—1n8+aﬂg5t—§ﬁ0’g’t +§(9_1)0W,t
s 2y 12xa s L,
=—In = ———0,,— =280
3t T a3 Ter T W

2
= —In8+ Jpg, + 607, — Loy,

CRRA:  rfyq1 =—In8+ 10ug; — 5007 ;.

Recall that the risk free rate puzzle says the risk free rate is too low using CRRA preferences and
aggregate consumption data moments.. Since %Mg,t < 10pug,s and O'%V’t > G‘g%,t’ it follows that
rfe+1 18 lower for Epstein—Zin than power preferences, which means Epstein—Zin preferences can
simultaneously help explain the risk free rate puzzle.

13.4. Long run risk model

Model setup. Consider an economy with a representative agent who has Epstein—Zin preferences,
and define g, to be log consumption growth and g; ;+1 to be the log dividend growth of asset i.
Suppose

gr+1 = M+ Xt + 0041,
git+1 = Wi + Pixt + @iousyq,

Xt+1 = pXz +@poer41,

where 141, Us4+1 and e; 41 are iid N[0, 1], with 0 < p < 1. Note that ry ;41 is the return on the total
wealth portfolio whose dividend process equals the aggregate consumption process Cy4 1.

Approximate expression for ry ;1. Let P; be the price of the aggregate consumption series
and define p;+1 = In Pry1, cs4+1 = In(Cy41) and z; = In(P;/Cy). We can use a log linearization of
Ct+1 — Pr+1 around its unconditional mean ¢ — p to derive the approximate relation

(93) Wi+l =Ko +K1Z¢41 — 2t + g1 +1,

where k¢ and «; are linearization constants.
To show this, first note that

fe) ~ f(X) + /@) — %),

and so taking f(x) = In(1 4 exp x), it follows that

exp x

(94) In(1 + expx) = In(1 + exp(¥)) +
1+ exp

—(x — X).
X
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Now
Pry1+ Crqa
rwe+1 = In —p
t

(Pt+1 + Cr41
=In|{——

Pimt ) + pt+1— Pt

= In(1 + exp(¢cs+1 — pr+1)) + Pr+1 — Dt

_ exp(—2) _ )
~ — + In(1 + exp(—=2)) + ——(c — +Z using (94)
Pt+1 — Pt ( p(=2)) 1+ exp(—z)( t+1 — Pt+1 ) g
N ———— —
1-p

1
— oPrs1— pr+1n (;) 4 (L= p)prst + (1= p)ersr — prs1) — (1= p) In(=2)

— —

D=

-1

1
—1In(p) — (1 —p)In (; - 1) +popi+1 + (1 — p)cr41 — pe

——
Ko
=Ko+ p (Pr+1—Cr41) + 41—t — (pr —¢1)
——
K1
=Ko+ K1Zr4+1 + gr+1 — 2t as required.

Pricing the consumption claim. By substituting (93)) into the Epstein—Zin first-order condition
for rw 41, we can show that

95) Zr = Ao + A1xy,

where Ao and A; are constants. Conjecture that (93] holds. Using (89) for i = W, the first-order
condition for Ry ;41 is given by

0
E; [exp ;91n8 - Jg""l + 9rW3,+1}:| = 1.

Substituting in (93), and using the conjectured expression for z; in (93), gives

0 1 0
exp {91115 - EEt[gtH] + O E/rwe+1] + 5012 |:Jgt+1 + 97’W,z+1:|} =1,

0
= 60Iné — E(M +x:) + 01 Et[ze+1]) — 20 + 0+ x1)

1 0
+§o,2 [%077&1 +0(k12s41 + 077t+1)} =0,

=

0
(96) 6Ind — E(M + x¢) + Ok1(Ao + A1pxs) — 0(Ao + Arxy) + 0(1 + x¢)

1,16
+30i EP”H—I + Ok1A1p0es41 + 0oneq | = 0.
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Equation holds as required if the constant terms sum to O and the coefficients on the x; terms sum
to 0. Thus, the conjectured expression for z; in (95)) holds. Collecting the x; terms and setting the sum
of the coefficients to 0 gives

0
——+9K1A1p—9A1 +9 =0

v
=1 ! A(1 )
—— =41l —K1p0),
4
1=—1
= A1 = 1/[,
1 —x1p

which gives an expression for A;. An expression for Ag can be obtained similarly setting the sum of
the constant terms to 0.

