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Basic concepts and the small open economy

This note uses a model of a small open economy perfectly integrated into world capital markets
to introduce some basic concepts of international macroeconomics. Neither this nor any of my
other notes is intended as a substitute for reading the textbook. We will consider a very simple
environment: a discrete time model of an economy populated by a single representative consumer
with an infinite horizon. For the moment, we will assume that there is no uncertainty. The primary
purpose of this model is to develop an understanding of the way that international borrowing and

lending can be used to smooth consumption.

e Preferences: The representative consumer has a time-additive utility function over an infinite

stream of consumption, ¢ = {¢;}§2,. Specifically

u(e) =Y B'U(e)
t=0

with constant time discount factor 0 < 5 < 1. The period utility function U(c) is assumed
to be strictly increasing and concave.

e FEndowments: There is no production. Instead, there is simply an exogenously given supply
of the consumption good at each date, y = {y;};2, and a given stock of initial assets, By.

e Flow constraints: There is an exogenously given world real interest rate » > 0 and the country
can freely borrow or lend at this rate. If the country earns more than it consumes, y; —c; > 0,
it runs a trade surplus. This is used to acquire claims on foreign assets (say bonds) that
mature in one period’s time, B;y1 > 0, that yield gross interest 14r. Similarly, if the country
runs a trade deficit, y; — ¢; < 0, it covers this by selling claims on its future earnings to the
rest of the world, Biy1 < 0. Denoting the beginning-of-period net claims on foreign assets

by B, the flow budget constraint of the country is for each ¢
¢t + Biy1 = (1 +7)By + yy, By given (1)
The current account balance is

Bii1—Bi=rBi+y — ¢



i.e., the trade balance plus or minus net interest earnings.
e No-Ponzi-games: Impose a constraint that rules out certain explosive borrowing schemes

Y
li —— | By >
tgglo<1+r> t+1 >0

o Intertemporal constraint: The flow budget constraints and the no-Ponzi game condition to-
gether imply an intertemporal budget constraint. This is calculated by iterating, as

follows

1 1
By = . B
0 1+T(CO y0)+1+r !
1
B = — B
1 1+r(01 yl)+1+r 2

Putting these together

B—l(c—)—i- = 2(c—)—i— - 2B
071+r0 Yo T1r 1— Y1 2

But notice
1

By —
2 1+7r

(c2 —y2) + B3

1+7r

So once again

By=— (Co—y0)+(L>2(Cl—y1)+( . >3(02—y2)+< : )333

1+r 1+7r

Repeating these arguments T times gives

enm =3 (1) @ -w s (1) B

t=0

And now taking the horizon T — oo and imposing the no-Ponzi-game condition gives the

intertemporal budget constraint

o0 1 t o0 1 t
< (1 B
E(1+r> Ct_( +T> O+;<l+r> Y

t=0

This says that the present value of consumption must be less than the present value of wealth.

It is quite common to simplify these formulas by defining the present value price, i.e., the



price as of date 0 of a unit of consumption in date ¢ by

1 t
bt = (1—1—7“)

Notice that 0 < p; < 1. A unit of consumption today is worth a unit of consumption today,

po = 1. But a unit of consumption tomorrow is worth less than a unit of consumption
today because I can lend 1 unit and get 1 + r back tomorrow. Hence a unit of consumption
tomorrow is worth only p; = l_ir < 1. And so on: a unit of consumption far into the future
is worth almost nothing. With this shorthand, the intertemporal budget constraint can also

be written more compactly
(o ¢] (o @]
Zptct <(1+7)Bo+ Zptyt (2)
t=0 t=0
e Optimization: There are two equivalent procedures:

Intertemporal budget constraint. Use the intertemporal budget constraint given in equation (2).
There is a single Lagrange multiplier A > 0 to go along with the single budget constraint

and the Lagrangian is
e} [ee)
L= BU(ct)+A|(1+7)Bo+ > pelye — 1)
t=0 t=0

The key first order condition for consumption ¢; at each date ¢ is

oL
9e =0 <= B'U'(ct) = A\pr

The marginal utility of consumption is set equal the price of consumption. Now consider

consumption choices at two adjacent dates

ﬁtU,(Ct) = Apt
BtHU,(CtH) = Aptt1
Putting these together

BU'(¢41) P 1
U'(ct) Dt 147

The marginal rate of substitution of consumption between dates is equal to the relative price.



Sequence of flow constraints. Use the sequence of flow budget constraints as given in equation (1).
There is a sequence of Lagrange multipliers {n,}?,, one for each flow budget constraint,

and the Lagrangian is
L= ZﬂtU(Ct) -+ Z N [(1 + T’)Bt + Yt — ¢t — Bt+1]
t=0 t=0

We now need first order conditions for consumption ¢; and bond acquisitions B, at each

date t. These are given by

oL
8_Ct =0« ,BtUI(Ct) =1
and
oL
9B 0<=n = (L4704

Putting these together
B () =y = (1 + g = (1+ T)ﬁtHU/(CtJrl)

and on rearranging

pU'(ct41) M L
U'(ct) n, 1+7r

Again, the marginal rate of substitution of consumption between dates is set equal to the
relative price. Notice that the two approaches are equivalent with the Lagrange multipliers

in the second approach related to the single multiplier and present value price in the first

