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1. INTRODUCTION

This paper provides an axiomatic foundation for a maxmin expected
utility over a set of priors (MMEU) decision rule in an environment where
the elements of choice are Savage [20] acts. This characterization com-
plements the original axiomatization of MMEU developed in a lottery-acts
(or Anscombe—-Aumann [1]) framework by Gilboa and Schmeidler [12].
MMEU preferences are of interest primarily because they provide a natural
and tractable way of modeling decision makers who display an aversion to
uncertainty or ambiguity. A leading motivation for examining such
preferences is the evidence described by Ellsberg [ 6] and many afterwards
demonstrating that such aversion seems common and is incompatible with
standard expected utility theory. A closely related representation that has
also been used to capture uncertainty aversion is Choquet expected utility
(CEU). CEU was first axiomatized in a lottery-acts framework (Schmeidler
[21]) and later in settings with Savage acts (Gilboa [11], Wakker [22],
Nakamura [ 18], Sarin and Wakker [19], and Chew and Karni [4]). In
contrast, MMEU has never before been characterized in a setting with
Savage acts.

A great attraction of settings with Savage acts is, of course, that no
primitive notion of probabilities need be assumed. That probabilities none-
theless appear in a representation is then quite satisfying and provides a
strong foundation. However, the interest in a Savage act characterization
of CEU and MMEU is not only philosophical. A number of recent papers
(for example, Ghirardato [8] and Sarin and Wakker [ 19]) point out that
there may be real differences when using CEU preferences between a two-
stage lottery-acts formulation and a one-stage Savage acts setting. Since
MMEU is closely related to CEU, this suggests value in having a founda-
tion for MMEU in both settings. CEU and MMEU over Savage acts also
appear prominently in papers that examine randomization and uncertainty
averse decision makers (Eichberger and Kelsey [ 5], Klibanoff [ 14]). The
latter paper in particular suggests a privileged role for MMEU over CEU
in modeling uncertainty aversion and randomization simultaneously in a
Savage acts setting. Additionally, recent developments of alternative
notions of uncertainty or ambiguity aversion have focused on the Savage
acts setting (see Epstein [7] and Ghirardato and Marinacci [10]) and
characterizing MMEU in such a setting is useful for the purposes of com-
parison (see Subsection 4.2 for a brief discussion).

The remainder of the paper presents a set of axioms and a representation
theorem proving the equivalence between these axioms and an MMEU
rule. The key axioms are a very weak version of act-independence
(Gul [13], Chew and Karni [4]) and two axioms formulated using
standard sequences, a measurement theory construction (see Krantz
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et al. [15]). Results in Nakamura [ 18] and Gilboa and Schmeidler [12]
are useful for the proofs.

2. NOTATION AND FRAMEWORK

Q is the set of states. A state in Q is represented by w. X' is an algebra of
subsets of Q. Events are elements of 2. X=[m, M| <R, m < M is the set of
prizes or outcomes. A (Savage) act f'is a function f: 2 — X. A simple act is an
act with only finitely many distinct values. A simple act is X-measurable if
{weQ| flw)e W} eX for all W< X. F is the set of all Z-measurable acts
defined as the closure in the supnorm of the set of all 2-measurable simple
acts. A set G F is closed if it is closed in the supnorm. A constant act f
is one for which f(w) = x for all w e 2, for some x € X; we denote this con-
stant act by x* or simply x when no confusion would result. F* is the
subset of F consisting of all constant acts; note that F* can be identified
with X. For any event Be2X and x, ye X, xzy denotes f € F such that
flw)=x for we B and f(w)=y for w¢ B; such acts are referred to as
B-measurable. The event 2 — B is denoted B¢. Z, and Z, , denote, respec-
tively, the sets of all positive and all strictly positive integers. 2 is the set of all
finitely additive probability measures P: X — [0, 1]. Weak preference = is a
binary relation on F, and the binary relations > (strict preference) and ~
(indifference) are derived in the usual way from >=. Finally, the expression
{f, g} Zhmeansf>hand g >h, while f = {g, h} means f >g and f =h.

Note that this environment is similar to that in Savage [ 20] with the dif-
ference that we impose more structure on the prize set (X). The important
aspect of this structure is that X is connected and separable. This, together
with a continuity assumption on preferences made below, generates a
richness in preference equivalence classes that is heavily used in what
follows. As a consequence of this richness in the prize set, we do not need
to impose axioms that require the set of states (£) to be infinite as Savage
does. In fact, other than the uninteresting case of Q containing only one
state, our axioms allow for Q to be of any size, finite or infinite.

3. AXIOMS AND A REPRESENTATION THEOREM

3.1. Axioms

Axiom 1 (Weak order). = is complete and transitive.

DErFINITION 3.1.  An ordered null event B e X is an event for which for all
X, ¥, z€ X, xpz ~ypz whenever z =y >= x.
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DEFINITION 3.2.  An ordered universal event Be X is an event for which
for all x, y,z€ X, zgx ~zpy whenever x>y >z.

Hence, an event B is ordered non-null if there exist x, y and z in X with
z 2=y >=x such that xgzz + ygz. Likewise, an event B is ordered non-univer-
sal if there exist x, y and z in X with x>y >z such that zgpx % zgy.
Intuitively, B ordered non-null implies that the prize given on B matters
sometimes; and B ordered non-universal implies that the prize on B is not
always the only thing that matters to the decision maker. Note that since
we impose restrictions on the ordering of x, y and z, our definitions of null
and universal (borrowed from Nakamura [18]) are weaker than the
corresponding notions in Savage [20]. Section 4.1 contains a discussion of
why the ordered notion is appropriate here.

The next axiom is structural and contains two parts.

Axiom 2 (Structure). (a) x> ypy=x%*>yp*

(b) There exists an event 4 € 2 such that 4 is ordered non-null and
ordered non-universal.

Regarding part (a), note that this will require preference over prizes to
be increasing in the real number ordering. This is purely a simplifying
assumption which allows the easy identification of the set of equivalence
classes and eliminates the trivial case where preference is never strict.
Excepting the trivial case, the richness and separability of the set of equiv-
alence classes given by this assumption is already required by the con-
tinuity axiom (Axiom 3, below) together with the assumption that the set
of prizes is connected and separable. Part (b) is needed to ensure the exist-
ence of meaningful cardinal (as opposed to ordinal) preferences. Without
it, non-trivial trade-offs between prizes on different events may not exist.
This is discussed in detail in Section 4.1.

The next axiom is a standard continuity assumption. Together with the
structural assumptions on X (crucially that X is a connected and separable
set) and the weak order axiom, it guarantees the existence of a real-valued
representation of preferences and a certainty equivalent of any given act. It
also implies that the utility function, u, in the representation is continuous.

Axiom 3 (Continuity). For all feF, the sets M(f)={geF | gx=f}
and W(f)={geF| f>g} are closed.

The following axiom is a monotonicity requirement. Specifically, part (a)
requires that if, in every state, the prize that f gives is at least as good as
the prize that g gives, then, overall, f must be at least as good as g. Part
(b) requires this monotonicity to be strict on ordered non-null and ordered
non-universal events (i.e., if f gives a prize strictly better than g on an
ordered non-null event or on the complement of an ordered non-universal
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event and is weakly better than g elsewhere then, overall, f must be strictly
better than g), subject to ordering conditions as in the definitions of
ordered null and ordered universal. In this sense, each ordered non-null
event (and complement of an ordered non-universal event) “matter” in
determining overall preference.?

Axiom 4 (Monotonicity). (a) For all f, geF, if f(w) =g(w), for all
we then f=g.
(b) If BeZX is ordered non-null and z=x >y, then xgz>ypz. If
Be X is ordered non-universal and x> y =z, then zgx >zgy.

The next axiom is a weakening of the act-independence axiom intro-
duced in Gul [13]. As discussed there, act-independence is analogous to
the independence axiom in the theory of expected utility over lotteries. We
will refer to an act f =x,y as an ordered A-measurable act if y = x.

