
VKDULQJ DPELJXLW\

Oduu| J1 HsvwhlqW

Lq d yhuvlrq ri wkh Hoovehuj Sdudgr{/ wkh ghflvlrq0pdnhu lv frqiurqwhg zlwk wzr xuqv/ hdfk

frqwdlqlqj 433 edoov wkdw duh hlwkhu Uhg ru Eoxh1 Vkh lv wrog wkdw wkhuh duh 83 ri hdfk froru

lq wkh �uvw +cxqdpeljxrxv*, xuq/ exw qr ixuwkhu lqirupdwlrq lv surylghg derxw wkh vhfrqg

+cdpeljxrxv*, xuq1 Wkhuh lv d zlgho| h{klelwhg suhihuhqfh wr ehw rq gudzlqj Uhg +ru Eoxh,

iurp wkh �uvw xuq udwkhu wkdq iurp wkh vhfrqg1 Wkrxjk vxfk udqnlqjv duh lqwxlwlyh/ wkh| duh

lqfrqvlvwhqw zlwk vxemhfwlyh h{shfwhg xwlolw| wkhru| dqg/ pruh jhqhudoo|/ zlwk uholdqfh rq dq|

vlqjoh suredelolw| phdvxuh wr uhsuhvhqw eholhiv1 Wkxv wkh Sdudgr{ looxvwudwhv wkh ehkdylrudo

phdqlqj ri wkh Nqljkwldq glvwlqfwlrq ehwzhhq ulvn +phdvxudeoh ru suredelolvwlf xqfhuwdlqw|,

dqg dpeljxlw| +xqphdvxudeoh xqfhuwdlqw|,1

Wkh lpsruwdqfh ri wkh Hoovehuj Sdudgr{ lv wkh lqwxlwlrq wkdw wklv glvwlqfwlrq pd| eh

lpsruwdqw pxfk pruh zlgho|1 Lq sduwlfxodu/ lw vhhpv dw ohdvw sodxvleoh wr ylhz frqvxpswlrq0

vdylqjv dqg sruwirolr fkrlfh ghflvlrqv dv ehlqj txdolwdwlyho| gl�huhqw wkdq wkh fkrlfh ri zklfk

ehw wr dffhsw rq wkh rxwfrph ri d frlq  ls> rqo| wkh odwwhu lv d fkrlfh ehwzhhq ulvn| survshfwv1

P| remhfwlyh lq wklv sdshu lv wr looxvwudwh erwk wkh wudfwdelolw| dqg srwhqwldo iuxlwixoqhvv +iru

dgguhvvlqj wkh krph0eldv sx}}oh/ iru h{dpsoh, ri d pdfur0vw|oh prgho wkdw shuplwv dyhuvlrq

qrw rqo| wr ulvn exw dovr wr dpeljxlw|1

L hpsor| d vlpsoh wzr0shulrg khwhurjhqhrxv0djhqw hfrqrp|1 Wkh wlph shulrgv duh |� �

+cwrgd|*, dqg | +cwrpruurz*,1 Xqfhuwdlqw| lv uhsuhvhqwhg e| wkh vwdwh vsdfh l1 Wkhuh duh wzr

frqvxphuv dqg frqvxphu �*v frqvxpswlrq surfhvv lv
�
S�|3�c S

�
|

�
/ zkhuh S�|3� lv ghwhuplqlvwlf/

S�| lv d udqgrp yduldeoh rq l dqg hdfk lv uhdo0ydoxhg1 L frqvlghu dq hqgrzphqw hfrqrp|

zlwk djjuhjdwh hqgrzphqw Et|3�c t|�/ zkhuh t| lv udqgrp1 Wkh h!flhqw doorfdwlrq ri wklv

hqgrzphqw lv xvxdoo| srvhg dv d sureohp ri h!flhqw ulvn vkdulqj1 Lq sduwlfxodu/ lw lv dv0

vxphg wkdw frqvxphuv* eholhiv duh uhsuhvhqwhg e| d frpprq suredelolw| phdvxuh1 Li lw lv

dvvxphg ixuwkhu wkdw yQP lqglfhv duh +lqfuhdvlqj/ frqfdyh dqg, dgglwlyh dfurvv wlph dqg

wkdw frqvxphuv kdyh d frpprq glvfrxqw idfwru/ wkhq h!flhqw doorfdwlrqv duh vxfk wkdw hdfk

