
UHFXUVLYH PXOWLSOH0SULRUV�

Oduu| J1 Hsvwhlq Pduwlq Vfkqhlghu

Dsulo/ 5335

Devwudfw

Wklv sdshu d{lrpdwl}hv dq lqwhuwhpsrudo yhuvlrq ri pxowlsoh0sulruv xwlo0

lw|1 D fhqwudo d{lrp lv g|qdplf frqvlvwhqf|/ zklfk ohdgv wr d uhfxuvlyh

vwuxfwxuh iru xwlolw|/ wr cuhfwdqjxodu* vhwv ri sulruv dqg wr sulru0e|0sulru

Ed|hvldq xsgdwlqj dv wkh xsgdwlqj uxoh iru vxfk vhwv ri sulruv1 Lw lv dujxhg

wkdw g|qdplf frqvlvwhqf| lv lqwxlwlyh lq d zlgh udqjh ri vlwxdwlrqv dqg wkdw

wkh prgho lv frqvlvwhqw zlwk d ulfk vhw ri srvvlelolwlhv iru g|qdplf ehkdylru

xqghu dpeljxlw|1

41 LQWURGXFWLRQ

4141 Rxwolqh

Wkh Hoovehuj Sdudgr{ ^<` looxvwudwhv wkdw dyhuvlrq wr dpeljxlw|/ dv glvwlqfw iurp
ulvn/ lv ehkdylrudoo| phdqlqjixo1 Prwlydwhg e| vxevhtxhqw uhodwhg h{shulphqwdo
hylghqfh dqg e| lqwxlwlrq wkdw dpeljxlw| dyhuvlrq lv lpsruwdqw pxfk pruh zlgho|/
sduwlfxoduo| lq pdunhw vhwwlqjv/ wklv sdshu dgguhvvhv wkh iroorzlqj txhvwlrq= �Grhv

wkhuh h{lvw dq d{lrpdwlfdoo| zhoo0irxqghg prgho ri lqwhuwhpsrudo xwlolw| wkdw df0

frpprgdwhv dpeljxlw| dyhuvlrqB� Zh surylgh d srvlwlyh uhvsrqvh wkdw exlogv
rq wkh dwhpsrudo pxowlsoh0sulruv prgho ri Jloerd dqg Vfkphlgohu ^49`1 Ehfdxvh

�Ghsduwphqw ri Hfrqrplfv/ X1 Urfkhvwhu/ Urfkhvwhu/ Q\/ 4795:/ ohsqCwurl1ff1urfkhvwhu1hgx/
dqg Ghsduwphqw ri Hfrqrplfv/ XFOD/ Fdoliruqld/ <33<8047::/ pduwlqChfrq1xfod1hgx1 Hsvwhlq
judwhixoo| dfnqrzohgjhv wkh �qdqfldo vxssruw ri wkh QVI +judqw VHV0<<:5775,1 Zh duh judwh0
ixo dovr iru frpphqwv iurp Oduv Kdqvhq/ Pdvvlpr Pdulqdffl/ Dwvxvkl Qlvklpxud/ Pdufldqr
Vlqlvfdofkl dqg d uhihuhh dqg wr Ljru Nrs|ory iru vxjjhvwlqj Iljxuh 41 Iluvw yhuvlrq= Iheuxdu|
53341



lqwhuwhpsrudo xwlolw| lv dovr uhfxuvlyh/ zh uhihu wr lw dv uhfxuvlyh pxowlsoh0sulruv

xwlolw|1
Zh ylhz lqwhuwhpsrudo xwlolw| dv d vxppdu| ri g|qdplf ehkdylru lq vhwwlqjv

zkhuh frpsohwh frpplwphqw wr d ixwxuh frxuvh ri dfwlrq lv qrw srvvleoh1 Df0
fruglqjo|/ irxqgdwlrqv duh surylghg e| d{lrpv lpsrvhg rq wkh hqwluh xwlolw| +ru
suhihuhqfh, surfhvv/ udwkhu wkdq phuho| rq lqlwldo xwlolw|1 Lpsruwdqwo|/ d{lrpv gr
qrw vlpso| dsso| wr frqglwlrqdo suhihuhqfh diwhu hdfk klvwru| vhsdudwho|1 Wr hqvxuh
wkdw g|qdplf ehkdylru lv frpsohwho| ghwhuplqhg e| suhihuhqfhv/ d frqqhfwlrq eh0
wzhhq frqglwlrqdo suhihuhqfhv lv qhhghg1 Wklv frqqhfwlrq lv surylghg e| g|qdplf
frqvlvwhqf|1

Wkhuh lv dqrwkhu uhdvrq wr dvvxph g|qdplf frqvlvwhqf|1 Lq wkh Ed|hvldq
prgho/ g|qdplf frqvlvwhqf| gholyhuv d frpshoolqj qrupdwlyh dujxphqw iru Ed|hvldq
xsgdwlqj1 Lq frqwudvw/ lq qrqsuredelolvwlf prghov ri eholhiv wkhuh lv qr frqvhqvxv
derxw krz wr xsgdwh +vhh Jloerd dqg Vfkphlgohu ^4:` iru vrph ri wkh xsgdwlqj
uxohv wkdw kdyh ehhq vwxglhg,1 Lw lv qdwxudo/ wkhuhiruh/ wr dvvxph g|qdplf frqvlv0
whqf| lq wkh pxowlsoh0sulruv iudphzrun wr vhh li d xqltxh xsgdwlqj uxoh lv lpsolhg1

Rxu d{lrpdwl}dwlrq lv irupxodwhg lq wkh grpdlq ri Dqvfrpeh0Dxpdqq dfwv
^5`/ vxlwdeo| dgdswhg wr wkh pxowl0shulrg vhwwlqj/ zkhuh zh dgrsw d vlpsoh vhw ri
d{lrpv1 Wkh hvvhqwldo d{lrpv duh urxjko| wkdw +l, frqglwlrqdo suhihuhqfh dw hdfk
wlph0hyhqw sdlu vdwlv�hv wkh Jloerd0Vfkphlgohu d{lrpv +dssursuldwho| wudqvodwhg
wr wkh lqwhuwhpsrudo vhwwlqj,/ dqg +ll, wkh surfhvv ri frqglwlrqdo suhihuhqfhv lv
g|qdplfdoo| frqvlvwhqw1

Wkh uhvxowlqj uhsuhvhqwdwlrq iru wkh xwlolw| ri d frqvxpswlrq surfhvv S ' ES|�
lv

T|ES� ' 4�?
'M�

.'

�
PrD| q

r3| �ESr� m I|

�
/ +414,

zkhuh S lv wkh djhqw*v vhw ri sulruv ryhu wkh vwdwh vsdfh dqg wkh j0dojheud I|

uhsuhvhqwv lqirupdwlrq dydlodeoh dw wlph |14 Dq hvvhqwldo ihdwxuh lv wkdw S lv
uhvwulfwhg e| wkh qrwhg d{lrpv wr vdwlvi| qrw rqo| wkh uhjxodulw| frqglwlrqv iru
vhwv ri sulruv lq wkh dwhpsrudo prgho/ exw dovr d surshuw| wkdw +iroorzlqj Fkhq
dqg Hsvwhlq ^:`, zh fdoo uhfwdqjxodulw|1 Ehfdxvh ri uhfwdqjxodulw|/ xwlolwlhv vdwlvi|
wkh uhfxuvlyh uhodwlrq

T|ES� ' 4�?
'M�

.'

�
P�3�
r'| q

r3| �ESr� n q�3|T�ES� m I|

�
+415,

4D olplwdwlrq ri rxu prgho lv wkdw hdfk Iw lv dvvxphg wr fruuhvsrqg wr d �qlwh sduwlwlrq>
wkdw lv/ zh ghdo zlwk hyhqw wuhhv1
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iru doo � : |/ zklfk lq wxuq gholyhuv g|qdplf frqvlvwhqf|1 Dv lv dssduhqw iurp
wkhvh ixqfwlrqdo irupv/ wkh fruuhvsrqglqj xsgdwlqj uxoh iru vhwv ri sulruv lv Ed|hv*
Uxoh dssolhg sulru e| sulru1

Wkh forvh sdudooho ehwzhhq wkh irxqgdwlrqv surylghg khuh iru g|qdplf prgholqj
zlwk dpeljxlw| dqg wkrvh wkdw mxvwli| wudglwlrqdo h{shfwhg xwlolw| prgholqj duh
vkdushu zkhq vshfldol}hg wr wkh fdvh zkhuh frqvxpswlrq wdnhv sodfh rqo| dw wkh
+�qlwh, whuplqdo wlph1 Lq wkdw vhwwlqj/ zh kdyh wkh iroorzlqj uhvxowv/ zkhuh wkh
�uvw lv zhoo nqrzq dqg wkh vhfrqg lv d yduldqw ri rxu pdlq wkhruhp=

Ed|hvldq uhvxow Li frqglwlrqdo suhihuhqfhv dw hyhu| wlph0hyhqw sdlu vdwlvi| h{0
shfwhg xwlolw| wkhru|/ wkhq wkh| duh g|qdplfdoo| frqvlvwhqw li dqg rqo| li
hdfk sulru lv xsgdwhg e| Ed|hv* Uxoh1

