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Abstract

Severe economic downturns like the great depression of the 1930s take place over ex-
tended periods of time. I model an economy where rare economic disasters increase the
likelihood of subsequent near term disasters. The mechanism generates more clustering
of disasters than existing models. Serial correlation in disasters has important impli-
cations for asset prices. For example, it generates a larger equity premium and a lower
risk free rate than similarly calibrated models without this feature. The calibrated
model developed here replicates the temporal structure of severe economic downturns
in OECD countries. It quantitatively explains the equity premium, the risk-free rate,
excess volatility and return predictability. It also generates the implied volatility smile

observed in equity index options.
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1 Introduction

To explain what has come to be known as the equity premium puzzle!, financial economists
have pointed to the risk of rare economic disasters. An example of such a disaster occurred
from 1930 to 1932, when the U.S. economy contracted by more than 10% each year. A
sequence of large annual declines in economic activity like this is difficult to reconcile with
existing disaster models developed in Rietz (1988), Barro (2006), Gabaix (2010), and Wachter
(2010), which view each disaster as an isolated rare event. The great depression experience
suggests that these events are not independent: Once an economic decline is experienced, it
is likely to repeat, causing the economic crisis to unfold over an extended period of time.

This paper models the general equilibrium dynamics of asset prices - including stocks,
bonds, and options - when large scale declines in consumption tend to cluster. If economic
agents rationally anticipate such clustering, their consumption and investment plans will
dramatically differ from those generated in the extant literature on rare events. Moreover,
they will revise their consumption and investment decisions in response to an initial ad-
verse consumption shock which could mark the beginning of a crisis. The desire to form
precautionary savings will then be more pronounced. This will increase demand for riskless
investments, resulting in a lower risk-free rate. Furthermore, increased uncertainty about
future economic health brought about by the arrival of a rare disaster makes agents reluc-
tant to hold risky assets. Fear of further economic downturns will require these assets to
increase their expected returns. Hence, valuation multiples like the price to dividend ratio
will drop and price declines will exceed the decline in cash flows. In most instances the econ-
omy will prove resilient; economic downturns will be short-lived, and, in hindsight, economic
participants will appear to have been overly prudent in their investment decisions. This
mechanism results in an ex-post excessive reaction of economic quantities to realized risk,
which can account for observed pricing phenomena. These include time-varying expected
returns and risk-premia that can be predicted by the price-dividend ratio as well as excess
stock market volatility.

The recent financial crisis of 2007-2009 illustrates one such episode where an initial dis-
aster occurred in one part of the financial sector that subsequently caused contagion with
widespread consequences throughout the financial system. Fear of this downturn to develop
into another great depression led households to slash consumption and investors to shy away

from risky assets.?

1See Mehra and Prescott (1985)

2This notion was echoed by respected economics:

Paul Krugman, New York Times, January 4, 2009: ”This looks an awful lot like the beginning of a second
Great Depression.”



During the fourth quarter of 2008, nondurable consumption expenditures declined by
7.66%, which translates into an annualized reduction of 27.29%. This represents the single
largest drop in over half a century and constitutes an event more than six standard deviations
from its historical mean.? During this period, S&P 500 option implied volatility, measured
by the Volatility Index (VIX) sharply increased from 18.81% on August 22nd to 80.86% on
November 20th and then reverted to a lower level in the months following these events.*
Explaining such a drastic jump in implied volatility within the context of a consumption
based asset pricing model requires a sudden change in one of the state variables characterizing
economic uncertainty, like the conditional probability of further economic disasters. Existing
models in the disaster risk literature assume the disaster intensity to be either constant over
time as in Barro (2006), predicting option-implied volatility to be constant over time as well,
or to be subject to time variation that is unrelated to disaster arrival e.g. Wachter (2010).
Under either set of assumptions, option-implied volatility does not respond to the occurrence
of a disaster itself. The implied volatility pattern experienced during the recent financial
crisis can be explained in a model where the arrival of a disaster magnifies the probability
of disasters in the near future.

Moreover, during the fourth quarter of 2008, the S&P 500 index declined from 1282.83
on August 29th to 903.25 on December 31st, a 29.59% drop, which far exceeds the contem-
poraneous decline in personal consumption of 7.66%. This excessive stock market reaction is
a recurring phenomenon summarized in Paul Samuelson’s remark that ”Wall Street indexes
[had] predicted nine out of the last five recessions”. Indeed, this stylized fact is not unique to
U.S. capital markets. Barro and Ursiia (2009) document that only 28% of all stock market
declines exceeding 25% are accompanied by a macroeconomic contraction exceeding 10% in
OECD countries. I contend that this apparent puzzle can be accounted for by the model
developed in this paper. The consumption drop in the fall of 2008 was a rare event that
caused a surge in the probability of further disasters. While no similar consumption shock
has happened to this day, the fear of another such disaster remains above its normal level
as evidenced by high dividend-yields, a low risk-free rate, and a VIX that is above average.

The economic consequences of the possibility that a disaster can beget a crisis are an-
alyzed in the context of a representative agent endowment economy. The model is set

in continuous-time where the agent’s preferences are expressed using stochastic differential

Robert Barro, Wall Street Journal, March 4, 2009: ”... there is ample reason to worry about slipping
into a depression. There is a roughly one-in-five chance that U.S. GDP and consumption will fall by 10% or
more, something not seen since the early 1930s.”

Quoted from Gourio (2010).

3BEA, National Income and Product Accounts, Table 1.1.5.
4See figure 1.



utility. The departure from standard time-separable expected utility separates risk aversion
from the willingness to substitute consumption over time and has been proven successful
in addressing the equity premium and risk-free rate puzzles in the long-run risk literature
initiated by Bansal and Yaron (2004). Aggregate consumption is subject to both diffusive
risk and infrequent jumps, which account for the possibility of rare but potentially disastrous
events.

In order to capture the idea of serial correlation in disasters, I introduce a self-exciting
jump-diffusion into the consumption-based asset pricing framework. Self-exciting processes,
developed in Hawkes (1971b), have recently been brought to bear in the field of credit risk
modeling to explain the phenomenon of default clustering.® In the context of the model
presented here, these processes allow the occurrence of a disaster to affect the intensity of
future disaster arrival. The conditional likelihood of further significant economic downturns
increases in response to a substantial adverse shock to consumption, leading to the possibility
of self-perpetuating economic disasters. Self-exciting disaster risk in conjunction with a
preference for early resolution of uncertainty gives rise to an additional channel by which
disasters affect risk-premia, interests rates, and asset prices. Expected utility does not exhibit
a preference for the timing of resolution of uncertainty, which stochastic differential utility
does.

With a preference for the timing of resolution of uncertainty, the pricing kernel involves
continuation utility as well as instantaneous consumption growth. This dependence of the
stochastic discount factor on continuation utility makes makes it necessary to solve for the
representative agent’s value function in order to obtain equilibrium asset prices. Since the
partial differential equation characterizing indirect utility is nonlinear, standard PDE tech-
niques such as Fourier and Laplace transforms, which are essentially linear operations, are
of no avail in this situation. Instead, I resort to a log-linear approximation of the non-linear
term in the PDE around the unconditional mean consumption-to-wealth ratio, which is en-
dogenous to the model, in order to address this issue.® This approximation is exact if the
representative agent has unit elasticity of intertemporal substitution and yields closed form
solutions for the pricing kernel, the risk-free rate, and risk-premia. Valuation ratios of claims
to aggregate consumption and corporate dividends are then exponentially affine functions of
the state variables. This affine structure gives rise to equity option prices in quasi closed-

form that can be efficiently determined by Fourier inversion techniques along the lines of

5See Azizpour, Giesecke, and Schwenkler (2010)

6This approximation has been suggested by Campbell, Chacko, Rodriguez, and Viceira (2004) in the
context of a portfolio choice problem and since been employed by Drechsler (2010) in an asset pricing
application. Alternative approximations has been proposed by Benzoni, Collin-Dufresne, and Goldstein
(2007) and Eraker and Shaliastovich (2008).



Duffie, Pan, and Singleton (2000).

In order to illustrate the model’s quantitative implications for stocks, government bonds,
and equity options, I calibrate the parameters to historical data on U.S. aggregate consump-
tion and corporate dividends from the 20th century as well as historical macroeconomic crises
in OECD countries documented by Barro and Ursda (2009). Under realistic assumptions
on the representative agent’s preferences, the model is able to match the magnitude of the
observed historical equity premium and the risk free rate. Furthermore, both the model-
implied treasury bill rate and the price-dividend ratio decline during times of crisis. The
equity premium and the VIX shoot up in response to a disaster giving rise to countercyclical
variation of these quantities. Monte Carlo simulations demonstrate the model’s ability to
account for excess-return predictability. Finally, the mechanism generates implied volatility
patterns close to the smile observed for S&P 500 equity index options.

Rare disasters have been proposed as a solution to the equity premium puzzle.” Barro
(2006) provides international evidence of macroeconomic contractions that can account for
the equity premium and the risk-free rate with reasonable levels of risk aversion. Gabaix
(2010) models time variation in the disaster magnitude to explain stylized facts including
time variation in equity premia and return predictability. Wachter (2010) shows that time
variation in the disaster intensity can account for aggregate stock market volatility. In
contrast to these models, self-exciting disasters explain extended economic crises, jumps in
option implied volatilities during economic downturns, and large stock price reactions in
response to moderate declines in consumption.

The theory of self- exciting Hawkes-processes has recently been applied to problems in
finance.® Azizpour, Giesecke, and Schwenkler (2010) demonstrate the ability of self-exciting
processes to account for the observed phenomenon of default clustering in credit markets.
Ait-Sahalia, Cacho-Diaz, and Laeven (2010) study portfolio choice when stock returns in
different markets are subject to self- and mutually-exciting jumps and use GMM to estimate
a model of financial contagion across countries. My paper uses self-exciting processes to
study general equilibrium asset pricing.

The paper is organized as follows. Section 2 introduces the model and derives general
equilibrium results for claims to corporate dividends and aggregate consumption, government
debt, as well as equity index options in this endowment economy. Section 3 presents a
calibration to historical U.S. data and empirically investigates the asset pricing implications

of the economic channel proposed in this paper. Section 4 concludes the analysis of this

"See Rietz (1988) and Mehra and Prescott (1988).

8See Hawkes (1971a) and Hawkes (1971b) for the original development. For a generalization to affine point
processes see Errais, Giesecke, and Goldberg (2010). Methods for efficient simulation of these generalized
Hawkes processes are provided in Blanchet, Giesecke, Glynn, and Zhang (2009).



paper. The appendix presents a generalized version of the model that features long-run
risk as well as stochastic volatility in consumption and accounts for the possibility that rare
disasters are generated by a finite number of interrelated mutually-exciting jump processes.

Technical proofs following in the appendix are provided for the general model.

2 Model

2.1 Endowment Process

I model a representative agent endowment economy. Consumption growth is subject to
diffusive risk as well as rare disasters. The conditional probability of a disaster \; is governed

by a self-exciting process. The dynamics are as follows:

d

G0 edt + ocdBes + (" = 1) an, (1)
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N, is a counting process with stochastic intensity \;. The Brownian motions driving
consumption growth C} and the jump intensity B, are assumed to be mutually independent.
For succinctness of notation, I will let B; denote the multidimensional Brownian motion
(Bey, B ,\,t)T. The counting process N, triggers jumps of random size in consumption growth
as well as its conditional intensity );. The distribution of the jump size in consumption, Y,°,
is allowed to have support on the entire real line. In order to ensure that the disaster intensity
remains positive, the jump size in \; is the restricted to upwards jumps, i.e. Y > 0. Let Y;
denote the vector (V,%, Y*)T and assume that Y; is independent of both B, and N;. The joint
distribution of the disaster jump size and the upwards revision of the conditional disaster
intensity can be characterized by the moment generating function ®¥ (u) = E [exp (uT . Yt)] .

This setup nests both a continuous-time version of Barro’s constant disaster risk model
as well as the time-varying rare disaster model by Wachter (2010). The novel feature of the
approach presented here is the use of a self-exciting jump process to capture the idea that
the occurrence of a rare disaster also results in a sharp increase of the conditional probability

of another disaster.

2.2 Preferences

The representative agent has recursive preferences which have been developed by Kreps and
Porteus (1978), Epstein and Zin (1989), and Weil (1989) in discrete time. This paper employs



its continuous-time counterpart, stochastic differential utility (SDU), introduced by Duffie
and Epstein (1992a,b). Continuation utility of the representative agent, .J;, is defined by the

recursion

J,=E [ | e Js>ds} , 3)

where f(C,J) is the normalized Porteus-Kreps aggregator

D=

¥
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log ((1 — 7)J)) for ¢ = 1. (5)

In this definition, [ assumes the role of a subjective time-discount factor, v is the coefficient

of relative risk aversion, ¢ denotes the elasticity of intertemporal substitution (EIS), and

the constant 6 is defined as 6 = 11__1 In the special case where v = i, the preference
v
structure coincides with power utility. If v > i the representative agent prefers early over

late resolution of uncertainty.

2.3 Solution

The ultimate purpose in solving this asset pricing problem is in obtaining equilibrium char-
acterizations for such economic quantities as the wealth-consumption ratio, the risk free
rate, the equity premium, the dividend-yield, and the price of European options. We are
furthermore interested in the effect of an upwards revision in the disaster intensity on these
quantities in response to the arrival of such an event. The equilibrium stochastic discount
factor that prices assets in equilibrium depends on consumption growth as well as contin-
uation utility. It is therefore required to first solve for the equilibrium value function of

representative agent in order to study asset pricing problems in this economy.

2.3.1 The Value Function

The value function is obtained by rewriting the recursive definition (3) in terms of a partial
differential equation (PDE). This is possible since consumption and the disaster intensity
are Markov processes. Hence, continuation utility at time ¢ is a function of consumption and

the disaster intensity at time ¢ only. That means. J; can be written as J(Cj, \;).? Applying

9Note that the Markov property implies

Jy =B, Utw f(C’S,JS)ds} =E MOO F(Cy, Jy)ds

Ct, )\t:| = J(Ct, )\t)



a Feynman-Kac type argument to the recursive definition of continuation utility given in
equation (3) results in the PDE

DJt + f(ct7 Jt) = 07

where D.J, denotes the infinitesimal generator associated with the dynamics of C; and )19

Substituting the expression for the infinitesimal generator derived in the appendix yields the
PDE 12

_ 1 1
JC#CCt + JAKJ/\(/\ - >\t) + EJCCO-%OE + EJ)Q\O—E\)V +E,. [AJt] A + f(ct, Jt) =0, (6)

where AJ; denotes the jump size in the value function conditional on a jump of N.'3 Since

the value function is homogeneous of degree 1 — v in consumption, one can write!'*

ct
= I
HEN = T TN,
where I()\) solves the differential equation
1 I - 117 I + Y
(1-7)#0——’)/(1—’)/)0'%4——)\/{)\()\—)\{/)4—— A Ui)\t—i—Et, €Yt0(t—t) —1 >\t+f(Ct7 Jt) =0.

2 I 21 I(\)

(7)
This differential equation involves the aggregator f(C,J) which depends on whether the
elasticity of intertemporal substitution is equal to or different from one. The following
proposition provides a closed form solution for the case where the representative agent has

unit elasticity of intertemporal substitution.

Proposition 1 (Equilibrium Value Function for ¢» = 1). If the representative agent has unit

10See the appendix for a heuristic derivation.
UThe infinitesimal generator of J associated with (C,\) is defined as

DJ; = lim E,_ [‘](Ct-i-h: At-i-h) - J(Ot_, )\t—)] .
h—0 h

12T use the notation gx to denote the partial derivative of a function g with respect to X, except for gy,
which denotes the value of that function at time ¢.

13That means AJ; = J(Cp, Ay) — J(Cr_, A=) = J(Co— - ¥, M— + Y) — J(Cy—, \r—). In general, I use
AX; to denote the jump size in the process X; conditional on a jump of N; at time t.

14 Homogeneity of the value function is established in lemma B.1.



elasticity of intertemporal substitution 1) = 1, then the value function solving (6) is given by

1=

- exp (Ag + A)\)\) .

J(C,N) =
1
where the coefficients Ay and Ay satisfy the system of equations

1 .
0=(1=7)pe =571 - V)od 4 Axkal — BAg

1 i
0= —AN(B +r2) + 5 A%+ (27 () = 1),

with i) = (1 —~, Ay)".
Proof. See appendix. m

The constants Ag and Ay are determined by a non-linear system of equations and need
to be solved for numerically.

In the case where the EIS is different from one, the differential equation (7) is non-linear
and does not have a closed form solution. A method introduced by Campbell, Chacko,
Rodriguez, and Viceira (2004), however, admits a log-linearization of the nonlinear term in
this equation around the mean consumption-wealth ratio. The approximate solution for I(\)
then takes the same functional form as in the case of a unit EIS. The following proposition

states the solution for the value function that results from this approximation.

Proposition 2 (Equilibrium Value Function for ¢ # 1). If the representative agent has
elasticity of intertemporal substitution 1 that is different from one, then the value function

solving a Campbell, Chacko, Rodriguez, and Viceira (2004) approzimation of (6) is given by

1—y

- exp (AU + A)\)\) .

J(C,N) =
1
The coefficients Ay and Ay satisfy the system of equations

1 _
0=(1—7)pc— 57(1 — Y)oE + Axka + Oig + 0iylog B — B0 — i1 Ay

. 1 .
0= —(kr+1i1)Ar+ §A§U§ + (@Y (7)) — 1),

with n = (1 — 7, A,\)T. The linearization constants are given by

Ay Ax

le = ﬁexp (—7 — FE [)\t]> and ’io = Zl<1 — lOg(Zl))



Proof. See appendix. O]

The coefficients Ay and A, must again be determined numerically. In the calibration
below, A, is positive. Since v > 1, the representative agent dislikes an increase in the
disaster intensity at the empirically relevant parameter values with a preference for early

resolution of uncertainty.

2.3.2 Asset Prices, Risk Premia, and the Risk Free Rate

In the absence of arbitrage, the price P;; of an asset paying dividend D;, at time s > ¢

solves -
7TtPi,t =E, {/ WsDi,sd5:| ) (8)
t

where m; denotes the pricing kernel. The following proposition provides a differential char-

acterization for asset prices.

Proposition 3 (No-Arbitrage Pricing PDE). The no-arbitrage price Pi; of a claim that
yields dividends D; s at time s > t satisfies the PDE

D(Wt : Pi,t) i Di,t—
Tp— - Pi,t— })i,t—

which can be decomposed as'®

D + DF d [, ], + E [A(m- P)J A 4 Dy
Tp— Pi,tf Tg— » Pi,p - dt Tg— » Pi,tf Pi,tf

~0. (9)

Proof. The proof of the first equation proceeds along the same line as the derivation of the
PDE for the value function. Equation (9) then follows from an application of Ito’s rule for

jump-diffusions. O

This is an extension of the cash flow pricing equation in continuous-time to a jump-
diffusion setting.!®
A risk free asset pays dividends at a rate ry; and has a constant price P, ;. By applying

equation (9) one obtains the following characterization for the risk-free rate.

Proposition 4 (Risk Free Rate). The instantaneous risk free rate is given by

Dﬂ'tc ]Et— [Aﬂ't] )\t— Dﬂ't
T = — — = ——
f T — Ty Ty

(10)

15The superscript ¢ denotes the continuous part of a process. See Shreve (2004, chap. 11) for details.
16See Cochrane (2001, page 32) for the case of purely diffusive risk.