S�| lv dq lqfuhdvlqj ixqfwlrq ri t|1 Frqvhtxhqwo|/ frqvxpswlrq lv shuihfwo| fruuhodwhg dfurvv



frqvxphuv dqg/ li suhihuhqfh lv krprwkhwlf/ wkhq frqvxpswlrq jurzwk udwhv duh htxdo1 Wkhvh

suhglfwlrqv duh riwhq frqwudglfwhg gudpdwlfdoo| e| gdwd/ sduwlfxoduo| lq lqwhuqdwlrqdo vhwwlqjv

zkhuh frqvxphuv uhsuhvhqw frxqwulhv dqg zkhuh lqglylgxdo frxqwu| jurzwk udwhv uhvsrqg wr

lglrv|qfudwlf vkrfnv1 Vhh Nduhq Ohzlv +4<<<, iru d vxuyh|> vkh whupv wkh revhuyhg v|vwhpdwlf

ylrodwlrq ri h!flhqw ulvn vkdulqj wkh frqvxpswlrq krph0eldv sx}}oh1

Wkh prgho wkdw L rxwolqh frqwlqxhv wr dvvxph frpsohwh pdunhwv dqg khqfh irfxvhv rq

h!flhqw doorfdwlrqv1 Krzhyhu/ wdnlqj Hoovehuj vhulrxvo|/ L gurs wkh dvvxpswlrq wkdw lw lv

ulvn dorqh wkdw lv wr eh vkduhg1 L dvvxph wkdw frqvxphuv duh qrw vx!flhqwo| frq�ghqw wr

dvvljq vkdus suredelolwlhv wr doo ixwxuh vwdwhv1 Udwkhu/ iroorzlqj Lw}kdn Jloerd dqg Gdylg

Vfkphlgohu +4<;<,/ eholhiv duh uhsuhvhqwhg e| d +qrqvlqjohwrq, vhw ri sulruv dqg frqvxpswlrq

survshfwv duh udqnhg dffruglqj wr wkhlu plqlpxp h{shfwhg xwlolw| dv suredelolwlhv ydu| ryhu

wkh vhw ri sulruv1 Wkxv frqvxphuv ylhz frqvxpswlrq survshfwv dv dpeljxrxv dqg wkh txhvwlrq

ri lqwhuhvw lv �zkdw lv wkh qdwxuh ri h!flhqw vkdulqj ri dpeljxlw|B� Wkrxjk L zloo uhihu wr

frqvxphuv dv frxqwulhv/ wkh lqwhuqdwlrqdo lqwhusuhwdwlrq lv hylghqwo| rswlrqdo1�

L1 DQ HFRQRP\ ZLWK DPELJXLW\

Lq rughu wr dffrpprgdwh lglrv|qfudwlf vkrfnv iru hdfk ri wzr frxqwulhv/ wkh vwdwh vsdfh lv

wdnhq wr eh wkh wzr0glphqvlrqdo vhw l ' i��c �j � i��c�j dqg wkh fruuhvsrqglqj gulylqj

vwdwh surfhvv lv `| ' E` �
| c`

2
| �/ zkhuh ` �

| E/� ' /�/ � ' �c 21 Wkh htxdo0suredelolw|

phdvxuh � rq l lpsolhv wkdw hdfk ` �
| kdv }hur phdq dqg xqlw yduldqfh dqg wkdw ` �

| dqg

` 2
| duh lqghshqghqwo| glvwulexwhg1

L dvvxph wkdw � lv pruh idploldu zlwk khu rzq +grphvwlf, frpsrqhqw surfhvv ` �
| wkdq

zlwk wkh rwkhu +iruhljq, frpsrqhqw ` �
| 1

2 Lq h{wuhph irup wklv ohdgv wr qr dpeljxlw| iru �

derxw ` �
| / wkrxjk ` �

| lv dpeljxrxv iru khu1 Lq sduwlfxodu/ zkloh � dvvljqv htxdo suredelolwlhv

wr wkh wzr srvvleoh rxwfrphv ri ` �
| / iru wkh iruhljq surfhvv vkh lv frq�ghqw rqo| wkdw wkh

suredelolw| ri hdfk srvvleoh rxwfrph olhv lq wkh lqwhuydo d�3V�

2
c �nV�

2
o/ zkhuh f � V� 	 � lv d

sdudphwhu uhsuhvhqwlqj wkh h{whqw ri khu dpeljxlw| derxw ` �
| 1 Grphvwlf dqg iruhljq vkrfnv

duh ylhzhg dv lqghshqghqw1 Dffruglqjo|/ �*v vhw ri sulruv rq l/ S�/ frqvlvwv ri doo surgxfwv

5



ri wkh
�
�
2
c �
2

�
phdvxuh rq wkh �uvw frpsrqhqw vsdfh +iru ` �

| , zlwk phdvxuhv rq wkh vhfrqg

frpsrqhqw vsdfh o|lqj lq wkh dssursuldwh lqwhuydo1 Gh�qh S2 vlploduo|1 Wkxv hdfk frxqwu|

idfhv dq dqdorjxh ri wkh 50xuq Hoovehuj vhwwlqj/ wkrxjk wkh lghqwlw| ri wkh dpeljxrxv xuq

gl�huv ehwzhhq frxqwulhv frqvlvwhqw zlwk wkh vxemhfwlyh qdwxuh ri dpeljxlw|1 Qrwh wkdw hdfk

vhw ri sulruv frqwdlqv � 1

Wkh ghvfulswlrq ri wkh hfrqrp| lv frpsohwhg e| vshfli|lqj xwlolwlhv dqg wkh hqgrzphqw1

Frxqwu| �*v xwlolw| ixqfwlrq lv

T �
�
S�|3�c S

�
|

�
' *L} S�|3� n q 4�?