Axiom 5 (Ordered A-Act-Independence).® Let x,, x5, ¥, V5, z; and
Zy GXbe Such that X ?xl, ) ?.Vl al’ld Zy ?Zl' LetfleAxZ, gzylAyZ
and h=z,4z,. Then,

o . () ~h(w),flw) forall weQ
(i) if {oxis yif 220 (=1, 2) and {g’(a)) ~hw),g(w) forall weQ
then [fZg<= /" 7¢'];

forall weQ

(

(w) forall we®

S

L - (@)~ flo)
(i) if z; = {x; yif (i=1,2) and {g'(w)~g(w)A

h
h
then [fzg<=[f">¢'].

Suppose f, g and £ are acts and B is an event. We will use the following
terminology: If, for every state w, h(w) is indifferent to the act that gives
f(w) on B and g(w) on B¢, then we say that & is a statewise combination
of f and g over the event B. With this terminology, this last axiom reads:
given ordered A-measurable acts f, g, and A, (case (i)) if f and g each
dominate /4 and f” is a statewise combination of /& and f over the event 4
and g’ is a statewise combination of 4 and g over the event A, or (case (ii))
if &7 dominates both fand g and f’ is a statewise combination of f and /4
over the event 4 and g’ is a statewise combination of g and 4 over the
event A4, then fis at least as good as g if and only if /' is at least as good

2Since, in any state, preference between prizes is equated with preference between the
corresponding constant acts, this axiom also implicitly rules out state dependent preferences.

3 This is essentially a restriction of Chew and Karni’s comonotonic act-independence axiom
[4] to the event A and A-measurable acts. We choose the term ordered to distinguish this
axiom from the one that is appropriate for the “reverse” ordering discussed in Section 4.
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as g’. Observe that within each case, the statewise combinations required
have the less preferred prizes on the event 4 (rather than on A¢). This is
because we do not assume that A€ is ordered non-null or ordered non-
universal. Therefore, the restriction on statewise combinations is needed to
ensure that non-zero weight is placed on f and g.

As is shown in Lemma A.5, these first five axioms imply the existence of
an expected utility representation for ordered 4-measurable acts. That is,
there is a strictly increasing and continuous function u: X - R and a real
number p € (0, 1) such that for all x, y, v, we X, if y =x and w =0 then

X4y Fvawspu(x)+(1—=p)u(y) = pu(v) + (1 —p) u(w).

Moreover, u is unique up to positive affine transformations and p is
unique. Observe that the decision maker attaches probability p to the event
A when evaluating ordered 4-measurable acts.

Ordered A-act-independence is the weakest version of act-independence
for A-measurable acts that is compatible with MMEU. In fact, it is the
weakest version that allows the standard sequences introduced below to
meaningfully measure preferences.

How do preferences extend from ordered A-measurable acts to all acts?
From the above, overall preferences must be a continuous, monotonic,
weak order. Furthermore they must satisfy act-independence on ordered
A-measurable acts. Where else must act-independence hold, and when it is
violated, what form can the violation take? Different answers to these ques-
tions characterize different functional representations of preferences. If (in
addition to the other axioms) act-independence is required to hold for all
acts £, g, and h, expected utility preferences result.* This act-independence
is incompatible, for example, with the Ellsberg Paradox. To characterize
MMEU, act-independence must be required to hold on a much smaller set
of acts. What is this set of acts? We know from Ghirardato ez al. [9] that
the MMEU functional must satisfy additivity in general only on sets of
functions that are affinely related. This concept translates to acts in the
following way, making use of the utility function u as above:

DerFiNITION 3.3. Two acts fand g are affinely related if there exist o >0
and feR such that either u(f(w))=ou(g(w))+p for all we or
u(g(w))=ou( f(w))+ p for all we Q.

In other words, f and g are affinely related if either fis a constant utility
act or g is a constant utility act or there is a positive affine transformation

4 For finite state spaces, this is essentially Gul’s result [ 13], although it is closer to that of
Chew and Karni [4], who, by using—as do we—results of Nakamura [ 18] are able to dis-
pense with Gul’s assumption of a symmetric (“half-half”) event.
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relating the utility f gives in each state with the utility g gives in each state.

Our next axiom expresses act-independence (or additivity) for affinely
related acts directly through preferences (i.e., without referring to the
u function). The axiom that guarantees this additivity in an Anscombe—
Aumann framework is the certainty independence (C-independence) axiom
of Gilboa and Schmeidler [12]:

C-independence. For any acts f and g, any constant act x, and any
ae(0,1), if f', g’ are such that

f=af+(1—a)x
and
g=ag+(l—a)x
then,
fre=/"7g.

Note that the convex combination operation is defined statewise and is
well-defined since acts in their setting are functions from states to probabil-
ity distributions over prizes. C-independence relaxes the independence
axiom of Anscombe and Aumann [1] so that it is only required to hold
when the third act, x, is a constant act. Since convex combinations are not
meaningful in our setting, the approach we follow uses standard sequences.’

DerFNITION 3.4. Given Be X which is ordered non-null and ordered
non-universal and a and be X with a>b, we define a standard sequence
with respect to a and b using event B, as a sequence {d,, d,, ds, ...} where
a; € X, for which either (i) a; a and aga; ~bga; ., for all i such that q;
is not the last element in the sequence; or (ii) b =a; and a,;zb ~a;, ga for
all 7 such that a; is not the last element in the sequence.

We use standard sequences as rulers with which to calibrate preferences.
In standard sequences obeying (i) the elements are increasing (a,, = a;),
while in standard sequences obeying (ii) the elements are decreasing
(a; 7a; ;). Any consecutive elements in an increasing standard sequence
are the same “distance” apart, in that the difference between receiving, say,
a;,, instead of a; on the event B¢ just compensates for the difference

5 If we were willing to assume a stronger, non-ordered A4-act-independence axiom in place
of ordered A-act-independence (along with 4¢ ordered non-null and ordered non-universal)
we could proceed to develop the remaining axioms for MMEU using statewise combinations
(as defined above) rather than standard sequences. For such a development see Casadesus-
Masanell et al. [2].
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between receiving b instead of @ on the event B. Similarly, in a decreasing
standard sequence, receiving a; instead of @, ; on the event B just compen-
sates for receiving b instead of ¢ on B°. Since axioms weak order, structure,
continuity, monotonicity, and ordered A-act-independence guarantee an
expected utility representation for ordered A-measurable acts, we can
translate this notion of distance into utility terms by forming standard
sequences using the event 4. One of the contributions of this paper is the
insight that, if an expected utility representation for ordered A-measurable
acts exists, then standard sequences may be used to express any cardinal
properties of utility directly in terms of preferences. In particular, it is not
hard to see that in any increasing standard sequence using the event A,

ua; ) —ula;) =1, [u(a) —u(b)].
In any decreasing standard sequence using the event A,

1—p

— [u(a) —u(b)].
p

u(a;) —u(a; 1) =

Hence, having an expected utility representation for ordered 4-measurable
acts is what lets us associate distance measured by standard sequences with
distance measured by ratios of utility differences.®

We now state the needed independence axiom.

Axiom 6 (Constant-independence). Fix any f, g, f', g’ € F, xe F*, and
ae (0, 1). If, for each w, there exist standard sequences {a/} and {a%*}
using event A, and strictly positive integers i(w), i'(w), j(w), j'(w), k(w),
and /(w) with i"(®w)=ak(w)+ (1 —a) i(w) and j'(w)=al(w)+ (1 —a) j(w)
such that

af) ~flo),  al@~f(w).
af) ~g(o),  af) ~g' (o)
ki ~ X~ i),

SFor an excellent discussion of standard sequences and their use in both preference
measurement and other types of measurement, see Krantz e al. [15].
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then,
fre=f"*g.

