
316-466 Monetary Economics – Homework 3 Solutions

1. Plugging the final good firm’s production function into its objective gives

P̄t(s
t)

·Z 1

0

yt(i, s
t)θdi

¸1/θ
−
Z 1

0

Pt(i, s
t−1)yt(i, st)di

The key FONC associated with this maximization problem is

0 = P̄t(s
t)
1

θ

·Z 1

0

yt(i, s
t)θdi

¸(1−θ)/θ
θyt(i, s

t)θ−1 − Pt(i, s
t−1)

Simplifying and using the definition of yt(st) gives

yt(s
t)θ−1yt(i, st)θ−1 =

Pt(i, s
t−1)

P̄t(st)

Hence

(1) yt(i, s
t) =

·
P̄t(s

t)

Pt(i, st−1)

¸1/(1−θ)
yt(s

t)

The demand for intermediate i is decreasing in the real relative price Pt(i, s
t−1)/P̄t(s

t)
and has constant elasticity −1/(1− θ), i.e.,

log[yt(i, s
t)] = − 1

1− θ
log

·
Pt(i, s

t−1)
P̄t(st)

¸
+ log[yt(s

t)]

The ratio Pt(i, s
t−1)/P̄t(s

t) is a real relative price since both numerator and denom-
inator are measured in units of account. Notice that as θ % 1, the price elasticity
of demand goes to −∞. As the intermediate goods become perfect substitutes, any
increase in the relative price charged by an intermediate firm will cause the demand
for its product to plummet to zero.

Now plugging the demand curve (1) into the zero profits condition gives

0 = P̄t(s
t)yt(s

t)−
Z 1

0

Pt(i, s
t−1)

µ
P̄t(s

t)

Pt(i, st−1)

¶1/(1−θ)
yt(s

t)di

=

·
P̄t(s

t)− P̄t(s
t)1/(1−θ)

Z 1

0

Pt(i, s
t−1)−θ/(1−θ)di

¸
yt(s

t)

Hence for any scale of operations yt(st) > 0, the ideal price index must satisfy

0 = P̄t(s
t)− P̄t(s

t)1/(1−θ)
Z 1

0

Pt(i, s
t−1)−θ/(1−θ)di

or

P̄t(s
t)θ/(θ−1) =

Z 1

0

Pt(i, s
t−1)θ/(θ−1)di

or

P̄t(s
t) =

µZ 1

0

Pt(i, s
t−1)θ/(θ−1)di

¶(θ−1)/θ
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2. Since the cost minimization problem is static, let me write it as

v(i) = min
k(i),n(i)

©
rk(i) + wn(i) | 1 = k(i)αn(i)1−α

ª
The key FONC for this problem include

w = λ(i)(1− α)k(i)αn(i)−α

r = λ(i)αk(i)α−1n(i)1−α

where λ(i) denotes the Lagrange multiplier associated with the constraint 1 = k(i)αn(i)1−α.
Hence:

w

r
=
1− α

α

k(i)αn(i)−α

k(i)α−1n(i)1−α
=
1− α

α

k(i)

n(i)

Since the factor prices (w, r) are common to all firms and the production function has
constant returns, the capital labor ratios are identical across intermediate firms

k(i)

n(i)
=

k(0)

n(0)
=

α

1− α

w

r
all i ∈ [0, 1]

This in turn implies that the Lagrange multipliers are the same across intermediate
firms, since

λ(i) = w
1

1− α

µ
n(i)

k(i)

¶α

= w
1

1− α

µ
n(0)

k(0)

¶α

= λ(0) all i ∈ [0, 1]

Now multiplying the FONC by n(i) and k(i) (respectively) and summing up gives

v(i) = rk(i) + wn(i) = λ(i)[αk(i)αn(i)1−α + (1− α)k(i)αn(i)1−α]

= λ(i)k(i)αn(i)1−α

= λ(i)

But since λ(i) = λ(0) all i, we now know v(i) = v(0) all i too.