'�M��

.'� *L} S�|/ +4,

zkhuh f 	 q 	 �1 Wkh vwdqgdug orjdulwkplf prgho lv rewdlqhg lq wkh vshfldo fdvh V� ' f1

Wkh djjuhjdwh hqgrzphqw lv t|3� dqg t|/ zkhuh

t|E/� * t|3� ' i T
�
>t n rt � /

�
*.�

k
i T

�
rt �`|

�l
1

Wkxv e>
t

� � lv wkh h{shfwhg jurzwk udwh ri wkh hqgrzphqw dffruglqj wr � 1 Lw lv zlwkrxw

orvv ri jhqhudolw| wr dvvxph wkdw rt � f/ zklfk qrupdol}dwlrq eudqgv ` �
| ' � dv d jrrg

uhdol}dwlrq dqg ` �
| ' �� dv d edg rqh1 Iru frqfuhwhqhvv/ vxssrvh wkdw rt : f1

LL1 HIILFLHQW DOORFDWLRQV

H!flhqw doorfdwlrqv vroyh wkh sodqqlqj sureohp

4@ T �ES�|3�c S
�
| � n bT 2ES2|3�c S

2
| � +5,

v1w1 S�� E�� n S2�E�� ' t� E��/ � ' |� �c |/

zkhuh b : f lv wkh uhodwlyh xwlolw| zhljkw iru frxqwu| 21 Dw dq| doorfdwlrq dqg uhvxowlqj

frqvxpswlrq iru �/ wkhuh lv d phdvxuh '� wkdw vroyhv wkh plqlpl}dwlrq lq +4,1 Wkhq '� lv

frpsohwho| ghvfulehg e| wkh suredelolw|/ ghqrwhg �nw�

2
/ wkdw lw dvvljqv wr wkh hyhqw ` 2

| ' �1

Vlploduo| iru frxqwu| 21 Wkxv dq hqyhorsh wkhruhp lpsolhv wkh vdph �uvw0rughu frqglwlrqv dv
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zrxog dsso| iru d sodqqlqj sureohp lq zklfk vhwv ri sulruv duh uhsodfhg e| wkh vlqjoh sulru

'� iru � ' �c 21 Wkdw lv/ S2|3� ' b S�|3� dqg S2| ' b 4| S
�
| / zkhuh

4|E/� ' E� n w2/�� * E� n w�/2�1 +6,

Ghgxfh wkdw

S�|3� '
�

� n b
t|3�/ S2|3� '

b

� n b
t|3�/ +7,

S�| '
�

� n b4|
t|/ S2| '

b4|
� n b4|

t|1

Wkhvh h{suhvvlrqv gr qrw ixoo| ghvfuleh h!flhqw doorfdwlrqv ehfdxvh wkh w�*v dqg khqfh

4| duh hqgrjhqrxv1 Vlqfh w� fruuhvsrqgv wr d vxemhfwlyho| zruvw phdvxuh lq S �/ rqh pljkw

h{shfw wkdw lw htxdo dq h{wuhph srlqw 	V�1 Lq idfw/ wkdw lv qrw qhfhvvdulo| wuxh dv lqglfdwhg

lq wkh frpsohwh ghvfulswlrq ri h!flhqw doorfdwlrqv wkdw iroorzv1

Wkhruhp= Zulwh w '
�
w�c w2

�
dqg V ' EV�c V2�1 Gh�qh wkh ixqfwlrqv x�Ew� iru �V � w � V

e|

xEw� '

%
x�Ew�
x2Ew�

&
'