Pxowlsoh0sulruv uhvxow Li frqglwlrqdo suhihuhqfhv dw hyhu| wlph0hyhqw sdlu vdw0
lvi| pxowlsoh0sulruv xwlolw| wkhru| +vxlwdeo| dgdswhg,/ wkhq wkh| duh g|qdp0
lfdoo| frqvlvwhqw li dqg rqo| li hdfk vhw ri sulruv lv uhfwdqjxodu dqg lw lv
xsgdwhg e| Ed|hv* Uxoh dssolhg sulru e| sulru1

Ehvlghv foduli|lqj wkh qdwxuh ri rxu dqdo|vlv/ wkh forvh sdudooho dovr vxssruwv rxu
ylhz wkdw uhfxuvlyh pxowlsoh0sulruv xwlolw| lv wkh frxqwhusduw ri wkh Ed|hvldq prgho
iru d vhwwlqj zlwk dpeljxlw|1 D vlplodu sdudooho h{lvwv lq wkh sdshu*v vhwwlqj ri
frqvxpswlrq vwuhdpv/ li rqh dggv wkh xvxdo dvvxpswlrqv ri vwdwlrqdulw| dqg lq0
whuwhpsrudo vhsdudelolw| wkdw ohdg wr wkh dgglwlylw| dqg jhrphwulf glvfrxqwlqj lq
+414,1

4151 Uhodwhg Olwhudwxuh

Frqfoxgh wklv lqwurgxfwlrq zlwk phqwlrq ri uhodwhg olwhudwxuh1 Wkh prgho +414,
lv hvvhqwldoo| wkdw dgrswhg lq Hsvwhlq dqg Zdqj ^46`/ wkrxjk zlwkrxw d{lrpdwlf
irxqgdwlrqv> d frqwlqxrxv0wlph frxqwhusduw lv irupxodwhg lq Fkhq dqg Hsvwhlq ^:`15

D uhodwhg qrqd{lrpdwlf prgho edvhg rq urexvw frqwuro wkhru| kdv ehhq sursrvhg
e| Kdqvhq dqg Vdujhqw dqg vhyhudo frdxwkruv> vhh ^4` dqg ^4;`/ iru h{dpsoh1 Zkloh
wkhvh dxwkruv uhihu wr cprgho xqfhuwdlqw|* udwkhu wkdq cdpeljxlw|* dv zh gr khuh/
wkhlu prgho lv dovr prwlydwhg lq sduw e| wkh Hoovehuj Sdudgr{ dqg lw lv sursrvhg dv
dq lqwhuwhpsrudo yhuvlrq ri wkh Jloerd0Vfkphlgohu prgho1 Lq Vhfwlrq 8 zh foduli|

5D frxqwhusduw ri +414, dsshduv dovr lq ^6` lq d vrfldo fkrlfh vhwwlqj zkhuh w lqgh{hv lqglylgxdov
udwkhu wkdq wlph1 Krzhyhu/ qr d{lrpdwl}dwlrq lv surylghg1
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wkh ehkdylrudo frqwhqw ri wkh urexvw frqwuro prgho dqg gudz frpsdulvrqv zlwk
uhfxuvlyh pxowlsoh0sulruv1

Wkhuh lv d vpdoo olwhudwxuh rq d{lrpdwlf prghov ri lqwhuwhpsrudo xwlolw| xqghu
ulvn ru xqfhuwdlqw|1 Iru wkh fdvh ri ulvn| frqvxpswlrq surfhvvhv/ wkdw lv/ zkhuh
remhfwv ri fkrlfh duh vxlwdeo| gh�qhg orwwhulhv +suredelolw| phdvxuhv,/ uhfxuvlyh
prghov duh d{lrpdwl}hg lq Nuhsv dqg Sruwhxv ^56`/ Hsvwhlq ^43` dqg Fkhz dqg
Hsvwhlq ^;`1 Vnldgdv ^5<` d{lrpdwl}hv uhfxuvlyh xwlolw| zkhq wkh grpdlq frqvlvwv
ri frqvxpswlrq surfhvvhv/ ru Vdydjh0vw|oh dfwv/ udwkhu wkdq orwwhulhv1 Krzhyhu/
klv prgho lv vwloo uhvwulfwhg wr fkrlfh ehwzhhq ulvn| survshfwv> lq jhqhudo whupv/
lw lv uhodwhg wr wkh suhylrxvo| flwhg sdshuv lq wkh vdph zd| wkdw Vdydjh h{whqgv
yrq0Qhxpdqq Prujhqvwhuq1 Wzr sdshuv wkdw d{lrpdwl}h lqwhuwhpsrudo xwlolw|
wkdw dgplw d uroh iru dpeljxlw| duh Noledqr� ^54` dqg Zdqj ^66`1 Wkh| dgrsw
gl�huhqw dqg pruh frpsolfdwhg suhihuhqfh grpdlqv dqg d{lrpv1 Wklv shuplwv
wkhp wr ghulyh d udqjh ri uhvxowv wkdw duh qrw gholyhuhg khuh1 Zdqj d{lrpdwl}hv
d uhsuhvhqwdwlrq vlplodu wr +414,1 Krzhyhu/ rxu prgho surylghv d vlpsohu d{lrp0
dwl}dwlrq dqg khqfh dovr d fohduhu dqg vkdushu uhvsrqvh wr wkh txhvwlrq srvhg lq
wkh rshqlqj sdudjudsk1 +Vhh Vhfwlrq 615 iru ixuwkhu frpsdulvrq1,

Vdulq dqg Zdnnhu ^5:/ s1 <7` revhuyh +lq wkhlu vshfldo vhwwlqj, wkdw d uhf0
wdqjxodu vhw ri sulruv lpsolhv g|qdplf frqvlvwhqf|1 Ilqdoo|/ diwhu frpsohwlrq ri
hduolhu yhuvlrqv ri wklv sdshu/ zh ohduqhg ri lqghshqghqw zrun e| Zdndl ^64` zkr
duulyhv dw d fkdudfwhul}dwlrq vlplodu wr rxu pdlq uhvxow lq wkh frqwh{w ri h{sorulqj
frqglwlrqv iru wkh qr0wudgh wkhruhp wr eh ydolg zkhq djhqwv kdyh pxowlsoh0sulruv
suhihuhqfhv1

51 WKH PRGHO

5141 Grpdlq

Wlph lv glvfuhwh dqg ydulhv ryhu W ' ifc �c ���c Aj1 Zh irfxv rq wkh �qlwh krul}rq
vhwwlqj A 	4 ehfdxvh ri lwv uhodwlyh vlpsolflw|1 Krzhyhu/ Dsshqgl{ E frqvlghuv
wkh lq�qlwh krul}rq fdvh dqg wkxv zh dgrsw qrwdwlrq dqg irupxodwlrqv +ri d{lrpv/
iru h{dpsoh, wkdw duh frpsdwleoh zlwk erwk vhwwlqjv1

Wkh vwdwh vsdfh lv l1 Wkh lqirupdwlrq vwuxfwxuh lv uhsuhvhqwhg e| wkh �owudwlrq
iI|j

A
f wkdw lv jlyhq dqg �{hg wkurxjkrxw1 Zh dvvxph wkdw If lv wulyldo dqg wkdw

iru hdfk �qlwh |/ I| fruuhvsrqgv wr d �qlwh sduwlwlrq> I| E/� ghqrwhv wkh sduwlwlrq
frpsrqhqw frqwdlqlqj /1 Wkxv li / lv wkh wuxh vwdwh/ wkhq dw | wkh ghflvlrq0pdnhu
nqrzv wkdw I| E/� lv wuxh1 Rqh fdq wklqn ri wklv lqirupdwlrq vwuxfwxuh dovr lq
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whupv ri dq hyhqw wuhh1
Frqvxpswlrq lq dq| vlqjoh shulrg olhv lq wkh vhw �> iru h{dpsoh/ � ' U

�
n1

Wkxv zh duh lqwhuhvwhg sulpdulo| lq �0ydoxhg dgdswhg frqvxpswlrq surfhvvhv dqg
krz wkh| duh udqnhg1 Krzhyhu/ dv lv frpprq lq d{lrpdwlf zrun/ zh vxssrvh wkdw
suhihuhqfh lv gh�qhg rq d odujhu grpdlq/ zkhuh wkh rxwfrph lq dq| shulrg lv d
+vlpsoh, orwwhu| ryhu �/ wkdw lv/ d suredelolw| phdvxuh rq � kdylqj �qlwh vxssruw>
wkh vhw ri vxfk orwwhulhv lv ghqrwhg{r E��1 Wkxv/ dgdswlqj wkh Dqvfrpeh0Dxpdqq
irupxodwlrq wr rxu g|qdplf vhwwlqj/ zh frqvlghu {rE��0ydoxhg dgdswhg surfhvvhv/
ru dfwv ri wkh irup � ' E�|�/ zkhuh hdfk �| G l �$ {rE�� lv I|0phdvxudeoh16

Wkh vhw ri doo vxfk dfwv/ ghqrwhg K/ lv d pl{wxuh vsdfh xqghu wkh reylrxv pl{wxuh
rshudwlrq17

Dq dgdswhg frqvxpswlrq surfhvv S ' ES|� fdq eh lghqwl�hg zlwk wkh dfw �

vxfk wkdw iru hdfk / dqg �qlwh |/ �|E/� dvvljqv suredelolw| � wr S| E/�1 Lq wklv
zd|/ wkh grpdlq ri xowlpdwh lqwhuhvw fdq eh ylhzhg dv d vxevsdfh ri K1 Dqrwkhu
lpsruwdqw vxevhw ri K lv E{rE���

An�/ uhihuuhg wr dv wkh vxevhw ri orwwhu| dfwv1 Wr
hoderudwh/ lghqwli| wkh dfw � ' E�|� iru zklfk hdfk �| lv frqvwdqw dw wkh orwwhu| �|
zlwk � ' E�|� 5 E{rE���

An�1 Frqvxpswlrq ohyhov gholyhuhg e| dq| orwwhu| dfw �
ghshqg rq wlph dqg rq wkh uhdol}dwlrq ri hdfk orwwhu| �| exw qrw rq wkh vwdwh /1
Wkxv orwwhu| dfwv lqyroyh ulvn exw qrw dpeljxlw|1

Wkh dfwv E�fc �3f� dqg E�fc ��c �3fc�� kdyh wkh reylrxv phdqlqjv1 Vlploduo|/�
�3�c3E�n&�c ^c ^

�

�
ghqrwhv wkh orwwhu| dfw �� lq zklfk ��| ' �| iru | 9' � c � n &/

��� ' ^ dqg ���n& ' ^�1
Ilqdoo|/ qrwh wkdw Jloerd dqg Vfkphlgohu dovr dgrsw wkh Dqvfrpeh0Dxpdqq

iudphzrun1 Iru d{lrpdwl}dwlrqv ri wkh dwhpsrudo pxowlsoh0sulruv prgho lq d Vdy0
djh iudphzrun vhh Noledqr� hw do ^8` dqg Jkludugdwr hw do ^48`1 Wkh odwwhu surylghv
d surfhgxuh iru wudqvodwlqj d{lrpdwl}dwlrqv irupxodwhg lq wkh Dqvfrpeh0Dxpdqq
grpdlq lqwr d Vdydjh0vw|oh grpdlq1 Zh vxvshfw wkdw wkhlu surfhgxuh frxog eh
dgdswhg wr rxu vhwwlqj1

6Dowhuqdwlyho|/ rqh pljkw frqvlghu dfwv ri wkh irup k = 
 �$ �v+FW.4,/ zklfk fruuh0
vsrqg suhflvho| wr Dqvfrpeh0Dxpdqq dfwv zkhuh wkh ghwhuplqlvwlf rxwfrph vhw lv FW.41 Krz0
hyhu/ vxfk d vshfl�fdwlrq ohdyhv rshq wkh txhvwlrq krz wr uhvwulfw k wr uhvshfw wkh lqirupdwlrq
vwuxfwxuh1

7Lq wkh lq�qlwh krul}rq vhwwlqj/ zh zloo ghdo zlwk d vxlwdeoh vxevhw ri K dv h{sodlqhg lq
Dsshqgl{ E1

8



5151 D{lrpv

Wkh ghflvlrq pdnhu kdv d suhihuhqfh rughulqj rq K dw dq| wlph0hyhqw sdlu uhs0
uhvhqwhg e| E|c /�1 Ghqrwh e| �|c/ wkh odwwhu suhihuhqfh rughulqj/ wkrxjkw ri dv
wkh rughulqj frqglwlrqdo rq lqirupdwlrq suhydlolqj dw E|c /�1 Zh lpsrvh d{lrpv
rq wkh froohfwlrq ri suhihuhqfh rughulqjv i�|c/j � i�|c/G E|c /� 5 W �lj1

Wkh �uvw d{lrp irupdol}hv zkdw lv xvxdoo| phdqw e| cfrqglwlrqdo suhihuhqfh1*

D{lrp 4 +Frqglwlrqdo Suhihuhqfh 0 FS,1 Iru hdfk | dqg /=
+l, �|c/ '�|c/W li I|E/� ' I|E/

W�1
+ll, Li ��� E/

�� ' �� E/
�� ; � � | dqg /� 5 I|E/�/ wkhq �� �|c/ �1

Sduw +l, hqvxuhv wkdw wkh frqglwlrqdo suhihuhqfh rughulqj ghshqgv rqo| rq dydlodeoh
lqirupdwlrq1 Sduw +ll, uh hfwv wkh idfw wkdw I|E/� lv nqrzq dw | li / lv uhdol}hg1
Dffruglqjo|/ +ll, vwdwhv wkdw dw E|c /� rqo| wkh fruuhvsrqglqj frqwlqxdwlrqv ri dfwv
pdwwhu iru suhihuhqfh1 Wklv uxohv rxw wkh srvvlelolw| wkdw wkh ghflvlrq0pdnhu/ lq
hydoxdwlqj � dw E|c /�/ fduhv derxw wkh qdwxuh ri � rq sduwv ri wkh hyhqw wuhh wkdw
duh lqfrqvlvwhqw zlwk khu fxuuhqw lqirupdwlrq derxw zklfk vwdwhv duh frqfhlydeoh1

Qh{w zh dvvxph wkdw hdfk frqglwlrqdo rughulqj �|c/ vdwlv�hv wkh dssursuldwh
yhuvlrqv ri wkh Jloerd0Vfkphlgohu d{lrpv1 Zh vwdwh wkhvh h{solflwo| erwk iru wkh
frqyhqlhqfh ri wkh uhdghu dqg dovr ehfdxvh rxu irupdo vhwxs gl�huv voljkwo| iurp
wkdw lq ^49` dv h{sodlqhg ehorz lq wkh surri ri rxu wkhruhp +Ohppd D14,1

D{lrp 5 +Pxowlsoh0Sulruv 0 PS,1 Iru hdfk | dqg /= +l, �|c/ lv frpsohwh dqg
wudqvlwlyh1 +ll, Iru doo �c �� dqg orwwhu| dfwv �/ dqg iru doo k lq Efc ��/ �� "|c/ �

li dqg rqo| li k�� n E�� k� � "|c/ k� n E� � k� �1 +lll, Li ��� "|c/ �� "|c/ �/
wkhq k��� n E� � k�� "|c/ �� "|c/ q��� n E�� q�� iru vrph k dqg q lq Efc ��1
+ly, Li �� E/�� �|c/ � E/�� iru doo /�/ wkhq �� �|c/ �18 +y, Li �� �|c/ �/ wkhq
k�� n E�� k� � �|c/ � iru doo k lq Efc��1 +yl, �� "|c/ � iru vrph �� dqg �1

Jloerd dqg Vfkphlgohu uhihu wr wkhlu yhuvlrqv ri wkh frpsrqhqw d{lrpv uhvshf0
wlyho| dv Zhdn Rughu/ Fhuwdlqw| Lqghshqghqfh/ Frqwlqxlw|/ Prqrwrqlflw|/ Xqfhu0
wdlqw| Dyhuvlrq dqg Qrq0ghjhqhudf|/ zklfk qdphv vxjjhvw lqwhusuhwdwlrqv1 Wkh
prwlydwlrq wkh| r�hu dssolhv khuh dv zhoo1 Zh uhihu wkh uhdghu wr ^49` dqg Dsshq0
gl{ D iru ixuwkhu glvfxvvlrq1

Wkh qh{w d{lrp uhvwulfwv suhihuhqfhv rqo| ryhu +wkh sxuho| ulvn|, orwwhu| dfwv19

8Iru dq| jlyhq $
3/ k3 +$3, dqg k +$3, duh wkh orwwhu| dfwv wkdw gholyhu orwwhulhv k3

�
+$3, dqg

k
�
+$3, lq hyhu| shulrg � dqg lq hyhu| vwdwh1
9Lw zrxog eh xqqhfhvvdu| lq d prgho zkhuh frqvxpswlrq rffxuv rqo| dw wkh whuplqdo wlph1

9



D{lrp 6 +Ulvn Suhihuhqfh 0 US,1 Iru dq| orwwhu| dfw �/ iru doo Rc R�c ^ dqg ^�

lq {r E��/ li �
�3� c3E�n��c Rc R

�
�
�|c/

�
�3� c3E�n��c ^c ^

�
�

iru vrph /c | dqg � � |/ wkhq lw lv wuxh iru hyhu| /c | dqg � � |1

Ehfdxvh eholhiv derxw olnholkrrgv duh luuhohydqw wr wkh hydoxdwlrq ri orwwhu| dfwv/
wkhlu udqnlqj vkrxog qrw ghshqg rq wkh vwdwh1 Wklv surshuw| lv lpsrvhg yld wkh
lqglfdwhg lqyduldqfh zlwk uhvshfw wr /1 Lqyduldqfh zlwk uhvshfw wr � lpsrvhv wkh
iroorzlqj irup ri wlph vwdwlrqdulw| lq wkh udqnlqj �|c/ ri orwwhu| dfwv E�fc ���c �A �=
Wkh udqnlqj ri ERc R�� yhuvxv E^c ^��/ zkhuh wkhvh vlqjoh0shulrg orwwhulhv duh gholyhuhg
dw wlphv � dqg � n� uhvshfwlyho|/ +dqg zkhuh �3� c3E�n�� ghvfulehv sd|r�v dw rwkhu
wlphv lq erwk survshfwv,/ grhv qrw ghshqg rq � 1 Lqyduldqfh zlwk uhvshfw wr |

uhtxluhv wkdw E�fc ���c �|3�c Rc R�c �|n����� lv suhihuuhg wr E�fc ���c �|3�c ^c ^�c �|n����� dw
wlph f li dqg rqo| li wkh vdph udqnlqj suhydlov dw wlph |1 Li zh dvvxph FS/
zkhuhe| rqo| wkh wlph | frqwlqxdwlrqv pdwwhu zkhq udqnlqj dfwv dw |/ wkhq wkh
udqnlqj dw | fdq eh ylhzhg dv rqh ehwzhhq ERc R�c �|n����� dqg E^c ^�c �|n�����/ dqg zh
duulyh dw d idploldu irup ri vwdwlrqdulw| +vhh Nrrspdqv ^55`,1