The easiest way to understand this axiom is by thinking about it in terms
of utilities. Fix the acts and « as in the axiom. If standard sequences satisfy-
ing the conditions in the axiom exist then, for those standard sequences
that are increasing, the utility distance between any two consecutive
elements 1is A’(w)zl’%p [u(a)—u(b)], (where a>b are the prizes a
standard sequence is with respect to and may vary from sequence to
sequence). Therefore, for each such w,

u(f'()) =u(al(g) =u(a]”) +(i'(0) — 1) 4" ()
=u(a{'”) + (ak(w) + (1 —a) () = 1) 4 (w)
= a(u(a{ ) + (k(w) = 1) 4" (@) + (1 —o)(u(a{)
+(i(w) — 1) 4 (w))
=ou(x) + (1 —a) u( f(w)).

The equality on the second line follows from the fact that i'(w) = ak(w) +
(1—a) i(w). The last equality follows from x ~a/{%) and f(w) ~a}). For
those sequences that are decreasing, the utility distance between any two
consecutive elements is 4P (w) = 1%” [u(a) —u(b)]. One can show in this
case as well that u(f"(w))=oau(x)+ (1 —oa)u(f(w)). A similar analysis
shows that u(g'(w)) =ou(x) + (1 —a) u(g(w)). So any such /" and g’ are a
given convex combination of x with f and g. In this case, the axiom
requires that the preference between f and g be the same as the preference
between the convex combination. Conversely, if /' and g’ are a given con-
vex combination of x with f and g, then either standard sequences satisfy-
ing the conditions of the axiom exist, or these acts are the limit of a
sequence of acts for which such standard sequences exist and the same con-
clusion obtains. Thus, this axiom is a standard sequence approach to
implementing Gilboa and Schmeidler’s C-Independence axiom [12].

The final axiom, uncertainty aversion, restricts the way that act-inde-
pendence can be violated. Essentially it requires that the decision-maker
weakly likes to smooth utilities across states of the world, since this leaves
her less exposed to any uncertainty or ambiguity about the probability of
various states. In an Anscombe—Aumann framework, Schmeidler’s (see also
Gilboa and Schmeidler [ 12]) uncertainty aversion axiom [21] states that
any convex combination of two acts cannot be worse than both of the acts
being combined. The following is a natural generalization of such an axiom
to the Savage acts framework using a standard sequence approach:
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Axiom 7 (Uncertainty aversion). Fix any f, g, heF, and ae (0, 1). If
f > g and, for each o, there exist a standard sequence {a?’} using event A4,
and strictly positive integers i(w), j(w), and k(w) with k(w)=ai(w)+
(1 —a) j(w) such that

Ay ~ flo),
Ay ~ &),
afc“(w) ~ h(w),
then,
h>=g.

Again, the easiest way to understand this axiom is by thinking about it
in terms of utilities. Here, the conditions of the axiom imply that u(A(w)) =
ou( f(w))+ (1 —a) u(g(w)) and, conversely, if f =g and / is such that for
all w, u(h(w)) =ou(g(w))+ (1 —a) u( f(w)) then either the conditions of the
axiom are satisfied or these acts are the limit of a sequence of acts for
which such standard sequences exist. In either case, /2 =g. Subsection 4.2
relates this type of uncertainty aversion axiom to recent alternatives
suggested by Epstein [ 7] and Ghirardato and Marinacci [ 10].

3.2. A Representation Theorem

These seven axioms lead us to our main result:

THEOREM 3.5. Let = be a binary relation on F. Then 3= satisfies the
axioms weak order, structure, continuity, monotonicity, ordered A-act-inde-
pendence, constant-independence and uncertainty aversion if and only if there
exists a continuous and strictly increasing function u: X - R, and a non-
empty, compact and convex set € of finitely additive probability measures on
2 such that

[f?g]@[minjuofszminjuogdP} for all fand geF.
Pe® Pe¥®

Furthermore, there exists an event A€X for which 0 <maxp ., P(A) <1.
Moreover, u is unique up to positive affine transformations and the set € is
unique.

Proof. See Subsection A.l for the proof that the axioms are sufficient
and see Subsection A.2 for the proof that the axioms are necessary.
Uniqueness follows from Lemmas A.5 and A.12. |i

Although the complete proof and relevant annotation is provided in the
Appendix, we give a brief sketch of the sufficiency argument here. The first
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part of the argument, as mentioned above, uses the first five axioms to
prove the existence of an expected utility representation for ordered
A-measurable acts. The crucial step in this part of the proof is showing that
several representational lemmas in Nakamura [ 18] can be applied in our
setting. It is fairly straightforward that, given the structure axiom, the weak
order, continuity, and monotonicity axioms guarantee the existence of a
continuous, increasing, real-valued functional representation of preferences.
The work is in showing that adding the ordered A4-act-independence axiom
ensures, at least for ordered A-measurable acts, this functional can be
written in an expected utility form. This yields a utility function that we can
use to give meaning to standard sequences. Applying this interpretation of
standard sequences to the constant-independence and uncertainty aversion
axioms, allows us to show (through some manipulation and heavy use of
continuity) that any functional representation of preferences must satisfy
the conditions of a fundamental lemma (variations of which have been
proved by, for example, Gilboa and Schmeidler [12], Chateauneuf [3],
and Marinacci [17]). This lemma proves the existence of the minimum
expectation over a set of measures representation.

4. DISCUSSION

4.1. Null and Universal Events

In the above theory, we used the concepts of ordered null and ordered
universal events. These concepts differ from the more familiar notions of
null and universal as in Savage [20]. A natural question is why the
ordered notion is appropriate in our setting and what occurs when an
ordered non-null and ordered non-universal event does not exist. To
address this issue formally, consider the following alternative definitions of
null and universal (including ordered null and ordered universal as above):

DErFINITION 4.1. A Savage null event Be X' is an event for which for all
X, ¥, z€ X, Xgz ~ypz. An ordered null event Be X is an event for which for
all x, y,ze X, xgz~ypz whenever z =y =x. A reverse-ordered null event
BeZX is an event for which for all x, y,ze X, xpz~ ypz whenever
XFyFEz.

DErFINITION 4.2. A Savage universal event B e X is an event for which for
all x, y,ze X, zgx ~zgy. An ordered universal event Be X is an event for
which for all x, y,ze X, zgx ~zgy whenever x =y >=z. A reverse-ordered
universal event Be X is an event for which for all x, y,ze X, zgx~zgzy
whenever z = y = x.
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Hence, an event B is Savage non-null if there exist x, y and z in X such
that xgz + ygz, is ordered non-null if there exist x, y and z in X with
z = y=x such that xzz + ypz and is reverse-ordered non-null if there exist
x, y and z in X with x 2= y =z such that xzz * ygz. Likewise, an event B
is Savage non-universal if there exist x, y and z in X such that zzx + zzy,
is ordered non-universal if there exist x, y and z in X with x >= y >z such
that zpx + zxy and is reverse-ordered non-universal if there exist x, y and
zin X with z 2= y 2= x such that zzx % zzy.

Since the Savage notions of non-null and non-universal are the most per-
missive, we begin by asking what can be said in the case where there does
not exist an event that is Savage non-null and Savage non-universal. In
such a case, an event will either always get zero weight or always get all
the weight in determining preferences over acts. There will never be any
trade-off between prizes on one event and prizes on another. Therefore,
preferences will only be ordinally determined, and thus the utility function,
u, in the representation will be determined only up to increasing transfor-
mations. There will be a unique probability measure that assigns weight 0
to all Savage null events and weight 1 to all Savage universal events.

To explore the remaining possibilities, assume that there exists a Savage
non-null and Savage non-universal event 4. Since A is Savage non-null,
there exist x, y, z such that x,z+ y,z. Let’s consider the possible
orderings of x, y and z:”

(i) If {x, y} >z then A is reverse-ordered non-null.

(ii)) If z={x, y} then 4 is ordered non-null.

