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Question 1. First of all, note that we cannot simply combine the static resource constraint
and the law of motion for capital to get an expression like

"ct + kt+1 = ztF (kt, nt) + (1− δ)kt − φ

µ
it
kt

¶
kt"

This manipulation does not entirely eliminate the investment choice from the problem. In
fact, it gives us an ill-posed problem where investment has a cost but no benefit. Clearly,
this does not reflect the economics of the problem. Instead, we have to keep separate
account of the resource constraint, ct + it = ztF (kt, nt) and the law of motion for capital,

kt+1 = (1− δ)kt + it − φ
³
it
kt

´
kt. One way to do this is to write a Lagrangian of the form

L = E0

( ∞X
t=0

βt{U [ztF (kt, nt)− it] + V (1− nt)}+
∞X
t=0

λtβ
t

·
(1− δ)kt + it − φ

µ
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kt

¶
kt − kt+1

¸)

with multipliers λtβ
t ≥ 0. The key first order conditions for this problem include, by choice

of nt,
V 0(ct) = U 0(ct)ztFn(kt, nt)

So we get the standard relationship between the marginal rate of substitution of labor for
consumption and the marginal product of labor, namely

V 0(ct)
U 0(ct)

= ztFn(kt, nt)

We also have, by choice of it,

U 0(ct) = λt

·
1− φ0
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¶¸
If there were no adjustment costs, φ = φ0 = 0, then λt = ηt and we would have the standard
consumption Euler equation for capital accumulation. With adjustment costs, investment
and installed capital are not perfect substitutes and we have to translate between their
shadow values. We also have the Euler equation for capital accumulation kt+1,

λt = Et

½
βt+1U 0(ct+1)zt+1Fk(kt+1, nt+1) + λt+1

·
(1− δ)− φ

µ
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¶
+ φ0
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it+1
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¸¾
and on eliminating the marginal utility of consumption

λt = Et

½
λt+1

·
1− φ0

µ
it+1
kt+1

¶¸
zt+1Fk(kt+1, nt+1) + λt+1

·
(1− δ)− φ

µ
it+1
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¶
+ φ0

µ
it+1
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¶
it+1
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¸¾
This is a standard asset pricing formula, namely

1 = Et

½
λt+1
λt

Rt+1

¾



where the gross return on installed capital is

Rt+1 ≡ 1− δ − φ

µ
it+1
kt+1

¶
+ φ0

µ
it+1
kt+1

¶
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kt+1

+

·
1− φ0

µ
it+1
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¶¸
zt+1Fk(kt+1, nt+1)

Question 2. At a non-stochastic steady state, we have zt = zt+1 = z̄ = 1 and kt+1 = kt = k̄.
The law of motion for capital therefore implies that steady state investment and capital are
related by

k̄ = (1− δ)k̄ + ı̄− φ
³ ı̄
k̄

´
k̄

or
ı̄

k̄
= δ + φ

³ ı̄
k̄

´
Given that φ is a strictly increasing strictly convex function with the properties φ(δ) =
φ0(δ) = 0, the only solution is ı̄ = δk̄. Therefore, the steady state gross rate of return on
capital is

R̄ = 1− δ − φ (δ) + φ0 (δ) δ + [1− φ0 (δ)]Fk(k̄, n̄)

= 1− δ + Fk(k̄, n̄)

The marginal utility of consumption satisfies

U 0(c̄) = λ̄

so at a non-stochastic steady state we also have

1 = βR̄

= β
£
1− δ + Fk(k̄, n̄)

¤
(1)

We also have the labor supply condition

V 0(1− n̄)

U 0(c̄)
= Fn(k̄, n̄) (2)

and the resource constraint
c̄+ δk̄ = F (k̄, n̄) (3)

These constitute a system of three non-linear equations in the three unknowns,
¡
c̄, n̄, k̄

¢
.

With the assumed functional forms, they can be simplified to

1 = β

"
1− δ + θ

µ
k̄

n̄

¶θ−1#
c̄

1− n̄
= (1− θ)

µ
k̄

n̄

¶θ

c̄+ δk̄ = k̄θn̄1−θ
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To solve this system "by-hand", we begin by inverting the steady state Euler equation to
get the capital labor ratio

k̄

n̄
=

µ
θβ

1− β + δβ

¶ 1
1−θ

Hence the consumption/leisure ratio is just

c̄

1− n̄
= (1− θ)

µ
θβ

1− β + δβ

¶ θ
1−θ
≡ Γ

To complete the solution, we need to solve for consumption and labor separately. To do this,
write the resource constraint as

c̄

n̄
+ δ

k̄

n̄
=

µ
k̄

n̄

¶θ

or
c̄

n̄
=

µ
θβ

1− β + δβ

¶ θ
1−θ
− δ

µ
θβ

1− β + δβ

¶ 1
1−θ
≡ Λ

Hence

c̄ = Γ(1− n̄)

c̄ = Λn̄

constitutes a system of two linear equations in two unknowns. The solutions are

n̄ =
Γ

Λ+ Γ

c̄ =
ΛΓ

Λ+ Γ

With the solution for steady state employment in hand, we can back out capital from our
previous calculation, namely

k̄ =

µ
θβ

1− β + δβ

¶ 1
1−θ

n̄

Using the given parameters, I obtain

n̄ = 0.4763

c̄ = 0.8879

k̄ = 7.9399

(see the attached Matlab code for more details).