Pricing an arbitrary asset i. Let P;; be the price of the ith asset and D; ; be the dividend of the
ith asset. Define z; ; = In(P; s/ D; ). Just as the approximate relation can be shown to hold for
rw,:+1, the following approximate relation can be shown to hold for the return on asset i, r; s +1:

97) Fig+1 = Koi +K1iZig+1 — Ziye + &it+1

By substituting and into the Epstein—Zin first-order condition for r; ;1 and using [95|for z,
we can show that

(98) Ziy = Aoi + A1ixs.

Conjecture that (98) holds. The Epstein—Zin first-order condition for r; ;41 in (89) can be written

0
E; [CXP ;91115 — g8 + (0 — Drwe+1 + ’”i,t+1}i| = 1.

Substituting in (93)) and (97), and using the conjectured expression for z; in (93] and the conjectured
expression for z;; in (O8], gives

0
exp {91115 - EEt grv1+ O —=DE;rwsv1 +Errigta

1 0
+§a’2 [Egt‘“ + (0= Drwer + ”i,t+1:| } =1,

01ns - %(u )+ (0 — k(Ao + Arpre) — (B — 1)(Ao + Arxy)

(99) +(0 — D) (i + x7) + k1i (Aoi + A1ipxs) — Aoi — Arixe + i + ' x;

1 6
+§‘712[J:071t+1 + (0 — Dkr1Arpoery1 + (0 — Dong 41

+K10A1000€1 41 + (Piaut+1i| =0.
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Equation holds as required if the constant terms sum to O and the coefficients on the x; terms sum
to 0. Thus, the conjectured expression for z;; in (98) holds. Collecting the x; terms and setting the
sum of the coefficients to O gives

L
v

0 |
J + (9 — 1)K1A1p— (9 — 1)A1 + (9 — 1) +KA1,‘,O—A1,‘ +¢l — E =0,

= % = Ay (1 — prry).

i 1
v

= A, = —.
1 — pKii

which gives an expression for Ay;. An expression for Ag; can be obtained similarly setting the sum of
the constant terms to 0.

Log risk premium for an arbitrary asset ;. We know that

1 0
E¢lrie+1 —rpeea] + 5051 = Wagi,t + (1= 0)owi.

Now

Fig+1 = Koi +K1iZit+1 — Zie + ie+1
= Koi — Zi,;t +K1iAoi + K1 A1ipXs + Wi + ixXs + K1i@OAries+1 + Qious4y,

and,

IW,i4+1 = Ko + K1Zr+1 — 2t + 8141
=Ko — Zr + k1(Ao + A1Xs41) + 8141
= ko — 2t + k1(Ao + A1(pxt + poery1)) + w+ Xt + 0ne41
=Ko — 2t t k1o + kK1 A1pxe + L+ X + K190A1€141 + ONe 1.

It follows that
ogiy =0
and
owir = K19oA1k1i9oAii,
and thus

1
(100)  E¢[rig+1 —rres1l + Eal%t = (1 — 0)p?k1k1: A1 A1;07

| _ 1L i1
=(1- 9)(,02/<1/<1,~( v )( ¢ v )02.
L —k1p /) \1— pkii
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Log risk premium and Sharpe ratio for market equity. Consider the market equity portfolio
such that i = m, and assume ¢ > 1, as would be expected if equity is a levered claim to consumption.
Assume that the elasticity of substitution ¥ > 1 and relative risk aversion y > 1, which imply that
6 < 0. Given these assumptions, can be used to show that the conditional expected log excess
market return

12
E¢[rm,e+1 =541l + 50m;

is a constant that is increasing in p, the persistence parameter for the state variable, x;. Further, the
conditional market Sharpe ratio

12
Etlrme+1 —Tfe41] + 50m;

2
Omi

is also a constant that does not vary with x; since

2 2
Ot = O [Kim@OAimer+1 + @mous 1]

