316-632 International Monetary Economics — Note 2

Consider the problem of a representative consumer in a country that is perfectly integrated
with world capital markets and that has access to a riskless world real interest rate » > 0.
The consumer is born at date ¢t = 0 and lives forever and has preferences U(c) over random
consumption vectors

c = (co,c1," ")
This consumer faces a random endowment process {y;} and has the flow budget constraints
Byy1n —Bi=rBi+y — ¢

The consumer’s preferences are given by an expected utility function

Ule) = E, {Zﬁtu@} 0<pB<1

where Fi{w} denotes the expectation of the random variable w conditional on the informa-
tion set at time ¢. In the notation I will use, a variable subscripted t is known at date ¢; thus
at date t, u/(¢;) is known but u'(¢y41) is not.

The Lagrangian for this problem can be written

L=F, {iﬁtu(ct) + M[(147)By +y — ¢ — Bt+1]}

t=0

where the Lagrange multipliers {\;} on the flow constraints are generally stochastic too
(because they reflect the marginal utility of wealth which depends on the stochastic process

{we})-

The first order conditions for this problem include

oL ,
% =0 e EyELS (c)} = EoE{ M}
t
oL
=0 = EOEt{/\t} = E()Et{“. + T))\tJrl}
aBt—H

which can be simplified using the Law of Iterated Expectations to give

5tul(ct) = N
A= (L+7r)E{ A}

These are to be interpreted as holding for every date and state of nature (i.e., for every date
and possible realization of y;). They can be combined to give the stochastic Euler equation

u'(cr) = B(1 +71)E{u' (i)}

which characterizes optimal consumption-smoothing behavior for this problem.



Investment

Now let’s extend this problem by including production and capital accumulation. Let the
production function be

Yy = AtF(/ft)

where A; denotes a random technology shock and k; denotes physical capital. Capital is
accumulated by making investments and does not depreciate

ki1 = ke + 4
And the flow budget constraint of the consumer is now
(Biy1 — By) + (kyyr — k) =By + AF (k) — ¢
The consumer’s Lagrangian is

L =Ey {Zﬁtu(ct) + M[(L4+7) By + A F(ky) + by — ¢ — Byya — k?t+1]}

t=0

And her decision problem is characterized by three sets of first order conditions, one each
for consumption, bonds, and capital accumulation

oL ,
8_Ct = O = 5tu (Ct) = )\t
oL
= A = E{(1 A
9B 0 < t (1 +7) A}
oL ,
— O = )\t — Et{[l + At+1F (kt+1)])\t+1}
8kt—|—1

The last two of these conditions are asset pricing equations. In each case, the consumer

foregoes some consumption and pays a cost A;. At an optimum, this price must be equalized

with a benefit. Indeed, the benefits from acquiring bonds or holding capital must be the

same. In each case, part of the benefit comes from );,;. In the case of bonds, there is a sure

return 1 + r per \;q. In the case of capital, there is a risky return 1 + A; 1 F' (k5 1) that

depends on the marginal product of capital at ¢t + 1 which is unknown as of date t.
Rewriting the first order conditions gives

U/<Ct) = ﬁEt{(1+7“)U'(ct+1)}
u'(cy) = BEA[N+ ApF' (ki)' (cign)}

which imply
1 ' (cet1)
— g, gt
1+r ! {ﬁ ' (¢y)

1 = Et{[1+At+1F'(kt+1)]5

and

o)

= B {1+ A1 F'(kisn)) By {61/(6”1)} + Cov, [{AtJrlF,(ktH)}v {5U,(CH1) H
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(Using the definition of a covariance, Cov(X,Y) = E(XY) — E(X)E(Y) and that Cov(z +
X,Y) = Cov(X,Y) for any constant z). Now using the price of a bond, (1+7)~! to simplify
this last expression

1= E {1+ A F(ke)} 1—_170 + Covy [{At+1F/(kt+1>}’ {5@}]

w'(ct)

or

!
E{Av1 F' (k1) = 1 — B(1 +1)Cov; l{AtJrlF/(ktJrl)}v {uu(/?;)l) H
(which uses Cov(zX,Y) = 2Cov(X,Y") for any constant z).

Thus capital accumulation takes place until the expected marginal product of capital is
set equal to the riskless rate minus a conditional covariance term. Since a positive tech-
nology shock will increase consumption and lower the marginal utility of consumption, this
covariance term is negative. The expected marginal product of capital is the riskless rate
plus a risk premium

E, {riﬁly} = priskless 4 rigk premium,

A high risk premium is demanded of an asset that is poor from an insurance perspective,
i.e., an asset that has a high return only when the marginal utility of consumption is low
(and consumption itself is relatively high). In general, this risk premium is time-varying.
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