10



Proof. A risk-free asset with instantaneous dividend yield PDDtt = 7+ has constant price
P, = P,,. Since dP,, ; = 0, we have DF, . ; = 0, d [7‘(‘0, Pg]t = 0 and hence D (7¢ - P§) = 0,
and A(7 - P,,); = Am;. Upon substitution into (9), one obtains (10). O

The instantaneous expected return of a risky asset paying dividend stream {D;} ., is
the sum of the expected appreciation of the continuous part, the expected return of the jump

component, and the instantaneous dividend yield, that is

DPf, E,_ [APJN_ D,
,t+ t[ ,t] t 4+ t

Bolrid = Py Py P

Combining propositions 3 and 4 and using the definition of the expected return given above
one obtains the risk premium of a dividend paying asset, which is stated in the following

proposition.

Proposition 5 (Risk Premium). The instantaneous risk premium of a claim to dividends

{Dis},s, is given by

Dpzc,t _'_ Et_ [APZ,t] )\t_ Di,t—

K [Ti,t] —Tfi— = — T
Pt Pt P (11)
. d [ﬂ'c, Pic]t Et_ [A’ﬂ't . A-F)i,t] )\t—
Tp— * Pi,t— -dt Tp— » Pz',t—
Proof. See appendix. O

The risk premium consists of two components. The first term represents compensation
for diffusive risk, whereas the second component designates the premium arising from the

exposure to disaster risk.

2.3.3 The Pricing Kernel

Duffie and Epstein (1992a) and Duffie and Skiadas (1994) show that the process m; given by

Ty = exp (/Ot fr(Cs, Js)ds) fo(Cy, Jy) (12)

can serve as a pricing kernel in a representative agent economy with stochastic differential
utility. The following proposition provides a characterization of the dynamics of the pricing

kernel as well as the equilibrium risk free rate.

11



Proposition 6 (Pricing Kernel and Risk Free Rate). The dynamics of the pricing kernel

are governed by

dm —rpsdt + 0 oy dB; + (exp (nY;) — 1) dN; — (@Y (1) — 1) \dt,

T¢—

with mg = 1, where n denotes the market price of risk vector

()

and o; denotes the matriz of diffusion coefficients

oc 0
op = .
‘ 0 O\V )\t
The equilibrium risk free rate is

e b T DY (1Y e
Tf,t—ﬁ+¢[lc |:2’}/ (1+w):|0'0+29 (1 0) A}\O‘)\)\t—‘—A)\t,

where A = (1= 3) (@Y (7)) — 1) — (®¥ (n) — 1).
Proof. See appendix. O]

The risk-free rate is a linear function of the disaster intensity. The first two terms
represent the subjective time preference and the desire to smooth a consumption stream
that is expected to grow over time. Both terms make a positive contribution to the risk-
free rate. The second effect is declining in the willingness of the representative agent to
substitute consumption over time. The third term arises from a motive to form precautionary
savings as insurance against diffusive shocks. It is linear in both the degree of risk aversion
and the variance of diffusive risk and lowers the risk-free rate. The last term on the right
hand side captures the total effect of disasters on the risk-free rate. The term 1/(20)(1 —
1/0)A303 ), accounts for the effect of an increase in the diffusive volatility of the jump
intensity oyv/A: on continuation utility brought about by an increase in the disaster intensity.
The desire to insure against shocks to the disaster intensity stemming from diffusive risk is
more pronounced if the disaster intensity is high and lowers the risk free rate if both relative
risk aversion and the EIS exceed one and the representative agent prefers early resolution of

uncertainty, i.e. 7 > 1/1.17 The remaining term A); captures both precautionary savings

1"To see this, first note that (1 — %) = % > 0 if ¥ > 1 and the representative agent prefers early

12



to compensate for lost consumption in the event of a disaster and hedging demand against
the upwards revision of the disaster intensity following disaster arrival. It can be shown
that these effects have a negative impact on the risk-free rate if the representative agent

18 in the empirical calibration,

has a unit EIS and relative risk aversion is greater than one.
which has ¢ > 1, this term is negative as well. This means that the unconditional risk free
rate is lower in equilibrium than in a model without disasters. Furthermore, the fact that
self-excitation increases disaster risk \; in response to a disaster implies that the risk-free

rate drops during times of crisis.

2.4 Defaultable Short-Term Government Debt

Historically, economic crises have often been accompanied by at least a partial default of the
government on its liabilities. To account for this possibility, I follow Barro and Wachter in
assuming that whenever a rare disaster occurs, the government defaults with probability q.
The fraction of notional that is lost in the event of default is identical to the reduction in
consumption due to the disaster.

Let r1, denote the promised interest rate on short term government debt. Given contin-
uous reinvestment of interest payments, the value of government debt Pp,; evolves according

to

dPr,
Py

= rpgdt + (&7 = 1) Ny,

where V' = Y,¢ with probability ¢ and Y,* = 0 with probability 1 —gq. Since this investment

strategy yields no dividends, Pp,; satisfies the pricing equation

Dri  DPy  d[r* Pfl, B [A(r-Po) A

=0.
T— PL,tf WtfPL,tfdt 7Tt7PL,t7

The equilibrium rate promised by the government on short-term debt can then be charac-
terized as follows.

Proposition 7 (Equilibrium Interest Rate on Short-Term Government Debt). The instanta-

neous interest rate on defaultable short term debt promised by the government in equilibrium

resolution of uncertainty, i.e. v > 1/¢. Furthermore, % = % < 0if¢ > 1and v > 1/1p. Hence
1/(20)(1 —1/0)A303): >0

18Note that ¢ = 1 implies % = 0. Hence the expression (1 — %) (<I>Y (n) — 1) — (<I>Y (n) — 1) simplifies to
E [exp (—7Y¢ + A\Y3) (exp (Y,C) —1)]. Since Y < 0, the factor exp (Y{) — 1 is negative. Additionally,
exp (—thC + A AY{\) is positive for Ay > 0. Hence their product is negative.

13



18
ree =1+ (@ (n) — ()] g,
where ) = (11—, (1 - 3) A,\)T.

Proof. See appendix. n

The default risk premium on government debt [® (n) — ® ()] ¢\ is positive and in-
creasing in both the disaster intensity A\, and the probability of default conditional on a

disaster ¢.'?

The expected return on government bills r;,; = Dl incorporates an adjustment of the

PL,t—
promised rate 7, for the unconditional expected loss in the event of government default. It

is given by?°

Tpt = Tpge+ (@Y(el) — 1) g\

This adjustment is the product of the disaster intensity \;, the probability of government
default conditional on a disaster ¢, and the expected loss given default ®Y(e;) — 1 =
E [exp (Y;C) — 1} < 0.

The risk premium of an asset with respect to the return on government debt is related

to the risk premium with respect to the risk-free rate by

E, [ﬁpt - Tb,t] =, [Ti,t — Tf,t] + [q)y (1) — ¥ (n) — (‘by(el) - 1)] qA:.

The risk premium measured with respect to the return on government bills is below that

with respect to the risk-free rate, which accounts for the exposure to systematic default risk

of government debt.?!

YNote that

@ () -7 (1) =& o (<7 + (1= 1) 402) - (1= e (1)) >0

if Ax>0,v>1, and v > i, i.e. investors prefer early resolution of uncertainty, since Y, < 0 and Y;* > 0.
20¢; denotes a vector whose ith element is 1 and all remaining elements are 0.
2INote that the term

Y (7) — @ () — (@ (e1) — 1) =E Kexp (—thC + (1 - ;) AAYtA) - 1) (exp (Y,F) — 1)]

is negative, since exp (—vY;C + (1 — %) AAY?‘) > 1 and exp (Yf) <1lify>1, Ay > 0, and the representa-
tive agent prefers early resolution of uncertainty.

14



2.5 The Price of a Consumption Claim

The representative agent’s wealth in this economy is the present value of all future consump-

tion, that is the price of an asset that pays consumption as its dividend given by

PC,t:Et |:/ ECVS:|
t T

The valuation ratio of the consumption claim, i.e. the wealth-consumption ratio, is denoted

by H;, = Pcc,t’t. The following two propositions give the wealth-consumption ratio and the

consumption risk premium for the cases ¢» = 1 and ¢ # 1 respectively. If the representative
agent has unit elasticity of intertemporal substitution, the solution is exact and the wealth-

consumption ratio is a constant 57!.

Proposition 8 (Wealth-Consumption Ratio and Consumption Risk Premium for ¢ = 1).

If the representative agent has unit elasticity of intertemporal substitution ) = 1, then the

wealth-consumption ratio is H, = B~. The instantaneous risk premium of a claim to the

consumption stream is given by
Ei-[roe —rpe-] =08 + [@F () — @ (7)) + @ (e1) — 1] A

Proof. See appendix. m

In the case where v is different from one, an approximate solution exists, which log-
linearizes the consumption-wealth ratio around its unconditional mean applying the same

technique as in proposition 2.

Proposition 9 (Wealth-Consumption Ratio and Consumption Risk Premium for ¢ # 1). If
the representative agent has elasticity of intertemporal substitution different from one, then

the wealth-consumption ratio is given by
H()\) = exp (A§ + ASN),

where the AS = —logB + % and A = %. The instantaneous risk premium on a claim to

consumption with respect to the risk free rate is
Ei [ros —rpe] :”YU% + [CI)Y () — ¥ (1) + i (770) - 1] At
. C C T
with n® = (1, A{)".
Proof. See appendix. m
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2.6 Valuation of a Claim to Corporate Dividends

Following Abel (1999), Campbell (2003), and Wachter (2010), I model corporate dividends
Dy as a levered claim to consumption by letting D; = Cf) . Dividend growth is then governed
by

? = <¢,uc + %¢(¢ — 1)0%) dt + ¢pocdB.; + (@¢th _ 1) dN;. (13)

I will denote the time ¢ price-dividend ratio of a claim to the dividend stream {D;},., by
G = G(\¢). The price of equity Pp; = D, - G, follows

B 1 _ @ 1G)\>\ 2
_ (¢uc+ S0(6—1)o )dt+ G = A+ 5 =R ot
A(D - G);

Dt Gt,

dPp
Ppy

+¢OCdBct+0)\_\/ dB,\t+ dNt.

Substitution of the dynamics for the equity price and the stochastic discount factor into
equation (9) yields a differential equation for G(\). Log-linearization of the dividend-yield
around its unconditional mean gives rise to an approximation whose solution is exponentially
affine in the the disaster intensity. The following proposition summarizes this solution and

provides and expression of the equity premium with respect to the risk-free rate.

Proposition 10 (Price Dividend Ratio). The equilibrium price-dividend ratio of a claim to

corporate dividends is given by
G(N) = exp (A7 + AV V),

where the coefficients AY and AR satisfy the system of equations

0=-p3+ (925—%) fic + GV (1+%) —7¢+%¢(¢—1)> 0%+ AV + go — i1 AY
%(AD) — (kx + 1) AP + (1 — %) Ayo3 AR — ;% (1 — é) A3o2

—(1—%) (@ (7) = 1) + (2" (n+1") = 1),

with n? = (gb, AP )T. The instantaneous equity risk premium with respect to the risk-free rate

s given by

1
Ei [rps — 1] = 7@50'?;« — (1 — 5) AAUAAD)\t_ + AP\,

where AP = [®Y (n) + &Y (nP) — Y (n+1n”) — 1]
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Proof. See appendix. O]

The equity premium consists of three components. The first term y¢oZ is present in a
standard Lucas (1978) endowment economy in the absence of disasters. It denotes compensa-
tion for shocks to consumption due to the Brownian motion. The term — (1 — §) Axo3 AP\,
arises from the representative agent’s objective to hedge against diffusive shocks to the dis-
aster intensity. In the calibration presented below, this term, which has been studied by
Wachter (2010), contributes positively to the equity risk premium and is increasing in the

22 The remaining term AP ), captures the effect of both disasters them-

disaster intensity.
selves and the resulting increase of the disaster intensity due to their arrival. These effects
raise the equity premium.?® The assessment of the relative magnitude of these two effects is
a quantitative exercise that is carried out as part of the calibration presented below. It turns
out that at the empirically relevant parameters, the second effect accounts for the major
part of the equity premium. Hence, the representative agent is less anxious about the loss in
consumption due a disaster itself than the possibility that this event could lead to a sequence

of disasters.

2.7 The Risk-Neutral Measure

In order to determine equilibrium prices of financial derivatives, it is convenient to work
under an equivalent risk-neutral measure P. To construct this probability measure, define the
exponential martingale Z; = exp ( f(f rudu> 7. Since Z; satisfies Z; > 0 a.s. and E[Z;] = 1,
it is a Radon-Nikodym derivative. Fix a positive time T and define the equivalent probability

measure P by
B(A) = / Zr(w)dP(w) for all A€ Fy.
weA

Under this measure, the price at time ¢ of an asset that provides a dividend stream {D; ;}2°,

/ e~ firudep, ds ]-"t} .
3

t
%Note that 1 — § = 1__77 is positive for v > 1 and v > i, i.e if the representative agent prefers early

is given by

)

Pit:E[

resolution of uncertainty. Moreover, Ay > 0 and A? < 0, which ensures that — (1 - %) AAU?\A? At 1s
positive.

23To see this, first note that 1 — % = ‘1’:3 > 0 if v > 1 and the representative agent has a preference for

early resolution of uncertainty. Therefore

1

Y (n)+@¥ (n”)—@¥ (n+n")-1=E [(eXp (—thc + (1 - 9) AAY;:)\) - 1) (1—exp (0Y," + AVY)) | >0,

since exp (—7Y,C 4+ (1 — §) A\Y;)) > 1 and exp (¢Y,C + ARY}) < 1 with Ay > 0 and AP < 0.
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The Radon-Nikodym derivative process Z; in this model is governed by

az,
Z_t =nTodB, + (exp (nTYt) - 1) dN; — (CIDY (n) — 1) Aedt,
t_
with initial condition Zy = 1. The dynamics of consumption, dividends, and disaster risk

which obtain under P are summarized by the following proposition.

Proposition 11 (Dynamics Under the Risk-Neutral Measure). The dynamics for consump-
tion growth, dividend growth, and the state variables under the risk-neutral measure P are
given by

1 . -
dln Ct = [Mc — (’7 + 5) O'gl dt + UCdBC,t + Y;CdNt

1 - -
dinD, = ¢ [uc — (7 + 5) Ué} dt + ¢ocdBc s + ngthNt

_ 1 _ 3
dAt = |:K/)\()\ — )\t) + <1 — 5) A)\O-i)\t:| dt + O')\\/)\_tdBt + }/;AdNt,

where Bo and By are independent Brownian motions under P. Furthermore, the intensity

of the counting process N is

S\t =¥ (1) Ae
under the martingale measure P. The moment-generating function of Y; under P is given by

XY _ (I)Y(U+77)
O (u) = <I>Y—(17)

Proof. See appendix. ]

Under the risk-neutral measure, the drift of both log consumption and log dividend
growth is reduced by a component which increases in risk aversion, volatility of diffusive
shocks to consumption, and corporate leverage. Furthermore, the intensity of disasters
under the equivalent martingale measure is higher than under the physical measure.?*

The dynamics of the logarithm of the price of equity under the risk neutral measure

follow immediately from the proposition above.

Corollary 1 (Dynamics of the Price of Equity under I[NJ’) The log-Price of equity In Pp; s

24Note that ®Y (n) = E [exp (—7Y,¢ + A\Y;})] > 1 since Ay > 0.
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governed by the process

=l ) 0 )

+¢0-C’dBC,t + AADO}\ \/)\_tdé)\7t + (QSYtC + A?Yi)‘) dNt

under the risk-neutral measure P.

Proof. See appendix. O

2.8 Equilibrium Prices of European Derivatives

Equilibrium Prices of European options that arise in this endowment economy can be com-
puted in quasi-closed form using transform techniques developed by Carr and Madan (1999)
and Duffie, Pan, and Singleton (2000). The following proposition provides the Fourier trans-
form of the price of a general state contingent claim on equity with European exercise that

pays f(In Pp;) at maturity date 7.

Proposition 12 (Prices of European Derivatives). Let x; = In Pp; and consider a state
contingent claim which yields a cash flow of f(xr) at expiration T. Denote by Py, =
E [exp (— j;T rf,sd5> f(xT)‘ .7-}} the equilibrium price of the derivative at time t < T. The
Fourier transforms FPpy(u) = [ e Py y(x,)dx, is given by

FPri(u) =exp(i-u-x,)- Ff(u)- Ot z, —u,T),

where \ifﬁT(t,x, u,T) = E [exp (— ftT Tf73d3> exp (zuxT)’ Ft} denotes the discounted charac-

teristic function of the log price of equity under the risk-neutral measure.
Proof. See appendix. n

This result is an application of the method developed in Lewis (2000) to a representative
agent economy with self-exciting disaster risk. The derivative price at time ¢ can then be
determined by Fourier inversion, which entails numerical integration along a strip parallel
to the real axis, i.e. an evaluation of the integral

1 iw~+00
P =— exp (—iuxy) F Py y(u)du, (14)
2 W —00
for appropriate choice of w € R.
The applicability of this result in practice depends on the availability of simple expressions

for the discounted characteristic function of the log price of equity as well as the Fourier
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transform of the derivative payoff. The appendix provides the joint discounted characteristic
function of the log equity price and the disaster intensity arising from this consumption
based model up to the solution of a system of ordinary differential equations, which are
solved numerically. The Fourier transform of the payoff at expiration of a European option

with log strike price k is given by

_exp ((fu + 1)k)
P =—ms

For the valuation of call options, the integral (14) is computed with w > 1 whereas put

option prices are obtained by choosing w < 0.

3 Calibration and Simulation

In order to illustrate the economic implications of self-exciting disaster risk quantitatively,
the model is calibrated according to a dataset on economic crises documented in Barro and
Ursta (2009). The ability of self-perpetuating economic disasters to account for stylized

asset pricing facts is then investigated based on a simulation of the calibrated model.

3.1 Calibration

The dynamics of consumption growth and the disaster intensity of the model to be calibrated

are given by

dCt = ucCtdt -+ O'CCtdBCﬂg + Ct, (exp (KC) — 1) dNt
i = ki (A= M) dt + oay/NdByg + Y AN,

where B¢, and By are independent Brownian motions and N; is a counting process with
intensity \;. In order to ensure that disasters reduce consumption, the jump size Y, has a
negative Gamma distribution with shape parameter a; and scale parameter by, i.e. —Y,¢ R
GA(ay,by). For simplicity, | assume that whenever a disaster occurs, the conditional disaster
intensity \; jumps up by a constant Y*. A calibration hence involves picking values for the
8 parameters i, 0c, kx, A, O, @y, by, and Y.

The consumption dynamics during non-crisis times are identical to existing models in
the disaster risk literature such as Barro (2006) and Wachter (2010). In order to facilitate
comparison with these models, I adopt their parameter choices for the mean and the standard
deviation of consumption growth during normal times and set uc = 0.0252 and o¢ = 0.02.

Wachter considers time variation in the disaster intensity that is unrelated to disaster arrival.
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To clearly distinguish the ability of self-perpetuating economic disasters to explain stylized
asset pricing facts, I shut down the channel investigated in her paper by setting o) = 0.