2,2 42 21,2
= [‘P KlmAlm + (pm](7
is a constant. Thus, expected market equity return and the market Sharpe ratio are not time varying in
this economy, which is counterfactual.
Model with long-run risk in consumption growth volatility. Suppose instead that

gi+1 = M1+ Xt + 0¢Nr+1,
8it+1 = Wi + PiXs + Qr101Us 41,
Xt41 = PX¢ + QOr€r 41,

2 2 2 2
0j41 =0 +vi(o; —0%) + oW1,

where
€r+1

UL N, 1) idd
Ne+1

Wr+1

The relevant state variables for the economy are now x; and 2.
The approximate solution for the price-consumption ratio is

2t = Ao + A1x; + A20},

where A1 is the same as the previous case and

0.56 [(1 - %)2 + A1K1<P]

(1 —x1v1)
The approximate solution for the price-dividend ratio for asset i is

Ay =

2
Ziy = Aoi + A1ixs + Azjo;,
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where A1; is the same as the previous case and A»; is calculated similarly to A;; in the previous case.
Consider the market equity portfolio such that i = m, in this economy. It can be shown that

Eilrmit1 — el + 307 rme+1] = Bm.eAm,e07 + Bmowim,w0g
and

Utz[rmﬂf-i-l] = :Brzn,eo't2 + ‘Pr%zo'tz + /3;%1,11)0—5)’
where

,Bm,w = KimA2m.,

,Bm,e = KimA1m®,

/\m,w = (1 — 9)A2K1,

Ame = (1= 0)A1k10.

Notice that the conditional expected log excess market return
E - 1s2
t[rm.e+1 rf,t+1] + 50
and the conditional market Sharpe ratio

1,2
Etlrme+1 —rfe41] + 30,

2
Om¢

are now both functions of 0 and time-varying. Thus, a version of the model with time-varying and
highly persistent volatility for consumption growth can deliver the market return predictability found
empirically.

13.5. Frictions: Euler equation inequalities

Consider an economy populated by many investors at time ¢ indexed by j in which N + 1 assets

are available. The ith asset offers a return of R: . from 7 to 7 + 1, while the (N + 1)th asset pays a

T+1
riskless return of R{ 4qfromztor + 1.
The j th investor has wealth W/ at time ¢ and is endowed with labor income y; at time 7 for all ©
from ¢ + 1 to T/ when she dies. If T/ > ¢ then the j th investor solves the following problem at time ¢:
o B [T 5]

J—
{ce sar}z=[ !

subject to

Wl =yl + W =) (@) Regr + (1= @) in)R], )

and c{,cc% € Fofort =t,...,T7 — 1. where a is a N x 1 vector of portfolio weights with i th

T’ 1 be the solution to the jth

element, aij, .» the portfolio weight in the ith risky asset. Let {c{ *}r:t

investor’s problem.
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No frictions. Suppose the jth investor reduces ct by Ay € F;, where A; > 0, invests A; more
in asset i, and increases ct +1 by A Rt 41~ Consider

L(Ay) = “(Czj* —Ay) + Et[gu(ct+1 + AIRH-I)]

and

%AA:) — —u/( — Ay) + E,[8u (Ct+1 + AR} )R]
Since {cr } 1 is the solution to the jth investor’s problem, we know that
(101) ‘ﬁ$)=— /) + B’ (]S DRI4] < 0.

Suppose the jth investor increases c, by A; € F;, where A; > 0, invests A; less in asset i, and
reduces ctJrl by A Rthl Consider

L(Ay) = u(c]™ + A + Et[‘su(ct]:l — ARy ]

and
dL(Ax)
dA;

W' (c]* + Ay — awugH AR DR

Since {cr }r : 1 is the solution to the jth investor’s problem, we know that

dL(0 *
100 5D sl B (LR ] <0

Putting (I0T)) and (I02)) together, we obtain

(103) u’(c *) —E/[8u’ (CH_1 t+1] =0¢% [M H_li| =1.

u'(e]™)
Note that in equilibrium holds for all j with 77 > ¢, and is the standard Euler equation that is
derived in earlier chapters. The implication of is that any agent j’s marginal rate of substitution
works as a conditional sdf in the frictionless case and can be used as a one-factor Beta pricing model
that pins down the conditional expected return of asset i.