(1) If x>z > y then, by monotonicity, part (a) and x,z « y,z, we
have x4z > y,z. Also by monotonicity, part (a), x 4z =z ,z = y 4z, with at
least one of the preference relations being strict. Hence, there are two cases:

Case 1. x4z>z4z. Here, A is reverse-ordered non-null.
Case 2. z,z> y,z. This implies A is ordered non-null.

Thus, A4 is either ordered or reverse-ordered non-null.

Since A4 is Savage non-universal, there exist x, y, z such that z ,x £z, y.
Again consider the possible orderings of x, y and z:

(i) If {x, y} >z then, 4 is ordered non-universal.
(ii) If z>={x, y} then, A4 is reverse-ordered non-universal.

7 Without loss of generality, we may assume x }= y, as x and y play symmetric roles in all
that follows.
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(ii1)) If x>z > y then, by monotonicity, part (a), z,x >z, y. Also by
monotonicity, part (a), zy,x>z,z>z,y, with at least one of the
preference relations being strict. Hence, there are two cases:

Case 1. z, x>z ,z. Here, A is ordered non-universal.
Case 2. z,z>z,y. This implies A is reverse-ordered non-universal.

Thus, A is either ordered or reverse-ordered non-universal.
Therefore, assuming 4 Savage non-null and Savage non-universal
implies that at least one of the following four possibilities must be true:

(1) A is ordered non-null and ordered non-universal.

(2) A is reverse-ordered non-null and reverse-ordered non-universal.
(3) A4 is ordered null and reverse-ordered universal.

(4) A is reverse-ordered null and ordered universal.

Case (1) is the one considered in the axiomatization in the main body of
the paper. For A4 satisfying the conditions in case (2), it is easy to show
that A¢ must satisfy the conditions in case (1). Therefore, our axiomatiza-
tion applies to this case as well, since A€ is the needed event.

Case (3) implies all weight is placed on the more preferred prize when
evaluating 4-measurable acts. Similarly, case (4) implies placing all weight
on the less preferred prize when evaluating 4-measurable acts. Therefore,
in these cases there is no trade-off between any two events, and preferences
are only ordinally determined.

In sum, if we wish to have an MMEU representation with meaningful
cardinal preferences, then we need an event that is non-null and non-
universal according to either the ordered or reverse-ordered notions. Note
that in the context of expected utility, any Savage non-null and non-univer-
sal event must be both ordered and reverse-ordered non-null and non-
universal.

4.2. Relation with Alternative Uncertainty Aversion Axioms

Our uncertainty aversion axiom is meant to be the analogue in a Savage
setting of uncertainty aversion as proposed by Schmeidler [21] (also
Gilboa and Schmeidler [12]) in an Anscombe-Aumann setting. The
underlying intuition is that smoothing utility payoffs across states of the
world can help hedge (reduce exposure to) uncertainty. Recently,
Epstein [7] and Ghirardato and Marinacci [10] have proposed alter-
native notions of uncertainty aversion. The purpose of this section is to
briefly describe these alternative notions and their relationship with
preferences satisfying our axioms.
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Both the Epstein and Ghirardato—Marinacci approaches start from a
comparative notion describing when one preference relation is more uncer-
tainty averse than another. Essentially, >=; is more uncertainty averse than
=, if:

(A) For all “unambiguous acts” 1€ F and all acts f € F, both

hz, f=hzf

and

h>=s f=h>f;
and

(B) =, and =, embody the “same” risk preferences.

Thus, holding risk preferences constant, >=; is more uncertainty averse
than >=, if 1 ranks “unambiguous acts” at least as high as 2 relative to
general (and possibly ambiguous or uncertain) acts. This comparative
notion can then be used to define an absolute notion of uncertainty aver-
sion as follows: preferences (=) are uncertainty averse if = are more
uncertainty averse than some “uncertainty neutral” preferences.

Within this common framework, the two approaches differ as to the class
of “unambiguous acts,” the set of “uncertainty neutral” preferences, and
what aspects of preference are included in risk preferences. Briefly, Epstein
[7] assumes that the set of “unambiguous acts” are those acts measurable
with respect to an exogenously specified and rich set of “unambiguous
events.” He also assumes that preference relations that are probabilistically
sophisticated (as defined in Machina and Schmeidler [ 16]) are uncertainty
neutral. Finally, he assumes that if two preference relations agree when
restricted to the unambiguous acts then they satisfy condition (B). In con-
trast, Ghirardato and Marinacci [ 10] take the set of “unambiguous acts”
in (A) to be the constant acts. Furthermore, they assume that the subjec-
tive expected utility preference relations are uncertainty neutral. Finally, in
condition (B), they state conditions on standard sequences that require the
two preference relations to have the same utility function (up to admissible
transformations).

What can be said about the relation of these notions with the preferences
described in this paper? Compared to Ghirardato and Marinacci [10],
our notion of uncertainty aversion is stronger. Specifically, the preferences
described in this paper are all uncertainty averse according to the Ghirardato—
Marinacci definition. Furthermore, there are preferences that satisfy all of
our axioms except for our uncertainty aversion axiom, yet are uncertainty
averse according to Ghirardato and Marinacci. That this is the case should
not be surprising; in both developments lack of ambiguity or uncertainty
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on some set of events is associated with the validity of the act-independence/
sure-thing principle of subjective expected utility for preferences over acts
measurable with respect to such events. The important difference that leads
our notion to be stronger is that whereas Ghirardato and Marinacci
examine only preference between pairs of acts where at least one act is
unambiguous, our axiom imposes conditions on preference between certain
pairs of ambiguous acts (one of which may be a “hedging” of the other) as
well. Implicitly, the uncertainty aversion described in this paper is based on
the idea that we sometimes are willing to say that one act is less ambiguous
than another even when neither is completely unambiguous.

The relation with Epstein [ 7] is a bit more complicated because he con-
siders all probabilistically sophisticated preferences (a class larger than
expected utility) to be uncertainty neutral. Since some of the preferences
considered in this paper that are uncertainty averse according to us are
also probabilistically sophisticated, our notion does not imply his. For the
reasons in the paragraph above, Epstein’s notion does not imply our
notion either, even in the presence of the other axioms. One thing that can
be said, however, is that if the set of unambiguous events, U, underlying
Epstein’s definition happens to also be unambiguous in the sense that
preferences over U-measurable acts admit an expected utility representa-
tion, then any MMEU preferences that are uncertainty averse as described
in this paper will be uncertainty averse according to Epstein as well. (This
last statement is shown as a theorem in Epstein [7].)

Overall then, our uncertainty aversion axiom should be thought of as
embodying something more than definitions that are based purely on com-
parisons of the unambiguous with the possibly ambiguous. In particular,
the idea that state-by-state combinations of a pair of possibly ambiguous
acts may reduce ambiguity is fundamental to our axioms. Being uncertain
is not being sure what the proper weights are for evaluating acts. Being
uncertainty averse intuitively means that the decision maker worries that
the “real weights” are going to be unfavorable for any given act. Since the
unfavorable weights for each act may not be the same, combining two acts
state-by-state limits the scope for varying weights to lead to unfavorable
evaluations. A special case of this is when a constant act is generated as a
state-by-state combination of two ambiguous acts (a perfect “hedge”).
However, even when a constant or unambiguous act is not generated, the
resulting act may still be a reduction in ambiguity. We think that this
“something more” embodied in Schmeidler-type uncertainty aversion is
quite reasonable.

One benefit of our uncertainty aversion formulation in the context of this
paper is that a flexible and tractable representation emerges. It is an open
question whether there exists a tractable representation of preferences
characterized by all of our axioms excepting uncertainty aversion (or
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replacing uncertainty aversion with Ghirardato and Marinacci’s weaker
notion). If there is such a representation (even a less-than-tractable one) it
currently lies beyond the reach of the authors.