The remaining parameters of the model, which control both the magnitude and the tem-
poral behavior of economic crises, are calibrated to match salient features of a dataset on
macroeconomic crises around the world presented in Barro and Ursia (2008). The major
characteristics of this dataset are summarized in Barro and Ursta (2009), which also matches
economic crises with contemporaneous declines in a stock market index. The study docu-
ments 100 severe economic downturns across 30 countries during which the macroeconomy
contracted by more than 10%. In this paper, I am trying to explain stylized asset pricing
facts for the U.S. I am restricting the sample to crises in 20 OECD countries since their
economies and capital markets exhibit a higher degree of similarity with the those of the
U.S.

Both the duration and the magnitude of each of the 57 crises remaining after this selection
procedure are provided in Barro and Ursia (2009) and are summarized in table 2 of the
present paper. The probability of the economy moving into a recession that results in a
contraction of at least 10% is 3.8%. Such a crisis lasts for 5.33 years on average. The mean
and standard deviation of the decline in consumption experienced over the course of the
crisis are 23.66% and 13.91% respectively. Raising the threshold of the loss in consumption
during a crisis from a 10% to 15% reduces the probability of observing such an event in a
given year to 2.2% and increases the average duration to 5.64% years. The conditional mean
and standard deviation of the decline in consumption are 32.33% and 15.60% respectively.
Further raising the bar for the macroeconomic contraction to 25% decreases the odds of
observing such a crisis to 1.07% and raises the average crisis length to 6.19 years. The
expected macroeconomic contraction associated with this event is 45.00%, while its standard
deviation is 13.18% in the data.

The parameters to be calibrated are the speed of mean reversion k), the mean reversion
target ), the increase in the disaster intensity in response to disaster arrival Y, as well as
the shape and scale parameters of the gamma distribution determining the jump size in log
consumption, ay and b;. In order to find a calibration that replicates the moments sum-
marized above, 5,000 independent paths are simulated from the model, each with a length
of 100 years. The jump intensity of each simulated path is initialized at its unconditional
mean E[\] = kaA/(kxy — Y?). In the first period, a disaster is simulated that results in an
increase in the intensity from E[)\;] to E[\;] + Y and simultaneously causes a downwards
jump in log consumption according to the distribution of Y,¢. This disaster marks the po-
tential beginning of a crisis. In each simulated path, the end of this crisis is declared when
the disaster intensity falls below a crisis threshold for the first time. I define this threshold
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to be reached once the crisis intensity has reverted halfway back to its unconditional mean
from the first jump, i.e. the critical intensity for declaring a crisis is E[\;] + Y*/2.

The parameter values that are chosen by this procedure are summarized in table 1. A
comparison of the model implied characteristics of a crisis with their sample counterparts
is detailed in table 2. The calibration is conservative in that both the probabilities of
observing macroeconomic contractions that result in a consumption loss of at least 10%,
15%, and 25% respectively and their associated expected reductions conditional on these
thresholds are smaller than in the data. Historically, both small and medium crises have
lasted slightly longer than implied by the calibration. The average length of a crisis that
results in a consumption reduction of 10% or more is 4.27 years versus 5.33 years in the
data. The mean duration of a crisis that destroys at least 15% of consumption is 5.13 years
compared with a historical duration of 5.64 years. On the other hand, large crises that result
in a consumption loss exceeding 25% last longer in the model than they do in the data (7.19
years in the model versus 6.19 years in the data). Not every disaster in the model turns
into a crisis that results a consumption decline of more than 10%. The calibrated model
implies a moderate amount of crises that fall below the 10% threshold. The unconditional
probability of observing a crisis that results in a macroeconomic contraction between 0%
and 10% is 3.92% per year, which translates to roughly one such event every 25 years. The
cumulative consumption loss during such an episode, which takes about 2 years, is 4.21%
on average, or about 2.12% during each year of the crisis. The distribution of the disaster
intensity arising from this calibration is depicted in figure 5. The unconditional mean of the
disaster intensity is 10.06%. The intensity remains below 22% with a probability of 90%. In
95% and 99% of all cases the disaster intensity is below 31% and 53% respectively. Despite
the simple dynamics of consumption and disaster risk, the calibration does well at explaining
the frequency, magnitude, and duration of crises exceeding of 10% without introducing an
unreasonable number of small crises.

The leverage of corporate dividends is set to ¢ = 3, the value chosen by Bansal and Yaron
(2004). The probability of partial default by the government in the event of a disaster ¢ is
set to the same value as in Wachter’s calibration, wherein ¢ = 0.4.

Preference parameters are chosen to match the equity premium and the expected return
on short term government debt in U.S. data from 1890 to 2004. Relative risk aversion
v assumes a value of 2.65, the elasticity of intertemporal substitution (EIS) 1, is set to
1.5, and the calibration uses a subjective discount factor of § = 0.02. The degree of risk
aversion is significantly below 10, which is considered an upper bound in the literature for
this parameter. There is some disagreement on the magnitude of the EIS between the

macroeconomics literature on real business cycles and the long-run risk literature. Models of
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real business cycles typically require the EIS to be close to but smaller than one in order to
match moments of macroeconomic data.?> In contrast to that, the long-run risk literature
requires the EIS to significantly exceed unity. I follow Bansal and Yaron (2004) and use a

value of 1.5.

3.2 Simulation Results

Two paths from the calibrated model are simulated for 25, 000 years at a monthly frequency
and then aggregated to an annual horizon. Annual moments from the simulation are reported
in table 3 along with their sample counterparts in U.S. data. Historical moments on returns,
consumption, and dividends spanning the period from 1890 to 2004 are from Robert Shiller’s
dataset reported in Wachter (2010).26 Throughout the empirical analysis I use returns on

short term government debt in the model as a proxy for returns on U.S. treasury bills.

3.2.1 The Equity Premium and the Return on Government Bills

The model with self-excitation is able to explain an equity premium of 6.08% along with
a low expected return on government bills of 2.15%, both with a reasonable level of risk
aversion. Furthermore, the model can address the excess volatility puzzle documented by
Shiller (1981). Equity return volatility generated by the model is 18.96% per year which
compares to 18.48% in U.S. data. The mechanism achieves this result without predicting
counterfactually high volatility in the return on treasury bills, which is 2.79% in the sim-
ulation and 5.91% historically. The unconditional Sharpe ratio of 0.32 exactly matches its
counterpart in the data. The volatility of both log consumption and log dividend growth is
slightly above its historical value.

The dependence of the risk-free rate and the yield on government bills on the disaster
intensity is depicted in figure 2. Since government debt is subject to default and investors are
risk averse, the risk-free rate is below the expected return on government bills, which in turn
is below the promised yield of these investments. All of these rates of return are decreasing
in the disaster intensity. The risk-free rate is driven by an objective to smooth consumption
over time and to form precautionary savings. Both of these motives become more pronounced
in response to an upwards revision of the disaster intensity. If the probability of a disaster
increases, expected consumption growth declines and the consumption smoothing motive
increases the investor’s desire to transfer wealth into the future. In addition to that, the

precautionary savings objective intensifies during periods in which agents face higher odds

258ee for e.g. Kydland and Prescott (1982), Lucas (1990), and Jones, Manuelli, and Siu (2000).
26The data is available on Shiller’s website at http://www.econ.yale.edu/ shiller/data.htm. See Shiller
(1989) for details on the construction of this dataset.
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of a disaster. Both of these effects contribute towards a negative relationship between the
risk-free rate and the disaster probability.

In contrast to a truly risk-free asset, government debt is itself subject to default in the
event of a disaster. This systematic default risk causes risk averse investors to demand a
premium that is increasing in the disaster probability. This latter effect partially counteracts
the consumption smoothing and precautionary savings motives and decreases the sensitivity
of the expected return on government debt with respect to the disaster intensity. In turn,
the promised yield on these assets must be even higher than the expected yield to provide
compensation for the possibility of default during economic disasters. The relationship be-
tween the risk-free rate as well as the promised and expected return on government bills are
depicted in figure 2. These latter rates are less sensitive to changes in the disaster intensity
compared to the risk-free rate. In times of crisis, the expected real return on government
bills can be negative. This happens whenever the disaster intensity rises above 23%, which
occurs in 9 out of 100 years in the simulation. In contrast to that, the realized real return
on treasury bills in U.S. data has been negative in 25 out of 100 years.

The equity premium compensates investors for two sources of risk. The compensation
for diffusive risk in prices and consumption considered by Lucas (1978) is too small to ac-
count for the observed equity premium in the U.S. Its contribution towards the total equity
premium of 6.07% in the calibration presented here amounts to just 0.318%. The major
part of the risk premium stems from compensation for the exposure of equity investments to
rare economic disasters. In the context of recursive preferences, agents care about disasters
for two reasons. The occurrence of a disaster leads to a sharp contemporaneous decline in
both corporate dividends and consumption which requires equity to offer a premium for this
exposure to systematic risk. In addition to that, the arrival of a disaster causes an upwards
revision in the conditional disaster intensity by virtue of self-excitation. This causes both
a decline in expected future consumption growth and an increase in the uncertainty about
its future realization. A shock to the persistent disaster intensity, which increases uncer-
tainty about future consumption growth affects indirect utility from future consumption. If
investors exhibit a preference for the timing of resolution of uncertainty, i.e. if ¢» # 1/,
indirect utility enters into the pricing kernel. In particular, if agents prefer early resolution of
uncertainty, which is the case that obtains in this calibration, they dislike an increase in the
uncertainty about future consumption growth and hence require additional compensation
for the possibility of a positive shock to the intensity of disaster arrival in the future.

Figure 3 illustrates how these individual components determine the equity premium in
relation to the disaster intensity. The amount of diffusive risk equity investments are exposed

to is constant with respect to the disaster intensity and its contribution to the equity pre-
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mium is small in magnitude. The compensation for the instantaneous effect of a disaster on
consumption is depicted by the dashed line and represents that part of the equity premium
which arises from diffusive risk as well as the direct impact of a disaster on consumption.
It is the risk premium that arises in a model with power utility such as Barro (2006) if dis-
asters take place over extended periods rather than being concentrated at a single instant.
The indirect effect of disasters on the equity premium works through the forward looking
component in the pricing kernel that obtains in the case of stochastic differential utility with
a preference for early resolution of uncertainty. It is compensation for the upwards revision

of the jump intensity that is brought about by the arrival of a disaster.

3.2.2 Stock Market Crashes and Macroeconomic Contractions

Historically, stock market crashes have been observed even in the absence of significant
declines in macroeconomic activity. Indeed, Paul Samuelson once famously remarked that
”Wall Street indexes [had] predicted nine out of the last five recessions” (Samuelson (1966).
In fact, an analysis of the crisis dataset in Barro and Ursta (2009) indicates that in 28%
of all cases, periods of negative stock market returns exceeding 25% were associated with a
contemporaneous decline in macroeconomic activity of more than 10% in OECD countries.
Likewise, the odds of a macroeconomic contraction exceeding 25% given a stock market
decline of 25% were only 11% in this historical dataset.

A standard disaster risk model, in which the entire reduction in consumption is realized
instantaneously is unable to account for this phenomenon since the only cause of a significant
stock market decline is an economic disaster. The possibility of a self-perpetuating economic
crisis can provide an explanation for this apparent puzzle. In the event of a disaster, agents
rationally anticipate the possibility of a more severe economic crisis which leads to an increase
in the compensation required for holding risky assets. This effect on the equity premium
and hence the discount rate makes stock valuations decline by more than the reduction in
dividends that is due to the disaster. In most cases, a more severe economic contraction
does not materialize and the downturn in financial markets appears to have been excessive
ex-post.

A simulation of the calibrated model demonstrates that self-excitation is consistent with
this empirical fact. Table 6 illustrates the probability of observing a macroeconomic down-
turn in excess of a 10% and 25% threshold conditional on a stock market crash of at least
25%. In the simulation, a stock market crash exceeding 25% goes along with a macroeco-
nomic contraction of at least 10% in roughly 4 out of 10 cases, which is slightly higher than
in the historical dataset. The calibration exactly hits the mark for crises of more than 25%,
which have a conditional probability of 11% both in the model and in the data.
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3.2.3 Return Predictability

Valuation ratios on the aggregate stock market negatively predict future excess returns at
various horizons in U.S. data. Panel C of table 4 reports slope coefficients from a regression
of excess returns in the U.S. stock market over 1, 2, 4, 6, 8, and 10 years on the log price-
dividend ratio at the beginning of the period. Low valuations relative to dividends predict
higher than average returns and vice versa. Due to persistence in the price-dividend ratio,
its predictive power for excess returns is increasing with the horizon. This predictability
pattern arises naturally in the context of a model with a self-exciting disaster intensity. The
disaster intensity A completely determines the price-dividend ratio. An increase in A due to
the occurrence of a disaster raises the conditional equity premium and leads to a decrease
of the price-dividend ratio. In most cases, another disaster does not occur and a low price-
dividend ratio is followed by a period of higher than average returns due to mean reversion
of the disaster intensity, which leads to an increase in the valuation ratio.

Table 4, panel A illustrates the model’s ability to generate return predictability in the
calibration presented here. Slope coefficients from a regression of excess returns on the log
price-dividend ratio are negative throughout and decrease with the horizon. The model
manages to reproduce the predictability pattern observed at medium horizons of 4 and 6
years. The degree to which excess-returns are predictable by the price-dividend ratio implied
by the models is higher than in data at short horizons of 1 and 2 years and lower at long
horizons of 8 and 10 years. Furthermore, the R?’s from these regressions are significantly

below their counterparts in historical data.

3.2.4 Equity Options

The model succeeds at generating the implied volatility smirk pattern for equity index options
qualitatively. Figure 6 and 7 depict the implied volatility of put options with one month and
one year to expiration respectively. Option prices are computed at the unconditional mean
disaster intensity. High implied volatilities of out of the money put options reflect relatively
high prices for these options, which are compensation for insurance against economic disasters
provided by these instruments. The smirk generated by the model is more pronounced than
its empirical counterpart in put options on the S&P 500 index.

Figure 8 graphs the model-generated VIX computed from both call and put options with

30 days to expiration as a function of the disaster intensity.?” The model-implied VIX is

2"The calculation implements the methodology used by the Chicago Board Options Exchange
outlined in the document "The CBOE Volatility Index-VIX” available from the CBOE website
(www.cboe.com/micro/vix/vixwhite.pdf). The computation is based on model-implied prices for calls and
puts with moneyness between 80% and 120%.
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positively related to the conditional likelihood of a disaster, which can help in explaining
the sharp increase in the VIX during the fall of 2008. A VIX of 16.23 on June 29, 2007 just
before the beginning of the crisis corresponds to a disaster intensity of 4.5% per year in the
calibration, which is the mean reversion target. The implied volatility of 18.81 on August
22 of 2008 is consistent with a disaster intensity of about 6% per annum. Furthermore, the
subsequent surge of the VIX to 80.86 on November 20, 2008 implies that market participants
expected disaster arrival to occur at an instantaneous rate of 1.36 events per year. This
increase of 130% in the disaster intensity requires more than 6 consumption disasters if the
upward revisions in the intensity is 20% as in the calibration. In contrast to that, there was
only one such disaster during the fourth quarter of 2008. The decline of the VIX to around
16 by mid April 2010 can be attributed to mean reversion of the disaster intensity in the
absence of further large negative consumption declines. This highlights the model’s ability
to qualitatively account for the observed VIX dynamics but also demonstrates its numerical

shortfalls in matching the exact magnitude.

4 Conclusion

In this paper, I have demonstrated the importance of self-perpetuating economic disasters
for understanding stylized asset pricing facts. A calibration of a simple model can explain
the equity premium and risk free rate with a reasonable degree of risk aversion. Excess
volatility and return predictability by valuation multiples arise naturally with this model. It
is the first disaster risk model which can account for the empirical observation that severe
economic downturns develop over extended periods of time. This feature allows predictions
for the behavior of equilibrium quantities during a crisis and can account for an increase in
the VIX and the dividend-yield as well as a decline in the risk-free rate in response to the
occurrence of a consumption disaster.

Previous disaster risk models have been criticized for their assumption that the entire
extent of an economic contraction be realized in a single instant.?® This paper demonstrates
the ability of self-exciting disasters to address this point which gives further justification to
this important class of models.

While the model is able to account for the implied volatility smile in equity index op-
tions, it fails to capture its magnitude. Implied volatilities of out of the money put options
generated by the model exceed the corresponding observations in S&P 500 option markets.
This shortcoming might in part be owed to the simple model of corporate cash flows as-

sumed in this paper. In reality, a stock market index is not just a levered claim to aggregate

28Gee for instance Constantinides (2008).
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consumption. A more sophisticated model that properly accounts for the corporate fraction
in this economy, like the one proposed by Longstaff and Piazzesi (2004), might contribute
to resolve this issue.

Promising avenues for future research include the empirical analysis of the dynamics of
equity premia and bond yields during severe economic downturns in developed countries as
well as an investigation of the implications of self-exciting disasters for the cross-section of

expected returns.
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A Affine Jump Diffusions

Fix a probability space (2, F,P) with filtration {F;};>¢ satisfying the usual hypothesis, on
which are defined a d-dimensional Brownian motion W;, K counting processes with inde-
pendent arrival Ny, k € {1,2,..., K}, and associated with each process Ny, a sequence of
d-dimensional i.i.d. random vectors {Y},;}+0.2? The distribution of Y.+ can be characterized

by its joint moment generating function
®) (u) =E [exp(u” - Yi,)]

for some u € R?. Define the process X, € D C R? by

K
dX, = p(Xp)dt + o (X)dW, + > Vi d Ny, (A.1)

k=1

with initial condition X, = x. The counting processes { Ny }r—12, . x have stochastic arrival

intensity Ax(X;). Assume that the coeflicients of (A.1) satisfy the restrictions

wX) =Ko+ K- X , with K, € R?, K; € R4
d
o(X)-o(X)" = Hy+ Y HyX; , with Hy, H; € R™? (A.2)
i=1
Ae(X) = Ao + AL X , with Ao, € R, Ay € RY
rr(X) = po+ ;X , with py € R, Ay € R,

where 77, denotes the risk-free rate. Under these conditions X; is an affine jump diffusion
(AJD) and the following results hold as special cases to the theory developed in Duffie, Pan,
and Singleton (2000). The following lemma gives the characteristic function of an affine

jump diffusion.

Lemma A.1 (Discounted Characteristic Function of Affine Jump Diffusion). For some
uwueCt T>t, and X, €D, let

T
UX(t, 2, T,u) =E {exp (—/ Tﬁst) exp(iu’ X7)
t

Xt:$:|

denote the characteristic function of the Xt conditional on X; = x. If the jump diffusion

(A.1) satisfies the affine coefficient restrictions (A.2), then its characteristic function is given

29Gee e.g. Protter (2005, page 3) for a definition of the usual hypothesis.
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by
UX(t, 2, T, u) = exp(Ag(T —t) + Ax (T — t)"x)

where Ao(T) and Ax(7) are functions in C- and C? respectively, satisfying the system of

ordinary differential equations

K
, 1
A1) = Ax () Ko + §AX( )" HoAx (1) + Z (@4 (Ax (1)) — 1) Aok — o
k=1
X X (A.3)
A,X,i(T) = [AX(T)T[QL + §AX( ) H,y zAX )+ Z (I)Y (Ax (1)) — 1) Moki = Pl
k=1

with initial conditions Ap(0) =0 and Ax(0) = iu.