Short-sale constraints. Suppose there are short-sale constraints in the economy of the following
form: fori € A, aij’r > 0 for all j, and fori ¢ A, aj € Rforall j. Fori ¢ A, the frictionless
analysis goes through and (103) holds. For i € A, the ]th investor can always reduce c, “by A, e Fi,
where A; > 0, and invest A; more in asset ;. But if al ; = 0, she won’t be able to increase c, by
A; € F;, where A; > 0, and invest A; less in asset i. So ( continues holds but (I102)) doesn’t, and
soforalli ¢ A

5u’(ct+1) i|
E; <1
|: el Riy
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It follows that

(104) E, [—Su(ct“) ,H}
u'(c]™)

1 i¢A
<1 ieA.
Note that (104) holds for all j with 77 > ¢ in equilibrium. Moreover, it implies that the marginal rate

of substitution of any agent j can be used to pin down the conditional expected return on any asset
i ¢ A, and to put an upper bound on the conditional expected return on any asseti € A.

Proportional transaction costs. Let p,; be the proportional cost to buy asset i and pg be the
proportional cost to sell asset i. Suppose the j th investor reduces ¢; *by A; € Fy, where A, >0,to
buy A;/(1 + pb) more of asset 7 at 7 and sells this incremental holding at # 4 1, increasing ct +1 by

Ay . .
— R 1—p%).
(1+p§)) t—i—l( Ps)

Consider
j* J* Ar i i
L(Ay) = u(e]™ = Ay) +E |Su( ;o + — Rip1(1 = p5)
1+ pj,

and

dL(At) L , J* At i 1— p
— —_ A+ E |8+ — R (=0} R, ——
A, u'(cy 1) + Eq Tt T

Since {¢]* }r ;1 is the solution to the jth investor’s problem, we know that

dLO) _ 1ol
__ E, | ( )R’ s | <
dAt u (¢; )+ t u t+1 t+1 1 —{—,Olb =
=4
j :
105y g | i) e 1o 1E
w(e*y T T 1=ph

Suppose the jth investor increases ct * by A, € Fi, where A; > 0, by selling A;/(1 — ps) of
asset 7 and then buys it back at r 4 1, reducing ct +1 by

Ay
(1—p)

Consider

RL (14 pL).

A . .
L(A;) = “(C *+ A+ E, [5”( t+17 7 _tpi Ryt (1+ PZ))}

s

and

dL(A;) - |
an, u'(c]™ + Ar) —E |:8u'(ctjj:l -

Ay 1+ pf
Rl 1 + Rl b
pi t+1( Pb)) T i
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Since {c{ *}Z;t_l is the solution to the jth investor’s problem, we know that

dL(0) . 1+pb
A, =u'(c]") - E |:8u (ct_H)R,Jr11 <0

S

<
/ 1 _ i
(106)  E [ (Cf“)Rm} > b
( Cy ) I+ Pp
Combining (T03) and (T06) gives
1—pt 8 1+ p,
T et ey LA AV PV Ol
I+ pp w (/")
Note that (107) holds for all j with T/ > ¢ in equilibrium, and can be used to put upper and lower

bounds on the conditional expected return for asset i given the marginal rate of substitution of any
agent j.

Discussion. First, note that frictions cause Euler equation equalities to become inequalities. The
implication is that the marginal rates of substitution of agents need not be sdfs in economies with
frictions. Second, the perturbation argument used to obtain the Euler equation inequalities is applied to
a holding period equal to 1 period, but the same arguments and resulting inequalities can be obtained
for any holding period.

13.6. An equilibrium pricing model with illiquidity

Model setup. The setup is an overlapping generations economy in which a new generation of N
agents indexed by #n is born at each time ¢ € {...,—2,1,0,1,2,...}. Agent n born at ¢ receives an
endowment at ¢ of e, trades at # and 7 + 1 and derives CARA utility from W/, |, the wealth of agent
n available for consumption at time ¢ + 1: i.e, the agent cares about — E;[exp{—A" W/, | }] where A"
is agent n’s constant abolute risk aversion coefficient.

There are I securities indexed by i, with S? shares of security i. Security i pays a dividend of D;
at ¢, has an ex-dividend price at ¢ of P,i and has an illiquidity cost at ¢ of C/, where Cti is the per-share
cost of selling security i at time ¢; i.e. agents can buy at P}, but must sell at Pti — C,i . Agents can
borrow and lend at a riskless rate r/ > 1.