Wkh Ulvn Suhihuhqfh d{lrp lv vdwlv�hg li wkh udqnlqj ri orwwhu| dfwv lqgxfhg
e| hdfk �|c/ pd| eh uhsuhvhqwhg e| d xwlolw| ixqfwlrq ri wkh irup

L| E�fc ���c �A (/� ' P�D| q
�3| �E�� �

iru vrph q : f dqg � G {rE�� �$ U
�1 Vlqfh wklv vshfl�fdwlrq lv frpprq/

lqghhg lw lv w|slfdoo| dvvxphg ixuwkhu wkdw � frqirupv wr yQP wkhru|/ dqg vlqfh
wkh d{lrp lpsrvhv qr uhvwulfwlrqv rq krz wkh ghflvlrq0pdnhu dgguhvvhv dpeljxlw|/
zklfk lv rxu sulqflsdo irfxv/ zh ylhz US dv xqfrqwhqwlrxv lq wkh suhvhqw vhwwlqj1

D fhqwudo d{lrp lv g|qdplf frqvlvwhqf|1 Wr vwdwh lw/ gh�qh qxoolw| lq wkh xvxdo
zd|1 Iru dq| � : |/ vd| wkdw wkh hyhqw � lq I� lv �|c/0qxoo li

��E�� ' �E�� rq �S ', �� �|c/ �1

D{lrp 7 +G|qdplf Frqvlvwhqf| 0 GF,1 Iru hyhu| | dqg / dqg iru doo dfwv

�� dqg �/ li ��� E�� ' �� E�� iru doo � � | dqg li �� �|n�c/� � iru doo /�/ wkhq �� �|c/ �>

dqg wkh odwwhu udqnlqj lv vwulfw li wkh iruphu udqnlqj lv vwulfw dw hyhu| /� lq d

�|c/0qrqqxoo hyhqw1

Dffruglqj wr wkh k|srwkhvlv/ �� dqg � duh lghqwlfdo iru wlphv xs wr |/ zkloh ��

lv udqnhg +zhdno|, ehwwhu lq hyhu| vwdwh dw |n �1 cWkhuhiruh*/ lw vkrxog eh udqnhg

:



ehwwhu dovr dw E|c /�1 D vwurqjhu dqg pruh fxvwrpdu| yhuvlrq ri wkh d{lrp zrxog
uhtxluh wkh vdph frqfoxvlrq jlyhq wkh zhdnhu k|srwkhvlv wkdw

��|E/� ' �|E/� dqg �� �|n�c/� � iru doo / � 5 I|E/�1

Lq idfw/ jlyhq FS/ wkh wzr yhuvlrqv duh htxlydohqw1
G|qdplf frqvlvwhqf| pd| eh olplwlqj +vhh wkh h{dpsoh lq Vhfwlrq 714,1 Rq

wkh rwkhu kdqg/ grlqj zlwkrxw ohdyhv ehkdylru xqh{sodlqhg xqohvv rqh dggv dv0
vxpswlrqv derxw krz wkh frq lfw ehwzhhq gl�huhqw vhoyhv lv uhvroyhg1 Ixuwkhu
prwlydwlrq iru dvvxplqj g|qdplf frqvlvwhqf| zdv surylghg lq wkh lqwurgxfwlrq1

Wkh �qdo d{lrp lv dgrswhg sxuho| iru vlpsolflw|1

D{lrp 8 +Ixoo Vxssruw 0 IV,1 Hdfk qrqhpsw| hyhqw lq ^A
|'fI| lv �f0qrqqxoo1

Pruh jhqhudoo|/ li d frpsrqhqw ri wkh sduwlwlrq gh�qhg e| vrph I| zhuh qxoo
dffruglqj wr �f/ zh frxog glvfdug lw dqg dsso| wkh suhfhglqj d{lrpv wr wkh vpdoohu
vwdwh vsdfh1 Lq d jhqhudo irupxodwlrq zlwkrxw IV/ wkh suhfhglqj d{lrpv zrxog eh
prgl�hg vr dv wr dsso| rqo| iru d vxlwdeoh vxevhw ri vwdwhv udwkhu wkdq iru doo /1

61 WKH UHSUHVHQWDWLRQ UHVXOW

6141 Uhfwdqjxodulw|

G|qdplf frqvlvwhqf| ri wkh h{shfwhg xwlolw| prgho lv gxh wr wkh odz ri lwhudwhg
h{shfwdwlrqv dqg wklv/ lq wxuq/ lv gxh wr wkh idploldu ghfrpsrvlwlrq ri d suredelolw|
phdvxuh lq whupv ri lwv frqglwlrqdov dqg pdujlqdov lq wkh irup=

R| E/� '

]
l

R|n� _R
n�
| E/� 1 +614,

Khuh/ iru dq| phdvxuh R rq ElcIA �/ R| E/� ' RE� m I|� E/� lv lwv I|0frqglwlrqdo dqg
Rn�| lv wkh uhvwulfwlrq ri R| wr I|n�1 D vhw ri sulruv S rq ElcIA � lv uhfwdqjxodu li lwv
lqgxfhg vhwv ri frqglwlrqdov dqg pdujlqdov dgplw d fruuhvsrqglqj ghfrpsrvlwlrq1

Wr gh�qh uhfwdqjxodulw| suhflvho|/ gh�qh wkh vhw ri Ed|hvldq xsgdwhv e|

S|E/� ' iR|E/� G R 5 Sj /

dqg gh�qh wkh vhw ri frqglwlrqdo rqh0vwhs0dkhdg phdvxuhv e|

Sn�
| E/� ' iRn�| E/� G R 5 Sj1

;



Wkhvh vhwv fdq eh ylhzhg dv uhdol}dwlrqv ri I|0phdvxudeoh fruuhvsrqghqfhv lqwr
{ElcIA � dqg {ElcI|n�� uhvshfwlyho|1

:

Ehfdxvh wkh IV d{lrp zloo gholyhu phdvxuhv kdylqj ixoo vxssruw rq IA / zh
irupxodwh wkh iroorzlqj vlpsohu gh�qlwlrq wkdw lv dssursuldwh iru wkdw fdvh dqg
dyrlglqj wkhuhe| uhihuhqfh wr c@�e�* txdol�fdwlrqv1

Gh�qlwlrq 6141 S lv iI|j0uhfwdqjxodu li iru doo | dqg //

S|E/� ' i

]
l

R|n�E/
�� _6 G R|n�E/

�� 5 S|n�E/
�� ;/�c6 5 Sn�

| E/�j/ +615,

ru S|E/� '

]
S|n� _S

n�
| E/�1

Zkhq S lv wkh vlqjohwrq iRj/ +615, uhgxfhv wr +614,1 Wkh nh| ihdwxuh lv wkdw
wkh ghfrpsrvlwlrq rq wkh uljkw lqfoxghv frpelqdwlrqv ri d pdujlqdo iurp Sn�

| E/�
zlwk dq| phdvxudeoh vhohfwlrq ri frqglwlrqdov1 Wklv zloo w|slfdoo| lqyroyh ciruhljq*
frqglwlrqdov/ wkdw lv/ frpelqlqj wkh pdujlqdo ri vrph R zlwk wkh frqglwlrqdov
ri phdvxuhv rwkhu wkdq R1 Wkxv wkh hvvhqwldo frqwhqw ri uhfwdqjxodulw| lv c�*/
dvvhuwlqj wkdw S lv vxlwdeo| odujh1 Lqghhg/ wkh lqfoxvlrq c�* lq +615, lv wuxh iru
dq| S= iru jlyhq R lq S/ vlpso| dsso| wkh ghfrpsrvlwlrq +614,1 Dq dgglwlrqdo
revhuydwlrq lv wkdw uhfwdqjxodulw| ri S lpsolhv wkdw ri hdfk S|E/�1

Wr looxvwudwh/ li | ' f dqg li I� fruuhvsrqgv wr wkh elqdu| sduwlwlrq i8�c 8 �
�j/

wkhq wkh vhw rq wkh uljkw frqvlvwv ri doo suredelolw| pl{wxuhv ri wkh irup

6E8�� R E� m 8�� n 6E8 �
�� R

� E� m 8 �
�� /

zkhuh 6 lv d phdvxuh lq S +uhvwulfwhg wr I�, dqg zkhuh R E� m 8�� dqg R� E� m 8 �
��/

phdvxuhv rq IA / duh hyhqwzlvh frqglwlrqdov ri vrph phdvxuhv R dqg R� lq S1 Li
R ' R� ' 6 deryh/ wkhq wklv pl{wxuh htxdov R dqg wkxv olhv lq S1 Uhfwdqjxodulw|
uhtxluhv wkdw wkh pl{wxuh olh lq S hyhq li wkh qrwhg phdvxuhv duh glvwlqfw1

Dq lpsruwdqw ihdwxuh ri uhfwdqjxodulw| lv wkdw lw lpsolhv wkdw S lv xqltxho|
ghwhuplqhg e| wkh surfhvv ri frqglwlrqdo �0vwhs0dkhdg fruuhvsrqghqfhv Sn�

| 1 Pruh
suhflvho|/ ehjlq zlwk dq duelwudu| vhw ri fruuhvsrqghqfhv;

