316-466 Monetary Economics — Midsemester Solutions
1. Welfare costs of inflation. (30 marks).

(a) (5 marks). The Lagrangian for this problem can be written

L= Z@ U (ct, ) +Z>\t P+ M, + B, — T, — Picy — My 1 — qBisa)
t=0
The key FONC include, for choice of consumption, money, and bonds,
gt (C;tmt> Y
5ty + A1 = M
Ar1 = MG

Combining these gives
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Using the definition of the net nominal interest rate, the latter implies

Um(ctamt) _ iy
Uc(ct,mt) 1 + it

so that the MRS between real balances and consumption is set equal to the
opportunity cost i;/(1 + i) of holding money (instead of nominal bonds).

(b) (5 marks). Given the definition of the utility function,

vtom - o ([ (@) 1) oo

the marginal utilities are
o) - [ (@] ()
vtem) = [ee (T)] [0 (T) ¢ (T) 7

Taking ratios of these two marginal utilities and simplifying
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(c¢) (5 marks). Steady state welfare is maximized when U(1,m) is maximized, i.e.,

when U,,(1,m) = 0 (since U(1,m) is strictly concave in m, the maximum problem
is completely characterized by the necessary first order condition). But given the
demand for money condition,

Un(1,m) _ ¢’ (m) _ ¢t

U(l,m)  o(m)—¢ (m)m 1+

and that the marginal utility of consumption is strictly positive for all m, welfare
is maximized when i = 0. The m* solves

@ (m*) =0

(d) (5 marks). Let

Then
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Using the first order condition for money demand evaluated at (¢, m) = (1,m),
i @' (m) B
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Hence

~1/2
m = B'/? ( ) = (1)
Clearly, m 1(0) = +oo. Since ¢ (M*) = ¢(oc0) = 1, we have
Ul,m*) = U(1,00)
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(5 marks). Let w(7) solve
Ul 4+ w(i),m(i)] =U(1,m*) =0

where



Given the assumed utility function,
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Now using the assumed functional form for ¢ (), this is equivalent to requiring

1
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(f) (5 marks). Let B = 0.0018. Then for i = 0.1,

0.1\ 2 0.1\ V2
m(0.1) = BY? (—) = (0.0018)*/2 (ﬁ) = 0.1406

=) =

1.1
B B 0.0018
m(0.1) — B 0.1406 — 0.0018

w(0.1) = = 0.01296
This is a welfare cost of 1.3% of steady state consumption.

2. Asset pricing — Hansen-Jagannathan bounds. (30 marks).

(a) (2 marks). The asset returns satisfy

U'(cy1)
1 = E ¢
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U'(ces1) pr
1 = E
t{ﬁ U'(c,) Ry
Subtracting one from the other,

0=E, {6(@(,?;3) (R~ R{H]}

Taking unconditional expectations on both sides,

0 = E{E [ﬁUl’](fgg;)(Ral—Rfﬂﬂ}
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(b) (8 marks). Let Ry = Ry, | — R{H and my1 = BU'(¢41)/U'(¢¢). Then

0 = F {mt+1Rt+1}
= E{mi1fE{ Ry} + Cov{myyr, Riqa}
E{mt+1}E {Rt—I—l} + Corr{mtﬂ, Rt+1}Std{mt+1}Std{Rt+1}



because Cov(X,Y) = E(XY)—E(X)E(Y) and corr(X,Y) = Cov(X,Y)/(Std(X)Std(Y")).

Rearranging,
E{Ry.} Std{my1}
—————— = —Corr{my1, Rpy1}———
(A1) s e )

(c¢) (5 marks). Since the correlation coefficient must satisfy —1 <corr{my 1, R;11} <1
and the Sharpe ratio of the equity premium is

E{Riap 1
Std{Rina] 2

we must have
1 E{m}
2 Std{mt+1}
1 E{mia}
2 Std{mt+1}
Hence
Std{mt+1} 4
E{mt+1} - 2
Std{mt+1} > l
E{mt+1} - 2
Hence m = 0.5 and m = 4+o00. The standard deviation of the SDF has to be at
least half as large as its mean.