3. Plugging the demand function (1) into the intermediate’s objective function and writing
xt(= Pt(i, s

t−1)) for the single object of choice gives

max
xt

t+N−1X
τ=t

X
sτ

Qτ,t−1
¡
sτ |st−1¢ [xt − P̄τ (s

τ )vτ(s
τ)]

µ
P̄τ(s

τ)

xt

¶1/(1−θ)
yτ (s

τ )

The FONC for this problem is

0 =
t+N−1X
τ=t

X
sτ

Qτ,t−1
¡
sτ |st−1¢(µ P̄τ(s

τ)

xt

¶1/(1−θ)
+

1

1− θ
[xt − P̄τ(s

τ)vτ(s
τ)]

µ
P̄τ(s

τ)

xt

¶1/(1−θ)
1

xt

)
yτ (s

τ )
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The common term in (1/xt)1/(1−θ) can be divided out of both sides and we can simplify
to get

θxt

t+N−1X
τ=t

X
sτ

Qτ,t−1
¡
sτ |st−1¢ P̄τ(s

τ)1/(1−θ)yτ (sτ )

=
t+N−1X
τ=t

X
sτ

Qτ,t−1
¡
sτ |st−1¢ P̄τ(s

τ)(2−θ)/(1−θ)vτ(sτ)yτ (sτ)

or

Pt(i, s
t−1) = xt =

1

θ

Pt+N−1
τ=t

P
sτ Qτ,t−1 (sτ |st−1) P̄τ (s

τ )(2−θ)/(1−θ)vτ(sτ)yτ(sτ)Pt+N−1
τ=t

P
sτ Qτ,t−1 (sτ |st−1) P̄τ (sτ )1/(1−θ)yτ(sτ)

This is the natural dynamic stochastic generalization of a constant 1/θ markup of price
over marginal cost. Consider the special case when N = 1 so that firms are setting
prices every period. Then

Pt(i, s
t−1) =

1

θ

Pt
τ=t

P
sτ Qτ,t−1 (sτ |st−1) P̄τ(s

τ)(2−θ)/(1−θ)vτ(sτ)yτ(sτ)Pt
τ=t

P
sτ Qτ,t−1 (sτ |st−1) P̄τ(sτ)1/(1−θ)yτ(sτ )

=
1

θ

Qt,t−1 (st|st−1) P̄t(s
t)(2−θ)/(1−θ)vt(st)yt(st)

Qt,t−1 (st|st−1) P̄t(st)1/(1−θ)yt(st)

=
1

θ
P̄t(s

t)vt(s
t)

so that in this case, we have the usual constant markup rule for a monopolist facing a
constant elasticity demand curve. Price is a constant markup over nominal marginal
cost, P̄t(s

t)vt(s
t). With N symmetric groups setting their prices in this fashion, the

ideal price index can be written

P̄t(s
t) =

µZ 1

0

Pt(i, s
t−1)θ/(θ−1)di

¶(θ−1)/θ

=

Ã
1

N

NX
i=1

Pt−i+1(st−i)θ/(θ−1)
!(θ−1)/θ

(i.e., within each group of firms, all firms set the same price).

4. The consumer’s income in any date and state consists of nominal wage income, rental
income on capital (which depreciates at rate δ), money held over from the previous
period, payments from any holdings of the Arrow security for state st as well as lump
sum profits from intermediate firms (which the consumer implicitly owns) less lump-
sum taxes paid to the government. She can spend this income on consumption of the
final good, or can choose various assets to save with – specifically, physical capital,
money, and a complete set of state contingent nominal bonds.
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5. The Lagrangian for the consumer’s problem can be written

L =
∞X
t=0

X
st

½
βtU

µ
ct(s

t),
Mt+1(s

t)

Pt(st)
, 1− nt(s

t)

¶
f(st | s0)

+λt(s
t)
©
P̄t(s

t)[wt(s
t)nt(s

t) + (rt(s
t) + 1− δ)kt(s

t−1)] +Mt(s
t−1) +Bt(s

t−1, st)

+ Πt(s
t)− Tt(s

t)− P̄t(s
t)[ct(s

t) + kt+1(s
t)]−Mt+1(s

t)−
X
s0

Qt+1,t(s
t, s0)Bt+1(s

t, s0)

)

where λt(st) ≥ 0 denotes the Lagrange multiplier for date t given history st. The key
FONC are

ct(s
t) : λt(s

t) = βt
Uc,t(s

t)

P̄t(st)
f(st | s0)(2)

Mt+1(s
t) : λt(s

t) = βt
Um,t(s

t)

P̄t(st)
f(st | s0) +

X
s0

λt+1(s
t, s0)(3)

nt(s
t) : wt(s

t)λt(s
t) = βt

Uc,t(s
t)

P̄t(st)
f(st | s0)(4)

kt+1(s
t) : P̄t(s

t)λt(s
t) =

X
s0

P̄t+1(s
t, s0)λt+1(st, s0)[rt+1(st+1, s0) + 1− δ](5)

Bt+1(s
t, s0) : Qt+1,t(s

t, s0)λt(st) = λt+1(s
t, s0)(6)

Combining (2) and (4) gives the MRS between leisure and consumption equal to the
real wage rate. This determines labor supply

Uc,t(s
t)