�n�
| G l � {ElcI|n�� / +616,

:Iru hdfk w/ �+
>Iw, ghqrwhv wkh vhw ri suredelolw| phdvxuhv rq wkh �0dojheud Iw1
Zkhq zh uhihu wr s.4

w
dv d vhohfwlrq iurp S

.4

w
/ ru zkhq zh zulwh s.4

w
+$, 5 S.4

w
+$, iru doo

$/ wkhq lw lv xqghuvwrrg wkdw $ :�$ s.4w +$, lv Iw0phdvxudeoh> lq rwkhu zrugv/ vhohfwlrqv duh
xqghuvwrrg wr eh phdvxudeoh1

;Wkxv S.4
w

ghqrwhv d sulplwlyh fruuhvsrqghqfh zkloh wkh fdooljudsklf S.4
w

ghqrwhv d fruuh0
vsrqghqfh lqgxfhg e| d sulplwlyh vhw ri sulruv S1 Vlplodu qrwdwlrq lv dgrswhg wkurxjkrxw1

<



zkhuh �n�
| lv I|0phdvxudeoh iru hdfk |1 Ehfdxvh hdfk phdvxuh lq �n�

| E/� lv d
phdvxuh rq I|n�/ wklqn ri �

n�
| E/� dv wkh vhw ri frqglwlrqdo �0vwhs0dkhdg phdvxuhv

ghvfulelqj eholhiv derxw wkh cqh{w vwhs*1 Wkhq wkhuh h{lvwv d xqltxh uhfwdqjxodu
vhw ri sulruv S zkrvh �0vwhs0dkhdg frqglwlrqdov duh jlyhq e| wkh �n�

| *v/ wkdw lv/

Sn�
| E/� ' �n�

| E/� iru doo | dqg /1 +617,

Wkh dvvhuwhg vhw S fdq eh frqvwuxfwhg e| edfnzdug lqgxfwlrq xvlqj wkh uhodwlrq<

S|E/� ' i

]
R|n� _6 G R|n�E/

�� 5 S|n�E/
�� ;/�c 6 5 �n�

| E/�j1 +618,

Lw lv uhdglo| vhhq wkdw wkh vhw S frqvwuxfwhg lq wklv zd| lv wkh vhw ri doo phdvxuhv
R zkrvh �0vwhs0dkhdg frqglwlrqdov frqirup zlwk wkh �n�

| *v/ wkdw lv/

S ' iR 5 {ElcIA � G R
n�
| 5 �n�

| E/� iru doo | dqg /j1

Ixuwkhu/ hyhu| uhfwdqjxodu vhw S fdq eh ghvfulehg lq wklv zd|> vlpso| xvh +617, wr
gh�qh �n�

| 1

D Judsklfdo Looxvwudwlrq ri Uhfwdqjxodulw|

Uhfwdqjxodulw| fdq eh looxvwudwhg jhrphwulfdoo| lq wkh suredelolw| vlpsoh{1 Ohw
l ' i-c�cCj/ fruuhvsrqglqj wr wkh wkuhh froruv ri edoov lq dq Hoovehuj xuq/ dqg
uhihu wr Iljxuh 4 iru wkh fruuhvsrqglqj suredelolw| vlpsoh{143 Iru wkh �owudwlrq/
wdnh iI|j zkhuh doo lqirupdwlrq lv uhyhdohg dw wlph 2/ zkloh

I� ' iiCjc i-c�jj /

wkdw lv/ wkh ghflvlrq0pdnhu ohduqv dw | ' � zkhwkhu ru qrw wkh edoo lv juhhq1
Hyhu| uhfwdqjxodu vhw ri sulruv S lv ghwhuplqhg e| wkh vshfl�fdwlrq ri �0

vwhs0dkhdg frqglwlrqdo phdvxuhv1 Wkxv frqvlghu �0vwhs0dkhdg eholhiv dw wlph f/
wkdw lv/ wlph f eholhiv derxw wkh olnholkrrg ri C1 Jlyhq dpeljxlw|/ wkhvh duh
qdwxudoo| uhsuhvhqwhg e| d suredelolw| lqwhuydo iru C1 Ehfdxvh wkh suredelolw| ri

<Dw W / wkh ghflvlrq0pdnhu nqrzv zkhwkhu ru qrw dq| jlyhq hyhqw lq IW kdv rffxuuhg1 Wkxv
SW +$3, frqvlvwv ri wkh vlqjoh phdvxuh s/ zkhuh s+D, @ 4D+$3, iru D lq IW 1 Wkh surri wkdw +618,
lpsolhv +617, lv vlplodu wr Vwhs 6 lq wkh surri ri rxu wkhruhp1

43Wkh yhuwh{ U ghqrwhv uhg zlwk suredelolw| 41 Pruh jhqhudoo|/ d srlqw s lq wkh vlpsoh{
gholyhuv uhg zlwk suredelolw| jlyhq e| wkh vkruwhvw glvwdqfh ehwzhhq s dqg wkh idfh rssrvlwh U1
Vlploduo| iru rwkhu froruv1
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C lv frqvwdqw dorqj dq| olqh sdudooho wr wkh idfh rssrvlwh C/ wkh qrwhg lqwhuydo lv
gh�qhg e| wkh uhjlrq ehwzhhq wkh wzr qhjdwlyho| vorshg olqhv vkrzq1 Dw wlph �/
frqglwlrqdo eholhiv duh wulyldo li C kdv ehhq uhyhdohg wr eh wuxh1 Jlyhq i-c�j/
frqglwlrqdo eholhiv duh ghvfulehg e| dq lqwhuydo iru wkh frqglwlrqdo suredelolw| ri
-1 Ehfdxvh wkh frqglwlrqdo suredelolw| ri - lv frqvwdqw dorqj dq| ud| hpdqdwlqj
iurp C/ dq lqwhuydo lv ghwhuplqhg e| wkh uhjlrq ehwzhhq wkh wzr ud|v vkrzq1
Wkh froohfwlrq ri doo suredelolw| phdvxuhv vdwlvi|lqj erwk lqwhuydo erxqgv lv wkh
uhfwdqjxodu vhw S> dqg doo uhfwdqjxodu vhwv lq wkh vlpsoh{ kdyh wklv irup1

Vrph ihdwxuhv ri uhfwdqjxodulw| phulw hpskdvlv1 Iluvw/ uhfwdqjxodulw| lpsrvhv
qr uhvwulfwlrqv rq �0vwhs0dkhdg frqglwlrqdov 0 wkhvh fdq eh vshfl�hg duelwudulo|1
Pruhryhu/ wkh uhfwdqjxodu vhw S frqvwuxfwhg dv deryh iurp wkh �0vwhs0dkhdg frq0
glwlrqdov/ lqgxfhv wkhvh vdph vhwv ri frqglwlrqdov dqg lv wkh odujhvw vhw ri sulruv
wr gr vr1 Wklug/ dq| vhw ri sulruv lqgxfhv d vpdoohvw uhfwdqjxodu vhw frqwdlqlqj
lw> iru h{dpsoh/ S lv wkh vpdoohvw uhfwdqjxodu vhw frqwdlqlqj S �1 Pruh vshfl�fdoo|/
S � lqgxfhv vhwv ri �0vwhs0dkhdg frqglwlrqdov dqg wkhvh jhqhudwh S dv ghvfulehg
deryh1 Ehfdxvh lqgxfhg �0vwhs0dkhdg frqglwlrqdov duh suhflvho| zkdw rqh qhhgv
wr frpsxwh xwlolw| e| edfnzdug lqgxfwlrq/ zh fdq ylhz S dv suhflvho| wkh hq0
odujhphqw ri S � qhhghg lq rughu wr lqfrusrudwh wkh orjlf ri edfnzdug lqgxfwlrq1
Khqfh wkh frqqhfwlrq ehwzhhq uhfwdqjxodulw| dqg g|qdplf frqvlvwhqf|1 Ilqdoo|/
uhfwdqjxodulw| lv wlhg wr wkh �owudwlrq1 Iru h{dpsoh/ li wkh lqirupdwlrq ohduqhg dw
wlph � lv zkhwkhu ru qrw wkh froru lv -/ wkhq d uhfwdqjxodu vhw zrxog kdyh d vlplodu
jhrphwulf uhsuhvhqwdwlrq exw iurp wkh shuvshfwlyh ri wkh yhuwh{ -1 Lq sduwlfxodu/
zkloh S � lv uhfwdqjxodu uhodwlyh wr wkh qhz �owudwlrq/ S lv qrw1

6151 Wkh Wkhruhp

Zh qhhg vrph ixuwkhu whuplqrorj|1 Vd| wkdw d phdvxuh R lq {ElcIA � kdv ixoo

vxssruw li
R E�� : f iru hyhu| > 9' � 5 IA 1

Vd| wkdw � G {rE�� �$ U
� lv pl{wxuh olqhdu li � EkRn E� � k�^� ' k�ER� n E��

k��E^� iru doo R dqg ^ lq {rE�� dqg f � k � �1
Zh fdq qrz vwdwh rxu pdlq uhvxow1

Wkhruhp 6151 Wkh iroorzlqj vwdwhphqwv duh htxlydohqw=
+d, i�|c/j vdwlvi| FS/ PS/ US/ GF dqg IV1
+e, Wkhuh h{lvwv S � {ElcIA �/ forvhg/ frqyh{ dqg iI|j0uhfwdqjxodu/ zlwk doo

phdvxuhv lq S kdylqj ixoo vxssruw/ q : f dqg d pl{wxuh olqhdu dqg qrqfrqvwdqw
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� G {rE�� �$ U
� vxfk wkdw= iru hyhu| | dqg // �|c/ lv uhsuhvhqwhg e| T|E�c /�/

zkhuh

T|E�c /� ' 4�?
6M�|E/�

]
P�D| q

�3| �E��� _61 +619,

Pruhryhu/ q dqg S duh xqltxh dqg � lv xqltxh xs wr d srvlwlyh olqhdu wudqvirupd0
wlrq1