Let

D! c} P} St
Di=| |, G=|: ]|, Pr=|:], §=]:
H cl r/ St
Assume D; and C; are AR(1) processes,
D; =D +p”(D;-1 — D) + &,

(108) _ c -
C:=CH+p " (Ci—1 —C) + 14,

where D and C are positive I x 1 vectors, p, p¢ € [0, 1], and &,, §; ~ Normal with E[e;] = E[y;] =
0, var[e;] = P, var[y,] = =€ and E[e,n}] = =PC.
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Discussion.

e It is restrictive that agents must sell after one period: this magnifies the effect of the illiquidity
cost on expected returns. Agents who live for many periods would hold assets for more than
one period to avoid paying the illiquidity cost every period.

e The illiquidity cost can go negative which is undesirable.

e Perhaps we can generalize scalar pP to matrix p? and scalar p© to matrix p€ .

IxI IxI
Competitive equilibrium. Conjecture that

(109) Pt :Y+bDDt—bCCt

for scalars bp and bc, which means P is normally distributed conditional on D; and Cy. It follows
that the problem of agent n born at time ¢ can be written as

rr;z}lx {E W/l - %AnUZ[ )
t
N x1

subject to
WP = (Pry1+ Dip1 — Cogr) y? + 17 (e — Ply™).
The first-order condition is
v = %(UE[PH—I + Doyt — Cop1) T Ee[Pigr + Do — Copa] =17 Py).

In equilibrium,

N
Yoy =5,
n=1

which implies

1
(110) Pt = % [Ei[Pry1 + Dig1 = Crna] = A07 [Py + Doy — Crpa] S

n=1

where

Substituting (T08)) and (109) into (T10]), we obtain

1 _ _ _ _
Y +bpD; =bcCr = —Z[Y +bp(D + pP(D; = D)) + D + p° (D; — D)

—bc(C + pC(C = C)) = C — p€(C, — C) — Actlbpe, — bene + & — 1:]S -
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Collecting terms, we find

bD=L[bDPD+pD]:>bD= o
rf rf_pD’
bc = i[bC,OC +p°] = bc = o
rf rf_pC’
L (rfa=p®) s rfa=p% = o 1t r!
Y_rf_l( o D C o [rf_pD€’+rf_pC"’]S ,

which confirms the conjecture. Any investor # born at ¢ holds a fraction A/A" > 0 of the market
portfolio S, so all investors hold the market portfolio in equilibrium, which does not require short
selling.

Expected returns. Let

Diiq+ Pl

1
Fiiqg = -
t+1 Ptl
be security i’s gross return from ¢ to ¢ + 1,
i
ci _ Ct+1
t+1 — i
Py

be the relative illiquidity cost of holding security i from ¢ tot + 1,
I o .
Mo 2i=1S Dy + Py
rt+1 - I D
di=1 5P,
be the market portfolio’s gross return from ¢ to ¢ + 1, and
1 i1
Mo >i=15'Cipy
T xlsie
be the relative illiquidity of holding the market portfolio from # to ¢ + 1.

All agents are holding mean-variance efficient portfolios net of illiquidity costs, so it follows that
the conditional expected net return of security 7 is given by

i i M
covy[ripy = Cqrs Ty — €l

Et[rzi+1 —c§+1] =r/ 4+

’

var; [rt]‘flIrl — C%_l]

where A; = E; [rtj‘flH — ci‘f’H —rf ] is the risk premium, which is > 0, since the market is mean-variance
efficient. The conditional expected gross return of security i is given by

E[ri ) =r +Eelcl ]+ Arcove[riy, rM ]+ A coveel, ), My ]
— A covt[rfﬂ,c’ﬁl] — Arcovelep g, rtA:Ii-l]’

where

~ )Lt
At = >0
M M :

varg[rh ) — ;0]

There are three sources of illiquidity risk:
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. cov,[c;' Y1 cﬁl] which investors dislike, so the risk premium is > 0.
® cove[riyq, ct]‘_lH] which investors like, so the risk premium is < 0.
e covelciy g, r%_l] which investors like, so the risk premium is < 0.
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