Uc,t(st)
= wt(s

t)

Combining (3) with (2) at dates t and t + 1 gives the MRS between real balances
and consumption equal to the opportunity cost of holding money. This particular
expression is often used to highlight the analogy between real balances and a durable
consumption good

βt
[Uc,t(s

t)− Um,t(s
t)]

P̄t(st)
f(st | s0) =

X
s0

βt+1
Uc,t+1(s

t, s0)
P̄t+1(st, s0)

f(st, s0 | s0)

or

Uc,t(s
t)− Um,t(s

t) = β
X
s0

Uc,t+1(s
t, s0)

P̄t(s
t)

P̄t+1(st, s0)
f(s0 | st)

Combining (5) with (2) at dates t and t + 1 gives the standard capital accumulation
condition

Uc,t(s
t) = β

X
s0

Uc,t+1(s
t, s0)[rt+1(st, s0) + 1− δ]f(s0 | st)

4



Now writing Qτ,t(s
τ |st) for the price at date t state st of a unit of account delivered in

date τ > t state sτ , we have the following relationship with the one-period intertem-
poral prices

Qτ,t(s
τ |st) = Qτ,τ−1(sτ−1, sτ)× · · · ×Qt+2,t+1(s

t+1, st+2)×Qt+1,t(s
t, st+1)

=
λτ (s

τ−1, sτ )
λτ−1(sτ−1)

× · · · × λt+2(s
t+1, st+2)

λt+1(st+1)
× λt+1(s

t, st+1)

λt(st)

=
λτ (s

τ−1, sτ )
λt(st)

= βτ−t
Uc,τ (s

τ)

Uc,t(st)

P̄t(s
t)

P̄τ(sτ)
f(sτ | st), τ > t

where the last equality follows by using (2) to eliminate the Lagrange multipliers.
[There was a typo in the problem set. The transitional probabilities f(sτ | st) were
missing from the expression for Qτ,t(s

τ |st)].
6. The equilibrium conditions

kt(s
t−1) =

Z 1

0

kt(i, s
t)di

nt(s
t) =

Z 1

0

nt(i, s
t)di

ct(s
t) + kt+1(s

t) = yt(s
t) + (1− δ)kt(s

t−1)

Mt+1(s
t) = Mt+1(s

t)

Bt+1(s
t, s0) = 0

require that i) the supply of capital equals the demand for capital by intermediate
firms, ii) the supply of labor equal the demand for labor by intermediate firms, iii) the
final goods market clears, iv) that money supply equal money demand, v) that bonds
are in zero net supply.

7. Integrate the intermediate demand curves over i to get

Z 1

0

yt(i, s
t)di =

Z 1

0

µ
P̄t(s

t)

Pt(i, st−1)

¶1/(1−θ)
yt(s

t)di

= P̄t(s
t)1/(1−θ)

µZ 1

0

Pt(i, s
t−1)1/(θ−1)di

¶
yt(s

t)
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Now the production function for an intermediate is

yt(i, s
t) =

µ
kt(i, s

t)

nt(i, st)

¶α

nt(i, s
t)(7)

=

µ
kt(0, s

t)

nt(0, st)

¶α

nt(i, s
t)

where the second equality follows because all intermediates use the same capital/labor
ratio. Hence integrating over i givesZ 1

0

yt(i, s
t)di =

µ
kt(0, s

t)

nt(0, st)

¶α Z 1

0

nt(i, s
t)di(8)

=

µ
kt(0, s

t)

nt(0, st)

¶α

nt(s
t)

where the second equality makes use of labor market clearing. Now if the intermediate
firms all use the same capital labor ratio – κ, say – then

κ =
kt(i, s

t)

nt(i, st)
=

kt(0, s
t)

nt(0, st)
all i ∈ [0, 1]

hence

kt(i, s
t) = κnt(i, s

t) all i ∈ [0, 1]
and so on integrating both sidesZ 1

0

kt(i, s
t)di = κ

Z 1

0

nt(i, s
t)di

meaning we can conclude

(9)
µ
kt(0, s

t)

nt(0, st)

¶α

= κα =

ÃR 1
0
kt(i, s

t)diR 1
0
nt(i, st)di

!α

=

µ
kt(s

t−1)
nt(st)

¶α

where the last equality follows from capital and labor market clearing. Putting (9)
into (8) and then combining this with (7) gives

(10)
Z 1

0

yt(i, s
t)di =

µ
kt(s

t−1)
nt(st)

¶α

nt(s
t) = P̄t(s

t)1/(1−θ)
µZ 1

0

Pt(i, s
t−1)1/(θ−1)di

¶
yt(s

t)

Hence we conclude the relationship between aggregate output and the aggregate inputs
is given by

yt(s
t) = At(s

t)kt(s
t−1)αnt(st)1−α

At(s
t) ≡ P̄t(s

t)1/(θ−1)R 1
0
Pt(i, st−1)1/(θ−1)di

6



The indexAt(s
t) is a measure of the distortion created by monopolistic competition and

price setting. For a given amount of aggregate capital and labor, this economy produces
less output than would be produced under perfect competition. (Each monopolistic
competitor has P greater than MR so as to extract some economic rents from the final
goods firms that demand their product).