Ehfdxvh frqvxpswlrq surfhvvhv irup d vxevhw ri K lq wkh zd| ghvfulehg lq
Vhfwlrq 514/ wkh wkhruhp gholyhuv wkh uhsuhvhqwdwlrq surplvhg lq wkh lqwurgxfwlrq1
Lq sduwlfxodu/ lq +e,/ uhfwdqjxodulw| ri S lpsolhv wkdw xwlolwlhv vdwlvi| wkh uhfxuvlyh
uhodwlrq

T|E�c /� ' 4�?
6M�

n�

|
E/�

]
d�E�|E/�� n qT|n�E��o _6/ +61:,

zklfk h{whqgv +415, wr wkh grpdlq K1
Dqrwkhu srlqw pdgh lq wkh lqwurgxfwlrq zdv wkh sdudooho zlwk irxqgdwlrqv iru

wkh Ed|hvldq prgho1 Lq wkdw frqqhfwlrq/ qrwh wkdw rqh rewdlqv dq d{lrpdwl}dwlrq
ri wkh vxemhfwlyh h{shfwhg dgglwlyh +jhrphwulf glvfrxqwlqj, xwlolw| prgho/ zlwk
Ed|hvldq xsgdwlqj/ li wkh pxowlsoh0sulruv d{lrp PS lv vwuhqjwkhqhg wr wkh dssur0
suldwh yhuvlrqv ri wkh Dqvfrpeh0Dxpdqq d{lrpv> pruh suhflvho|/ li PS +ll, dqg
+y, duh uhsodfhg e| wkh lqghshqghqfh d{lrp rq wkh grpdlq K1

D uhsuhvhqwdwlrq dqdorjrxv wr wkdw lq wkh wkhruhp lv d{lrpdwl}hg lq Zdqj ^66/
Wkhruhpv 8160817`1 Lq dgglwlrq wr wkh juhdwhu frpsoh{lw| ri wkdw d{lrpdwl}dwlrq/
gxh lq sduw wr wkh pruh frpsolfdwhg grpdlq dvvxphg iru suhihuhqfh/ lw gholyhuv
rqo| wkh vshfldo fdvh zkhuh hdfk vhw ri frqglwlrqdo �0vwhs0dkhdg phdvxuhv Sn�

| E/�
lv wkh fruh ri d frqyh{ fdsdflw| ^5;`> wklv uhvwulfwlrq lv qrw pdgh h{solflw exw lw lv
fohdu iurp wkh surri1

Wr dsso| rxu prgho/ rqh qhhgv wr ehjlq zlwk wkh vshfl�fdwlrq ri d uhfwdqjxodu
vhw S +lq wkh vdph zd| wkdw wr dsso| wkh Vdydjh prgho/ wkh prghohu qhhgv wr vhohfw
d sulru,1 Zh vkrzhg lq wkh suhylrxv vhfwlrq wkdw wklv fdq eh grqh e| vshfli|lqj
�0vwhs0dkhdg fruuhvsrqghqfhv i�n�

| j1 Pruhryhu/ dq| vshfl�fdwlrq ri i�n�
| j lv

dgplvvleoh dqg jhqhudwhv/ e| edfnzdug uhfxuvlrq/ d xqltxh uhfwdqjxodu vhw ri
sulruv1 Wkxv uhfwdqjxodulw| lv frqvlvwhqw zlwk dq| vshfl�fdwlrq ri frqglwlrqdo
eholhiv derxw cwkh qh{w vwhs*1 H{dpsohv ri vxfk vshfl�fdwlrqv duh surylghg lq wkh
qh{w vhfwlrq1 Wkh qrwhg edfnzdug uhfxuvlrq xqghuolhv wkh g|qdplf frqvlvwhqf|
ri suhihuhqfh/ zklfk lq wxuq gholyhuv wudfwdelolw| dv ghprqvwudwhg lq ^46`/ ^:` dqg
^44`144

44Lw lv zruwk phqwlrqlqj wkdw iuhtxhqwo| vxffhvvixo dqdo|vlv grhv qrw uhtxluh dq h{solflw vroxwlrq
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Frqvlghu eulh | vrph h{whqvlrqv ri wkh wkhruhp1 Lw lv vwudljkwiruzdug wr fkdu0
dfwhul}h wkh prgho lq zklfk q lv uhvwulfwhg wr eh ohvv wkdq �1 Iru h{dpsoh/ wkh
iroorzlqj dgglwlrqdo d{lrp rq wkh udqnlqj ri orwwhu| dfwv zrxog fkdudfwhul}h +619,
zlwk q 	 �= Iru dq| R� dqg R lq {r E��/ li ER�c R�c ���c R�� "f ERc Rc ���c R�/ wkhq
ER�c Rc Rc ���c R� "f ERc R�c Rc ���c R�1 Wzr rwkhu h{whqvlrqv duh glvfxvvhg qh{w1

Dq lq�qlwh krul}rq iudphzrun lv ghvludeoh iru wkh xvxdo uhdvrqv dqg dovr eh0
fdxvh lw zrxog shuplw vwxg| ri wkh orqj0uxq shuvlvwhqfh ri dpeljxlw|1 Lq rxu �qlwh
krul}rq prgho/ wkh ghflvlrq0pdnhu nqrzv dw A wkh wuxwk ru idovlw| ri dq| hyhqw
lq IA dqg wkxv chyhqwxdoo|* wkhuh lv qhlwkhu ulvn qru dpeljxlw|1 Krzhyhu/ wklv
qhhg qrw eh wkh fdvh li zh wdnh A ' 41 Dsshqgl{ E surylghv d uhsuhvhqwdwlrq
uhvxow lq dq lq�qlwh krul}rq vhwwlqj1 Ri sduwlfxodu qrwh lv wkdw wkh vhw ri phdvxuhv
S wkdw lw gholyhuv lv +pxwxdoo|, orfdoo| devroxwho| frqwlqxrxv/ wkdw lv/ pxwxdoo|
devroxwho| frqwlqxrxv rq ^"|'fI|1 Krzhyhu/ phdvxuhv lq S qhhg qrw eh pxwx0
doo| devroxwho| frqwlqxrxv rq wkh olplwlqj j0dojheud I"/ dqg wkxv wkh| qhhg qrw
phujh dv|pswrwlfdoo| wr d vlqjoh phdvxuh dv lq Eodfnzhoo dqg Gxelqv ^7`1 Lq wkdw
vhqvh/ wkh prgho shuplwv dpeljxlw| wr shuvlvw hyhq lq wkh orqj uxq diwhu uhshdwhg
revhuydwlrqv +vhh rxu sdshu ^45` iru pruh ghwdlov,1

D �qdo h{whqvlrq lv pruh vshfxodwlyh exw zh phqwlrq lw lq rughu wr surylgh
shuvshfwlyh rq wkh wkhruhp1 D jhqhudol}dwlrq ri +61:, lv wkh uhfxuvlyh uhodwlrq

T|E�� ' 4�?
6M�n�

|
E/�

`

�
�|c

]
T|n�E�� _6

�
/ +61;,

iru d vxlwdeoh djjuhjdwru ixqfwlrq ` +vwulfwo| lqfuhdvlqj lq lwv vhfrqg dujxphqw,1
Li S lv d vlqjohwrq/ wkhq wklv uhfxuvlyh uhodwlrq lv dqdorjrxv wr wkdw d{lrpdwl}hg
lq Nuhsv dqg Sruwhxv ^56` dqg Vnldgdv ^5<` wkdw lv prwlydwhg lq Hsvwhlq dqg ]lq
^47` e| wkh ghvluh wr glvhqwdqjoh zloolqjqhvv wr vxevwlwxwh lqwhuwhpsrudoo| iurp
dwwlwxghv wrzdugv ulvn1 D frqwlqxrxv0wlph yhuvlrq ri +61;, lv surylghg lq ^:`/
zkhuh lw lv dujxhg wkdw lw shuplwv d wkuhh0zd| vhsdudwlrq ehwzhhq wkh wzr qrwhg
dvshfwv ri suhihuhqfh dqg dwwlwxghv wrzdugv dpeljxlw|1 Dv iru dq d{lrpdwl}dwlrq
ri +61;,/ wkh lpsolhg rughulqj �|c/ vdwlv�hv FS dqg GF dqg lw zhdnhqv US lq zd|v
wkdw duh zhoo xqghuvwrrg iurp vwxglhv ri ulvn suhihuhqfh1 Lq dgglwlrq/ lw ylrodwhv
PS/ exw vdwlv�hv wkh Jloerd0Vfkphlgohu d{lrpv rq wkh vxegrpdlq ri dfwv wkdw
duh I|n�0phdvxudeoh1 Lw vhhpv fohdu iurp ^56` dqg ^5<` wkdw d{lrpdwl}dwlrq ri
+61;, zrxog uhtxluh d pruh frpsolfdwhg klhudufklfdo grpdlq iru suhihuhqfh vxfk

iru wkh vhw S dulvlqj iurp wkh edfnzdug uhfxuvlrq +618,1 Wkh uhfxuvlyh uhodwlrq iru xwlolw|/ dqg
khqfh wkh 40vwhs0dkhdg fruuhvsrqghqfhv/ riwhq vx!fh/ dv vkrzq lq wkh flwhg sdshuv1
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dv wkrvh dgrswhg lq Noledqr� ^54` dqg Zdqj ^66`1 Lqghhg/ wkhvh vwxglhv gholyhu
uhodwhg uhsuhvhqwdwlrqv1

