316-632 International Monetary Economics
Problem Set #8 Selected answers

Question 1. The planner’s problem is to maximize
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The Lagrangian for this problem can be written
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where {¢(z")} are non-negative multipliers. The key first order conditions are
wU'[c(2N)] = (2", i=1,2

Making use of the functional form U’(c) = ¢~7 we can re-write the first order conditions as

. Wi 1/o '
(') = (—qt(zt)) , 1=1,2

and now summing over ¢ = 1,2 we get
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Hence the Lagrange multipliers are given by

@) = (@7 + w7 ()

and the solutions for consumption are
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Question 2. The Lagrangian for the home (i = 1) country will be
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where {\/(z")} denote multipliers on the budget constraint in the asset market and {n}(z*)}
denote the multipliers on the cash-in-advance constraint. The key first order conditions for
this problem include
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which can be combined to give a familiar expression for the marginal utility of a dollar,
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For bond holdings we have the conditions
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which imply that the nominal pricing kernel for dollar assets is
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and the relationship between dollar and euro pricing kernels is
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We can use similar methods to characterize the solution to the household’s problem for
country ¢ = 2. As in the lecture notes, it’s easiest if we express the household’s budget
constraints in dollars. If so, the appropriate Lagrangian is
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and this leads to familiar conditions
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which gives the marginal utility of a euro
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We also have the conditions for bond holdings
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(Compare these to their equivalents from the home country).

The relationship of the Lagrange multipliers \(z") to the planning weights w;, is somewhat
subtle. First, notice that the Ai(2!) are the multiplier on the period budget constraints of
the households, and are not the single multipliers that we would have on the intertemporal
or Arrow-Debreu budget constraints. If we wrote down an Arrow-Debreu problem with a
single Lagrange multiplier )\; for each country’s intertemporal budget constraint we would
get first order conditions for consumption of the form
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where {Qi(z!)} are the nominal "date-zero" prices (which are not necessarily common to
both countries). However, because each country faces the same Arrow-Debreu international
goods market, the real "date-zero" prices will be the same for each country, so we can write
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or alternatively
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If we then introduce the harmless normalization
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We see that the relationship between the planning and decentralized problems is that if
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then the solution to the planner’s problem and the equilibrium allocations will coincide (see
Lecture Note 4a for more on this).

Question 3. The market clearing conditions are for goods,
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for money,
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and for bonds,
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Question 4. To solve the model, it’s easiest to move between the planner’s solution and
the decentralized problem as needed. We assume for convenience that the planner’s weights
are indeed
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If so, we can write the equilibrium consumption allocations as
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Assuming that the cash-in-advance constraints bind,
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Now using the money-market clearing conditions and the solutions for consumption, we can
solve for the dollar and euro price levels
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Notice that these conditions imply that inflation in each country has a common and a
country-specific component
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Whenever money growth in a country is faster than the growth rate of world output, infla-
tion in that country is positive. Inflation differentials are driven purely by money-growth
differentials, namely
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We can characterize real and nominal exchange rates using the conditions that determine
the marginal utility of a dollar and the marginal utility of a euro. These are
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which is constant.
The nominal exchange rate is therefore
£() A5 )\j PL(zY) Ay )\f ML(ZY) Aoy(2h) _ A7 N M2
Ao AT7PE(2) Ay A7 Ajzy(zt) ME(2Y) Ao A{TT ME(2)
Upto a constant of proportionality, the nominal exchange rate is just the ratio of the supply

of dollars to euros. Hence the depreciation of the nominal exchange rate is given by the
money growth differential (which is itself equal to the inflation differential)
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If money growth is faster in the home country (domestic inflation is higher), then the nominal
exchange rate depreciates.
The pricing kernel for dollar denominated assets is given by
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The price of a riskless dollar bond is therefore
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(and similarly for the price of a riskless euro bond). Nominal interest differentials are driven

by differences in the money growth too.
Real interest rates are given by
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Hence real interest rates are common (real interest differentials are zero).
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