APPENDIX A. PROOFS

A.1. Sufficiency of the Axioms for the Representation Theorem

Given any f € F, denote its certainty equivalent by m(f). That is, m(f)
is an element in F* such that m(f)~f For x,,x,€X, BelX, define
m®(x,, x,) =m(x,px,). The next lemma shows that a unique certainty
equivalent exists for each act.

LeEMMA A.l. For each f e F, m(f) exists and is unique.

Proof. By Axiom 4 (monotonicity), part (a), the sets M(f).:=
{xeX|x>=f} and W(f).:={xeX|fx=x} are non-empty. By con-
tinuity, both of these sets are closed. By weak order, M(f). v W(f).=X.
Therefore, since X is connected, M(f), n W(f). # & and there must be at
least one x € X such that x ~ f. Suppose there are two such prizes, x; <Xx,.
Then, by the structure axiom, part (a), and weak order, x, >x, ~f, a
contradiction.

DerFINITION A.2. We say that = is bounded if, for each f € F, there are
X, y€ X such that x = f = y.

Consider the following axioms adapted from Nakamura [ 18]:

Al. > on Fis a bounded weak order.

A2. ForfeF,BeXandx, y,ze X, if ygz=f =xgz then f ~agz for
some a € X.

A3. If B is ordered non-null and z>=x and z 2= y, then y >=x if and
only if yzz >=xpz; if B is ordered non-universal and x =z and y >=z, then
yx=xif and only if zgy =zpx.

A4, If y=x and BS Cel then xgzy =xc).
A5. Every strictly bounded standard sequence is finite.

A6. If x, =x, and y, =y, with y, =x, for i=1, 2, then

mB(xls X5)p mB()’u V2) NmB(xb Yi)s mB(xzs Va)

The next two lemmas show that our axioms imply Nakamura’s A1-A5 and
A6 with B= A. This allows us to use several lemmas from Nakamura [ 18]
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to show that an expected utility representation for ordered A-measurable acts
exists.

LemmA A3.  Axioms weak order, structure, continuity, monotonicity, and
ordered A-act-independence imply A1-AS.

Proof. (Axioms=-Al) This is implied by weak order and monotonicity.

(Axioms = A2) Consider W(f)z={beX| fxbgz} and M(f)z=
{beX|bgz=f}. W(f)p and M(f)p are non-empty because xe W(f)g
and ye M(f)g by assumption. We want to show that W(f)p is closed. To
do this we will show that X— W(f)g is open, where X— W(f)z=
{beX|bgz>f}. Let W(f)'={geF|g>f}. Lett be in X— W(f)p. (If
such ¢ does not exist then X — W(f)z= and W(f)z=[m, M] which is
closed, so we are done.) Since 1€ X — W(f)g, we have that tzze W(f)‘. By
continuity, W(f)¢ is open. Hence 30 >0 such that Vge U,(tzz) we have
that ge W(f)¢, where Us(tzz)={geF || g—tgz| <J}. Consider now the
set Vs(tpz)={beX||bgpz—1tpz| <J}. Note that {ge F | g=bpz for some
be Vytgz)} = Uystgz). Since Vge Us(tzz) we have that g>f, we must
have that Ybe Vy(tgz), bgz > f, implying that X — W(f)g is open. Hence
W(f)g is closed. Similarly M(f)p is closed. By weak order, W(f)pu
M(f)g=X. Since X is connected, W(f)p N M(f)p# &. Therefore there
exists a € X such that agzz ~ f.

(Axioms =>A3) This follows from Axiom 4 (monotonicity).
(Axioms =>A4) This follows from Axiom 4 (monotonicity), part (a).

(Axioms =>A5) Let Be X be ordered non-null and ordered non-univer-
sal and fix a, b € X such that a > b. Let {a,} be a strictly bounded standard
sequence with respect to @ and b using event B. Let’s assume first that {a;}
is such that a, >a and aga; ~bga; ., for all i. Since B is ordered non-null
and a;,, Fa>b, monotonicity implies aga;,, >bga;, ~aga;. Thus,
a; ., >a; for all i and {a;} is an increasing sequence. As {a,} is strictly
bounded it must in particular be bounded above. Hence, if {a;} has
infinitely many terms then it must converge. Towards a contradiction,
assume {a;} has infinitely many terms. Let a*=Ilim,_ . a;. Consider
W(bga*). Since for each i, bga* >bga;,, ~aga;, we have that for each i,
aga; € W(bga*). Take limits to obtain lim;_, , agza;=aga*. By continuity,
aga* e W(bga*) (ie., bga* =aga*). Now, B ordered non-null, ¢ > b and
a* = a, together with the monotonicity axiom, implies agza* > bga*, which
is a contradiction. So {a;} must have only a finite number of terms. The
other case, where {a;} is such that b>a; and a;zb~a;, ga for all i
follows from a similar argument using the fact that B is ordered non-
universal and {a;} is decreasing and bounded below. Note that
Nakamura’s definition of a standard sequence also allows for decreasing
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{a;} when a; »a and increasing {a,} when b >a,. It is easy to adapt the
arguments just given above to show that {a;} must be finite in these cases
as well. ||

LEMMA A.4.  Axioms weak order, structure, continuity, monotonicity, and
ordered A-act-independence imply A6 with B= A.

Proof. We divide the argument into two cases depending on preference
between y, and m“(x,, x,). The argument in each case will require two
applications of ordered A-act-independence.

Case 1. y,>=m"(x,, x,). Let f, g and € F be such that
S=x14%2
g=m"(xy, x,)
h=y14¥>.
Consider /" and g’ € F with, for all we Q,

X14 )15 weA

F(0) ~ flw) 4 hw) = {

X24 V25 weA°

mA(xl,xz)A Y1s wed

¢(@) ~ g(e) , h(e) = {

mA(x1, X3) 4 V2, we A"
Since f'~ g, ordered A-act-independence implies /" ~ g’. That is,
mA(xy, y1)am*(Xa, pa) ~mA(mA(xy, X5), y1) g mA(mA(xq, x,), p2)

Now, let /, ¢ and / € F such that

Consider /' and g’ € F with, for all we Q,

mA(xla-XZ)Ayla weA

P@) ~ ) 4 fle)= {

m(xy, X2) 4 V2, weA°
(@)~ h(w) 4 () =m™(xy, x3) 4 m*(y1, p2).
Since f~ g, ordered A-act-independence implies /* ~ ¢'. Hence,

mA(mA(xla X2), Y1)a mA(mA(xla X3), ¥2) ~mA(Xb X2) 4 mA(yh V2)-
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It follows that

mA(xla X2) 4 mA(J’h V2)

~mA(xy, ¥1) 4 mA(x5, ¥,), which is A6 with B= 4.

Case 2. m?(x,, x,)> y,. Note that y, =x, together with m*(x,, x,)
>y, implies x, = y;. Also, x, = y; together with x, >=x; implies x, =
mA(xy, yy).

Now, let f, g and & € F be such that

S =X1401
g:mA(xla Y1)
h=X54Y,.

Consider /', g’ € F with, for all w e Q,

X14X0, weA

Flo)~ flo) o) ={ 0

mA(xla yl)Ax27 Cl)EA

() ~ g() 4 h{w) = {

mA(x1, Y1) 4 Vas we A"
Since f'~ g, ordered A-act-independence implies /' ~ g’. That is,
mA(xy, X3) 4 mA( 1, o) ~mA(mA(xy, p1), x5) 4 MM (x5 y1), ¥a).
Finally, let /, ¢ and / € F be such that
f=x2Ay2

g=m"(x,, y5)

E:mA(xla V1)

Consider /', ¢' € F with, for all weQ,

2 7~ 7 mA(xla yl)A x25 COEA

"(w) ~h(w w)=
S(@) (@) Sl {mA(prH)A Va2, weA”
g'(w)~h(w) 4 gw)=m(x,, ) gm(x;, 5), weQ.