71 H[DPSOHV

Rxu remhfwlyh lq wklv vhfwlrq lv wr fdvw ixuwkhu oljkw rq wkh vfrsh ri wkh wkhruhp
dqg rq uhfwdqjxodulw|1 Vhfwlrq 714 vkrzv/ lq wkh frqwh{w ri d g|qdplf yhuvlrq
ri wkh fodvvlf Hoovehuj xuq h{dpsoh/ wkdw g|qdplf frqvlvwhqf| lv sureohpdwlf lq
vrph vhwwlqjv1 Krzhyhu/ wkhuh duh pdq| rwkhu vhwwlqjv/ lqfoxglqj wkrvh wkdw duh
w|slfdo lq g|qdplf prgholqj lq pdfurhfrqrplfv dqg �qdqfh/ zkhuh edfnzdug
lqgxfwlrq dqg khqfh g|qdplf frqvlvwhqf| duh qdwxudo1 Wkh uhpdlqlqj h{dpsohv
looxvwudwh vxfk vhwwlqjv1 Vhfwlrqv 715 dqg 716 vkrz krz d ulfk vhw ri prghov ri
g|qdplf ehkdylru fdq hdvlo| eh frqvwuxfwhg e| vshfli|lqj wkh surfhvv ri �0vwhs0
dkhdg frqglwlrqdov1 Wkhvh/ lq wxuq/ ohdg qdwxudoo| wr d uhfwdqjxodu vhw ri sulruv
wkurxjk wkh orjlf ri edfnzdug lqgxfwlrq1 Iru frqfuhwhqhvv/ wkhvh h{dpsohv vshfli|
uhodwlyho| vlpsoh w|shv ri klvwru| ghshqghqfh iru wkhvh frqglwlrqdov145 Pxfk pruh
jhqhudo klvwru| ghshqghqfh fdq eh dffrpprgdwhg dv h{sodlqhg ixuwkhu lq Vhfwlrq
7171 Wkh h{dpsohv/ sduwlfxoduo| wkh odvw rqh/ dovr looxvwudwh zk| wkh wlph }hur
vhw ri sulruv S lv qrw lq jhqhudo htxdo wr wkh qdwxudo vhw ri csrvvleoh suredelolw|
odzv* ru csrvvleoh prghov ri wkh hqylurqphqw* wkdw wkh ghflvlrq0pdnhu pd| kdyh
lq plqg1

7141 Hoovehuj

Frqvlghu wkh 60froru Hoovehuj xuq h{shulphqw lq zklfk wkhuh duh �f edoov wkdw duh
uhg dqg Sf wkdw duh hlwkhu eoxh ru juhhq1 D edoo lv gudzq dw udqgrp iurp wkh xuq
dw wlph f1 Wkh jrdo lv wr prgho wkh ghflvlrq0pdnhu*v suhihuhqfhv ryhu dfwv wkdw
sd| r� dffruglqj wr wkh froru ri wkh edoo wkdw lv gudzq1 D qdwxudo vwdwh vsdfh lv
l ' i-c�cCj1 Wr lqwurgxfh g|qdplfv lq d vlpsoh zd|/ vxssrvh wkdw wkh froru
lv uhyhdohg wr wkh ghflvlrq0pdnhu dw | ' 2/ ohdylqj hvvhqwldoo| d �0shulrg prgho1
Dw wkh lqwhuphgldwh vwdjh wlph �/ wkh ghflvlrq0pdnhu lv wrog zkhwkhu ru qrw wkh
froru gudzq lv C1 Wkxv wkh �owudwlrq lv iI|j/ zkhuh I| lv wkh srzhu vhw iru doo
| � 2 dqg

I� ' ii-c�jciCjj �

45Lq wkh odqjxdjh ri wlph vhulhv dqdo|vlv/ wkh prghov ri Vhfwlrqv 715 dqg 716 shuplw wkh
lqwhusuhwdwlrq wkdw wkh cvhw ri srvvleoh prghov* grhv qrw frqwdlq prghov zlwk cklgghq vwdwh
yduldeohv*1
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Wr vhh wkdw g|qdplf frqvlvwhqf| pd| eh sureohpdwlf lq wklv vhwwlqj/ frqvlghu
wkh udqnlqj ri E�c fc �� yhuvxv Efc�c ��/ zkhuh wkh iruphu ghqrwhv wkh dfw wkdw sd|v
� xqlw ri frqvxpswlrq +ru xwlov, dw wlph 2 lq wkh vwdwhv - dqg C dqg zkhuh wkh
odwwhu lv lqwhusuhwhg vlploduo|1 +Wkhuh lv qr frqvxpswlrq lq rwkhu shulrgv1, Wkh
wlph f udqnlqj

E�c fc �� !f Efc �c �� 1 +714,

lv lqwxlwlyh lq dq dwhpsrudo vhwwlqj dqg dujxdeo| dovr lq wkh suhvhqw g|qdplf
vhwwlqj1 Wklv udqnlqj lv vxssruwhg e| wkh vhw ri sulruv S �/ zkhuh

S � '
�
R '

�
�
�
c R� c

2
�
� R�

�
G �

S
� R� �

�
2

�
1 +715,

Dpeljxlw| derxw wkh qxpehu ri eoxh yhuvxv juhhq edoov lv uh hfwhg lq wkh udqjh
ri suredelolwlhv iru R�1 Dvvxplqj iru wkh prphqw wkdw S

� lv lqghhg wkh lqlwldo vhw
ri sulruv/ wkhq wkh frqglwlrqdo udqnlqjv dw wlph � ghshqg rq krz S � lv xsgdwhg1
Xqghu sulru e| sulru Ed|hvldq xsgdwlqj/ rqh frqfoxghv wkdw

E�c fc �� "�ct-c�� Efc �c �� dqg E�c fc �� ��ctC� Efc �c �� / +716,

lq frqwudglfwlrq wr g|qdplf frqvlvwhqf|146

Wr foduli| wkh frqqhfwlrq wr rxu wkhruhp/ qrwh wkdw S � lv qrw iI|j0uhfwdqjxodu
+vhh Iljxuh 4 dqg uhfdoo lwv glvfxvvlrq lq Vhfwlrq 614,1 Wkxv lw lv qrw vxusulvlqj
wkdw S � ohdgv wr d ylrodwlrq ri g|qdplf frqvlvwhqf|1 Rxu prgholqj dssurdfk zrxog
vxjjhvw uhsodflqj S � e| wkh vpdoohvw iI|j0uhfwdqjxodu vhw frqwdlqlqj S �/ zklfk lv
uhdglo| vhhq wr eh jlyhq e| wkh vhw S/47

S '

��
�
�

�
�
n R��

�
�
n R�

c R�

�
�
n R��

�
�
n R�

c 2
�
� R��

�
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� R� c R

�
� �

�
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�
�

Ehfdxvh S lv iI|j0uhfwdqjxodu/ lw zrxog hqvxuh g|qdplf frqvlvwhqf|1 Krzhyhu/
wklv zrxog eh dw wkh frvw ri uhyhuvlqj wkh udqnlqj +714,1 Wkhuhiruh/ wkh ohvvrq zh
wdnh iurp wklv lv qrw wkdw lw lv lpsrvvleoh wr gholyhu g|qdplf frqvlvwhqf| zlwklq
wkh pxowlsoh0sulruv iudphzrun/ exw udwkhu wkdw lq vrph vhwwlqjv/ dpeljxlw| pd|
uhqghu g|qdplf frqvlvwhqf| sureohpdwlf1

Wkh hvvhqfh ri wkhvh sureohpdwlf vhwwlqjv vhhpv fohdu1 Ehjlq zlwk dq| vshf0
l�fdwlrq ri �0vwhs0dkhdg eholhiv1 Wkhvh ghwhuplqh �0vwhs0dkhdg suhihuhqfhv/ e|

46"4>iU>Ej ghqrwhv wkh frpprq suhihuhqfh rughu "4>U@"4>E 1
47Dv ghvfulehg lq 614/ S dqg S 3/ lqgxfh wkh lghqwlfdo 40vwhs0dkhdg frqglwlrqdov dqg wkxv

jhqhudwh wkh vdph udqnlqjv dw dq| w ri dfwv wkdw duh Iw.40phdvxudeoh1 Lq sduwlfxodu/ wkh| erwk
ohdg wr +716,1
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zklfk zh phdq wkh froohfwlrq ri frqglwlrqdo suhihuhqfh rughuv dw dq| E|c /� ryhu
dfwv wkdw duh I|n�0phdvxudeoh1 Edfnzdug lqgxfwlrq ohdgv wr d xwlolw| surfhvv ryhu
doo dfwv vdwlvi|lqj g|qdplf frqvlvwhqf|1 Lq wklv frqvwuxfwlrq ri xwlolw|/ �0vwhs0dkhdg
eholhiv ru suhihuhqfhv duh xquhvwulfwhg1 D gl!fxow| dulvhv rqo| li wkhuh duh lqwxlwlyh
frqglwlrqdo fkrlfhv wkdw duh qrw h{suhvvleoh lq whupv ri �0vwhs0dkhdg suhihuhqfhv>
wkxv wkh| lqyroyh dfwv wkdw duh qrw phdvxudeoh zlwk uhvshfw wr wkh qh{w shulrg*v
lqirupdwlrq1 Wkh fkrlfh +714, lv dq h{dpsoh ehfdxvh wkh dfwv jlyhq wkhuh duh qrw
I�0phdvxudeoh1