Proof. First note that exp (— fg rfﬁsds> UX (¢, z,T,u) is a martingale under P, i.e. for any
ty <ty <T, we have

t2
E [exp <—/ rﬁsds) UX (ty, Xy, T, w)
0
T
=E [E [exp (—/ rf,sds) exp(iu’ Xp)| X, = x} = x}
0
t1 T
=exp (—/ rfﬁsds) E [exp (—/ rfﬁsds) exp(iv Xp)| Xy, = x}
0 t1

t1
= exp (—/ vasds) \I/X(tl,th,T, u).
0

Let D; = exp (— f(f rf,sds). The dynamics of DU = D,¥X(t, X;,s,u) follow from an

application of Ito’s formula for jump-diffusions, which yields

th = l‘:|

d (DX oUX  ouX 1 92wX
(DL; ©) 5 T oK) + 5t (aanT (X1)o(Xy) ) ZEt_ [AT] Ak(xt)_rft] dt
- k=1
LoV PX K
+ 5o (X)dWs + 3 7 [AWE ANy, — B [AVE] (X, )at]
k=1

The martingale restriction on U¥ (¢, Xy, s, u) gives rise to the partial differential equation

+ZEt_ [ATE ] \(X) — gy = 0.
k=1

ouX X 1 *uX
F) G (W"(Xt) (Xe) )

Substitution of the conjecture WX (¢, 2, T, u) = exp(Ao(T — t) + Ax(T — t)Tx) yields the
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differential equation

— (AG(T) + A’X(T)Tac) + A ()T (Ko + Ky2) + %AX(T)THOAX(T)
+% > Ax(r) HiiAx (1w + Y (2 (Ax () = 1) Aok + Max) — (po + prz) = 0.

i=1

Since the coefficients multiplying each z; and the constant must be zero individually to make
the equation hold for all x, one obtains the system of ordinary differential equations of the

proposition. 0

The next result gives a characterization of the dynamics of the affine jump diffusion under

a change of measure.

Lemma A.2 (Change of Measure for Affine Jump Diffusion). Let X; be an affine jump-
diffusion and n € R%. Denote by Z; the Radon-Nikodym process

az K
Z—t N o(X)dW, = [(1— exp (7" Yie)) dNey — (1= (1)) Ae(X2))dt]
t= k=1

with Zy = 0. Fiz T > 0 and define the probability measure P by

P(A) = / ., Zp(w)dP(w) for all A € Fr

Under the probability measure P the process X; is an affine jump diffusion with dynamics

K
dX; = i(X;)dt + o(X)dW + Y Vi d Ny,
k=1

where W, is a d-dimensional Brownian motion and Nk, ke{l,2,..,K} are K independent
counting processes with intensities S\k(Xt) under P. The drift coefficient is given by a(X) =
f{o + f(lX, with

}?0 = K0+Hgn
Kl K1+ [Hl 1n---Hy dn}

The arrival intensity of the point process Ny is given by Xk(X) = S\OJC + le,kX with

Ao = Aox® (1)
Ak = M@ ().
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Under P, the random variable Y.+ has moment generating function

- O (u+n)
DY (u) = o
H = e
Proof. Since Z; is an exponential martingale, we have Z; > 0 a.s. and E[Z;,] = 1 for all

t > 0. Hence Z; is a Radon-Nikodym derivative and Pis a probability measure. The proof
proceeds by showing that the characteristic function of X; under the measure P is that of an
affine jump diffusion with the proposed parameters. The characteristic function of X, under

P conditional on F; is defined as

(1, Xy s.0) = E [exp (107 X,)| ] = E [ Z,exp (”X,)| 7).

The process Z; WX (t, X;, s,u) is a P-martingale, since for any ¢; <t < s, we have

E | 2 0% (t2, Xy 5,0)| Fu| = E | Z,E [exp(iu” X,)| 7] | 7]

Zs .
=FE {ZtQE {— exp(zuTXs)‘ .7:,521
L,

7

A
=7 E {Z—S exp(iu’ X,)

t1

7

= Ztli/X(tl,th, S,U).

In the following let \Tfff denote UX (t, Xy, s,u). By an application of Ito’s rule, the dynamics
of Zt\i/f( under P are given by

- oux 1 [ 920X - -
X\ _ T E Y X
d <Zt\Ijt ) = W + 5 tr (WO(Xt)O—(Xt) > + - (1 — (I)k (77)) \Ift )\k(Xt)
r 7 o OUX
+ (,LL(Xt) + n O'(Xt)O'(Xt> ) E)—X tht
ov Xy) +n"o(X W, §K A(Z¥%) dN,
+ aXTU( t)"—ﬂ O'( t) th ¢+ £ (Z )kﬂtd Kt

Since Zt\iff is a martingale under P, the characteristic function of X; under If”, P (t, X4, s,u)
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satisfies the partial differential equation

ovt 1 ( o a(X)a(X)T> +3 (1= 0 () T A(X)

ot OXOXT s
a\pX a .
T T X _
+ (u(X)" +nTo(X)o(X +§ Et_[ (Z\If )kJ Au(X) =0

Substituting the conjecture @X(t, X, s,u) = exp (flo(s —t)+ le(s — t)TX> and letting 7 =

s — t gives rise to the ordinary differential equation
- - 1 - - - .
— (Af)(T) + A/X(T)TX) + 5 Ax (1) HoAx (7) + Ax(7)" Ko + Ax(7)" Ko X

d
1 ~
+§ZAX( V' Hy A (1) X + A0k+z 1—®) (7)) MxX

K
k:l

T HyAx (1) + 17 Z HyAx (1) X, + XK: (cp}: (n + AX(T)) - 1)) Mok + ALpX) = 0.

i=1

Since this equation holds for all values of X, the coefficients multiplying each of the compo-
nents X; and the constant term must be separately equal to zero. This yields the system of

simultaneous differential equations

Ay(r) = (K§ +n"Hy) Ax(7) + %AX< THoAx(7) + i <<I>Z (77 + AXU)) - q’;’q/(n)) Aok

Aea(r) = (KT +0"Hu) Ax(n) + 5Ax(r)" Hyidx(r) + Z (@) (n+Ax(m) =@ ) M

The claim then follows by comparing coefficients of the differential equation above with the

one for the characteristic function given in lemma A.1. m

The following result provides the conditional expectation of an affine jump-diffusion.

Lemma A.3 (Expectation of Affine Jump-Diffusion). Let X; be an affine jump-diffusion.
The conditional expectation E | Xr|F| is given by

E[Xr| ] = - (0(T — 1) + ax(T ~ 1) - X,),
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where ag : Ry — C? and ax : R, — C¥ solve the differential equations

Ozé( )= - Ko+ Z ax (T Vq)k >\0,k
(A4)

K
(1) = lax(T) - Kil o, gps + D ax(T)VOL (0)A1 4,

k=1
with initial conditions ao(0) = (0,...,0)" and ax ;(0) =i-e]. *

Proof. Let WX"(t, X;,T,u) = E [exp(iu” X7)| F;], i.e. the characteristic function of Xj,
which can be obtained from lemma A.1 by setting po = 0 and p; = 0. By the properties of

characteristic functions, the first moment of X;, can be computed as

1 0UX (¢, X, T, u
B (x| )= ; S C X T
u=0
) &(Ax(r,u)T
=i U, X0, T u) 04olr) (Ax(mw)) - X,
du du »

= iU X, T, 0) (ao(7) + ax (1) - Xy)

where
8140 (7—7 U)
ou

ap(T) = and ax (1) =

u=0

Differentiation of (A.3) with respect to u yields
K
ag(T) = ax(1) - Ko+ ax(7) - Hy - Ax (1) + Z ax(T)V®) (Ax (1)) Xok
k=1

e o(7) = lox(7) - K1) gy + ax(7) - Hip - Ax(7) + ) ax (1) VO (Ax (7)) ALk

The boundary conditions given in the lemma arise by differentiation of the boundary con-
ditions for the equations characterizing Ag(7) and Ax(7) with respect to u. Since u = 0,
WX (¢, X, T,0) = Elexp(i - 0 - X7)|X;] = 1. Accordingly Ay(7) = 0 and Ax(7) = (0, ...,0)T.

T
30V @Y (u) denotes the gradient (M 02r a<1>Y) .

Ouy ' Ousg ? ) Oug
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Hence, the differential equations above simplify to
K
ap(r) = ax(r) - Ko+ > ax(1)Ve} (0)Aox
k=1

(1) = lax(7) - Kl g+ Y ax(T)VE (0)A

77777

B A Generalized Asset Pricing Model

This appendix presents a generalizes asset pricing model, which extends the model considered
in this paper towards long-run risk and stochastic volatility. Furthermore, disasters may be

driven by a finite number of interrelated self-exciting jump processes.

B.1 Endowment Process

I model a representative agent endowment economy. Consumption growth contains a small
persistent component and is subject to both diffusive risk with time-varying uncertainty and

occasional rare disasters. The dynamics are as follows:

K
dC, = (ue + X)Cidt + \/ViCidBoy + Cp ) (&”ﬁ - 1) Ny (B.1)
k=1
K
dX, = —kxXydt +0x/VidBxy+ Y YisdNy, (B.2)
k=1
_ K
AV, = ky(V = V)dt + ov\/VidBy, + Y Y dNi, (B.3)
k=1
B K
Ay = Fap(Ae — Akg)dt + 0x g/ Ao d By + Z Y]Atk dNj4 (B.4)
j=1

The counting processes N; ; through Nk, have independent arrival times with stochastic
intensity Ay, respectively. The Brownian motions driving consumption growth C}, expected
consumption growth X;, economic uncertainty V; and jump intensities B, are assumed to be
mutually independent. For succinctness of notation, I will let B; denote the multidimensional
Brownian motion (Bcy, Bxt, Bvi, Ba ity - BAK’t)T. Each jump process Ny, triggers jumps

of random size in consumption growth and the state variables X;, V;, and {)‘k,t}kK:y The
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distribution of the jump size to both consumption, Y,ft, and expected consumption growth
Ykﬁ is allowed to have support on the entire real line. In order to ensure that economic
uncertainty V; and the intensities A, ; remain positive, the restrictions Yk‘g > (0 and Y,jg >0
are imposed. Let Y}, denote the vector (ch,;7 Ykﬁ, Yk‘ft, Yk’\’tl, - Yk)‘f)T and assume that it is
independent of B; and {Nk}szl. The joint distribution of jump sizes can be characterized
by the moment generating function ®} (u) = E [exp (u” - Y;,)].

This setup nests both a continuous-time version of the long-run risk model due to Bansal
and Yaron (2004) and the time-varying rare disaster model by Wachter (2010). The novel
feature of the approach presented here is the use of a self-exciting jump process to capture the
idea that the occurrence of a rare disaster also results in a sharp increase of the conditional

probability of another disaster.

B.2 Preferences

The representative agent has recursive preferences developed in discrete time by Kreps and
Porteus (1978), Epstein and Zin (1989), and Weil (1989). The model employs its continuous-
time counterpart, stochastic differential utility (SDU), introduced by Duffie and Epstein
(1992a,b). Continuation utility of the representative agent, .J;, is defined by the recursion

J, = E, MOO f(cs, Js)ds} , (B.5)

where f(C,J) is the normalized Porteus-Kreps aggregator

cl
fc,J) = —J(1 — — 1 for ¢ # 1 (B.6)
37 (((1—7»7)9 )
f(CJ)=p1—-7v)J (logC’— 1_ﬁylog((1—fy)¢])) for ¢ = 1. (B.7)

In this definition, # assumes the role of a subjective time-discount factor, « is the coefficient of

relative risk aversion, 1 denotes the elasticity of intertemporal substitution, and the constant

0 is defined as 0 = 11_;1 In the special case v = i, the preference structure coincides with
¥

power utility.

B.3 Solution

We are ultimately interested in the impact of time-variation in the stochastic opportunity
set, in particular the effect of a jump in the disaster intensity in response to a rare event,

on equilibrium quantities like the wealth-consumption ratio, the risk free rate, the dividend-
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yield, and equity option prices. This requires an expression for the pricing kernel, which
can be directly inferred from the intertemporal marginal rate of substitution (IMRS) of
the representative agent and the dynamics of aggregate consumption in models with power
utility. In the case of recursive preferences, the IMRS of the representative agent also depends
on continuation utility, that is the value function, which is determined endogenously. Hence

I begin by deriving the value function for a representative agent in this economy.

B.3.1 The Value Function

In order to make progress on the derivation of the value function J;, I rewrite the recursion
(B.5) in terms of a partial differential equation (PDE) in J. We first however exploit the
fact that the dynamics of Cy, X;,V;, and {Ak,t}le follow a Markov process, which implies
that continuation utility is a function of the state at time ¢ only, i.e. J; can be written
as J(Cy, X, Viy A1ty s i) 31 Applying a Feynman-Kac type argument to the recursive

definition of continuation utility given in equation (B.5) results in the PDE
DJi+ [(Cy, ) =0,

where DJ; denotes the infinitesimal generator associated with the dynamics of Cy, Xy, V4,

and {/\k7t}kK:1.3233 Substituting the expression for the infinitesimal generator derived below

yields the PDE 34

K
_ - 1
Jc(,uc + Xt)Ct — Ixkx X + Jvf-ﬁ;v(v — V;g) + Z J)VCI{)\,c ()\k: — )\kﬂg) + §JccvtCtQ

k=1

K K
1 1 1
§JXXO.§(‘/;/ + §JVVU‘2/'W + 5 ; J)\k,\kaik)\kyt + Z]Et, [AJt,k] )\kﬂg, + f(Ct, Jt) = O,

k=1

_|_

(B.8)

31Note that the Markov property implies

Jy =E, [/too f(CS,JS)ds] —E [/too £(Cy, Jy)ds

Ct7Xt7 ‘/t» )\1,t7 teey )\K,t:| = J(Ct; Xt7 %7 )\l,ta ey >\K,t)‘

32Gee the section on derivations and proofs below for a heuristic derivation.
33The infinitesimal generator is defined as

DJt — %IH%J Et, [J(Ct+h7 Xt+h7 ‘/;5+h) Al,t+h7 sy )\K,t}jh) - J<Ct77 Xt77 ‘/tfa )\171‘,77 eeey )\K,tf)] )
N

341 use the notation gx to denote the partial derivative of a function g with respect to X, except for g,
which denotes the value of that function at time ¢.
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where AJy; denotes the jump size in the value function conditional on a jump of Ny, i.e.%®

AJk’,t = J(Ct7 Xt7 ‘/;57 )\1715’ XX )\K,t) - J(Ct—7 Xt—a ‘/15—7 )\1,t—7 ) >\K,t—)
= J(Cre - €5, Xy + VS Vi Y A + Y A + V)
—J(Co, Xy, Vi, Aty ooy )\K,t,).

The solution for the value function takes the form3%

ot
J(C7X7V7 AlaAK') - 1 DN

](Xa‘/aAla'”)/\K)a (Bg)

where the function /(-) remains to be determined. Upon substituting (B.9) into (B.8) one

obtains3”
I I KT 1
(1 =) (e + X)) = TXHXXt + TVHV(V —-V)+) %fm(% = M) =571 =V
k=1
11 17 1L T K I
C
by P o S PR a3 [ 1] ek £(Cu ) =0
k=1 k=1 b=

(B.10)

where I;; and Iy, are used to denote I(X;_ + Y,f";, Vie + Yk‘/;, Al + Yk’\;, e AK— T+ Yk’\tK)
and I(X,—,Vi_, A\i4—, ..., Ak 1—) respectively.

Since the form of the aggregator depends on whether the EIS is different from unity, I
will treat the cases 1 = 1 and ¢ # 1 separately in the analysis that follows. I will begin by

analyzing the case ¥ = 1 which has an exact closed form solution for (-) of the form

K
I(X,V, M, .y Aic) = exp (AO +Ax - X+ Ay -V + ZAAW) .

k=1

The coefficients Ay, Ax, Ay, and Ay, ..., Ay, are determined by a nonlinear system of equa-
tions given in the following proposition. Details of the computation are presented in the

section on derivations and proofs below.

Proposition B.1 (Equilibrium Value Function for ¢ = 1). If the representative agent has

35To see that Oy = C,_ - e¥or at jump times of Ni, first note that equation (B.1) implies AC; =
Cy_ (exp (Y,gt) — 1). It then follows that at jump times of the kth counting process, we have C; = C;_ +
ACt, = Cy_ - exp (Yk%).

36This follows from the homogeneity of the value function with respect to consumption. See lemma B.1.
37See section on derivations and proofs below for details on the derivation.
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unit elasticity of intertemporal substitution 1 = 1, then the value function solving (B.8) is

given by

- -
J(C. X, V.M, i) = T - exp Ag+Ax - X+ Ay - V4> Ay .

N k=1
where the coefficients Ay, Ax, Ay, and Ay,, ..., Ax, satisfy the system of equations

K
0=(1—=Ypc+ AvkvV + > Ayra e — BAg

k=1

0:(1—7)—14)(/{)(—614)(

1 1 1
0=—-BAy — Ayky — 57(1 —7)+ §A§<a§( + §A%/a‘2/

1 .
0= —A)\k/i)\k + §A§\kaik — /BA/\k + ((I)i/ (77) — 1) Vk € {1, ...,K},

with 7 = (1 — v, Ax, Ay, Ay, oy Axi )
Proof. See section on derivations and proofs. O]

Having established the value function for the case of a unit elasticity of intertemporal
substitution, I now turn to the analysis for ¢ # 1. This situation is slightly more complicated
as an exact closed form solution to the ensuing nonlinear partial differential equation does not
exist. A method introduced by Campbell, Chacko, Rodriguez, and Viceira (2004), however,
admits a log-linearization of the nonlinear term in the PDE around the mean consumption-
wealth ratio. The solution of the approximate problem then takes the same functional form
as for the case of 1 = 1. The following proposition states the solution for the value function
resulting from this approximation, with the details once again being relegated to the section

on derivations and proofs below.

Proposition B.2 (Equilibrium Value Function for ¢ # 1). If the representative agent has
elasticity of intertemporal substitution 1 that is different from one, then the value function

solving a log-linear approximation of the PDE (B.8) is given by

' -
J(C. X, VA, o k) = T - exp A+ Ax - X+ Av-V+ Y Ay M|

- k=1
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where the coefficients Ay, Ax, Ay, and Ay, ..., Ax, satisfy the system of equations

K
0= (1 - ’7)[/,0 + Avlivv + ZA)\kI{)\k/_\k + 920 + 921 logﬂ — ﬁ@ — ilAO
k=1
0= (1 — ’7) — AXI'QX — ilAX
: 1 1 2 2 1 2 2
0= —ZlAV — Avlﬂlv — 5’}/(1 — ’}/) + §AXUX + §AVJV

: 1 R
0= —(ky, +11)Ax, T §A§ko/2\k + (@p (9) —1) forallk e {1,.. K},

with i) = (1 — 7, Ax, Ay, Ay, . A )

Proof. See section on derivations and proofs. ]

B.3.2 Asset Prices, Risk Premia, and the Risk Free Rate

In the absence of arbitrage, the price P;; of an asset paying dividend D, at time s > ¢

solves

7Tt-Pi,t = ]E't |:/ WSDi’SdS:| y (B]_l)
t

where 7; denotes the pricing kernel. The following proposition provides a differential char-

acterization for asset prices.