% U
*L} d� n Eb4|�

3�o /� _�U
*L} d� n b4|o /

2 _�

&
/

zkhuh 4| lv gh�qhg lq +6,1 Wkhq dq doorfdwlrq vroyhv +5, li dqg rqo| li lw kdv wkh irup +7,

zkhuh w lv wkh xqltxh vroxwlrq wr

xEw� � rt dqg
�
xEw�� rt

�
� Ew n V� ' f� +8,

Wkh odwwhu vroxwlrq vdwlv�hv �V � w � f1

Wkh irupdolvp vxuurxqglqj +8, vxjjhvwv dq lqwhusuhwdwlrq zkhuhe| xE�� uhsuhvhqwv wkh

ghpdqg iru yrodwlolw|/ rt lv wkh vxsso| dqg wkhvh duh htxloleudwhg e| dgmxvwphqw ri w/ wkh

uhohydqw +frqvwudlqhg, csulfh*1 Frqvlvwhqw zlwk wklv lqwhusuhwdwlrq/ zh kdyh d frpsohphqwdu|

vodfnqhvv frqglwlrq/ zkhuhe| iru hdfk �/

hlwkhu ^x�Ew� 	 rt� ) w� ' �V�` ru x�Ew� ' rt� 1

Lq wkh vshfldo fdvh xE�V� 	 rt / wkhq w ' �V/ zklfk phdqv wkdw hdfk frxqwu| dfwv

dv wkrxjk vkh dwwdfkhv wkh vpdoohvw srvvleoh suredelolw| wr jrrg uhdol}dwlrqv ri wkh iruhljq
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vkrfn1 Frqvhtxhqwo|/ +7, uhsuhvhqwv d forvhg0irup vroxwlrq1 Ehfdxvh xEf� ' f/ wklv fdvh

dssolhv iru vpdoo V ru odujh rt 1 Exw wkh Wkhruhp fryhuv dovr wkh fdvh ri odujh V +vpdoo rt ,/

zkhuh h!flhqf| lpsolhv

xE�V� : rt dqg khqfh w : �V/ +9,

wkdw lv/ frxqwulhv gr qrw dfw dv wkrxjk dq h{wuhph srlqw lq wkhlu vhw ri sulruv dssolhv1 Khuh

eholhiv/ lq wkh vhqvh ri wkh vkdgrz vlqjohwrq sulru iru hdfk djhqw/ duh vhohfwhg hqgrjhqrxvo|

lq htxloleulxp1

Xqltxhqhvv ri wkh vroxwlrq w lpsolhv xqltxhqhvv ri wkh Duurz0Gheuhx sulfhv wkdw vxssruw

wkh h!flhqw doorfdwlrq fruuhvsrqglqj wr dq| jlyhq b1 Wklv lv lq frqwudvw wr p| sdshu zlwk Wdq

Zdqj +4<<7, wkdw hpskdvl}hv wkh srwhqwldo ri dpeljxlw| iru jhqhudwlqj sulfh lqghwhuplqdf|1

Lw frqwudvwv dovr zlwk Wuxpdq Ehzoh| +4<<;,/ zkr lq klv forvho| uhodwhg prgho srlqwv wr wkh

idfw wkdw suhihuuhg vhwv lq d 50vwdwh Hgjhzruwk er{ w|slfdoo| kdyh fruqhuv/ vxssruwlqj klv

fodlp wkdw Nqljkwldq xqfhuwdlqw| lqklelwv wudgh1 Wkh gl�huhqfh khuh lv wkh vshfldo dv|pphwulf

vwuxfwxuh ri dpeljxlw| zkhuhe| � lv dpeljxrxv rqo| derxw ` �
| 1 Wkxv �*v suredelolvwlf eholhiv

derxw khu rzq surfhvv ` �
| slq grzq sulfhv iru frqvxpswlrq frqwlqjhqw rq ` �

| vwdwhv1

D qxpehu ri txdolwdwlyh surshuwlhv ri h!flhqw doorfdwlrqv fdq eh ghulyhg iurp wkh wkhruhp1�

Frqvxpswlrq lq hdfk frxqwu| lv qrq0qhjdwlyho| fruuhodwhg zlwk vkrfnv lq erwk frxqwulhv1 Iru

wkh grphvwlf vkrfn/ wklv lv hylghqw iurp +7,> iru wkh iruhljq vkrfn/ +8, lpsolhv

.�

k
` �

| *L} S�|
l
� f/ � 9' �1

Wkh h{wuhph ri htxdolw| zlwk }hur rffxuv suhflvho| lq doorfdwlrqv fruuhvsrqglqj wr +9,> iru

h{dpsoh/ li wkh dpeljxlw| sdudphwhu V lv odujh1 Wkxv hyhq zkhq �*v dpeljxlw| derxw ` �
| lv

odujh/ lw lv qrw h!flhqw iru khu wr cvkruw* wkh iruhljq vkrfn1

D vhfrqg lpsolfdwlrq lv wkdw frqvxpswlrq jurzwk udwhv duh qrw shuihfwo| fruuhodwhg dfurvv

frxqwulhv1 Lq idfw/ lglrv|qfudwlf frqvxpswlrq jurzwk udwhv duh srvlwlyho| fruuhodwhg zlwk

lglrv|qfudwlf vkrfnv lq wkh vhqvh wkdw +li V� : f,

SJ�� E*L}ES
�
|*S

�
|3��� *L}Et|*t|3��c `

�
| � : f1 +:,
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Frpsdudwlyh vwdwlfv dqdo|vlv ri +8, |lhogv wkdw +l, hdfk w� lv +zhdno|, ghfuhdvlqj lq hdfk

rt� dqg +ll, w2 lv ghfuhdvlqj dqg w� lqfuhdvlqj lq b1 Uhfdoo wkdw E� n w��*2 fdq eh lqwhusuhwhg

dv wkh dpeljxlw|0dgmxvwhg suredelolw| wkdw � dvvljqv/ lq htxloleulxp/ wr wkh jrrg rxwfrph

