
20: GENERALIZED LEAST SQUARES

i tSo far, we have assumed that the u are iid , so tha

Cov (u ) = σ I . (1)u
2

)

h

According to the Gauss-Markov Theorem, if (1

olds, then the least squares estimator b is best

r

c

linear unbiased. This means that b is a linea

ombination of y with E [b ] = β, and that b is at

c

least as good as any other linear unbiased estimator

in the sense that

Var (α′b ) ≤ Var (α′c )

.for any nonrandom (p +1)×1 vector α

In practice, (1) may not be a reasonable assump-

,tion. For example, we may have heteroscedasticity
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fi.e., Var (u ) may not be constant. Furthermore, ii

ithe subscript in y represents time, there may be

autocorrelation , i.e., a correlation between y andi

yj for i ≠ j . In general, we will have

)Cov (u ) = σ Ω , (2u
2

-

n

where Ω is an n ×n symmetric matrix whose diago

al entries may not be the same, and whose off-

,

w

diagonal entries may not be zero. For the moment

e assume that Ω is known. Using the theory of

m

linear algebra, we can construct an invertible n ×n

atrix P such that P ′P = Ω .−1
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f Cov (u ) = σ Ω with Ω ≠ I , the estimator b is

s

u
2

till linear and unbiased, but it is no longer best

t

s

linear unbiased. Define the generalized leas

quares estimator by

b̃ = (X X ) X y ,*′ * −1 *′ *

*w *here X = PX , and y = Py .

sThe model y = X β + u can be re-expressed a

y = X β + u , (3)

*

* * *

.where u = Pu

The error term u in (3) satisfies

*

*

* *′ ]

=

Cov ( u ) = E [u u ] = E [P uu ′P ′

σ P ΩP ′ = σ PP (P ′) P ′ = σ I .u
2

u
2 −1 −1

u
2
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Since b̃ is the least squares estimator of β in the

)model (3) and since the error term u in (3*

s *
u
2atisfies Cov (u ) = σ I , it follows that b̃ is best

linear unbiased.

The covariance matrix for b̃ is given by

Cov (b̃ ) = σ (X X ) ,u
2 *′ * −1

y

s

which can be estimated without bias b

(X X ) , where s =
n −p −1
h 1hhhhhh e e y − X b̃ e e is2 *′ * −1 2 * * 2

u
2

i l

t

an unbiased estimator of σ . If the u are norma

hen s ∼
n −p −1
h 1hhhhhhσ χ , independently of b̃ .2

1
2

u
2

n −p −
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If we use the ordinary least squares estimator b

e

i

when Ω ≠ I , then our inferences about β will b

ncorrect, since the covariance matrix for b will not

rbe equal to the presumed σ (X ′X ) . In otheu
2 −1

b

w

words, tests and confidence intervals based on

hich assume that Cov (b ) = σ (X ′X ) will notu
2 −1

-

b

have the nominal (i.e., intended) level. This draw

ack, together with the sub-optimality of b when

-

e

Ω ≠ I , provides strong motivation for using the gen

ralized least squares estimator b̃ instead of b

y

b

whenever possible. Unfortunately, Ω will usuall

e unknown, and an estimator of β based on an

estimate of Ω may not be optimal.
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n

S

Autocorrelatio

uppose our observations are a time series , y ,t

s

o

t = 1 , . . . , T , collected at equally spaced interval

f time, e.g., annually, quarterly, monthly, weekly,

or daily. We can write the linear model as

y = β + x β + u ,
p

1
t

j =
0 t j j t

w t

Σ

here the errors u may be autocorrelated. We

e

should consider the possibility of autocorrelated

rrors whenever the observations are a time series.

,

w

Since the exact autocorrelation structure, i.e., Ω

ill not be known, and since the specification of

Corr (u , u ) for i < j would require T (T −1)/2i j

coefficients, it is wise to postulate a model for the
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rror autocorrelations which has a small number of

-

t

parameters, and then try to estimate these parame

ers from the data. This yields an estimate of Ω,

v

which can then be used to obtain the ("feasible"

ersion of the) generalized least squares estimate of

β.

A useful model for error autocorrelation is the

f irst order autoregression (AR (1)) model,

u = ρ u + ε , (4)

w

t t −1 t

here the parameter ρ is assumed to be between -1

,and 1, E [ε ] = 0, Var [ε ] = σ , and E [ε ε ] = 0t t ε
2

t s

,

f

t ≠ s . The term "autoregression" is used because

rom (4), u satisfies a regression model in terms oft
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aan "explanatory variable", u , which is justt −1

t time-lagged version of u itself. Under this model,

it can be shown that E [u ] = 0, Var [u ] = σ /(1 − ρ )t t ε
2 2

f t t +k
kor all t , and Corr (u , u ) = ρ for any integer

-k > 0. Thus, if ρ > 0, then y and y will be posit t +k

n

y

tively correlated. This means that if the observatio

happens to be above average (i.e., larger than itst

t +1 t +2,

e

mean value, as given by the model), then y , y

tc., will tend to be above average as well. The

t"memory" that y was above average will decline at

kthe exponential rate, ρ , which can be quite slow if

ρ is close to 1.
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Whenever the data are a time series, it is wise to

s

t

examine a plot of the least squares residuals versu

ime. If ρ > 0, this time series plot will tend to be

.