Proposition B.3 (No-Arbitrage Pricing PDE). The no-arbitrage price P;; of a claim yield-
ing dividends D; 5 at time s > t satisfies the PDE

D(Wt : Pi,t) i Di,t—

= ()’
Tg— - Pi,t— Pi,t—

which can be decomposed as®®

K
Dri  DPy  d[r. P, 2 k1 B [A (7 - Pi)k,t] At L Dip
Tp— Pi,tf Tg— » Pi,tf -dt Tp— » ]:)i,tf P’i,tf

=0.  (B.12)

Proof. The proof of the first equation proceeds along the same line as the derivation of the
PDE for the value function. Equation (B.12) then follows from an application of Ito’s rule

for jump-diffusions. O]

This is an extension of the pricing equation for cash flows in continuous-time discussed

in e.g. Cochrane (2001, page 32) to a jump-diffusion setting.

38The superscript ¢ denotes the continuous part of a process. See Shreve (2004, chap. 11) for details.

40



A risk free asset pays dividends at rate ry; and has a constant price P, ;. By applying

equation (B.12) one obtains the following characterization for the risk-free rate.

Proposition B.4 (Risk Free Rate). The instantaneous risk free rate is given by

D¢ B [Amd My D
Pre = — b 2t Bv (A A D (B.13)
T— T— T—
Proof. A risk-free asset with instantaneous dividend yield P[l);t = 74+ has constant price
P+ =P,,. Since dP,, ; = 0, we have DF,,, = 0, d [x°, P§], = 0 and hence D (¢ - Pf)) = 0,
and A(7 - Py, )kt = A, Upon substitution into (B.12), one obtains (B.13). O

The instantaneous expected return of a risky asset paying dividend stream {D;} ., is

the sum of the expected appreciation of the continuous part, the expected return of the jump

component, and the instantaneous dividend yield, that is

c K
DPz',t + Zk:l IE:t— [APi,k,t] )\kz,t— + Di,t—

Bl =g P P

Combining propositions B.3 and B.4 and using the definition of the expected return given
above one obtains the risk premium of a dividend paying asset, which is stated in the following

proposition.

Proposition B.5 (Risk Premium). The instantaneous risk premium of a claim to dividends

{Dis},~, is given by

DPz‘C,t 25:1 Et [APLk,t] )\kz,t— D’i,tf

B¢ [rig—| = 7f4- = + + — T
bl =re =g Py Py (B.14)
A B, e B [Am s APk Ao
T Py - dt T Py
Proof. See section on derivations and proofs. n

The risk premium consists of two components. The first term represents compensation
for diffusive risk, whereas the second component designates the premium arising from the

exposure to disaster risk.

B.3.3 The Pricing Kernel

Duffie and Epstein (1992a) and Duffie and Skiadas (1994) show that the process m; given by

7y = exp ( /O i Js)ds) JolCir ) (B.15)
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can serve as a pricing kernel in a representative agent economy with stochastic differential
utility. The following proposition provides a characterization of the dynamics of the pricing

kernel as well as the equilibrium risk free rate.

Proposition B.6 (Pricing Kernel and Risk Free Rate). The dynamics of the pricing kernel

are governed by

K
d7Tt

K
— = —rpedt + 0 o dB + Y [exp (0" Vir) — 1] dNwe — > [®F (1) — 1] Apedt,

Ty
t k=1 k=1

with mg = 1, where n denotes the market price of risk vector

1 1 1 1 g
n= (_% (1 — 5) AX7 (1 — 5) AV, (1 — 5) A/\17 cens (1 — 5) A)\K)

and oy denotes the matrixz of diffusion coefficients

N A 0 0 0

0 oxv¥ 0 0 0

0 0 oWV, 0 0
1o 0 0 on/ g 0

0 0 0 0 0

0 0 0 0 ... oneP s

The equilibrium risk free rate is

1 1 1 1\ 11 1
rre =P8+ ohet EXt— [57 (1 + E) +53 (1 — 5) (Ako% + A%/J‘Q/)] Vi

+g Kl - %) ( (@ () = 1) + %%Aikaik) — (®) () — 1)] Nt

Proof. See section on derivations and proofs. n

The expressions simplify with a unit elasticity of intertemporal substitution since ¢ = 1
implies % = 0. The proposition establishes that the risk-free rate is a linear function of the

state variables.

B.4 Defaultable Short-Term Government Debt

Historically, economic crises have often been accompanied by at least a partial default of

the government on its liabilities. To account for this possibility, I follow Barro and Wachter
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in assuming that whenever a rare disaster of type k occurs, the government defaults with
probability g. Furthermore, the fraction of notional that is lost in the event of default is
identical to the reduction in consumption due to the disaster. Let r1; denote the promised
interest rate on short term government debt. Given continuous reinvestment of interest

payments, the value of government debt Pr; evolves according to

dPp,
e ( kt—l)dN ,
Pro =TrLt +; kit

where YkLt = ch,; with probability ¢, and kat = (0 with probability 1 — qx. Since this

investment strategy yields no dividends, Pr,; satisfies the pricing equation

Drp  DP.  dn, Py, | Y- VE [A G P ] M

=0.
Pry ﬂ-t—PL,t—dt TP

The equilibrium rate promised by the government on short-term debt can then be charac-

terized as follows.

Proposition B.7 (Equilibrium Interest Rate on Short-Term Government Debt). The in-
stantaneous interest rate on defaultable short term debt promised by the government in equi-

librium 1is
K
TLt=Tft+ Z [} (1) — @} ()] arMnrs
k=1

where 7= (1— 7, (1= 3) Ax, (1= 3) Ay, (1- 1) Ay, (1= 1) 43,)7

Proof. See section on derivations and proofs. n

. DP
The expected return on government bill’s r;; = i f’t,

the possibility of default, is then given by’
Tht =TLt+ Z qut exp (th) — 1} + (1 — qx)E; [exp(0) — 1]) Akt

i
= Z Dy (e1) — 1) G-

The risk premium of an asset with respect to the return on government debt is related to

39¢; denotes a vector whose ith element is 1 and all remaining elements are 0.
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the risk premium with respect to the risk-free rate by
K
B [rip —roe] = Bo [rig — rpa-] + Z [‘D{ (7) — @} (n) — ((I)ky(el) - 1)] ekt
k=1

B.5 The Price of a Consumption Claim

The representative agent’s wealth in this economy is the present value of all future consump-

tion, i.e the price of an asset that pays consumption as its dividend, i.e.

PC,t:]Et |:/ EC’S:|
t Tt

The valuation ratio of the consumption claim, i.e. the wealth-consumption ratio, is denoted

by H; = Pcct’t. The following two propositions give the wealth-consumption ratio and the
consumption risk premium for the cases ¢» = 1 and ¢ # 1 respectively. If the representative
agent has unit elasticity of intertemporal substitution, the solution is exact and the wealth-

consumption ratio is a constant 37!,

Proposition B.8 (Wealth-Consumption Ratio and Consumption Risk Premium for ¢ = 1).
If the representative agent has unit elasticity of intertemporal substitution ¢» = 1, then the
wealth-consumption ratio is H, = S~'. The risk premium of a claim to the consumption

stream is given by

K
B [ree — rpa—] = yVi+ Y [@F (n) — ®) (7) + @) (e1) — 1] A
k=1

Proof. See section on derivations and proofs. O

In the case where v is different from one, an approximate solution exists, which log-
linearizes the nonlinear term in the pricing PDE employing the same technique as in propo-
sition B.2.

Proposition B.9 (Wealth-Consumption Ratio and Consumption Risk Premium for ¢ # 1).
If the representative agent has elasticity of intertemporal substitution different from one, then

the wealth-consumption ratio is given by

K
H(X,V, M\, M) = exp | A + ASX + ATV +> AT M|
k=1
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where the AS = —logB + % do AG = AX , A = Aa", and AC = ;’“ forallk=1,..., K. The

risk premium on a claim to consumptzon S

1 .
B [ree —ree-] =|7v— (1 a 5) 0 (Axo% + AVoy) | Vie + Z (@5 () — @ () + @ (n°) = 1] My
with n° = (1, AG, AG, A, .., AT )"
Proof. See section on derivations and proofs. O]

B.6 Valuation of a Claim to Corporate Dividends

Following Abel (1999), Campbell (2003), and Wachter (2010), I model corporate dividends
D, as a levered claim to consumption by letting D; = C’f . Dividend growth is then governed

by

Dy

K
D <¢(uo +Xy) + ¢(¢ )v;) dt + ¢/ Vid B, + ; (vet — 1) ANy (B.16)

I will denote the time ¢ price-dividend ratio of a claim to the dividend stream {D;},., by
Gy = G(X, Vi, Mg .., Ak t). By an application of Ito’s rule for jump-diffusions, the price of
equity Pp; = D, - G, follows

dP 1
it <¢>(uo + X0) + 5606 - 1)%) dt + ¢\/VidB.,
=
G G
+ =X (—FLXXtdt + JX\/thBX,t> v (RV(V V,)dt + aV\/thBw)
Gy G,
K
G
DI (o Ok = At + o5/ Neadl By
k=1
1Gxx 2 1Gyy G o2
+ 5, oxVidt + 5ovVidt + 5 Z LA Aktdt+z Dt Gt_ det

Substitution of the dynamics for Pp; and the pricing kernel into equation (B.12) yields a
PDE, in which the dividend-yield is log-linearized around its unconditional mean using the
method developed by Campbell, Chacko, Rodriguez, and Viceira (2004). This yields the

approximation

1

a = exp (log(Dy) — log(Pm)) ~ go + g1 (log(Dy) — log(PD,t) = go — g1 log(G),
t
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with g1 = exp (E [log(D;) —log(Pp4]),90 = ¢1(1 — log(g1)). The approximate PDE has
a closed-form solution which is exponentially affine in the state variables. The following
proposition summarizes this solution and gives the equity premium with respect to the risk-

free rate.
Proposition B.10 (Price Dividend Ratio). The equilibrium price-dividend ratio of a claim
to corporate dividends is given by
K
G(X,V, A1, ..., \g) = exp (A{? + APX + ARV + ZAfk)\k> ,
k=1

where the coefficients AY, AL, AL and A)l\)l, ey AfK satisfy the system of equations

K
1 _ —
0=—/5+ <¢ — —> we + A{?/@VV + ZAfkmk)\k + 9o — glA(l))

" =
0=¢— l — (kx +91)A§
0
1 1 1 1 1
0=11 (1 " a) 96+ 560 — 1) = (s + 9)AD + - (4R)" 0% + 5 (4D)" o}

1 11 1
+ (1 - 5) (AX0§A2 + AVU‘Q/A%;) ~ 958 (1 - 5) (Axox + AT oy)

2 1 11 1
0= (AP)202 — (i, +g0)AD + <1 _ 5) Ay b - 1 (1 - 5) 2o

with NP = (gb,AQ,A{?,Aﬁ, ...,A?K)T. The instantaneous equity risk premium with respect

to the risk-free rate is given by

1

Et, [TD’t, — Tf}t,] = [’y¢ — (1 — 5) (AXO'?(A)% + AVU%/A‘[/)) ‘/tf

K
1
+ Z {@{ (n)+ @, (n”) =@, (n+n")—1- (1 — 5) AAkaikAfk} Py
k=1

Proof. See section on derivations and proofs. m
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B.7 The Risk-Neutral Measure

In order to determine equilibrium prices of financial derivatives, it is often convenient to work
under an equivalent risk-neutral probability measure P. To obtain this alternative measure,
introduce a martingale Z; > 0 a.s. with E[Z;] = 1 and m = exp (— fot rudu> Z;. Fix a

positive time T and define the equivalent probability measure P by
B(A) — / Z(w)dP(w) for all A € Fy.
weA

Under this measure, the price at time ¢ of an asset that provides a dividend stream {D; ;}2°,

/ e~ Iimudup, ds ]—}} .

t
An appropriate Radon-Nikodym derivative process Z; satisfying the conditions outlined

is given by

Pi,tsz{

above is given by

iz, K K

7= nTo.dB; + Z [exp (nTYk,t) — 1} ANy — Z [(IJZ (n) — 1] Apedt,
= k=1 k=1

with initial condition Zy, = 1. The economic dynamics which obtain under P are summarized

in the following proposition.

Proposition B.11 (Dynamics Under the Risk-Neutral Measure). The dynamics for con-
sumption growth, dividend growth, and the state variables under the risk-neutral measure P

defined above are given by

K
1 - .
dln Ct = |:/LC + Xt — (’Y + 5) ‘/t:| dt + \V4 ‘/tdBCﬂg + E Yk%de,t
k=1

K
1 N .
dlnD, = ¢ {MC + X — (7 + 5) W] dt + Qb\/thBC,t + Z ¢Ykg€de7t
k=1
1 . K y
dX, = —rxX,dt+ (1 - 5) 0% AxVidt + ox\/VidBx, + Y Y dNy,
k=1

K
_ 1 ~ Y
dv, = [ch(V — V) + <1 - 5) O—QVAVVt] dt + oy\/VidBy, + Y VYdNy,
k=1

K
_ 1 ~ ~
d>\k,t = |:"<5>\,k()\k — )\kﬂg) + <1 — 5) A)\ko-?\k)\k,t] dt + OXEkV /\k,tdBk,t + Z }/j?\tdej’t’

=1
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where Be, Bx, By, and B,\k k = 1,..., K are independent Brownian motions under P.

Furthermore, the arrival of the processes Ny k=1,...,K is independent with intensity
;\lat = CDZ (1) Akt

under the martingale measure P. The moment-generating function of jump sizes of Yy, under
P is gien by
_ O (utn)

) (n)

Proof. See section on derivations and proofs. ]

Py (u)

Hence, under the risk-neutral measure, expected consumption and dividend growth are
adjusted downwards by an additive component that is increasing in both risk aversion and
leverage. This result immediately gives rise to the dynamics of the log price of equity under

the risk neutral measure.

Corollary B.1 (Dynamics of the Price of Equity under IED) The log-Price of equity In Pp

18 governed by the process

1 1
dIn Pp, :(Cb [MC + X — (7 + 5) ‘/t} — Axkx X; + (1 - 5) AR Ax o3V,

_ 1
+4P o (7 V) + (1- 3 ) ot avy]

K
T 1
+ Z Ai |:"{/\k ()\kz - )\k7t) + (1 - 5) A)\ko-ik)\k,t])dt

k=1

K
+¢\/théc,t -+ A?O’X \/thé)gt —+ A‘?O'V \/thév’t + Z A)?kO')\k \/ )\k,tdék,t

k=1

K K
5 (wﬁ ARV APV + ZAm) i,
j=1 k=1

under the risk-neutral measure P.

Proof. See section on derivations and proofs. O]

B.8 Equilibrium Prices of European Derivatives

Equilibrium Prices of European options that arise in this endowment economy can be com-

puted in quasi-closed form using transform techniques developed by Carr and Madan (1999)
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and Duffie, Pan, and Singleton (2000). The following proposition provides the Fourier trans-
form of the price of a general state contingent claim on equity with European exercise that

pays f(In Pp;) at maturity date 7.

Proposition B.12 (Prices of European Derivatives). Let x; = In Pp; and consider a state
contingent claim which yields a cash flow of f(xr) at expiration T. Denote by Py =

E [exp (— ftT rf7sds> f(mT)‘ ]-"t} the equilibrium price of the derivative at time t < T. The
Fourier transforms FPpy(u) = [ e Py y(xy)dx, is given by

FPp(u) =exp(i-u-ax) - Ff(u)- ‘ifx(t,x, —u,T),

where \i!f’T(t,x, u,T) =E [exp (— j;T rf,sds> exp (wa)‘ .7-}} denotes the discounted charac-

teristic function of the log price of equity under the risk-neutral measure.
Proof. See section on derivations and proofs. m

This result is an extension of a method developed in Lewis (2000) toward this represen-
tative agent economy with self-exciting disasters. The derivative price at time ¢ can then
be determined Fourier inversion, which entails numerical integration along a strip parallel to
the real axis, i.e. an evaluation of the integral

1 fiwtoo
Py = — exp (—iuxy) FPpy(u)du,
27 Jiw—oo
for appropriate choice of w € R.

The applicability of this result hinges on the availability of simple expressions for the
discounted characteristic function of the log price of equity as well as the Fourier transform
of the derivative payoff. The ODEs defining the discounted joint characteristic function of
the log price of equity and the state variables arising in this consumption based model is
provided in the section on derivations and proofs below. In the case of a European option, the
Fourier transform of the payoff at expiration with log strike price k takes on the particularly

straightforward form

exp ((iu + 1)]{5)

Fflw) = iu(iu+ 1)

For the valuation of call options, the integral is computed with w > 1 whereas put option

prices are obtained by choosing w < 0.
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B.9 Derivations and Proofs

B.9.1 Steady state mean and expected mean reversion of self-exciting jump

intensity

The jump intensity follows
dX\ = k(X — \)dt 4 ox/ MdBy + Y AN,

where B, is a Brownian motion, V; is a counting process with conditional intensity \;, and Y;}
is a random variable that has bounded support with Y* = E [V}] < £ and is independent
of By and N,;. Taking expectations on both sides and dividing by dt one obtains

E [d\]
dt

= rix(A—E[N]) + Y E[)\].

Letting m(t) = E[)\;] one can express the dynamics of E[\;] in terms of the ordinary differ-

ential equation
m/(t) = (Y — ka) m(t) + kaA

with initial condition m(0) = Ag. The solution to this linear first order equation takes the

form _ _ _ _
KA\ — exp ((Y)‘ - Ii)\) t) (kx(A = Xo) + AY?)

Ii)\—YA

m(t) =

The steady state mean E [A\] is defined as

E[M\o] = tliglo m(t) = %
The steady state mean of the jump intensity is finite and non-negative if and only if £y > Y,
i.e. the speed of mean-reversion is greater than the expected size of the jump in the intensity.
Under this condition, the expectation of the jump intensity approaches the steady state mean
as t — oo. In fact, m(t) is strictly decreasing for \g > E [\] and strictly increasing for

Ao < E[A]. This can be seen by differentiating m(t) with respect to ¢, which yields
m/(t) = exp ((E [Y] — £2) ) (ka(X = o) + AE [Y}]).

This expression is strictly negative for \g > E [\.] and strictly positive for Ay < E [Ay].
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B.9.2 Infinitesimal generator of C, X, V, Ay, ..., \g

For any compactly supported function g(C, X, V, Ay, ..., A\) that is twice continuously dif-

ferentiable in the arguments C, X,V Ay, ..., Ak, define the infinitesimal generator

]Etf [g(Ct+h7 Xt+h7 ‘/;erh; )\1,t+h7 ceey )\K,t+h) - g(Ct*7 Xt77 ‘/tfa )\l,tfa ceey /\K,tf)]
h )

Dg, = i
gt hlg(l)

where the dynamics of Cy, X, Vi, A1 4, ..., A+ are given in equation (B.1) through (B.4). An

application of Ito’s rule for jump diffusions yields the dynamics

K
1 1
dgy = 9cdCy + gxdX{ + gvdV + E IneANG ; + §gccd [C°, C°], + ngxd (X<, X,
k=1

1
+ gvvd VC Vct+

K K
5 ZZQ,\M\GZ P A5, 9oxd [C6 X7, + govd [CF, V], + gxvd [X€, V),

k=1 j=1

K
+chxk [C N+ gxad [X4 X +ngxk Ve A +ZAgkthkt,
k=1

k=1 k=1 k=1

DN | —

where Agrs = g(Cr, Xo, Vi, Aty oo Akce) — 9(Coy Xoo, Vi, M, oo, Ak e ) is the jump size of

g conditional on a jump in the kth point process Nj at time ¢, i.e.