` �
| ' �1 Dffruglqjo|/ rswlplvp lq erwk frxqwulhv ghfolqhv zlwk dq lqfuhdvh lq wkh yrodwlolw|

ri djjuhjdwh frqvxpswlrq +gxh wr dq lqfuhdvh lq rt� ru rt� , dqg d uhglvwulexwlrq wrzdugv

frxqwu| 2 +lqfuhdvh lq b, pdnhv 2 pruh rswlplvwlf dqg � pruh shvvlplvwlf1 Ilqdoo|/ li rqh

phdvxuhv wkh vl}h ri krph0eldv lq hdfk frxqwu| e| wkh fryduldqfh lq +:,/ wkhq uhglvwulexwlrq

wrzdugv frxqwu| 2 uhgxfhv krph0eldv wkhuh dqg lqfuhdvhv lw lq frxqwu| �1

LLL1 SURRI RI WKHRUHP

L lqfoxgh d vnhwfk ri wkh qrqwulyldo sduw ri wkh surri lq rughu wr hpskdvl}h lwv vlpsolflw|

dqg ehfdxvh lw lv lqirupdwlyh dovr derxw wkh qdwxuh ri dujxphqwv qhhghg lq d pxowl0shulrg

vhwwlqj1

Wr vkrz wkdw hyhu| h!flhqw doorfdwlrq kdv wkh vwdwhg irup/ irfxv rq wkh shulrg | frpsr0

qhqw ri wkh sodqqlqj sureohp +5,/ qdpho| rq

4@ 
ES�

|
�

[
�

b� 4�?
E'�M���

.'���ES�|� ' 4@ 
ES�|�

4�?
E'��

[
�

b� .'���ES�|�

' 4�?
E'��

4@ 
ES�|�

[
�

b� .'���ES�|� ' 4�?
E�w�� $ V��

4@ 
ES�|�

[
�

b� .� d�
�ES�|�

�
� n w�` �

|

�
o

� 4�?
w

a Ew(b� /

zkhuh frqvxpswlrq ohyhov duh frqvwudlqhg e| PS�| � t|/ L kdyh dssolhg wkh plqlpd{ wkhruhp

wr uhyhuvh wkh plq dqg pd{ rshudwlrqv/ � 9' � lq wkh odvw vxppdwlrq dqg zkhuh

a Ewc b� � 4@ 
ES�|�

[
b� .� d�

�ES�|�
�
� n w�` �

|

�
o1

Wkh hqyhorsh wkhruhp lpsolhv wkdw +xvlqj wkh idfw wkdw hdfk ��E�� ' *L}E��,

aw�Ewc b� ' .� d`
2
| �

�ES�| �o ' .� d`
2
| E*L} t| � *L} E� n b4|��o

' rt2 � .� d`
2
| *L} E� n b4|�o ' rt2 � x2Ew� / +;,
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aw2Ewc b� ' b.� d`
�
| �

2ES2| �o ' b.� d`
�
|

�
*L} t| � *L}

�
� n Eb4|�

3�
��
o

' brt� � b.� d`
�
| *L}

�
� n Eb4|�

3�
�
o ' brt� � bx�Ew� 1

Wkxv wkh Nxkq0Wxfnhu Wkhruhp lpsolhv +8,1

Wkh rswlpdo w pxvw vdwlvi| �V � w � f ehfdxvh �V� 	 w� 	 V� ', rt� ' x�EwW�/ � 9' �/

', w� 	 f1 +E| hohphqwdu| dujxphqwv rqh fdq vkrz wkdw x2Ew�c w2� 	 f li w� : f dqg

x�Ew�c w2� 	 f li w2 : f1, Vlploduo| rqh fdq h{foxgh dq rswlpxp dw nV�= wkdw zrxog uhtxluh

rt2 	 x2EV�c w2�/ exw wkh odwwhu lv qhjdwlyh1 Wklv frpsohwhv wkh surri1

Wkh frpsdudwlyh vwdwlfv dqdo|vlv pdgh xvh ri wkh iroorzlqj= Dv d srlqwzlvh pd{lpxp ri

d froohfwlrq ri olqhdu +lq w, ixqfwlrqv/ aE�c b� lv frqyh{ iru hdfk b1 Wkhuhiruh/ +;, lpsolhv wkdw