1 t
=Ap; = \
"t Pt <1+r>

The first order conditions of this and similar problems are often called consumption Euler

approach by

equations.

o Consumption smoothing: What does the path of consumption look like? Write the consump-

tion Euler equation as

U'et) = B(L+ 1)U (cry1)

A consumer that gives up one unit of consumption gives up U’(¢;) utility, but that unit of
foregone consumption leads to 147 units of consumption tomorrow which is worth SU’(¢i41)

in utility. At an optimum, the marginal costs and benefits of foregone consumption should



be equal. For future reference, write 0 < < 1 as = Flp where p > 0 is known as the time
discount rate. We have three possibilities to deal with. If (1 + r) = 1, the time discount
rate p = r the world real interest rate and optimal consumption requires U’(¢;) = U’(¢i41)
for any two dates. But U’(¢;) > 0 so this means ¢; = ¢;41 all t. In short, if S(1 +7r) = 1,
then consumption is flat. Similarly, if S(1 + r) > 1, the representative consumer is patient
(relative to the interest rate) and so U'(c¢;) > U'(ci41). But since U”(¢;) < 0, this implies
¢t < cg1 SO consumption is growing over time: a relatively patient consumer is willing to
save today and consume more tomorrow and so has growing consumption. The converse is

true if 5(14+r) < 1, an impatient consumer is not willing to save and has falling consumption.

To summarize

Bl+r) = 1=U'(ct) =U'(ct11) = &t = cty1
Bl+7r) > 1=U'(ct) >U(ct11) = ¢t < 141

B(l+7r) < 1= U'(ct) <U'(ct41) = ¢t > ct1

A parametric example might help. Let the period utility function have the constant in-

tertemporal elasticity of substitution (CIES) form

_1
with elasticity o. Then marginal utility is U’(¢;) = ¢, 7 and the consumption Euler equation

can be written

(22) =pa+nr

Ct
Hence consumption is growing, constant, or falling depending on whether (1 + r) E 1.
e Solving for the level of consumption: While the consumption Euler equation helps us charac-
terize the growth rate of consumption, to solve for its level we need to use the intertemporal

budget constraint. Here are two examples of complete solutions.

1. Let (14 r) =1, so that the consumer’s time discount rate is equal to the world real interest

rate. Then the results above imply that consumption is a constant ¢; = ¢;41 = ¢ all t. But if



consumption is a constant, the intertemporal budget constraint implies

i(l—}rr>ta=(1+r)30+§(lir>tyt

t=0

The geometric sum on the left hand side reduces to

°°< 1 )t_ 147
S (1) e= 1t
— 1+7r r

Hence

T— 1 t
I
o= 0+1+r¥<1+r> ot

(3)

This is a statement of the permanent income hypothesis: the level of consumption is equal

T

to a fraction S

of the entire present value of wealth ("permanent income"). An important

special case is when y; = yo all t. Then ¢ = rBg + yg. Consumption is equal to the constant

flow of yg plus or minus the annuity value of initial assets rBy.

_1
. Let U'(¢t) = ¢, °. Then the consumption Euler equation is, once again,

Ct

(%) = pa+nr

Hence

= [BL+7)]" e

We now need to pin down the initial consumption level, ¢g. The intertemporal budget con-

straint gives

t=0

or equivalently
o0

t=0

and on simplifying

v—i—roo 1 t
- B
= (v+r) °+1+r;<1+r> Y

where

v=1-0871+r)°

> (1) B0+ e = (1+T)Bo+g (1) w

o o—17t _ = 1 '
W (e = aenm ey (1)



Notice that if (1 4+ r) = 1, the composite parameter is v = 0 and we have the previous
solution ¢y = ¢ as given above in equation (3). If (1 + ) > 1, then v < 0 and ¢y < ¢ while if

B(l+7r)<1,v>0and ¢y > c.

The current account

Define the permanent level of output g as the number that solves

() Ek)'

t=0 0
Then
P 1 t
v= 1—1—7“;(14-7') v

The permanent value § denotes an appropriately weighted average of the sequence {y:}7°,. Recall

that the current account balance is given by
Biyn—Bi=rBi+y — ¢
So if, as in equation (3), ¢ = rBy + y, we have at date t = 0
Bi—Bo=yo—9y

The economy runs a current account balance if it has a high value of yq relative to the permanent
value . Alternatively, when yo < ¢, the economy runs a current account deficit.
More generally, once we have solved for consumption c¢;, we can use the flow constraints and

the initial condition By to solve for the stock of bonds at any date ¢

Br=(1+7)Bo+ Y (1+7)"*(yx — cx)

k=0
The net asset position at time ¢ is the compounded return on the initial assets plus the compounded

value of trade balances.

Time-varying world interest rates
If the economy faces a time-varying sequence {r;}7°, of given world interest rates instead of the

single constant r, the analysis proceeds in the same manner as before except that the present value



prices used to form the intertemporal budget constraint are now given by

t

1
p:
t 81:[01—1—7“8

The consumption Euler equations are now of the form

BU (ci41) _ D1 _ 1
U'(ct) Pt I+7r

But, otherwise not much changes.
Chris Edmond
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