Ages = 9(Cr - X5, Xy + YV Vi + Y, Ay + Y o Ak + YF)
- g(Ot—a Xt—7 ‘/t—a )‘l,t—a ceey AK',t—)-

Upon substituting the dynamics of Cy, X, Vi, A1y, ..., Ak one obtains
dg: = gc ((MC + X)) Cydt + V%CtdBC,t> + 9x <—KXXtdt +ox \/thBX,t>

K
+ gv (kv (V = V,)dt + O'V\/thBV,t) + Z Ire (’f)\k(j\lc — Ne)dt + ox, / )\k,tdBk,t>

k=1
1 1 1 1 &
+ 5900‘/,503(# + 59){)(0%(‘/,5(115 + 59\/1/0‘2/‘/,5(115 + 5 ; g)\k,)\ktfik)\k’tdt
K K K
+ Z Et [Agkﬂg] )\k’tdt -+ Z Agk,thk,t — Z Et, [Agkﬂg] )\k7tdt.
k=1 k=1 k=1
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Recognizing that Zszl AgidNyy — Zszl E: [Agi] Ars is a martingale, the infinitesimal gen-

erator can be written as

K
Dg; = go(pe + Xi)Cr — gxkx Xy + ngéV(V - Vi) + Zg)\k/ﬂk(j\k — Aet)
k=1

K K
1 1 1 1
+ 5900‘403 + égxxaE(Vt + §gvvax2/‘/1t + 3 ; IO a Nt ; Ei— [Agr] My

B.9.3 Homegeneity of Indirect Utility with Porteus-Kreps aggregator

The following lemma establishes that the value function for stochastic differential utility

with a Porteus-Kreps aggregator is homogeneous in consumption of degree 1 — 7.

Lemma B.1 (Homogeneity of Indirect Utility with Porteus-Kreps aggregator). Let J; denote
indirect utility associated with the stochastic sequence of consumption C' = {Cs}=,. Let
C* = {\Cs}2,. Indirect utility J} associated with C* is J} = N'77.J,.

Proof. We first establish that the aggregator satisfies f(AC,\'™7) = A=V f(C, J). If ¢ = 1,

we have

ﬂMIY”ﬂzﬁﬂ—vﬂlU(meﬁ—liv

mmu—vwo

log ((1 — 7))\17J)>

=317 (tog (€) -

= \H(C, ).

Likewise, if ¢ # 1, we can write

1—-1 11
FOC Ny = e (A
K (L =~)At=7J)e

=\ ﬁ_}( o 1—1)
=3 \(-y)J)7

<l
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Hence
J} =E, V F(ACs, Jj)ds]
t
_E l / FOAC,, Al*fjs)ds]
t

_ NUE, [ / (C, Js)ds}
t
— )\I_WJt'

B.9.4 Partial derivatives of the normalized Porteus-Kreps aggregator

The normalized Porteus-Kreps aggregator for the stochastic differential utility process J; =
E. [ f(Cs, Jy)ds] is given by

f(CT) =

Cc
J(1— )(——1) for ¢ £ 1
- R\t

1 1
v L—~)J)°

and

F(C,T) = B(1 =) (logc— log (1 —w>> for o = 1,

I—7

with 6 = 11?_ The partial derivatives with respect to C' and J are

felC,J) = BCT5((1—7)J) "6 for v # 1
fc(CJ)_ﬁ(l—’Y)é for ¢ =1
and
1\ o
fJ(C’J>_60<<1_§)m_1) for ¢ # 1
f3(C,J) =B ((1 =) log C —log((1 —7)J) — 1) for ¢ = 1.
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B.9.5 A Heuristic Derivation of the PDE for the Value Function
The recursion given in equation (B.5) can be written as follows

[e.o]

Jt = Et |:/OO f(Cs; Js>d8:| = Et |:/t+At f(057 Js)dS + f(Csa Js)d8:|

t+AL
o0

t+At t+At
= Et |:/ f(CS7 Js)ds + Et-i—At |: f(CSa Js)d8:|:| = Et |:/ f(CS, Js)ds + Jt+At s
t t

t+At

where the third equality follows from the law of iterated expectations and the final step
applies the definition of the value function to the second term inside the expectation. Sub-
tracting J; = J(Cy, X4, Vi, A1ty -, Ake) on both sides, dividing by At, and taking the limit
At — 0 gives rise to

t+At
o BUNCLE] g -
= AfSo At AfS0 At ‘

Under regularity conditions the first term converges to f(Cy, J;) and the second term is the
infinitesimal generator of the value function, i.e. DJ; + f(Cy, J;) = 0, which establishes the
claim.

B.9.6 Solution of the PDE for the Value function

The solution for the PDE (B.8) takes the form

o
J(C7X7‘/J)‘17)‘K) = 1 —

I(X,V, Ay, o, Ak)
for both ¢y = 1 and ¢ # 1. Substituting this conjecture into the aggregator yields

£(C,J) = B0J (r% _ 1) for ¢ # 1
f(C,J) = —=pJlog(I) for ¢ = 1.
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The jump term AJ, is given by

C
C’g-__"y . 6(1—7)Yk,t

Adyy = (X + Y Ve + Y M + Y,Q;f, s Akao Y,Qf)

I—x

C,=”
. 'I(Xt—vw—a)\l,t—a"'7)\K,t—)

where Iy~ = I(X;—, Ve, Ay oo Ara—) and Ty = I(Xyo Y8, Vie Y, A + Y00 o Akt
Yk’\f) Substituting the expression for AJy; and the partial derivatives of the conjectured
solution (B.9) into (B.8) yields (B.10).

B.9.6.1 Exact Closed Form Solution for ¢y = 1 (Proof of Proposition B.1) Sub-
stituting the aggregator for the case ¢¥» = 1 into (B.10) results in the PDE

K
I I _ I - 1

(1 =) (e + X)) — TXHXXt + TVHV(V -V +) %/m()\k = M) =YL=V
k=1

11 11 Ry s I

C
+§¥U§Vt + 5%03% +5 > %aigk,t +Y Ei {e“”yf«tlkﬂ - 1] Aot — BJlog(I) =0,
k=1 k=1 A=

which has an analytical solution of the form

K
](X, V, >\17~-7)\K) = exXp (Ao +AX . X —|—AV . V—|- ZA)‘k)\k> .
k=1

Given this functional form, the jump term simplifies to

e o (Ax (X + V) + Ay (Ve + 1) + 205 Ay (e + 1))

Lo exp (AXXF + Ay Vo + 25:1 A Ak,t*)

K
— exp <AXY,3§ +AYY Y AA,CY,?;) :

k=1
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Substituting this solution into the PDE and collecting terms involving X, Vi, A1y, ..., Ax+
yields

K
0=(1—=y)pc+ AvkyV + ZAA,CHA,}\IC — BAg

k=1
1 1 1
+ [(1 — ’7) — AXI‘{X — 514)(] Xt + [_BAV — Avliv — 5’}/(1 - ’}/) + §A§(O'§( + 514%/0‘2/ ‘/t

K

1 .
+ Z [_AAkﬁAk + éAikdik - BAM + ((I)}; (77) - 1):| >\k,t-
k=1

The terms multiplying the state variables X, Vi, A1+, ..., Ak have to be separately zero, which

implies the following nonlinear system of equations in the coefficients Ay, Ax, Ay, Ay, ..., Axy:

K
0= (1 - ’Y)/uLC + Avlivv + ZA)\kli)\kj\k — ﬁAo
k=1

0:(1_’7)_AXK'X_BAX

1 1 1
0=—pAy — Avky — 57(1 —7)+ §A§(0§( + §A%/0‘2,

1 .
0=—A\ K\ + §A§\k0§k — BAN 4+ (P (7)) — 1) Ve {l,..,K}
This concludes the proof to the proposition.

B.9.6.2 Approximate Solution for ¢ # 1 (Proof of Proposition B.2) In the case
1 # 1 a closed form solution to the PDE is not available. Substituting the aggregator for
this case into equation (B.10) yields

K
1 I _ 1 - 1
(1 =) (e + X)) — TXHXXt + TV/W(V — Vi) 4> ha = Aeg) — 1=V,

11 11 Ay I
c 1
fi XX oy TV o, 1 Z A 02 Ay + ZE“ {6(1@1@]& — 1| My — SO+ BOT 5 = 0.
k=

Et—

The last term on the left hand side makes the PDE nonlinear. Recognizing that 51 =3 is the
consumption-wealth ratio, we can apply the approximation introduced by Campbell, Chacko,
Rodriguez, and Viceira (2004). This method results in the following log-linearization of the
last term appearing in the PDE around the mean consumption-wealth ratio

C

W =0- [0 = exp (log(Cy) —log(Wy)) = i + i1 (log(Cy) — log(Wy)) =i + 44 (log(ﬁ) — %log([)) ,
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with i; = exp (E[log(C;) — log(W;)]) and ig = i1 (1 — log(i1)).
The solution to this log-linearized PDE can be now be obtained analytically and takes
the same form as for ¢» = 1. Substituting the approximation and the functional form of I

into the PDE and collecting terms yields
K
(1= + AvkvV + > Ay kia A, + Oig + 0iy log B — 50 — iy Ag
k=1

. . 1 1 1
+[(1—7v) — Axrx —i1Ax] X; + {—zlAV — Ayky — 57(1 —7)+ §A§(U§( + EA%/U‘Q/ Vi

—}—Z |: /{/\k + 71 A)\k + AAkUAk ((I)Z (ﬁ) — 1):| )\k,t = 0.

The method of undetermined coefficients once again implies a system of equations. The

coefficients Ay, Ax, Ay, and Ay, ..., Ay, simultaneously satisfy

K
0= (1 — ’7)[110 + Avl{{/‘_/ + Z A)\k'%)\kj‘k + 020 + (921 logﬁ — ﬂg — ile

k=1

0= (1—’7)—AXI€X—i1AX

1
0= —ilAv—Avliv—§’y(1— )+ 9

0= —(ka, +11)Ax, + AM 3o+ (Py (1) —1) forallk €{1,..,K},

1
AXUX + 2AV0V

which concludes the proof of the proposition.

B.9.7 Derivation of the Risk Premium (Proof of Proposition B.5)

Substituting equation (B.13) into the pricing PDE (B.12) yields

c K
DPi,t + Zk=1 Et* [APi,k,t] )\k,t— + Dz‘,t—

P P P,
K
e, (SEEAT R e S R Amd e S B AP e
Tg— - Pi,tf - dt Ty - Pi,tf Tg— Pi,tf

Using the definitions A (7 B),, = mp1 Pk — m— Py, Ampy = mpy — m—, and AP, =

P+ — P, one can rewrite the sums inside the parentheses on the right hand side of the
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previous equation as

Tg— » Pzt— Tg— Pz,t—

ZEF |:7Tktf)zkt Tg— Pzt— Tt — T¢— -Pz,kt -Pzt—:| )\kti

Rearranging terms gives rise to

K

— 7 ) (Pt — Pie A AP,
ZEt— {(Wk,t s’ )( ikt t )] /\kt— ZEt—[ Tkt * zkt:| /\kt—
k=1

T - Pi,t— T - Pzt—

Substituting back into the equation above yields the expression for the risk premium (B.14)
and concludes the proof of proposition B.5.
B.9.8 Derivation of Pricing Kernel Dynamics (Proof of Proposition B.6)

The general form of the pricing kernel in an endowment economy under stochastic differential

utility is given by equation (B.15). An application of Ito’s formula then implies the dynamics

dﬂ't dfC<Ct7 Jt)
20t Cy, J)dt + ———""—"2 B.17
T— fJ( ' t) fC(Cta Jt) ( )
with
1
dfc: = focdCy + §fcccd [C°,C°), + fesdJf
(B.18)

K
1
+ §fC’JJd [J¢, T, + fecsd[C, T, + Z AfertdNyy.
|

The continuous part of the value function evolves according to

dJe
Ji_

K
= (L= (ke + Xi) = Axrx Xy + Aviy (V = Vi) + Z Aneine (A = Aiy)
1 2 2 1 2 2 1
+ §AXUXV;5 + §AVUVW ZA)\kUAk/\kt ( — )V |dt

K
+(1—7) \/thBC,t + Axox \/thBX,t + Avoy \/thBV,t + Z Ax, 00,/ Aktd By ¢

k=1

The remainder of the derivation depends on the functional form of the aggregator which

differs for ¢» = 1 and ¥ # 1. Hence the two cases are treated separately in what follows.
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B.9.8.1 Pricing Kernel and Risk Free Rate for » =1 To proceed with the calcula-
tion of dfc we need to establish higher order partial derivatives of the aggregator in the case

of ¢ = 1. The relevant partial derivatives are given by

FolC, 1) = B~ )%
feelC. ) = ~fe(CL )
foce(CLT) = 2elC. ) o
o€ 0) = fo(C. )5
fenr(C.0) =0

1

fCCJ(C, J) = —fc(C, J)CJ.

We next derive an expression for the jump term appearing in (B.18). At times ¢ when Ny

. C
jumps, we have C; = Cy_e"*+ and

C
_ e

K
Jt = 1— ~ exp (AX (Xt— + Yk);) + AV (‘/tf + Yk‘;) + Z A/\j ()\j,tf + Y,::Z)) .

j=1

For the jump term of fo at times of the kth jump, i.e. Afe ., we obtain

AfC,k,t = fC(Ct, Jt) - fc(Ctﬂ th)

K
=BC7 exp _’YYkC,:t + Ax (th + Yk),ft) + Ay (th + Yk‘,/;t) + Z Ay (Agi- + YkAZ))

j=1

K
—BC Texp | AxXi— + AvVi_ + Z Ay, )\jﬂg_)

j=1

K
=BC, Texp | AxXi— + AyV,_ + Z AA]-)\j,t—>

j=1

K
exp <_7ch,; + AXY,ji + AVYk‘; + Z A,\].Yk):i) — 1]

=1

:fC(Ct—, th)

K
exp (—’YY]CC’; + AXYk); + AVYk‘ft + Z A)\iji\Z) -1

j=1
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Substituting the equations from proposition B.1 into the value function dynamics above, we

obtain
dJs =~
oh = [BA0+ BAXX + BAVV + Y (BAN — (BF () = 1)) My | dt
t
=1

K
+(1 =V VidBe, + Axox\/VidBx,; + Ayvoy/VidBy, + Z Ay, 0x, \/ Metd By

k=1
Combining theses results with (B.18), we find

dfc(Cy, ) :[

K
fo(Crsy T) — po + BA+ (BAx — 1) Xy + (BAv +7) Vi + Z (BAN, — (@) (7)) — 1)) M| dt

k=1

K
- ’Y\/thBC,t + Axox \/thBX,t + Ayoy \/thBV,t + Z Ax. 00\ Mt d By

K
+Z exp 77 th —1] dNj ;.
k=1

Substituting the solution for .J; into the partial derivative of the aggregator with respect to
the value function f;(C}, J;) yields

K
fi(Cy, Jy) = =P <Ao +Ax Xy + AvV, + Z Axk)\m) - B.
=1

Putting this result together with (B.17) gives rise to the following dynamics for the pricing

kernel

@=[—5-/~LC—Xt+7V%—Z[(‘I’};(ﬁ)—1)})\k,t]dt

T
t k=1

K
— yWVidBey + Axox\/VidBx, + Avov/VidBy, + > Ay, 05,/ AridBr

k=1

K
+ > [exp (n"Yie) — 1] dNg.
k=1
The risk-free rate can now be computed using proposition B.4, which results in

K
rre= B4 pe+ Xe— Vit Y [@F (7) — B} (n)

k=1

Nt
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Substituting back into the dynamics of the pricing kernel, we obtain the statement in propo-

sition B.6 for a unit EIS by noting that ¢ = 1 implies % =0.

B.9.8.2 Pricing Kernel and Risk Free Rate for ) #1 Once again we first need to

establish some higher order partial derivatives of the aggregator. In the case of ¢ # 1 we

obtain
C,J)= ! C,J L
fcc( ) )— _EfC( ) )5
1 1 1
fece(©,0) =7 (14 ) felC.D)

feaC,0) = (1= 5) e(©.0)5

fean(€) =5 (1= 5) FelC)

0
1 1 1
fees(C,J) = % (1 - 5) fe(C, J)E'

Using the equations from proposition B.2, we obtain the dynamics of the continuous part of

the value function

dJe

T = ile + 0(10 + il 10g5 - 6) + ileXt + ilAV‘/t
t

F3 (i, — (8] ()~ 1)) A] "

1

K
+(1 =NV VidBoy + Axox/VidBx, + Avov/VidByy + Y Ay, 05,/ AoedBrs.

k=1
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The jump term of fo; for a jump of N can be computed as

AfC,k,t = f(Cta Jt) - f(th, th)

1—
A
(Ol_ve(l—v)y,gt-ﬁ-z“o—i-/&x (Xe— Y5 )+ Ay (Vie 41 )+ 05, Ay, (Aj,z_+Yk7§) >
: -

D=

_1 1-1
—BC, " (Otl_“/eAOJrAXXt—JrAVVt—Jrzszlij/\j,t7> 0

1 1 1 K Aj
6(*E+1*7*1+E)ch,t+(1*§)(AkaX,t*AVkat*ZFlAM‘Yk,Q _ 1]

= fe(Ci,)

)\ .
,»yy,gﬁ(kg) (AXYk)§+AVYk‘{t+zf:1 Ay, Yk’{) 1]
e — .

Substitution of these results into (B.18) yields

?ﬁi’t :[_iﬂo—F (1—$) (i1Ag — 0 (io + i1 log B — B3)) + Kl—%) ilAX_ﬂ X,

1 1 1\ . 11 1
1\ & 11
(1) S - @ 6 1) - bt A] dt
k=1

—/VidBe, + (1 - %) Axoxy/VidBi, + (1 - %) Ayoy\/VidBy,
1 K K
" (1 B 5) Z AAkU)\k \/mdBki + Z (eXp (UTYW) - 1) de,t-
k=1 k=1

Using the approximation around the mean consumption-wealth ratio, the partial derivative

of the aggregator with respect to indirect utility evaluated at the solution for J; is given by

S

Gty = (1= 3 ) o017 = g6

K
S 1y .
~ (9 — 1) (Zo + 11 logﬂ) — (1 — 5) 11 (A(] + AxXt + Av‘/; + ZA/\k)\k’t> — 59

k=1
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Combining these results with (B.17) and once again using the equations in proposition B.2,

gives rise to the pricing kernel dynamics

dmy 1 1 1 1 11 1
L= =B = e — =X+ =1+ ) =22 (1= A3 A
e- [ = e = et |30 ( W) 5o (15 Uk + ot
1 K
_ (1 - 5) Z{(@,{ () —1) + Aik% /\kt dt
k=1

1
vV VidBey + (1 - 5) Axoxy\/VidBx; + ( ) Ayoy/VidBy,
1 K
+ (1 — 5) Z A)\kO')\k\/ Ak,tdBk,t + Z (exp (UTYk,t) — 1) deﬂg.
k=1 k=1

Applying proposition B.4 yields the risk free rate

1 1 1 11 1
5+¢MC+th |:2 (1+E)+§5 (1—6)(14%( X+AVO-V):|V

+§: [(1 - %) ( (@5 (1) —1) + ;;Aik Ak) — (@} () — 1)] Akt

k=1

Substitution of the risk-free rate into the pricing kernel dynamics above yields the result of

proposition B.6 for an EIS different from unity and concludes the proof.