8. Let N = 2 and α = 0 (only labor is used in production). With N = 2, the ideal price
index is

P̄t(s
t) =

µ
1

2
Pt(s

t−1)θ/(θ−1) +
1

2
Pt−1(st−2)θ/(θ−1)

¶(θ−1)/θ
(a) Non-stochastic steady state. We will need the following derivatives. Writing

the period utility function as

U(c,m, c) =
1

1− σ

n£
ωc(η−1)/η + (1− ω)m(η−1)/η¤η/(η−1) cψo1−σ

=
1

1− σ

©
Φ(c,m)cψ

ª1−σ
we have

Uc(c,m, 1− n) =
©
Φ(c,m)}−σ{(1− n)ψ

ª1−σ
Φc(c,m)

Um(c,m, 1− n) =
©
Φ(c,m)}−σ{(1− n)ψ

ª1−σ
Φm(c,m)

Uc(c,m, 1− n) = ψ{Φ(c,m)}1−σ{(1− n)ψ(1−σ)−1}
where

Φc(c,m) = ω
£
ωc(η−1)/η + (1− ω)m(η−1)/η¤1/(η−1) c−1/η

= ωΦ(c,m)1/ηc−1/η

Φm(c,m) = (1− ω)
£
ωc(η−1)/η + (1− ω)m(η−1)/η¤1/(η−1)m−1/η

= (1− ω)Φ(c,m)1/ηm−1/η

The symmetric non-stochastic steady state studied by CKM has zero inflation.
Hence the nominal interest rate equals the real interest rate which is given by

ı̄ = r̄ =
1− β

β

In this zero inflation equilibrium, the nominal money supply and price levels
are constant at M0 and P̄ respectively. There are two groups of intermediate
producers (N = 2) which set prices P0 and P−1 to satisfy

P̄ =

µ
1

2
P
θ/(θ−1)
0 +

1

2
P
θ/(θ−1)
−1

¶(θ−1)/θ
7



also, the price set today is

P0 =
1

θ

Pt+1
τ=tQτ,t−1P̄

(2−θ)/(1−θ)
τ vτyτPt+1

τ=tQτ,t−1P̄
1/(1−θ)
τ yτ

=
1

θ

Qt,t−1P̄
(2−θ)/(1−θ)
t vtyt +Qt+1,t−1P̄

(2−θ)/(1−θ)
t+1 vt+1yt+1

Qt,t−1P̄
1/(1−θ)
t yt +Qt+1,t−1P̄

1/(1−θ)
t+1 yt+1

In steady state, we will have vt = vt+1 = v̄, yt = yt+1 = ȳ and P̄t = P̄t+1 = P̄
(this last because of zero inflation). Also, the intertemporal prices will satisfy

Qτ,t = βτ−t, τ > t

since the marginal utility of consumption will also be constant. Hence

P0 =
1

θ

βP̄ (2−θ)/(1−θ)v̄ȳ + β2P̄ (2−θ)/(1−θ)v̄ȳ
βP̄ 1/(1−θ)ȳ + β2P̄ 1/(1−θ)ȳ

=
1

θ

P̄ (2−θ)/(1−θ)v̄
P̄ 1/(1−θ)

=
1

θ
P̄ v̄

A similar argument shows that P−1 also equals P̄ v̄/θ and hence P̄ = P0 = P−1
and the steady state real marginal cost must therefore be v̄ = θ. With no capital
(α = 0) the intermediate firms’ technology is linear in labor. Hence the real wage
must satisfy, from the intermediate firm’s cost minimization problem,

w̄ = v̄ = θ

(the level of technology is implicitly normalized to one). To solve for the real
allocations (c̄, m̄, n̄), we need to simultaneously solve

Uc(c̄, m̄, n̄)

Uc(c̄, m̄, n̄)
= w̄ = θ

m̄ = c̄

c̄ = Āȳ = n̄

(Recall that CKM impose the ad hoc interest-inelastic money demand mt = ct;
note also that in non-stochastic steady state with zero inflation Ā = 1 since all
the intermediate prices are the same and thus equal to the aggregate price level).
Using the functional forms above:

θ =
Uc(c̄, c̄, c̄)

Uc(c̄, c̄, c̄)
= ψ

{Φ(c̄, c̄)}1−σ{(1− c̄)ψ(1−σ)−1}
{Φ(c̄, c̄)}−σ{(1− c̄)ψ(1−σ)}Φc(c̄, c̄)

= ψ
Φ(c̄, c̄)

Φc(c̄, c̄)

1

1− c̄

To simplify this expression, we need to use the facts that, at steady state,

Φ(c̄, c̄) =
£
ωc̄(η−1)/η + (1− ω)c̄(η−1)/η

¤η/(η−1)
= c̄

Φc(c̄, c̄) = ωΦ(c̄, c̄)1/η c̄−1/η = ω

8



Hence

θ =
Uc(c̄, c̄, c̄)

Uc(c̄, c̄, c̄)
=

ψ

ω

c̄

1− c̄

Finally, then, we have steady state consumption

c̄ =
θ

θ + (ψ/ω)

This derivation is one of the key conclusions of their paper (see p. 1164), since
their calibration of the parameters (ω,ψ, θ) will pin down the slope of the labor
supply equation in their model – and this will drive the result that a reasonably
calibrated version of Taylor overlapping contracts model cannot generate much
endogenous price stickiness.
To complete the solution for the non-stochastic steady state, it only remains to
note that since m̄ = c̄, the price level is given by

P̄ =
M0

m̄
=

θ + (ψ/ω)

θ
M0

(b) Log-linearization. Most of this is simple and outlined well on pp 1163-1165.
Here I will focus on the key derivation, namely the log-linear labor supply condi-
tion. Begin by noting that the money demand and goods market clearing condi-
tions require

m̂t = ĉt

ŷt = ĉt = n̂t

The labor supply FONC can be written

dUc,t −dUc,t = ŵt

where

dUc,t =

·
Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
+

Ucm(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
− Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)

¸
ĉt(11)

dUc,t =

·
Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
+

Ucm(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
− Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)

¸
ĉt(12)

These two expressions have made use of n̄n̂t + (1 − n̄)ĉt = 0 to eliminate the
log-deviation of leisure and also c̄ = m̄ = n̄. The tedious bit is computing the
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second derivatives. It is made easier by noting that, for example,

Ucc(c,m, n)

Uc(c,m, n)

¯̄̄̄
c̄

=
∂

∂c
log[Uc(c,m, n)]

¯̄̄̄
c̄

= −σΦc(c̄, c̄)

Φ(c̄, c̄)
+

Φcc(c̄, c̄)

Φc(c̄, c̄)

= −σΦc(c̄, c̄)

Φ(c̄, c̄)
+
1

η

Φc(c̄, c̄)

Φ(c̄, c̄)
− 1

η

1

c̄

= −σω
c̄
+
1

η

ω

c̄
− 1

η

1

c̄

Hence

Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
= −σω − 1− ω

η

Similar calculations lead to

Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
= (1− σ)ω

Ucm(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
= (1− σ)(1− ω)

Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
= [(1− σ)ψ − 1] c̄

1− c̄

Ucm(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
= −σ(1− ω) +

1− ω

η

Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
= (1− σ)ψ

c̄

1− c̄

Hence subtracting off in pairs and simplifying,

Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
− Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
= ω

η − 1
η

+
1

η

Ucm(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
− Ucm(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
= (1− ω)

η − 1
η

Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
− Ucc(c̄, c̄, c̄)c̄

Uc(c̄, c̄, c̄)
= − c̄

1− c̄

but we know from the steady state calculations above that

c̄

1− c̄
=

ωθ

ψ

Putting all these pieces together, we use (11)-(12) to conclude (cf. equation 32 in
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CKM’s paper) that the log-linear approximation to labor supply is

ŵt =

·µ
ω
η − 1
η

+
1

η

¶
+

µ
(1− ω)

η − 1
η

¶
+

ωθ

ψ

¸
ĉt

=

µ
1 +

ωθ

ψ

¶
ĉt

= γŷt

= γn̂t

where

γ = 1 +
ωθ

ψ

In Taylor’s model, γ was a free parameter. Here it depends in a structural way
on two preference parameters (ω ∈ (0, 1) and ψ > 0) and the degree of imperfect
competition as measured by θ ∈ (0, 1]. To get reasonable persistence, Taylor
needed γ ' 0.0003. Since the three structural parameters are positive, this model
generates a γ > 1. CKM go on to show that the implied log-linear price and
output dynamics have no persistence if γ > 1.

Chris Edmond, 25 October 2003
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