= Corr{my1, Ri+1} <1

Corr{mys1, Ry11} > —1

(d) (3 marks). The conditional mean of the stochastic discount factor must satisfy
1 =E; {mt+1Rf+1} = Ey{miy1} R{—H

since R} 41 is risk free. Hence

1
E, {mt+1} = Rf ;
t+

and
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If the average safe return is about E{R] 414 = 1.01, then the mean of the risk free
rate must be (to a first order approximation) 1/1.01 = 0.99.

(e) (5 marks). With CRRA preferences,

U'(cy t -
M1 = 3 Ugic:)l) =0 (Cc_:l) = Bexp (—yAlogciyq)

SO

Std{me1} = Po{exp (—yAlogci)}



(f) (7 marks). This answer goes some way beyond what I expected, which was ba-
sically "~y has to be huge". A (very crude) first order approximation comes in
handy. Suppose we write

exp (—YT¢y1) ~ exp (—yT) — yexp (—7T) (T441 — T)

where z;.; = Alogeyq is consumption growth and & = E{Alogcyq} is its
unconditional mean. Then taking variances on both sides
Var{exp (—yzi41)} =~ Var{exp(—72)} + Var{yexp (—2) (2141 — 7)}
= ~?exp(—277) Var{z, 1}

Hence

Std{exp (—yzi11)} = +/Var{exp(—yzi 1)}
~ ~vexp(—yZ)/ Var{x;1} = yexp (—yZ) Std{x+1}

or

Std{mq1} = BStd{exp (—yAlog 1)} =~ Byexp (—yE{Alogcei1}) Std{Alog cri1}

If the standard deviation of consumption growth is about Std{Alog ¢4} = 0.01,
the mean of consumption growth is F{Alogc;1} = 0.02 and 5 = 1, then the
standard deviation of the SDF as a function of v is approximately

Std{my11}(y) =~ v exp(—7(0.02))0.01

This is a strictly concave function in v that reaches a maximum at around v = 50
where

Std{my.1}(50) ~ 0.1839

Since the standard deviation of the SDF has to be at least half as large as its mean
(which is about 0.99, see part d) above) this theory does a bad job of reconciling
consumption and asset returns data. (I have under-sold it a little with the linear
approximation above, but not much — even with second order terms thrown in,
it takes a huge value of risk aversion to bring Std{m;.1} up to values that lie
inside the bound). This is a huge problem for consumption-based asset pricing
models. In short, consumption is way too smooth to explain the volatility of the
SDF that would explain a sizeable equity risk premium.

3. Monetary economics with linear production (30 marks).

(a) (2 marks). The FONC that characterizes interior solutions to the firm’s problem
can be written

wt(st) - P,(st)

The real wage w;(s') is equal to labor productivity.
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(b) (5 marks). The Lagrangian can be written

- Y s ) L )] 6 )
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where \;(s') > 0 denotes the Lagrange multiplier for date ¢ given history s’. The
key FONC are, for consumption, money, labor supply, and state contingent bonds,

1 Uea(s")

M) = B )
Aw>:5%&Mww+zmww>
M) = B )

a(s', SIN(s") = Aa(s, )

where I use the short-hand notation U.;(s") = U.[ci(s"), ms(s"), £:(s")] (and so on).
These first order conditions can be re-written

Ung(s')  ig(s)
Uet(s) 1+ i(s!)
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These are, respectively, conditions governing money demand, labor supply, the
pricing of one-period state contingent bonds and the determination of the safe
nominal interest rate.

(c) (5 marks). As above,

ct Pt(st) !
= Sute = S i 1

1+Zt St

is the price of a safe nominal bond (that pays one unit of account — say $1 —
irrespective of the state s’ that realizes at date ¢ 4+ 1). This bond is not safe in
real terms, there is inflation risk.



(d) (8 marks). The non-stochastic steady state has money and prices growing at
constant rate 7t such that real balances are constant

b= (1+70)P
M, = (1+7) M

where M, is a known initial condition but where F, is an endogenous variable
that has to be determined. The real interest rate satisfies

_ 1 1+7
1+7=—-= —
5 1+m
Hence the real interest rate is equal to the rate of time preference and the nominal
interest rate is the real rate plus inflation

1+7 =

— @] =

1+p
&4

The real wage rate is simply

=|

1+7 =

w=A
The household’s FONC can be written
Un(€,m,1—n)  ~y/m 7 1)
Ude,m,1—n) — 1/c  1+7
Ui(c,m,1 —n) n/(l—n)
_ S/ 2
Uc(e,m,1—n) 1/¢c v 2)