Since f~ g, ordered A-act-independence implies /' ~ ¢'. Hence,

mA(mA(xla Vi) X2) 4 mA(mA(xla X3), ¥2) NmA(xb Y1)a mA(xp V2)-
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It follows that

mA(xla X2) 4 mA(J’h V2)

~mA(xy, ¥1) 4 mA(x5, ¥,), which is A6 with B= 4.

LeMMA A.5. There is a strictly increasing, continuous function u: X — R
and a real number n(A)e (0, 1) such that for all x, y, v, we X, if y =x and
w>=v then

X4V FU4W

< () u(x)+ (I —n(4)) u(y) = n(4) u(v) + (1 —n(4)) u(w). (A1)

Moreover, u is unique up to positive affine transformations and w(A) is
unique.

Proof. Existence of a function u# and a real number 7(A4) satisfying all
the conditions of the lemma other than strict monotonicity and continuity,
follows from Lemmas A.3 and A.4 and Nakamura [ 18, Lemmas 1, 2, and 3].

To see that u is strictly increasing, assume x > v. By part (a) of the struc-
ture axiom, we have x > v. Apply the already proven part of the lemma to
X, y=X, v, w=v to obtain u(x)>u(v). Continuity of u follows from the
following argument: Since u is strictly increasing, the only discontinuities
can be (an at most countable number of) jumps up. Therefore, limits from
above and from below exist at each point in X. Suppose there is a jump of
height 6 >0 at £e X. Consider the case where u(%)=1im,_ ¢+ u(y). By
definition of J, u(X)—d=Ilim,_ . u(y). By (A.l), if £>y, then y £ ~x
only if 7(A) u(y)+ (1 —n(A)) u(£) =u(x). Since u(X)—o=1Ilm,_ - u(y),
for any ¢ >0, there exists y such that £ > and u(p)>u(X) — 9 —e¢. Then,
fixing e <[ (1 —7(A))/n(A)] 6,

u(X)>n(A) u(9)+ (1 —n(A4)) u(X)
>n(A)u(R) —d—e)+ (1 —n(A)) u(£)
=u(X) —7n(A4)(0+¢)
>u(X)—0
=ylin;}7 u(y)

But this implies that p,% has no certainty equivalent, contradicting
Lemma A.1. The case where u(£) =lim, _, ¢~ u(y) or lim,, _, .- u(y) <u(X) <
lim, _, ¢+ u(y) generate a contradiction by a similar argument. This shows
u can have no jumps. |
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Now we use this u function to show the implications, in utility terms, of
the constant-independence and uncertainty aversion axioms. The following
definition is useful.

DEFINITION A.6. An act f'€ Fis interior if m <inf, f(w)<sup, f(w)<M.

LEmMMmA A7. Letf, geF, xe F* and ae (0, 1). If
(1) f'eF is such that, for all w e Q,

u(f ()= ow(x) + (1 —a) u(f(w))

and
(1) g'eF is such that, for all w e Q,

u(g'(w)) = ow(x) + (1 —a) u(g(w))

then
fre=f"*g.

Proof. Normalize u such that u(m) and u(M) are rational. First con-
sider the case where x is an interior act, f(w) and g(w) do not equal m
for any w, and « is rational. For each w, we construct standard sequences
{al} and {a®®} satisfying the conditions of the constant-independence
axiom. Begin with {a/‘}. Set r(w) =min{ f(w), x} and H®)=max{f(w),
x}. If (@) =r(w) then f'(w) = f(w) = x. In this case, let a{” =r(w) be the
first element of a standard sequence with respect to m + r(w) and m using
event 4. Any such sequence satisfies the conditions in the axiom for this w
with i(w) =i'(w) =k(w)=1 and any a e (0, 1).

If, instead, i(w) > r(w) then use the following argument. Assume f(w) =
7(w) (the case where x =7(w) is similar). Define

!
kea

x,

where k,, k, € Z . This is possible since « was assumed to be rational. By
definition of f”,

u(f"(w)) —u(r(w)) _oau(x) + (1 —a) u( f(w)) —u(r(w))

u(i(w)) —u(r(®)) u(r(w)) —u(r(w))

=a(0)+ (1 —a)(l):lﬁk_ikl.
2
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Pick v(w)eZ, , large enough so that (u(if{w))—u(r(w)))/v(w)k, <
(n(A)/(1 —n(A)))(u(r(w)) —u(m)). The fact that u is continuous and
increasing guarantees the existence of a #(w) such that (n(4)/(1 —n(A)))
(u(m + t(w)) —u(m)) = (u(F(w)) — u(r(w)))/v(w) k,.

Now, consider a standard sequence with respect to m + #(w) and m using
event A with first element af’ =r(w). Define 4% (w)=(n(A)/(1 —n(A)))
(u(m+ t(w)) —u(m)). From the calculations above and the definition of a
standard sequence, we see that

u(f(w)) —u(r(w)) =v(w) k4" (w)

Therefore,
a{((z)))kz—o— 1 Nf(w)
af ~ x
(
a{";u?))(kz_kl)+ 1 ~f'(@).
Furthermore,

oafl1)+ (1 —o)(v(w) ky +1)=v(w)(ky—Fky)+ 1.

This shows the constructed {a/®} satisfy the conditions in the constant-
independence axiom. Similar arguments yield a satisfactory {af*}. To
construct {a/} and {a#“)} for states in which f(w) or g(w) is m, use
very similar arguments with decreasing standard sequences instead of
increasing ones. Since the above arguments hold for any w, the conditions
in the constant-independence axiom are satisfied and therefore we have
shown f=g< ' >¢’, assuming « rational and x interior.

Now we will show that f =g implies /' =g’ without assuming either
rational « or x interior. Suppose f >>g. Let {o"} be a sequence of rational
numbers in (0, 1) such that «” - o and {x"} be a sequence of interior
constant acts such that x” — x. Define sequences of acts { "7} and {g'"} by
u(f"(w)) =a"u(x") + (1 —a”) u(f(w)) and u(g"(w))=o"u(x")+ (1 —a”)
u(g(w)) for all w, n. By the argument above for rational a and interior Xx,
f =g implies " =g'" for all n. Since /" — f’ and g’ — g’ by construction,
continuity of preferences requires that if f'”>=g'" for all n then f" =g’
Thus, f =g implies /' >=g'.

It remains to prove f’'>>=g’ implies f =g without the restrictions to
rational a and x interior. We do this in three steps. First, we drop the
rational « restriction but require f, g, and x to be interior; then we allow
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fand g non-interior; and finally we allow x non-interior as well. The reason
we do this in several steps is that the arguments at each stage use flexibility
in constructing acts that would not necessarily be available if we dropped
all restrictions at once.

Suppose first that f, g and x are interior acts. We will show that /" =g’
implies f>=g. Suppose f’ =g'. Since f and g are interior, there exists an
&£>0 such that m+2e < f(w) < M —2¢ and m+2¢ < g(w) < M —2¢ for all
we Q. By hypothesis, f(w)=u"'((u(f'(w)) —ou(x))/(1 —a)) and g(w)=
u N (u(g'(w)) —ou(x))/(1 —a)) for all we Q. By (uniform) continuity of
u=" [u(m), u(M)] — [m, M], there exists 6, >0 such that if |z— y|<J,
then |u='(z)—u~'(y)| <e. Similarly, for each ae(0,1) there exists a
0,(a) >0 such that if |o; —a| <Jy(a) then |(u(z) — o u(y))/(1 —oy) — (u(z)
—ou(y))/(1—a)|<d; for any =z yeX. So, for any dae(0,1), if
|d —a| <dy(a) then f and ¢ defined by f w)=u"(u(f"(w)) —du(x))/
(1—4)) and g(w)=u""((u(g'(w)) — du(x ))/(l—oc)) are well-defined inte-
rior acts. Fix a sequence {a”} such that a” - a, [a” —a| <J,(a) and a” is
rational for all n. Using the formulas f™()=u"'((u(f"(®))—a"u(x))/
(I—a") and g"(w)=u""((u(g'(w))—a"u(x))/(1—a")) for all we®,
generate sequences of acts {f”} and {g”} such that /" — f and g"—g.
Now, since u( f'(w))=o"u(x)+ (1 —o™) u( f"(w)) and u(g'(w))=o"u(x)+
(1—o”)u(g"(w)) for all w and n, f' =g = f">g" for all n by the
argument for rational a. Continuity then yields f =g.