�(wwaEwc b� '

%
Yx2*Yw� Yx2*Yw2

bYx�*Yw� b Yx�*Yw2

&

dqg erwk pdwulfhv duh qhjdwlyh gh�qlwh1 Lq sduwlfxodu/ _i| E(wxEw�� 	 f dqg Yx�*Yw� 	 f

iru � 9' �1

LY1 FRQFOXGLQJ UHPDUNV

Wkh suhfhglqj prgho fdq eh h{whqghg wr d pxowl0shulrg vhwwlqj1 Wklqn ri d wzr0glphqvlrqdo

vwdwh surfhvv `| ' E` �
| c`

2
| � wkdw lv d udqgrp zdon xqghu d uhihuhqfh suredelolw| phdvxuh1

Vxssrvh wkdw zkloh frxqwu| � lv frq�ghqw wkdw wkh grphvwlf vkrfn lv d udqgrp zdon/ vkh

ylhzv ` �
| dv dq dpeljxrxv udqgrp zdon/ wkdw lv/ frqglwlrqdo rq wkh vwdwh dw wlph | � �/

khu eholhiv duh wkdw ` �
| � ` �

|3� ' 	� dffruglqj wr wkh froru ri wkh edoo gudzq iurp dq

dpeljxrxv Hoovehuj xuq1 Wkxv frqglwlrqdo rqh0vwhs0dkhdg eholhiv kdyh wkh vdph irup dv lq

wkh wzr0shulrg prgho1 Xvlqj wkhp rqh fdq gh�qh xwlolw| uhfxuvlyho|/ hvvhqwldoo| e| uhsodflqj

*L} S�| lq +4, e| T
�
| ES

��/ wkh frqwlqxdwlrq xwlolw| iru shulrgv | dqg eh|rqg1 Wkh uhvxowlqj prgho

ri vlqjoh0djhqw xwlolw| dgplwv wkh h{solflw uhsuhvhqwdwlrq
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/ +<,

iru d vxlwdeoh vhw S � ri sulruv ryhu srvvleoh wudmhfwrulhv ri `|1
e Wklv xwlolw| vshfl�fdwlrq kdv

d qxpehu ri dwwudfwlyh ihdwxuhv wkdw L qrz ghvfuleh1

:



Iluvw/ lw kdv d vxlwdeoh frqwlqxrxv0wlph olplw/ dv ghvfulehg lq zrun zlwk Zhuqhu Sorehujhu

+5334,/ zkhuh wkh gulylqj vwdwh surfhvv lv dq dpeljxrxv Eurzqldq prwlrq1 Mldqmxq Pldr

dqg L +5333, kdyh dssolhg wkh uhvxowlqj prgho ri xwlolw| wr d wzr0frxqwu| vhwwlqj wkdw lv

wkh frqwlqxrxv0wlph frxqwhusduw ri wklv sdshu*v prgho1 Wkh dqdo|wlfdo srzhu ri frqwlqxrxv0

wlph shuplwv vkdus uhvxowv wr eh ghulyhg> wkh| frq�up dqg h{whqg wkrvh uhsruwhg deryh1 Lq

sduwlfxodu/ zh ghvfuleh wkh lpsohphqwdwlrq ri h!flhqw doorfdwlrqv dv d Udgqhu htxloleulxp

dqg ghvfuleh dvvhw pdunhw lpsolfdwlrqv +krph0eldv lq htxlwlhv/ iru h{dpsoh, ri dpeljxlw|1

P| sdshu zlwk Pduwlq Vfkqhlghu +5334e, surylghv d vlpsoh d{lrpdwlf edvlv iru d jhqhu0

dol}dwlrq ri +<, lq zklfk S � lv uhvwulfwhg wr frqirup wr wkh cvslulw* exw qrw wkh ohwwhu ri wkh

deryh vwru| derxw dq dpeljxrxv udqgrp zdon1 Wkh hvvhqwldo fkdudfwhul}lqj d{lrpv duh= +l,

hdfk frqglwlrqdo xwlolw| T �
| vdwlv�hv wkh d{lrpv ghvfulehg e| Jloerd dqg Vfkphlgohu +4<;<,

wkdw fkdudfwhul}h wkh pxowlsoh0sulruv prgho lq dq dwhpsrudo ru rqh0vkrw fkrlfh iudphzrun>

dqg +ll, wkh froohfwlrq iT|j|Df ri doo frqglwlrqdo suhihuhqfhv lv g|qdplfdoo| frqvlvwhqw1