T

smoother than in the uncorrelated errors case, ρ = 0

he plot may also show a cyclical pattern, perhaps

i

indicating that we need to include a seasonal term

n the model.

In practice, even if it is assumed that the errors

t

are AR (1), the parameter ρ will not be known. We

herefore start by computing the ordinary least

r

squares estimator, b . We then estimate ρ, using the

esiduals e from the least squares fit, byt

t
2

t t −1Σ

Σ
t =1

t
T

=2ρ

T

ˆ =
e

e e

hhhhhhhhh .
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his is (essentially) the Pearson correlation

dcoefficient between the vectors (e , . . . , e )′ an2 T

( 1 T −1e , . . . , e )′, both of which are assumed to

a

c

have zero expectation. It can be shown that ρ̂ is

onsistent estimator of ρ, although ρ̂ may be biased

n

b

if T is small. We then construct the matrix Ω̂, give

y Ω̂ = ρ̂ , and then find P̂ such thati j
e i − j e

−1P̂ ′P̂ = Ω̂ . An explicit formula for P̂ in the AR (1)

t

case is given in Jobson, p. 381. Finally, we obtain

he approximate generalized least squares estimator

[(P̂X )′(P̂X )] (P̂X )′(P̂y ), which is called the−1

.Prais −Winsten estimator
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The Durbin-Watson Test

A popular method of testing for error autocorre-

t

s

lation, using the residuals from ordinary leas

quares, is to use the Durbin-Watson Statistic,

hhhhhhhhhhhhh ,

)(e − e

e
d =

Σ

Σ

t =1

t
T

=2

T

t
2

t t −1
2

f

d

which is approximately equal to 2(1 − ρ̂). A value o

close to 2 indicates that there is no first-order

autocorrelation.

Suppose we want to test H : ρ = 0 versus0

0H 1 : ρ > 0. We will be inclined to reject H in favor

of H if d is sufficiently small . The standard1
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,

d

implementation of the test is somewhat complicated

ue to computational problems. Assuming that the

lu are normal, we can, in principle, use numericat

* t

P

methods to determine a critical value d such tha

r {d < d e H } = α.

g

*
0

The ("pure" form of the) Durbin-Watson test

rejects H if d < d , and does not reject H if0
*

0

d *≥ d . Unfortunately, the distribution of d under

H depends on X , so it is not feasible to make a0

*table of d values which would be universally

applicable.

To avoid the computational burden of calculating

nd for each new data set, Durbin and Watso*
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.

S

developed a modified version of the test

pecifically, they found quantities d and d whose

d 0

1 2

istributions under H do not depend on X , and

such that d < d < d . If d and d are defined by1 2 L U

0P 1 L 0 2 Ur {d < d e H } = α , Pr {d < d e H } = α ,

dthen it follows that d < d < d . Tables of d anL
*

U L

dU for different values of T and p are given in

many textbooks.

To perform the (modified) DW test, we first cal-

g

culate d , and then proceed as follows:

If d < d , reject H .

U

L 0

0.

g

g If d > d , do not reject H

If d ≤ d ≤ d , the test is said to be inconclusive .L U
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eTo justify this test, note that if d < d , we can bL

*s *ure that d < d , even without computing d .

Therefore, we should reject H in this case. If0

*d U> d , we can be sure that d > d , so we should

enot reject H . If d ≤ d ≤ d , then we cannot b0 L U

** r

d

sure (without calculating d ) whether d < d o

≥ d , and therefore we regard the results as

i

*

nconclusive. It is clear that the resulting test has a

e

w

level which is less than or equal to α, although w

ill not always reach a conclusion.

e

t

Here is a way around the problem: perform th

est as before, but if d ≤ d ≤ d , go to the trouble

*

L U

0
* tof computing d ; Reject H if d < d , do not rejec
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lif d ≥ d . This amounts to performing the origina*

("pure") DW test, but often saves us the trouble of

tcomputing d . Another advantage of doing the tes*

this way is that it will actually have the nominal

level, α.

The main drawback of the DW test is that it can

l

d

have low power if the actual time series mode

escribing the errors is something other than AR (1).

Suppose, for example, that Corr (u , u ) = 0 butt t −1

C t t −2orr (u , u ) is positive. Then the errors are not

a

uncorrelated, but the DW test will have virtually no

bility to detect this.