Question 3. The log-linear versions of most of the equations are straightforward. First,
labor supply is

V 0(ct)
U 0(ct)

= ztFn(kt, nt)

and approximately

V 00(c̄)c̄
V 0(c̄)

ĉt − U 00(c̄)c̄
U 0(c̄)

ĉt = ẑt +
Fnk(k̄, n̄)k̄

Fn(k̄, n̄)
k̂t +

Fnn(k̄, n̄)n̄

Fn(k̄, n̄)
n̂t
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With our assumed functional forms, the log-linear labor supply condition can be written

−ĉt + ĉt = ẑt + θk̂t − θn̂t

and on using
(1− n̄)ĉt + n̄n̂t = 0

we can eliminate leisure to get

0 = ẑt + θk̂t −
µ
θ +

n̄

1− n̄

¶
n̂t − ĉt (4)

The key equation to log-linearize is the gross marginal product of capital, which I will
write as

Rt+1 ≡ 1− δ − φ (xt+1) + φ0 (xt+1)xt+1 + [1− φ0 (xt+1)] zt+1Fk(kt+1, nt+1)

xt+1 ≡ it+1
kt+1

Clearly the investment/capital ratio satisfies

x̂t+1 = ı̂t+1 − k̂t+1

x̄ = δ

Log linearizing the return

R̂t+1 = β[φ00 (δ) δ − φ00 (δ) r̄]x̄x̂t+1 + βr̄ẑt+1 + Fkk(k̄, n̄)k̄k̂t+1 + Fkn(k̄, n̄)n̄n̂t+1

(this uses the steady state relationships R̄ = 1 − δ + Fk(k̄, n̄) = β−1, Fk(k̄, n̄) = r̄ and
φ0 (δ) = 0). Now using the functional form for φ, φ00(x) = 1 all x so φ00 (δ) = 1. Also,

Fkk(k̄, n̄) = −(1− θ)
Fk(k̄, n̄)

k̄

Fkn(k̄, n̄) = (1− θ)
Fk(k̄, n̄)

n̄

So we can write

R̂t+1 = β(δ − r̄)δx̂t+1 + βr̄ẑt+1 − (1− θ)βr̄(k̂t+1 − n̂t+1) (5)

Similarly, the resource constraint and law of motion for capital are

c̄ct + ı̄it = ẑt + Fk(k̄, n̄)k̄k̂t + Fn(k̄, n̄)n̄n̂t

= ẑt + θȳk̂t + (1− θ)ȳn̂t (6)

and

k̄k̂t+1 = [(1− δ)− φ (δ)]k̄k̂t + ı̄it − φ0 (δ) k̄x̂t
= (1− δ)k̄k̂t + ı̄it (7)
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So to a first order approximation, the costs of adjustment do not affect the capital accumu-
lation equation.
Finally, we have the consumption Euler equation

0 = Et{λ̂t+1 − λ̂t + R̂t+1}

where
U 00(c̄)c̄
U 0(c̄)

ĉt = λ̂t − δx̂t

and making use of the functional form for U(c), we have

−ĉt = λ̂t − δx̂t

I define

Xt ≡ k̂t+1

Yt ≡



ĉt
n̂t
x̂t
ı̂t
R̂t

λ̂t


Zt ≡ ẑt

And so my system of static equations is
0
0
0
0
0
0

 =


0
0
0
0
−k̄
0


| {z }

A

k̂t+1 +


θ
1

−(1− θ)βr̄
θȳ

(1− δ)k̄
0


| {z }

B

k̂t

+


−1 − ¡θ + n̄

1−n̄
¢

0 0 0 0
0 0 −1 1 0 0
0 (1− θ)βr̄ (δ − r̄)βδ 0 −1 0
−c̄ (1− θ)ȳ 0 −ı̄ 0 0
0 0 0 ı̄ 0 0
1 0 −δ 0 0 1


| {z }

C



ĉt
n̂t
x̂t
ı̂t
R̂t

λ̂t

+


1
0
βr̄
1
0
0


| {z }

D

ẑt

There is only one forward-looking equation,

0 = Et{λ̂t+1 − λ̂t + R̂t+1}
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or

0 = Et


(0) k̂t+2 + (0) k̂t+1 + (0) k̂t +

¡
0 0 0 0 1 1

¢


ĉt+1
n̂t+1
x̂t+1
ı̂t+1
R̂t+1

λ̂t+1



+
¡
0 0 0 0 0 −1 ¢



ĉt
n̂t
x̂t
ı̂t
R̂t

λ̂t

+ (0) ẑt+1 + (0) ẑt


Question 4. Using Harald Uhlig’s toolkit (see the attached code for details), I obtain

P = 0.9316

which implies

Q = 0.1305, R =


0.5444
−0.1729
0.2908
−0.7092
−0.0391
−0.5328

 , S =


0.3997
0.4842
3.2626
3.2626
0.0644
−0.2692



Question 5. See the attached plot.
Chris Edmond

12 September 2004
Revised 6 October 2004
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