Ixuwkhu/ ohduqlqj fdq eh dffrpprgdwhg1 Wkrxjk wkh vshfl�f frqglwlrqdo rqh0vwhs0dkhdg

eholhiv ghvfulehg deryh duh wkh vdph dw hyhu| qrgh dqg wkxv gr qrw uhvsrqg wr sdvw revhuyd0

wlrqv/ wkh prgho lq lwv jhqhudo d{lrpdwlf irup shuplwv vxfk uhvsrqvlyhqhvv wr gdwd +vhh p|

sdshuv zlwk ]hqjmlqj Fkhq +5333, dqg zlwk Vfkqhlghu +5334d,,1 Sulru e| sulru dssolfdwlrq

ri Ed|hv* Uxoh surylghv d g|qdplfdoo| frqvlvwhqw xsgdwlqj uxoh iru uhfxuvlyh pxowlsoh0sulruv

xwlolw|1 Pruhryhu/ d ulfk vhw ri ohduqlqj g|qdplfv lv dgplwwhg1 Iru h{dpsoh/ lq pdq| hq0

ylurqphqwv dpeljxlw| fdq sodxvleo| shuvlvw lqgh�qlwho|1S Lq rwkhuv/ dpeljxlw| pd| lqfuhdvh

lq uhvsrqvh wr d cvxusulvlqj* revhuydwlrq wkdw ohdgv wkh djhqw wr grxew khu suhylrxv ylhz

+prgho, ri wkh hqylurqphqw1

Dq lpsruwdqw rxwvwdqglqj txhvwlrq lv �zkdw duh uhdvrqdeoh ydoxhv iru V�B� Rqh srvvleoh

dssurdfk lv wr dsso| Ed|hvldq ghwhfwlrq wkhru| iru glvfulplqdwlqj ehwzhhq suredelolw| odzv

lq rughu wr dvvhvv krz gl!fxow lw zrxog eh wr glvfulplqdwh ehwzhhq phdvxuhv o|lqj lq wkh

vhw ri sulruv fruuhvsrqglqj wr d vshfl�f ydoxh iru V�1 Wklv urxwh kdv ehhq ghyhorshg e|

Dqghuvrq hw do1 +5333, iru wkhlu prgho ri urexvw ghflvlrq0pdnlqj> lw vhhpv olnho| wkdw wkh

dssurdfk frxog eh dgdswhg wr rxu prgho1 Dowhuqdwlyho|/ lqwhusuhw wkh fkdoohqjh dv ehlqj

;



wkh gl!fxow| ri wudqvihuulqj dpeljxlw| sdudphwhuv dfurvv vhwwlqjv1 Wkhuh lv qr gl!fxow|

wudqvihuulqj ulvn dyhuvlrq sdudphwhuv ehfdxvh dq| jlyhq orwwhu| suhvxpdeo| uhsuhvhqwv wkh

vdph survshfw uhjdugohvv ri wkh frqwh{w1 Lq frqwudvw/ dpeljxlw| lv e| lwv yhu| qdwxuh wlhg wr

d vshfl�f vwdwh vsdfh1 Wkhuh lv d qhhg wr xqfryhu ghhshu vwuxfwxudo sdudphwhuv xqghuo|lqj

wkh V�*v wkdw duh wudqvihudeoh dfurvv vhwwlqjv1

<



UHIHUHQFHV

Dqghuvrq/ Hydq> Kdqvhq/ Oduv dqg Vdujhqw/ Wrp1 �Urexvwqhvv/ Ghwhfwlrq dqg

wkh Sulfh ri Ulvn1� Plphr/ Vwdqirug Xqlyhuvlw|/ 53331

Ehzoh|/ Wuxpdq1 �Nqljkwldq Xqfhuwdlqw|/� lq Grqdog Mdfrev/ Hkxg Ndodl dqg P1

Ndplhq/ hgv1/ Iurqwlhuv ri Uhvhdufk lq Hfrqrplf Wkhru|= wkh Qdqf| O1 Vfkzduw} Phpruldo

Ohfwxuhv1 Qhz \run= Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<;/ ss1 :40;41

Fkdwhdxqhxi/ Dodlq> Gdqd/ Urvh0Dqqh dqg Wdoorq/ Mhdq0Pduf1 �Rswlpdo Ulvn

Vkdulqj Uxohv dqg Htxloleuld zlwk Fkrtxhw0H{shfwhg0Xwlolw|1� Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/