Next we allow for f and g non-interior, but maintain x interior. We
proceed by proving the contrapositive, g > f implies g' > f'. Fix g>f
where f'and g are not necessarily interior. Fix o€ (0, 1). Define f’ and g’ by
u(f'(w)) =ou(x)+ (1 —a) u( flw)) and u(g'(w)) = ou(x)+ (1 —a) u(g(w))
for all we Q. Since g > f, by continuity there exists ¢>0 such that for
all /" with sup,, | f"(w)— f(w)| <e¢ and sup, |g"(w) — g(w)| <e, g" > f".
By construction, there exists f with 0 < ff <o such that the acts /" and g”
defined by u(f"(w))=pu(x)+(1—p)u(f(w)) and u(g"(w))=pu(x)+
(1 —p) u(g(w)) for all w € Q satisty sup,, | f"(w) — f(w)| <e¢and sup,, |g"(w)
— g(w)] <e. Observe that since x is an interior act, f” and g” are also inte-
rior. Now,

u(f'(@))=yu(x) + (1 —y) u(f"(w))
=yu(x) + (1 =y)(fu(x) + (1 = f) u( f(w)))
=+ =) p)ulx)+ (1 =y)1=p)u(f(w)).

Therefore, y+(1—1y)f=0a, which implies that yz‘fiﬁe(o, 1). Since
g">f", f", g" are interior acts, and u(f'(w ))—yu( )+ (1 =) u(f"(w))
and u(g'(w)) = yu(x) + (1 —y) u(g"(w)) for all w, g' > f".
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Finally we allow x non-interior as well and prove the contrapositive,
g > f implies g’ > f’. We show that there exist interior acts /", g" € F, x’,
x" € F*, and numbers y, fe(0, 1) such that,

u(f"(@)) =yu(x")+ (1 =y) u(f(w))  forall w, (A2)
u(g"(w)) =yu(x") + (1 —7y) u(g(w)) for all c, (A.3)
u(f"(w)) = pu(x") + (1 =f) u(f'(w))  forall w, (A4)
u(g"(w)) = pu(x’) + (1= p)u(g'(w))  forall w. (A.5)

Takef, g, /", g € F, xe F*, x' € F* an interior act, and «, € (0, 1) as fixed.
We show that there exist appropriate f” g’ x" interior acts and ye (0, 1).
Define /" as the act that satlsﬁes u f /)’u —p)u(f'(w)) for all
o. This implies that u( /" (w)) = pu(x ﬂ)(au(x) (1 —o) u( f(w))) for
all w. Construct g’ 51m11arly

Then (1 —y) =(1 —ﬁ)(l —a), if and only if y= /)’—i-a( — f), which is in
(0,1). Also yu( =(f+a(l—p)) = fu(x'")+ (1 —f) u(x), which
implies, u(x" ([)’u N+ o(l—p) u( )/ ﬁ+oc (1=24))e(u(m), u(M)). Fur-
thermore, since x” is an interior act, so are /" and g”. Assume g > f. Then,
(A.2) and (A.3) imply g” > f” by the previous argument.

Now, suppose [’ >=g’. Then, (A.4) and (A.5) imply /" >=g", which is a
contradiction. Therefore we must have g’ > f'. This completes the proof of
the lemma. |

LemMa A8. Let f, geF and ae(0,1). Suppose f=g. If he F is such
that, for all we Q,

u(h(w)) = ou( f(w)) + (1 —a) u(g(w))
then
h>=g.

Proof. By arguments mimicking those in the proof of Lemma A.7, the
hypotheses of the uncertainty aversion axiom are satisfied for such
f. g, heF, ae(0,1)if fand g are interior and « is rational. If f or g are not
interior, then construct sequences of interior acts with limits f and g by
taking state-by-state mixtures with an interior constant act, where the
weight on the constant act goes to zero as n increases. By Lemma A.7, this
mixing preserves the preference between f and g. Finally, let «” — «, where
o rational for all n, and use these interior sequences to form the corre-
sponding {/4"}. The axiom applied to each n in the sequence plus con-
tinuity implies 2 =g. |
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We next construct a real-valued representation of preferences over acts
by fixing u# and assigning each act the utility of its certainty equivalent.

LemMa A9. Given a u: X—> R from Lemma A.S, there is a unique
J: F— R such that:

(i) forall fand g €F, f =g if and only if J(f)=J(g);
(1) for any constant act f =xe X, J(f)=u(x).

Proof. For constant acts, we uniquely define J(-) by (ii). For general
acts fe F, let J(f)=u(m(f)). Clearly, J(-) satisfies (i) and is unique. ||

Remark 1. For any x, y € X such that y >=x,
J(xy)=7n(A) u(x)+ (1 —n(A4)) u(y),

where 7(A) is given by Lemma A.S.

Proof. Let u be the utility function used in the construction of J. By
Lemma A5, x4y ~m?(x, y) implies u(m?(x, y))=n(A) u(x)+(1 —n( )
u(y). Note that J has been constructed so that J(x,y)=u(m"(x, y)).
Hence, J(x,y)=n(A) u(x)+ (1 —n(A)) u(y). |

Let K=u(X). Since u is continuous, K is a closed interval in R. We nor-
malize u such that K=[ —2, 2]. Let B be the space of bounded (in the sup-
norm), 2-measurable, real valued functions on . For y € R, we denote by
y* the element of B that assigns y to every w. Let B(K) be the subset of
functions in B with values in K. Observe that for fe F, uo f e B(K), and for
de B(K) there exists f € F such that uo- f =d. Now we use this observation
to construct a functional on B(K) that represents preferences.

DerFiNITION A.10. For fe F we define the functional I: B(K) — R by
L(ue f)=J(f).

Since J represents preferences, it is clear that I does as well. The next
lemma shows that 7 satisfies several important properties, and that these
properties may be preserved when extending / from B(K) to all of B.

LemmAa A.11. I: B(K) —> R may be extended to all of B in such a way
that:
(i) 1[(1*)=1
(1) (I is monotonic) For all a, be B, a>= b implies I(a) = I(b);
(1) (I is homogeneous of degree 1) For all be B, « >0, I(ab) = od(b);
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(iv) (I is C-independent) For all be B, ye R, I(b+ y*)=1(b) + I(y*);
and,

(v) (I is superadditive) For all a, be B, I(a+ b) = I(a) + I(b).

Proof. First note that there exists x € X such that u(x) = 1. By construc-
tion then, I(1*)=J(x*)=u(x)=1. Also, monotonicity of / on B(K)
follows directly from the monotonicity axiom. We will now show that 7 is
homogeneous of degree 1 on B(K).

It suffices to prove homogeneity for e [0, 1], as > 1 then follows by
considering the reciprocal. First note that there exists ze X such that
u(z)=0. Suppose for a, be B(K), a=ob for some ae(0,1). (The cases
a=0 and a=1 are trivial.) Let f, g€ F be such that uo f =a and uog=>.
Then for all weQ, u(f(w))=ou(g(w))+ (1 —a)u(z). Now let ye X be
such that y~g. Also let xe X be such that u(x)=ou(y)+ (1 —a)u(z).
By Lemma A.7, g~ y implies f~x. Thus, I(a)=Lu-f)=u(x)=au(y)=
od(uog)=al(b).

This shows that 7 is homogeneous of degree 1 on B(K). Next, we extend
I to all of B by homogeneity. Such an extension preserves homogeneity and
monotonicity. It remains to be shown that 7 is C-independent and superad-
ditive.