We already know what 7 and w are. To solve for the triple (¢, m,n), we need one
more equation. The required condition is goods market clearing

j=¢c=An (3)
We can now solve for steady state labor n by plugging (3) into (2) to get
nAn = (1—-n)w=(1-n)A
The A cancel from each side and we are left with
1

n=_—

T+n
Hence from (3), we have output and consumption
-1

y=c=A——

I+n
We can now solve for real balances m by plugging this into (1) to get
t 1 (14+47a—=F\1+7
c 1+7 A

A
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Hence

1+1  ~A
1+n—pB14+n

m =

Finally, we can solve for the initial price level F, using

Ml (1 +,B)M0

Rz

m
so that

= (50) = aenara-0 (23)

(e) (10 marks). The log-linear model can be written

mt = —7”]’215 —+ ét
Et{ét+1 - ét} = 1 — Et{ﬁ—t+1}
M1 = My + [l — T
W = A
& = Gr=A+ My
n, = 0

plus the exogenous shocks. In this system, the constant 1 comes from the log-
linearization. It is given by n = (1 + 7)/2*> where 7 is the steady state nominal
interest rate that we’ve already solved for. The key property of this model is that
the labor supply in equilibrium is constant in and out of steady state. To see this,
note that with the assumed preferences, the labor supply FONC can always be

written
n/(1—ny)
—_— = A
/e Wy ¢
or
771 “ =w, = A

Goods market clearing requires

Y= = Ay
Hence
Ay
=w, = A
1-— Ty

So n; is a constant always

1
ng = ——

1+n



and its log deviation is of course n; = 0. This model reduces exactly to that stud-
ied in Homework #2 with the technology shocks playing the role of endowment
shocks.

In equilibrium, with ¢ = A, and with Et{/ALH,l} =p AAt, these equations can be
simplified to

’ﬁ’Lt = —Tﬁt + At (4)
(pa— DA = i — E{fteia} (5)
M1 = My + ﬂt+1 — Tt1 (6)

These equations describe a linear rational expectations model in a single endoge-
nous state variable m;. If we can find a solution for 7; in terms of the exogenous
state variables A; and i, we’ll be done. To do this, begin by rewriting (6) as

T = —(Mepr — 1) + [l
Taking conditional expectations on both sides gives
Ef{frint = B — iut + puiy
This then implies from the bond pricing Euler equation
(pa — DA =i + E{riv 1 — i} — pisy
Use the money demand condition (4) to eliminate the nominal interest rate gives

A 1/~ . ~ R . R
(pa — DA = 5 (At - mt) + A+ E{iigg — iy} — Pty

And simplifying gives

~ n ~ “
my = E{m + z
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This is a linear stochastic difference equation in one unknown variable m; with
exogenous forcing process ;. Once we've solved it, we're largely done. By iter-
ating forwards recursively and imposing the transversality condition, it’s easy to
show that the unique bounded solution to this stochastic difference equation is

. 1~ 1\ .
my = Et{1+775§_o (1_“7) 33t+s}
" o~ n Y [n@=p)+1; A
- E ) Appy —
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s=0

Although this constitutes a solution to the difference equation and allows us to
calculate lots of things, it’s a little more attractive to simplify this answer by using



the linear nature of the shock processes to compute the conditional expectations.
Noting that

Et{AH-s} = pHU
Et{ﬂu-s} = P,i/lt

and computing the infinite sums gives
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This gives the endogenous state variable m; as a function of the exogenous state
variables A, and i1, Relatively high money growth reduces real balances through
the expected inflation channel. Relatively high output increases money demand.
Plugging this result back into the equations above allows us to solve for other
endogenous variables, in this case, nominal interest rates and inflation

Tepr = — (Mg — M) + iy
A A . PN N .
= —(Apr — Ap) F gy — Hn“—_p}m(ﬁbt — fly 1)
This implies
Biffin} = (1—pa) A+ —2
L+n—=p,m

The first of these terms is just the expected growth rate of output, while the
second is the expected growth rate of nominal money adjusted for changes in real
balances. Notice that this implies

o= (pa— DA+ E{fren}
S T
L+n—pmn "

so the nominal interest rate just depends on money growth via expected inflation.

CHRIS EDMOND, 15 OCTOBER 2003
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