B.9.9 The Interest Rate on Defaultable Short-Term Government Debt

The equilibrium promised rate r; is determined by the equation

K
Dﬂf + DPE:t + d [ﬂ-ca Plc,]t + Zk:l B [A <7T ’ PL)k,t} >‘l~c,t—

= 0.
PL,t— Wt—PL,t—dt ﬂ-t—PL,t—
DPS _
We have 5=+ =rp, and d [7°, P[], = 0. Furthermore, at times of the process N, we have
Pr i
Iz = = exp (Yth)
Lit—

and

K
Tt 1 Aj
o =ew (—mi (1-3) (Axy’“ﬁ FAYL D, AM””) > |

Jj=1
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Hence it is straightforward to compute the expectations

B [A (7 - PL)k,t}

K
1 N
. —Etwp@ﬁ—wﬁ%+@—5)(Aﬂﬁ+Aﬂ%+§;&ﬂ%>)—4
1
= qu)z (1 -7 (1 - 5) AXy (1 - 5) AV; ( 5) A)\17 B (1 - 5) A)\K)
+ (1 - qk)q)Z < (1 — 5) Ax, (1 - 5) Av, (1 - 5) A)\l, ceey (1 - 5) A)\K)
-1
= ¢ @y (7) + (1 — qx)®p (n) — 1
and
E;— [Amy,] v 1 1 1 1
= 2Tk Y - YA, (1=2)Ap, (1= ) Ay, (1= ) A4 ) =1
T = 9 X 0 Vs 0 A1y ceey 0 AK

= @) (n) — 1.

Combining these results gives rise to

E, |A(m- Pr), t— | ATy
[ ’}:E A ’]‘i‘Qk((I)kY(ﬁ)_(D}k/(n))'

Te— - PL,tf T—

Substitution into the pricing equation yields

D B [Amid] Ao
T Zk 1 Eoo [ATg] Ak +Z ())QkAk,tf-

e = —
Tg— T—

k=1

Recognizing that the risk-free rate is given by

,Dﬂ'tc Zszl ]Et, [Aﬂ'k’t] )\k,tf

rf7t7 = - - ?
T¢— T—

one obtains the equation given in the proposition.

B.9.10 The Wealth Consumption Ratio and the Consumption Risk Premium

I am going to show that the wealth-consumption ratio is 711 o and derive an expression
for the risk premium on a claim to aggregate consumption. According to proposition B.3,

wealth, which is the price of an asset that delivers consumption Cy as its dividend at time
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s > t, satisfies the PDE

K
Dmg  DPRe,  dln® Fel, | 2B A PO N ¢

+ + =0. B.19
Pey  m Pog— - dt T - Poy— Pey— ( )

In the following, the wealth-consumption ratio, that is the price-dividend ratio of a claim to
consumption, will be denoted by H; = H(Xy, Vi, A4, ..., Ak). The dynamics of the wealth-

consumption ratio are then given by

K
dHt = — HX/-ixXt + Hvlﬁv(v — V;g) -+ Z H/\k/'i)\k(j\k — )\k,t)
k=1

K
1 1 1
+ §HX)(O'§(‘/15 + QHVVU%/M + 5 kZIH)\kAko-ik)\k7t:| dt

K K
+ Hyox\/VedBx, + Hyoy\/VidBy, + Y Hy 00,/ AotdBry + Y AHd Ny
k=1 k=1

The price of a claim to consumption can be written as Pr; = H; - C;. Its continuous part

follows the process
dP¢, = d(H{C}) = H,dC; + CydHy + d[H®, C°], .

Substituting the dynamics of consumption, we have

AP bij it .y
oo+ X — kx X+ —rp(V = V) + ) =2

A — A
Pcy H, H, — H, (e = Aee)

K

1HXX 2 1HVV 2 1 H)\)\ 2
+_—OXW+_—OV‘/;+_Z#0-)\]€AICJ dt

K
H H H
+VVidBoy + —0x VB + —rov/VidByy + ) 0/ Asd By
t t =1 t

The infinitesimal generator of the continuous part of the wealth process is hence given by

DPE, Hy Hy
Poy = e + Xy — EHXXt + Eliv V Vi) + Z 7, /f,\k — Ait)

1HXX 1HVV H)\)\
Ty Xty vty Z L
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The remainder of the derivation depends on the value of the elasticity of intertemporal

substitution. The following subsections will treat the cases vy = 1 and 1) # 1 respectively.

B.9.10.1 Price of a Consumption Claim with {» =1 (Proof of Proposition B.8)
In the case where 1) = 1, the infinitesimal generator of the continuous part of the pricing

kernel is given by

K
:_B_MC_Xt+’7‘/t_Z((I)Z<ﬁ)_1))‘k,t-

k=1

Dy

Ur;

The cross-variation of the continuous parts of the pricing kernel and wealth is

d [WC7 P(CZ']t

, Hy
- A A Vot ST Ay, 02 iy
mPodt | T XUXH T Ave VHt] et Z MR, Akt

The wealth consumption ratio is conjectured to be constant at H; = 37!. This implies that
the jump term is given by

A(W'P(/‘)/c,t Tkt

_ Irt ay _
m— - Poy— B Ty— P (Yk’t) !

K
)\4
j=1
Substitution of these results verifies that the conjecture satisfies the PDE (B.19), i.e. that
the wealth consumption ratio is indeed given by 8~!. The risk premium of a consumption

claim is given by

C

T - Pcﬂg -dt T -+ cht,

C C K
E, [TC,t _ Tf,t—] _ d[re, P ]t _ Zkzl E, [A'/Tk,tAPC,k,t} )\k,t—.

The cross-variation between the continuous parts of the pricing kernel and the price of a

consumption claim is
d [7TC7 Pg’]t _ —’)/V
7TtPC7tdt b
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Furthermore, the cross-variation of the jump components of the pricing kernel and the price

of consumption claim is given by

Zszl E, [A'/Tk,tAPC,k,t)\k,t—] _ i E
Tg— -+ PC,tf k=1 :

K
exp <(1 — NG+ AXYS + A Y+ Ay ka;> - 1] At

k=1

K
k=1

Combining these results yields the consumption risk premium
K
Eilrog —rpa-] =aVi+ ) (®F () = @ () + B} (e1) = 1) A
k=1
as claimed in the proposition.
B.9.10.2 Price of a Consumption Claim with i) # 1 (Proof of Proposition B.9)

When the EIS is different from unity, the infinitesimal generator of the continuous part of

the pricing kernel is given by

Tt 1/) @D
1\ & 11
— (1 — 5) Z {(@{ (n) —1) + §5A?\kaik] Aot

k=1

Drf 1 1 1 1 11 1
L tio- x 3 (1+3) - 35 (1 7) (et + il |1

The cross-variation between the continuous parts of wealth and the pricing kernel is

d[?TC7 P(c;«]t 1 9 HX 1 2 HV
Ll UL T 1= ) Avo2 X 4 (1 2) ave2 2V |y,
7Tt_'PC7t_'dt ,y+ 0 X0x Ht + 0 vov Ht ¢
K
1 H)

Substituting the expressions for infinitesimal generator of the the wealth and pricing kernel

processes along with their cross-variation into (B.19) gives rise to the partial differential
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equation

O:<1—%)Mc—ﬁ f]{—]tﬁvv—i_z_ﬁ)"f}\k—i_|:(1_$>_H?):/€X:|Xt

t

1HXX 2 1HVV 2 HV 1 H HV
S Axx 1—-)(a Avo
5@ Xty v vt 0 XUXHt+ VVHt

+

1 1 11 1

K
1HM2 11 N o, 1 H, H,
— Y (1_5) A5, oy, + 1—5 A)\ko-)\k H: - H:/i/\k

Vi

+2.13

k=

—(1—5)(<I>Z<ﬁ>—1)+

At this point we will approximate the last term on the right hand side around the mean

consumption-wealth ratio, i.e.
H; ' = exp (log C; — log Pc¢) =~ ho — hy log (log C; — log Pot) = hg — hy log H;,

with h; = exp (E [log C; — log Pr4]) and hg = hy (1 —log hy). The solution to the linearized
PDE is of the form

K
H(X1, Vi, Mgy ooy Aict) = €xp (AOC +ASX + ATV + ) Akak,t> .
k=1
The jump term for process Nj can be computed as

A (WPC)k,t o Tt Lot
WtfPC,tf WtfPC,tf

_17

where

P
ChL — oxp <Y;€t+ACth+ACth+ZAC kt)

j=1

and

K
Tt 1 Aj
P exp <_7ch,; + (1 - 5) (AXYk); + AVYkYt + Z AAiji)) '

Jj=1
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The expression for the jump component in the PDE is then

Zlf:l E: A (WPC)k:,t K 1
[ ] _Z]Et{exp<(l—7)ykg+ [(1—5> AX—FA?(} Yk),i
k=1

Wt—PC,t—
1 K
+ K1—§> AV+A€] v+ {(1—5)1@ +AC} )—1]
j=1

K
=> @) (n+1°)
k=1

where n¢ = (1, AS, AV, AS .., AQK)T. Substituting the trial solution and the expression

for the jump terms into the PDE, we obtain

1
+ K1 — E) — ASkx — hlAg] X,

K

1 _ _

0= <1 — @> pe — B+ AVkyV + Y A ma Ak + ho — hi A
k=1

1 2 1 2 1 /1
+ 5(Agg) 0§(+§(A€) aa_Agw+§7 (E—l)

1 2 4C 2 4C 11
+(1— - || AxoxAx + Avoy Ay ~ 57 1—5

; )
11 1 1
_ (1 — —> Aikaik + <1 — 5) A,\kaikAfk — Ag’kl{Ak — h1A§k

Vi

(Ao + AVoy) — Ay

C
A o 55 9

DH

K
k=1

- (1-5) @ 6=+ @F (4~ ) e
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Applying a separation argument gives rise to the following system of equations for the coef-

ficients of the wealth-consumption ratio

K
1 _ _
0= (1 — —> pe — B+ ATk V + > AS kA + ho — A
k=1

(8
1 c c
0= 1_E —AXlix—hlAX
1 1 1
05 (A9)" 0% + 5 (49)*ob — Ay + (1 3 ) (Axokd§ + Avap 9
1 1 11 1
+§’V <J - 1) 33 <1 - 5) (A o% + Aboy) — AT

11 1 1

— (1 — %) (@ () —1) + (o (n+n°)—1) forallk=1,.., K.

The proposition postulates that the wealth-consumption ratio is =11 %, which implies AS =
—log f+540, AG = 5Ax, Ay = jAy, and A = A, forall k =1,..., K. Since then, both
the PDE determining /(-) and the PDE for H (-) are linearized around the mean consumption-
wealth ratio, the linearization constants must be the same, i.e. hy =79 and h; = i;. Making

use of this conjecture, the equations simplify to

K
0=(1—-7)pc—08+ AvryV + ZAAkHAkS\k + 0ig — 11 Ag + Olog 3

k=1

0 :%7 i - 1) - %("@V +11) Ay
e ) P ST ST P
+$ (@) (7) —1) forallk=1,.., K.

Using the equations for the coefficients of the value function given in proposition B.2 it is
easily verified that the system of equations above is satisfied as well, which establishes that
H, = Billtl/ % Tn order to derive the consumption risk premium, we first note that the cross-

variation between the continuous parts of the pricing kernel and the price of consumption
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18

d[r° Pgl, _
Te— - PC,t— . dt

1 1
-+ 9 (1 — 5) (Ax0§<AX + AVU%/AV)

1 1) &
‘/;5 + 5 (1 - 5) ;Akkgik‘A}\k}‘k,t'

Since the jump components of the pricing kernel and the price of the claim to consumption

are respectively given by

A L 3 '
e mon (o (125) (et i)
- J=1

and

K
AP, |
Oht — exp (Y,g +ASY N+ AQYY + ) DA ka;> —1,

Jj=1

their cross-variation is

Zle E, [Aﬂ'k,tAPC,k,t] )\k,tf

T - PC,tf
K B K
k=1 L j=1
K B 1 K
—Y Ei fexp | -V + (1 - 5) (AXY;; +AVYG DALY >> — 1] Akt
k=1 L 7j=1
K B 1 K
by
_ Z Et exXp Yk’?ﬁ + 5 <AX}/;€)§ + AV}/;;/;: + Z A)\j}/;{é)) — 1 )\k,t—
k=1 L J=1

=" (@ (1) — ®F () — @) (1) + 1) M

Combining these results establishes the risk premium of the consumption claim

K
1 1 1 1
Et[rc,t - T‘f,t—] = [7 - 5 (1 - 5) (AXU§<AX + AVU\%AV) Vie — 5 (1 - 5) E A/\kU,Q\kAAk)‘k,t—
k=1

K
k=

+3 (@) () — @F () + @Y (1) — 1) A

1

This concludes the proof of proposition B.9.
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B.9.11 The Price-Dividend Ratio and the Equity Premium (Proof of Proposi-
tion B.10)

I model corporate dividends as a levered claim to consumption letting D; = Cf’ . An appli-

cation of Ito’s formula gives the dynamics of dividend growth as

K
dD, = D, (qs (uc + X, + %(cb - 1)%) dt + gzsﬁtdBc,t) +Di- Y (exp ¢V, — 1)) dN.
k=1

The price dividend-ratio, denoted by Gy, is a function of the state variables

Ppy

Dt = G<Xt7 ‘/;57 )\1,t7 ) )\K,t)-

The dynamics of the price-dividend ratio can be obtained by Ito’s rule to yield
K —
th =| — GX/*ﬂxXt + leﬁv(v — V;g) + Z G)\k/ﬂ})\k(Ak — )\k,t)
k=1
1 1 1 &
+ QGXXO%(% + §vaa‘2/Vt + 5 kz; G)\k)\kO'ik)\ki} dt
K K
+ Gx(J'X \/thBX,t + Gva'vx/ V;gdvat + Z GAkU)\k \/ /\k,tdBk,t + Z AGk;,thk,t-
k=1 k=1

Another Ito calculation yields the price process

dPp; _ d(Gy-Dy)
Pp.. G -Dp_

Gy G
=|ouc —l—afsv‘/—i—z —E e Ak T (gb—fix G);)X

1 GV 1GXX 2 1GVV 2
+<2¢(¢ 1) Hth+2 a xtsa a Vi

K
1G G
+3 (5 2ot i, ) )\kt] dt

k=1

+¢/VidBe, + —UX VVidBx, + —o—vﬁtdBw + Z oV Mead B

Zk 1 (G ’ D)kt
“dNp 4.
G, - D,_ k.t

72



The infinitesimal generator of the continuous part is given by

DP¢ Gy Gx
Pth _(b o+ Gt /ivv—i-Z?/i)\k)\k—i— ((Zﬁ—lixa> Xt
1 Gy 1Gxx , 10w LGy, G
+<2¢(¢ Domvg +57g, oxtag, o)t Z 2 G, g, ) M

k=1

In the absence of arbitrage, the valuation ratio GG; satisfies the PDE

K
Dry n DPp, n d[n° Pgl, pIyary [A (7 - PD)M] Ate

+ +G;t=0. B.20
Pp T - PD,t— - dt T - Pp_ ! ( )

The remainder of the derivation depends on whether the elasticity of intertemporal substitu-

tion is equal to or different from unity. The following sections treat the two cases separately.

B.9.11.1 Price-Dividend Ratio and Equity Premium with v = 1 The cross-

variation of the continuous parts of the pricing kernel and the price-dividend ratio is

d[WC7PB]t _ G
T Po,eat | 0T Axox g+ Avay VG

The price of equity satisfies the PDE

ZAA’@O-)‘ Gk)\kt

Gv G
_ﬁ—l-(Qb—l)/iC‘f‘?Iivv—i-Z Hkk)\k+|:¢—1—li)(?x} X,

t

B 1., . Gy 1GXX2 1Gyy , Gx , Gy
+[(1 ¢)7+2¢(¢ 1) ety g oxtyg, vt Axo + Ayo Vv

E, [A (- PD)M]

T PD,tf

1G9 G
2 th s O-Ak K/Ak Gtk

oy

k=1

— (o () —1) + =

Using the same linear approximation as before, ie. G;' = gy — g1logG, with g =
exp (E [log Pp; —log Dy]) and gy = ¢1(1 — logg1), the solution to the PDE takes the ex-

ponentially affine form

K
G(X,V, A1, ..., \g) = exp <A(? + ADX + APV + ZAﬁAk) .

k=1
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Computing the jump term gives rise to

Tyt * Gk;,t : Dk,t
- Gt_ . Dt_

K
. exp((¢ NG+ [Ax + AR YE + [Av + AR Y+ S [AA + AD} >
7j=1
Substituting the functional form of the solution into the linearized PDE, one obtains

K
(qb — 1) ue + Aeﬁvv + ZA?kli)\kj\k + go — glAOD + [gf) -1 (HX + gl)A)’ﬂ Xy
k=1

1 1
O+ 5000 = 1) = (kv + @) AP + 5 (AR)” 0% + 3 (4D)* o+ (Axokaf + Avoa? ) [

D
A,\k UAk

oy
va-
|3

(Fa, + 91) AL + Ay03, AL + @F (n+n") — @), (ﬁ)] A = 0.

The constant term and the coefficients multiplying each of the state variables must be in-
dependently zero, whiche implies that AP, AR AP and Afl ) ey AfK satisfy the system of

equations

K
0=—B+(¢—1)puc+ AlkyV + ZAADk“AkS‘k + g0 — 1 AY
k=1
0=¢—1— (kx +g1)AY

1 1 2 1 2
O)y +50(0 = 1) = (kv + ) AV + 5 (A%) ok + 5 (AV) o+ (AxoiA?% + Ava%AE)

=(1-
1 .
3 (Afk) o3, — (Fa, + 1) AL + Anox AL + @) (n+n07) — @ (7).