We now demonstrate C-independence of I. Consider a€ B and yeR.
By homogeneity, we may assume without loss of generality that
max(y—xoy> 7o) @ € BIK) and max(y—iz, o) 7* € B(K). Note that by
the structure of B(K) (in particular the fact that K is an interval around 0),
it follows that 1=~ a € B(K) and ;5 y* € B(K). Define ff = I(y— a). By
homogeneity, ff = ;=5 {(a). Let f€ F be such that uof = 17,,(A)a Let y,
ze X satisty u(y)=p and u(z) =ﬁy. By construction of I, J(f) =/ and
J(y)=u(y)=p, implying f' ~y. Now, let g’ € F* be the constant act such
that, for all w e Q,

u(g'(w)) =n(A4) u(z) + (1 —n(4)) u(y).

Thus, u(g'(w)) =y + (1 —n(A)) B=1(y*) + I(a).
Now, let /" € F be an act such that, for all w e Q,

u(f())=n(A4) u(z) + (1 —n(4)) u( f(w)).

By Lemma A.7 and the previously noted fact that f'~y, we have f' ~g'.
Therefore, I(a+y*)=J(f")=J(g')=1(a)+ I(y*) and I is C-Independent.
Finally, we show that [ is superadditive. Consider a, b € B. As above, by
homogeneity we may assume without loss of generality that max(l%n(/“,
=tn) a€ B(K) and max(y—xy, o) b € B(K). Specifically, this implies
T=m @ € B(K) and ;5 b e B(K). Let acts f, g € F be such that uof = 75 b
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and uo gzl%nma. The argument proceeds by considering the possible
orderings of I(y—p 5 a) and I(;{5 b).

Case 1. 7=z @) =I(55 ). Then f'~g. Define the act f' by, for all
weL,

u(f'(w)) = (1—n(A4)) u(g(w)) +n(4) u(f(®)).

Thus, wuof' =n(A)uof)+(1—n(A))(uog)=b+a and J(f')=
Huof"y=I1a+Db). By Lemma A.8, we have that f” = f. Therefore, I(a + b)
=J(f") =2 J(f) =75 1(b) = (Jﬁ,ﬁﬂﬁ) 1(b) = (*3Z6™) I(b) + I(b) = I(a) +
1(b), since I(a) = (1 n( ) 154 b)-

Case 2. I(ﬂ(A) b)> I(m a). Let y=1I(35b)—I1=ppa)>0. Let
T=m € = 1=mey @+ 7*. By C-independence of I, Iy ¢) = I(1=xzy @)
+y=1zpb). By Case 1, I(c+b)>1I(c)+I(h). But I(c+b)=1I(a+(1—
n(A))y*+b)=La+b)+ (1 —n(A))y by C-independence. Similarly, I(c)
=Ila+(1—n(A))y*)=La)+ (1 —n(A))y. Thus, Ila+b)+ (1l —n(A4))y
=Ilc+b)=1I(c)+1(b)=Ia)+ I(b)+ (1 —n(A))y. Thus, l(a+b)=1a)+
Ib).

The third and final case, where I( ;5 b) < I(7=54 @), is proved similarly.
This shows that [ is superadditive and completes the proof of the
lemma. |

The importance of Lemma A.11 is made clear by the next result which
states that such an / may be written as the minimum expectation over a
compact and convex set of finitely additive probability measures.

LeMMA A.12. Let I. B— R be a functional satisfying:
) I(1%) =
) Ia)= ( if a=b for all a,be B;
(i) la+b)=1(a)+1(b) for all a,be B;
) laa+pl1*)=al(a)+ f for all ae B, a =0 and feR.

Then there exists a unique convex and w*-compact set € = P such that

I(a) = min j adP  for all aeB.

Pe¥®

Proof. See Gilboa and Schmeidler [ 12, Lemma 3.5] and the argument
for uniqueness in the proof of their Theorem 1. ||

Observe that (i)—(v) in Lemma A.11 imply that 7 satisfies (i)—(iv) of
Lemma A.12. Therefore, we may represent = on F by J(f)=1ILuof)=
minp g, | uo fdP with % unique, convex and w*-compact and u strictly
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increasing, continuous and unique up to positive affine transformations.
This representation together with the representation (A.1) in Lemma A.5
imply that maxp.y P(A)=7n(A) and 0 <maxp.,P(A)<1. This proves
sufficiency of the axioms in Theorem 3.5.

A.2. Necessity of the Axioms

The two lemmas below demonstrate that the representation in Theorem
3.5 must satisfy ordered A-act-independence and constant-independence.
The proof that the representation implies the remaining axioms is
straightforward and thus is omitted.

LeMMA A.13. The representation in Theorem 3.5 = Axiom 5 (ordered
A-act-independence).

Proof. Let xy, X5, V1, V2, z; and z, € X be such that x, =x;, y, =y,
and z, =z;. Let f=x,,4X,, g=yiuy, and h=2z, ,z,.

Case (i). Suppose

(@) ~h(w) 4 flw) forall weQ,

LVt =zo(i=
{xi vt 7z (i=1,2) and {g’(a))fvh(w),‘ glw) forall weQ.

Let a=maxp.4 P(A4). Since the weights are chosen from the set € to
minimize the expected utility,

a4
iff  ou(m(zy, x1)) + (1 —a) u(m(z,, x,))
= ou(m?(zy, y1)) + (1 —o) u(m*(z,, y,))
iff  afowu(z))+ (1 —a) u(x)]+ (1 —o)[or(zy) + (1 — o) u(x,)]
Zofou(zy)+ (1 —a)u(y) ]+ (1 —a)[ou(z;) + (1 —o) u(y,)]
iff  ow(xy) + (1 — o) u(xy) = om(y,) + (1 —a) u(y,)
iff f=g.
Case (ii). Suppose

h(w) forall we®

={x, v (i=1,2 d A
a7t g (i=1,2) an {g’(w)~g(w)Ah(co) forall we.

A similar argument applies. |



MAXMIN EXPECTED UTILITY 63

LemMMA A.14. The representation in Theorem 3.5 = Axiom 6 (constant-
independence).

Proof. Consider f, g, f', g’, x, and « as in the axiom.

Suppose, for each w, there exist standard sequences using event A,
{af“)} and {a*“)}, satisfying

aly) ~ flw)
aliy~f'(®)
ag's) ~ g(w)
afie)~ 2 (o)
i~ ~ay
for some positive integers i(w), i'(w), j(w), j'(®), k(w), and /(w), where
i'"(w)=dak(w)+ (1 —a)i(w)
and

J(w)=ad(w) +(1—-a) j(o).

Let p=maxp.4 P(A). For any standard sequence with respect to ¢ and
b using event A, if the sequence is increasing the utility distance between

consecutive elements is 47 = % (u(a) —u(b)). If the sequence is decreasing

this distance is A4°= 1%" (u(a) —u(b)). So, for example, if {af} is
increasing for some , then for that state,

u(f()) =u(@{) + (i(w)—1) 4",
u(f' () =u(al )+ (i'(w)—1) 4",
u(x) = u(af @) + (k(w) — 1) 4.

Using the fact that i'(w) = ak(w) + (1 —a) i(w), we have that

u(f(@)) = ow(x) + (1 —a) u(f(w)).

A similar calculation using A4” yields the same conclusion if {a/’} is
decreasing. Furthermore, the same arguments using {a#“)} allow us to
show u(g'(w)) =ou(x)+ (1 —a) u(g(w)).
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P!

10.

11.

12.

13.

Note now that x a constant act implies that | uoxdP = | uoxdP' for all
€%. Now,

I'Fe

iff  min fuof'dp>min fuog'dp

Pe® Pe®

iff  min j((l—a)(uof)m(uox))dp

Pe¥®

>minj((1 —o)(uog)+a(uox))dP

Pe®

iff minj(l—oc)(uof)dp>minj(1—a)(uog)dp

Pe% Pe®

iff f>=g. This proves constant-independence. |
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