5333/ +67,/ ss1 4<405471

Fkhq/ ]hqjmlqj dqg Hsvwhlq/ Oduu| J1 �Dpeljxlw|/ Ulvn dqg Dvvhw Uhwxuqv lq

Frqwlqxrxv Wlph1� Plphr/ Xqlyhuvlw| ri Urfkhvwhu/ 53331

Hsvwhlq/ Oduu| J1 dqg Pldr/ Mldqmxq1 �D Wzr0Shuvrq G|qdplf Htxloleulxp1�

Plphr/ Xqlyhuvlw| ri Urfkhvwhu/ 53331

Hsvwhlq/ Oduu| J1 dqg Sorehujhu/ Zhuqhu1 �Dpeljxrxv EurzqldqPrwlrq1� Plphr/

Xqlyhuvlw| ri Urfkhvwhu/ 53341

Hsvwhlq/ Oduu| J1 dqg Vfkqhlghu/ Pduwlq1 �Ohduqlqj xqghu Dpeljxlw|1� Plphr/

Xqlyhuvlw| ri Urfkhvwhu/ 5334d1

Hsvwhlq/ Oduu| J1 dqg Vfkqhlghu/ Pduwlq1 �Uhfxuvlyh Pxowlsoh0Sulruv Xwlolw|1�

Plphr/ Xqlyhuvlw| ri Urfkhvwhu/ 5334e1

Hsvwhlq/ Oduu| J1 dqg Zdqj/ Wdq1 �Lqwhuwhpsrudo Dvvhw Sulflqj xqghu Nqljkwldq

Xqfhuwdlqw|1� Hfrqrphwulfd / Pdufk 4<<7/ +95,/ ss1 5;606551

Jloerd/ Lw}kdn dqg Vfkphlgohu/ Gdylg1 �Pd{plq H{shfwhg Xwlolw| zlwk Qrqxqltxh

Sulru1� Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 4<;</ +4;,/ ss1 47404861

Kxehupdq/ Jxu1 �Idploldulw| Euhhgv Lqyhvwphqw1� Plphr/ Froxpeld Xqlyhuvlw|/ 53331

Ohzlv/ Nduhq1 �Wu|lqj wr H{sodlq Krph Eldv lq Htxlwlhv dqg Frqvxpswlrq1� Mrxuqdo ri

Hfrqrplf Olwhudwxuh/ 4<<</ +6:,/ ss1 8:4093;1
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QRWHV

- Ghsduwphqw ri Hfrqrplfv/ X1 Urfkhvwhu/ Urfkhvwhu/ Q\ 4795:/ ohsqCwurl1ff1urfkhvwhu1hgx1

Wkh sdshu rzhv dq reylrxv ghew wr WdqZdqj/ ]hqmlqj Fkhq/ MldqmxqPldr/ Zhuqhu Sorehujhu

dqg Pduwlq Vfkqhlghu1 Wklv uhvhdufk zdv vxssruwhg e| wkh QVI +judqw VHV0<<:5775,1

�Iru d uhodwhg sdshu ghdolqj zlwk wkh fkdudfwhul}dwlrq ri h!flhqw doorfdwlrqv vhh/ iru h{0

dpsoh/ Fkdwhdxqhxi hw do +5333,1 Wkh wzr0shulrg prgho wkdw iroorzv gl�huv lq wkdw pruh

frqfuhwh uhvxowv duh gholyhuhg dv d uhvxow ri vwurqj ixqfwlrqdo irup dvvxpswlrqv1 Pruh lpsru0

wdqwo|/ wkh prgho dqg lwv hvvhqwldo suhglfwlrqv pd| eh h{whqghg wr d pxowl0shulrg g|qdplf

vhwwlqj dv L ghvfuleh ehorz1

2Vhh Jxu Kxehupdq +5333, iru uhfhqw pdunhw hylghqfh ri wkh suhihuhqfh wr ehw rq wkh

idploldu1

�Wkhvh surshuwlhv uho| rq wkh idfwv= +l, 4| lv ghfuhdvlqj lq ` �
| dqg lqfuhdvlqj lq ` 2

| > +ll,

SJ�EsEf�cf� � f iru dq| udqgrp yduldeoh f dqg lqfuhdvlqj ixqfwlrq s > dqg +lll, ydulrxv

surshuwlhv ri x wkdw duh dydlodeoh rq uhtxhvw1 Wkh nh| surshuw| lv ghvfulehg diwhu wkh surri

ri wkh wkhruhp1

eWkh prgho lv d vshfldo fdvh ri wkdw ghvfulehg e| p|vhoi dqg Zdqj +4<<7,1

DWkh uhdghu pd| zlvk wr frpsduh wkhvh irxqgdwlrqv zlwk wkrvh surylghg lq dqrwkhu sdshu

lq wklv vhvvlrq iru wkh uhodwhg prgho ri xwlolw| sursrvhg e| Hydq Dqghuvrq hw do1 +5333,1

SEhzoh|*v +4<<;, glvfxvvlrq ri ohduqlqj xqghu �Nqljkwldq xqfhuwdlqw|� lv yhu| uhohydqw

khuh1
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