The equity risk premium is

d ['/TC, Plc)]t _ Zle Et, [Aﬂ-k,t . APD,k,t] )\k,tf

Ei(_|riw— — 1] =—
t [ ot f7t] Wt,'PD’t,'dt 71-757'PD,t*

Specializing the cross-variation of the continuous parts to the proposed functional form

results in

d [ﬂ-cu Pg]t

K
—_— = = + Axo2 AR + Ayo2 AP |V, + Ay o2 AP\, .
T - Pp,_ - dt Vo XO0xAx vOoy Ay | Vi ; Me O AN, Nt
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The jump component is

Amyy - APp gy
T 'PD’t_ = | exp ’}/th—FAXY —|—Avy —|—ZA/\ kt —1

Aj
-Gme+ﬁ%+£m+Zﬁm0—Q

j=1

:exp<(¢ NYS + [Ax + AR] V5 + [Av + A th*Z[AA +AD] )

7=1
K

Jj=1

K
ww@%+&%+£%+2%ﬂ@+1

j=1

Combining these two terms gives rise to the equity premium

]Et, [7’@'715, — Tf’t,} = [”)/(b— (AXO'A%(A)’% + AVO'XZ/A‘?) ‘/t

]~

Y (L () + ) (") =@ (n+n") —1— Ay03 ALY ] Mg

e
Il

1

B.9.11.2 Price-Dividend Ratio and Equity Premium with ¢ # 1 The cross-

variation of the continuous parts of the pricing kernel and the price-dividend ratio is

d[r, Ppl, 1 Gx , Gy G,
@ = | 0t (g )\ Aok T Aver g ) Ve (15 ZAAkUAkG Mt

5



The PDE satisfied by the price of equity is hence given by

—B+ (¢—%) uc+itva+Z G, et {¢—%—nxiﬂx
1 1 e 1

GV 1GXX 9 1GVV 9 1 G GV
_/WGt—{—2 G UX+2 e oy +(1-— 0 AXJXGt+AVUVGt Vi

+ i(: - (1 - %) (@ () —1) + & LA %iwk,t}

1 G G 1 , Gy, 11 1
+§ thkO'Z R, G: + <].— 0) A>\k b Gk —55 <1—5> Aikaik

Mg + G =0

Using the same linear approximation as above, i.e. G;! ~ gy — g1 log G; with

g1 = exp (E [log Pp; —log Dy]) and gy = ¢1(1 —log g1),

the solution to the PDE takes the exponentially affine form
K
G(X,V, A1, ., Ag) = exp (A(? + ARX + APV + ZAkak> :
k=1

Computing the jump term gives rise to

-G, D 1 1
Tkt ’“t' ki _ exp((gb—’y)Ykg + {(1 — 5) Ax +A§} Yk)i + {(1 - 5) Ay +A€} Yk‘,/t

+ZK1__>AA +AD} )
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Substituting the functional form of the solution into the linearized PDE one obtains

K
1 _ - 1
—B + <¢ — —> pe + AP kv V + E AR Ea A+ 9o — AT + {05 —— —(kx + 91)14;1?} Xy
k=1

v Y
1 1 11 1 1
+ [57 (1 + E) - 57 (1 — 5) (A 0% + Avoy) + 50(6 — 1) =76
1 1 1
(s + ) AR+ 3 (AR) 0% + 5 (AD)" o + (1 - 5) (AXJE(AQ T AVJ%/A{?)] v,
K
1 1 11 1
F2[ g (AR) R, = o g0 AT+ (1 - 5) Anod AR - o2 (1 - 5) 4,03,
k=1

~(1-5) @@ -1+ @ @) - 1)] Aot = 0.

The coefficients AP, AR, AP, and AL, ..., AT must hence satisfy the system of equations

K
1 _ —
0=—B+ (gb— —) pe + ADkyV + E AL Ka Ak + 90 — 1 AY
=1

0
1 D
0=¢— o (kx +g1)Ax
1 1 11 1 1
1 1 1
(v 9)AD + 5 (AR) 0%+ 1 (D) o+ (1 - 5) (AXU§A§ ¥ AvgaAe)
1 2 1 11 1
0=5 (45)" 03 = (s + 9045, + (1 - 5) Anod AR -5 (1 - 5) 43,3,

1 .
- (1_5> (@ (1) — 1)+ (®F (n+97°) —1).
The risk premium of a dividend claim is

d [ﬂ'C, PB]t _ Zf:l Et_ [Aﬂ'kﬂg . APD,k,t] )\k‘,t—
T - PD,t— - dt T Pp_ '

E,— [Ti,t— - Tf,t—] = -

The cross-variation of the continuous parts has been computed above for general G and in

this particular instance of an exponantially affine function takes the form

K
1
‘/t + (1 — 5) ;A)\kO'/Z\kA)\Dk/\k,t.

d[ﬂc7plc)]t _ 1 2 D 2 4D
7Tt_ . PD7t_ . dt - - rygb—i_ ]. - 5 AXaxAX +AV0-VAV
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The jump component is

Aﬂ'k’t : APD?k, 1
m_-PD,t_t: exp | —Y5 + 1-2 AxY N + AvYY, +ZAA -1

K
: (exp <¢Y,§t + ARY N + ADY) + DAY ka;’> - 1)

Jj=1

1 1
:exp<(¢> —NYS + Kl — 5) Ax + A)’@} Y+ [(1 - 5) Ay +A€} VA
S [(1-5) et )
1 K

Jj=1

K
-ww<wﬁ+A%ﬁ+A%%+§:&?$)+L

Jj=1

Combining these two terms, one finds the equity risk premium when ¢ # 1 to be

1
Ei [rie- —7pe ] = [wb — (1 — 5) (AXO—;A;@ + AvaaAIV?) Vi
"~ 1
+Z {cb,{ (m)+ @) (n°) =@y (n+n")—1- (1 — 5) AkkaikAADk} Nt -
k=1

B.9.12 Dynamics under the Risk-Neutral Measure (Proof of Proposition B.11)

Dynamics under the risk-neutral measure are obtained by exploiting the fact that the process
under the physical measure belongs to the class of affine-jump diffusion under and invoking
lemma A.2 which gives a characterization under an equivalent probability measure. The
dynamics of X; = (InCy, Xy, Vi, A1y, .., Axi)” are governed by an affine jump diffusion. The

drift coefficients are given by

e o 1 -1 0 0
0 0 —kx O 0 0
Ky V 0 0 -k 0 0
Ko=| o | K= '
K’M)‘l 0 0 0 —R) 0
: : : 0 0
Ky Mk 0 0 0 0 ... —Fae



The diffusion coefficient is

VVi 0 0 0 0
0 oxVV, 0 0 0
o(X,) = 0 0 RVATA 0 0
K 0 0 0 Tx\/ ALt 0
0 0 0 0 0
0 0 0 0 ceo O/ K

Since the class of affine jump diffusion imposes the restriction o(X;)o(X;)T = H0+Z?:1 Hy X4,
we have HO = 0, Hl,l = O, HLQ = 07 and

10 0 0 0
0 0% 0 0 0

2
Hya o 0 0 o2 2 0
0 0 0 o3 0
00 0 0 0
00 0 0 o3,

Forie{4,...,3+ K}, Hy; is O’ik at element (3 + k, 3 + k) and zero everywhere else.
The coefficients of the jump intensity are Mg = 0 for all £ € 1,..., K and Ay is zero,
except at position 3 + k, where it is one. The change of measure is characterized by the

Radon-Nikodym derivative process

4z u
Z_t =n"o(X)dB, — Y [(1—exp(n"Yia)) = (1= B (n) (ko + MeaXy) dt]
= k=1
where
—

(1—-5) Ax
T _ (1 - %) Ay
Tl a-pa

(1 - %) Ak

Under the equivalent measure P, by lemma A.2, the constant component in the drift co-

efficient is Ky = Ky + HlIn = Ky. The coefficient multiplying the state X; is given by
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K, =K, + [Hi1m ... Hy kn]. We have Hy1n = 0, Hyon =0, and

-
(1-5) Axok
Hy3n = <1 - %> Avey
0
0

Furthermore, for i € {4,...,3+ K}, the term H; ;n has element — (1 - %) A,\kaf\k at position

k =1 — 3 and is zero elsewhere. Accordingly, we have

0 1 —y—3 0 0
0 —kx (1—3) Axok 0 0
_ 0 0 —wrv+(1—3)Avoy 0 0
Ky = 1 2
0 0 0 —kn + (1= 3) Ay, 03, 0
0 0 0 0 o =k + (1= 3) Ascod

Both, the distribution of the jump size and the jump intensity under the equivalent measure
are stated in lemma A.2. The dynamics for X; then follow from the fact that the process
remains within the class of affine jump diffusions under P. The diffusion coefficient is un-
affected by the change of measure. The process for log-dividend growth easily follows by
noting that D; = Cf’ implies In D; = ¢ In C; and hence d1In D; = ¢dIn Cy, which yields

K
1 ~ -
dIn Dt = ¢ |:/LC + Xt — <’)/ + 5) Vt:| dt —+ Qb\/ V;dBC,t + E Qﬂ/kngk,t
k=1

This concludes the proof of the proposition.

80




B.9.13 Dynamics of the Equity Price under the Risk-Neutral Measure (Proof
of Corollary B.1)

This section derives the log price process of claim to the dividend stream {D;}¢>¢. Since the

log price of equity is given by
In PDﬂf =In Dt + In G(Xt, ‘/;5, Al,ta ceey AK,t)

K
=In Dy, + Af + ARX, + AV, + )~ AR A,

k=1
the price process satisfies
K
dIn Ppy = dln D, + ARdX, + ADdV, + Y~ AD d,.
k=1

Substituting the dynamics of log dividends and state variables under the risk-neutral measure

one obtains

1 1
dIn Pp,; = (cb {Mc + X, - (v + 5) Vt} — Axrx X + (1 - 5) AR Axox Vi

6

K
_ 1
#3048 [ (= ) + (1= 5 ) Anodn] o

k=1

K
+¢ V V;déc,t + A)Z?O'X \/thé)gt -+ Aea'v\/ V;gdév’t + Z Ai)k(f)\k \/ Ak,tdék,t
k=1

_ 1
# AP |we (V= v+ (1 5) abav

K K
5 (chft ARV APV + ZAm) i,
j=1 k=1

The joint process for the log equity price and the state variables X; = (In Pp 4, X¢, Vi, A, -, )\Kt)T

is an affine jump diffusion under the risk-neutral measure P. Accordingly, the drift coefficient
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satisfies pu(X;) = Ko + K1 X; with

dpc + APy V + 3 AR kN 0 Kix Ky K. ... K,
0 0 —kx 0 0 0
Ko rV e 0 0 Kuyy 0 0
Foa M 0 0 0 Kixya 0
: : 0 0
Foxge Ak 0 0 0 0 oo Kidgeoaw

with
Kl,X = ¢ — Axkx
1 1 1
Kl,V = —¢ <’}/ + §> + <1 — 5) AQA)(O'%( — A‘[/)/iv + (1 — 5) AvA‘l;O'%/
1
Kl)\k = —A)\Dklﬂ'&\k + (]. — 5) A?A)\kaik
1 2

KI,V,V = —Ky + 1-—- 5 Avo'v

1
KL)\ka)\k = —Kx, T (1 - 5) A)\kO'ik

The diffusion coefficient is

¢\/Vt A)Z?UX\/Vt A\?UV\/Vt A)l\)la)\l\/)\l,t Af\)KUAK )\K,t\

0 oxV'Vi 0 0 0

0 0 VATA 0 0
X =1 0 0 oA 0

0 0 0 0 0

0 0 0 0 BN, v
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The class of affine models requires o(X;)o(X;)? to be a linear function of the state variables.

Here, we have o(X;)o(X;)T

[o0(Xy)o(Xe)T]
ARoXV,
APtV

D 2
AAIO-)\I )\17t

1,1

o(Xy)o(Xy)" =

D _2

where [O'(Xt)O'(Xt)T} 1= »*V, + (A)’%)2 o3 Vi + (A€)2 o2 Vi + Z,I::l (Af\)k)Q a/z\k/\k,t. Accord-
ingly, we have H,; = 0, H; 2 = 0, and the matrices H; 3 and Hy;, withi =k+3,k=1,..., K

are respectively

D 2 D _2 D 2
AXUX‘/; Avo'v‘/t A)\lo'kl)\l’t

angt
0
0

0
0‘2/‘/}

0

0
0

2
0‘)\1 )\17t

Af\jK a/Q\K MKt
0
0
0

2

Hiyy ARek APod 0 .. 0
ARo% 0% 0 0 0
ADo?, 0 o 0 0
Hyz=
’ 0 0 0 0 0
0 0 0 0 0
with [Hys],, = ¢ + (AR)" 0% + (AP)* 0%, and
2
(A0), 0 0 . ARG,
0 0 . 0
0 0 . 0
Hl,i - .
ADoy, 00 o3, 0
0 00 ... e ... 0

The ordinary differential equations that determine the characteristic function of the joint
transition density of the log price of equity and the state variable can now be obtained from
lemma A.1.

B.9.14 Equilibrium Prices of European Derivatives (Proof of Proposition B.12)

In the absence of arbitrage, the price of a derivative security with European exercise that

provides f(x7) at expiration T is given by the following expectation under the risk-neutral
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measure:

T

Pri(z) = E [exp (—/ rf,sd5> f(xr) J-"t] :
t

Closed form solutions to this expectations are not available in many cases of interest. How-

ever, the Fourier transform with respect to x; can be computed up to the solution of a

system of ordinary differential equations for the class of affine jump-diffusions. The Fourier

transform is defined as

FPf,t(u):/ exp (tuxy) Pry(zy)d,.

o0

Substituting the definition and applying the properties of the Fourier transform, one obtains

FPyi(u) = /_ " exp (iuzy) [exp <— /t ' rf,sds) Flar) ]—"t} da,

[e.9]

E _/OO exp (iux;) exp <— /T Tf7sd8) f(zr)dz,

- T [e’)
exp <_/ Tf,sds) / exp (tuxy) f(zy + Az p)d,
L t -

[e.9]

7

7|

I
&=h

r T 00
E | exp (—/ rfﬁsds) exp (—WA%,T)/ exp (tuxy) f(zy)dzy ft}
L ¢ _

o0

— exp (iuz,) E [exp (— /t Trf,sds) exp (—iuwr) ]—“t] Ff(u)

= exp (tuxzy) VO (t, z, —u, T)F f(u),

which confirms the proposition.
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C Tables

Table 1: Calibrated parameters

Parameters of consumption and dividend dynamics

Drift coefficient of consumption growth e 0.0252
Diffusion coefficient of consumption growth oo 0.02
Mean reversion coefficient of jump intensity process xy 0.368
Mean reversion target of disaster intensity process A 0.045
Diffusion coefficient of disaster intensity process oy 0.00
Shape parameter of disaster size in log-consumption a; 0.83
Scale parameter of disaster size in log-consumption b; 0.10
Upwards revision of disaster intensity in response to disaster arrival Y* 0.20
Leverage ¢ 3.00
Probability of government default in the event of disaster ¢ 0.4

Preference parameters

Time discount factor 8 0.02
Relative risk aversion -y 2.65
Elasticity of intertemporal substitution 1.5

Parameters are from an annual calibration of the model

dCt = Mcctdt + UCOtdBc’,t + Ct_ (eXp (Y;C) — 1) dNt
A\ = kx (A = N) dt + ox/NdBy + Y AN,

where B¢y and B); are independent Brownian motions and /V; is a counting process with in-
tensity \;. The jump size in log consumption is distributed according to —Y;¢ ESh GA(ay,by).
Dividends are a levered claim to consumption, i.e. D; = C’f’ . The representative agent has

recursive preferences with a normalized Porteus-Kreps aggregator

5[ . _ B aop (T

Sy
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Table 3: Simulated moments from the model and sample moments in the data
Model U.S. Data

Expected return on government debt E[rp. 2.15% 2.01%
Std. dev. of return on government debt o [rp] 2.79% 5.91%
Equity risk premium Erp: — rp 6.08% 5.97%
Std. dev. of return on equity o [rp4l 18.96% 18.48%
Sharpe Ratio Elrp: — 75| /o [rp4] 0.32 0.32
Std. dev. of log consumption growth o [Aln(CY)] 4.61% 3.56%
Std. dev. of log dividend growth o [Aln(Dy)] 13.83% 11.51%

Moments for the model are from 2 paths of a monthly simulation of 25,000 years aggre-
gated to an annual frequency. Each path is initialized at Ay = E[\;]. Sample moments are

from U.S. data spanning the period from 1890 to 2004 as reported in Wachter (2010).
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Table 4: Long-horizon predictive regression of excess returns on the price-dividend ratio
Horizon in years
1 2 4 6 8 10
Panel A: Model (unconditional)
£ -0.13 -0.24 -0.40 -0.50 -0.61 -0.67

R* 0.02 004 0.06 007 0.08 0.08
Panel B: Model (conditional)
p1 -0.25 -044 -0.69 -0.85 -0.92 -1.00

R?> 0.08 0.14 021 024 024 0.24
Panel C: U.S. data
61 -0.09 -0.14 -0.36 -0.48 -0.73 -0.98

R?* 0.04 004 012 012 0.17 0.23

Results are from a regression of excess log returns on equity over the horizon ¢,t + h on

the log price-dividend ratio at ¢. The regression is specified as

h
Z logrpi+i —logrp i = o+ B1 (log Ppy —log Dy) + ¢
i=1
The first and second sets of results is from a Monte carlo simulation of the model detailed
in the notes accompanying table 3. The first set includes all simulated periods, while the
second set drops periods that include a macro contraction exceeding 10%. The third set of
results is from U.S. data from 1890 to 2004 as reported in Wachter (2010).
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Table 5: Long-horizon predictive regression of log consumption growth on the price-dividend

ratio

Horizon in years
1 2 4 6 8 10

Panel A: Model (unconditional)

B
R2

0.031  0.057 0.099 0.131 0.145 0.162
0.0294 0.0456 0.0615 0.0679 0.0560 0.0518

Panel B: Model (conditional)

b
R2

0.009 0.016 0.030 0.034 0.046 0.051
0.0037 0.0063 0.0104 0.0088 0.0123 0.0111

Panel C: U.S. data

B
R2

0.003 -0.001 -0.007 0.002 0.006 0.040
0.0011 0.0000 0.0013 0.0001 0.0004 0.0129

Results are from a regression of log consumption growth over the horizon ¢,¢ + h on the

log price-dividend ratio at ¢. The regression is specified as

h
> AlogCipi = By + B (log Pp, — log D) + &

i=1

The first and second sets of results is from a Monte carlo simulation of the model detailed

in the notes accompanying table 3. The first set includes all simulated periods, while the

second set drops periods that included a macro contraction exceeding 10%. The third set of
results is from U.S. data from 1890 to 2004 as reported in Wachter (2010).
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Table 6: Macroeconomic Contractions and Stock Market Crashes

Probability of macroeconomic contraction

conditional on stock market decline > 25% Model - Data
Macroeconomic contraction > 10% 41.25%  28%
Macroeconomic contraction > 25% 11.38% 11%
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D Figures
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Figure 1: CBOE S&P 500 Implied Volatility Index (VIX)
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Figure 2: Relationship between short term rates and the disaster intensity

disaster intensity A

T T T T T T T
__ Risk-free rate: r
< _ _ _Promised government bill yield: n
i N - _ . _ Expected government bil yield: r; ||
| | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

0.4

This graph depicts the dependence between the risk-free rate 7, the promised yield on

government debt r;, and the expected return on government bills rg on the intensity A

implied by a calibration of the self-exciting disaster risk model.
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Figure 3: Relationship between the equity premium and the disaster intensity
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This figure graphs the relationship of equity premium with respect to the disaster inten-
sity. The dotted line represents the case without disaster risk. The dashed line illustrates
the equity premium with expected utility. In this case investors require no compensation
for the increase in disaster intensity in response to the arrival of a disaster. With stochastic
differential utility with agents exhibiting a preference for early resolution of uncertainty the

equity premium is given by the solid line.
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Figure 4: Relationship between the expected return on equity and the disaster intensity
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This figure graphs the relationship of the expected return on equity with respect to the

disaster intensity.
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Figure 5: Probability density of disaster intensity
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Implied Vol.
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Figure 6: Implied volatility of equity index put options with 1 year until expiration
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Implied Vol.

Figure 7: Implied volatility of equity index put options with 1 month until expiration
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Figure 8: Model-implied VIX computed from 30 days OTM call and put option prices as a
function of the disaster intensity
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This graph depicts the relationship between the conditional disaster intensity and the
model-implied VIX computed from 30 days OTM call and put prices.
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