Zh wxuq qrz wr h{dpsohv/ edvhg rq vshfl�fdwlrqv wkdw duh frpprq lq dssolhg
g|qdplf prgholqj/ zkhuh wkh dsshdo ri g|qdplf frqvlvwhqf| vhhpv wr xv wr eh
xqtxdol�hg1

7151 Dpeljxrxv Udqgrp Zdon

Lq pdq| g|qdplf vhwwlqjv/ wkh ghvfulswlrq ri wkh hqylurqphqw lv prvw qdwxudoo|
h{suhvvhg lq whupv ri �0vwhs0dkhdg fruuhvsrqghqfhv dqg wkxv d uhfwdqjxodu vshf0
l�fdwlrq ri wkh vhw ri sulruv1 Dv d vw|olvwlf ehqfkpdun h{dpsoh/ vxssrvh wkdw
xqfhuwdlqw| lv gulyhq e| dq lqwhjhu0ydoxhg vwdwh surfhvv `| zklfk ehjlqv dw wkh
ydoxh }hur +`f ' f,1 Doo surfhvvhv ri lqwhuhvw duh dgdswhg wr iI|j/ zkhuh
I| ' j E`r G r � |� gh�qhv d �owudwlrq rq wkh vwdwh vsdfh l ' �

An�1 Wkh
ghflvlrq0pdnhu*v vxemhfwlyh ylhz ri wkh odz ri prwlrq ri `| lv wkdw/ jlyhq | dqg
frqglwlrqdo rq wkh uhdol}hg ydoxh ri `|/ wkhq `|n� � `| ' 	�1 Krzhyhu/ vkh
lv qrw frpsohwho| frq�ghqw derxw wkh wudqvlwlrq suredelolwlhv1 Wkxv vkh wklqnv lq
whupv ri d vhw ri wudqvlwlrq suredelolw| phdvxuhv/ ru htxlydohqwo|/ lq whupv ri dq lq0
whuydo d�3V

2
c �nV

2
o iru wkh suredelolw| wkdw wkh lqfuhphqw htxdo n�/ zkhuh f � V � �

sdudphwul}hv wkh h{whqw ri dpeljxlw|1
Dv dq lqlwldo vshfl�fdwlrq/ vxssrvh wkdw wkh vdph lqwhuydo ghvfulehv frqglwlrqdo

eholhiv dw hyhu| uhdol}hg `|/ uh hfwlqj wkh ylhz wkdw wkh lqfuhphqwv `|n� �`|

duh xqd�hfwhg e| fxuuhqw +ru sdvw, ydoxhv ri wkh vwdwh surfhvv +d w|sh ri LLG
dvvxpswlrq iru lqfuhphqwv, dqg dovr e| wkh fdohqgdu wlph | +d irup ri vwdwlrqdulw|,1
Wkh frqglwlrqdo �0vwhs dkhdg fruuhvsrqghqfhv �n�

| duh gh�qhg wkhuhe| dqg wkh|
lq wxuq ghwhuplqh d uhfwdqjxodu vhw ri sulruv S/ dv ghvfulehg lq +616,0+618,1 Li
wkhuh lv qr dpeljxlw| +V ' f,/ wkhq S lv d vlqjohwrq dqg lw ghvfulehv d udqgrp
zdon1 Pruh jhqhudoo|/ S ghvfulehv dq dpeljxrxv udqgrp zdon1

D ulfk udqjh ri jhqhudol}dwlrqv ri wklv prgho duh srvvleoh/ lqfoxglqj wkh qh{w
h{dpsoh/ lq zklfk �n�

| ghshqgv rq klvwru| uh hfwlqj ohduqlqj1 Lq doo vxfk fdvhv/
d uhfwdqjxodu vhw ri sulruv hphujhv qdwxudoo| dqg g|qdplf frqvlvwhqf| lv xqsure0
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ohpdwlf1

7161 Frqglwlrqdo Dpeljxlw|

Wkh dpeljxrxv udqgrp zdon ihdwxuhv dpeljxlw| derxw erwk wkh frqglwlrqdo phdq
dqg wkh frqglwlrqdo yduldqfh/ sdudphwul}hg e| V1 Wkh lghd lv hdvlo| jhqhudol}hg1
Dv d ixuwkhu h{dpsoh ri wkh ulfk g|qdplfv wkdw lv frpsdwleoh zlwk uhfwdqjxodulw|/
frqvlghu wkh iroorzlqj cdxwruhjuhvvlyh frqglwlrqdo dpeljxlw|* prgho1 Wkh vwdwh
surfhvv lv qrz E+|�/

+| ' @+|3� n K0| n
s
�|�|

�| ' 4f n 4��|3� n

�
+|3� �

@n @

2
+|32

�2

E@c 4�� 5 d@c @o� d4c 4o � E��c ��� dfc ��

0| 5 d�0|c 0|oc 0| ' �0|3� n

�
+| �

@n @

2
+|3�

�2

zkhuh �| lv zklwh qrlvh/ dqg @/ @/ 4f : f/ 4/ 4/ � 5 Efc�� dqg @f duh �{hg
sdudphwhuv1

Li K ' f/ @ ' @ dqg 4 ' 4/ wkh prgho uhgxfhv wr d vwdqgdug �-E�� zlwk
}hur phdq dqg C�-�ME�c �� huuruv1 Pruh jhqhudoo|/ wkh ghflvlrq0pdnhu*v eholhiv
uh hfw frq�ghqfh wkdw wkh qh{w revhuydwlrq lv jhqhudwhg e| d ghqvlw| iurp wklv
fodvv/ exw wkhuh lv dpeljxlw| derxw wkh frqglwlrqdo phdq dqg yduldqfh148 Vlqfh
hdfk dgplvvleoh yhfwru ri wkhvh sdudphwhuv ghwhuplqhv d �0vwhs0dkhdg frqglwlrqdo
phdvxuh/ d vhw ri vxfk phdvxuhv/ dqg khqfh dovr d uhfwdqjxodu vhw ri sulruv/ duh
ghwhuplqhg e| wkh jlyhq vshfl�fdwlrq zklfk wkxv �wv gluhfwo| lqwr rxu iudphzrun149

Wklv prgho fdswxuhv wlph0ydu|lqj frqglwlrqdo dpeljxlw| wkdw fdq ghshqg erwk
rq wkh ohyho ri +| dqg wkh cvxusulvhv* wkdw rffxu uhodwlyh wr wkh cfhqwhu* iruhfdvw
@n@

2
+|3�1 Dv rqh h{dpsoh ri wkh iruphu/ li K ' f dqg @ ' �@/ wkhq wkh lqwhuydo

iru wkh frqglwlrqdo phdq d�@+|3�c @+|3�o lv zlghu/ wkh ixuwkhu dzd| zdv wkh odvw
revhuydwlrq iurp }hur1 Jlyhq uhfxuvlyh pxowlsoh0sulruv xwlolw|/ vxfk dq revhuyd0
wlrq zrxog lqgxfh cjuhdwhu shvvlplvp* iru d ghflvlrq0pdnhu zlwk d ydoxh ixqfwlrq

48Wkh vrphzkdw xqxvxdo vshfl�fdwlrq ri wkh frqglwlrqdo yduldqfh htxdwlrq uh hfwv wkh idfw

wkdw wkh ciruhfdvw huuru* wkdw ihhgv lqwr wkh ehkdylru ri wkh frqglwlrqdo yduldqfh lv phdvxuhg zlwk

uhvshfw wr
d.d

5
|w�4/ wkh fhqwhu ri wkh lqwhuydo ri phdqv wkdw zdv wkrxjkw srvvleoh dw w � 41

49Pruh dffxudwho|/ lw �wv lqwr rxu iudphzrun h{whqghg wr dffrpprgdwh �owudwlrqv wkdw gr qrw

fruuhvsrqg wr �qlwh sduwlwlrqv1
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lqfuhdvlqj lq +|1 Dv dqrwkhu h{dpsoh/ li � : @ : @ : f/ wkh ghflvlrq pdnhu lv
frq�ghqw wkdw wkhuh lv phdq uhyhuvlrq lq +|1 Djdlq dvvxplqj dq lqfuhdvlqj ydoxh
ixqfwlrq/ zh zrxog qrz kdyh dv|pphwulf ehkdylru/ lq wkdw wkh ghflvlrq0pdnhu
ihduv wkdw edg wlphv ++| 	 f, odvw orqjhu +@ ' @, wkdq jrrg wlphv/ lq zklfk phdq
uhyhuvlrq lv h{shfwhg wr rffxu pruh txlfno| +@ ' @,1

Li 4 	 4/ wkh lqwhuydo iru wkh frqglwlrqdo yduldqfh lqfuhdvhv li wkhuh kdyh ehhq

d orw ri cvxusulvhv* +uhodwlyh wr wkh iruhfdvw @n@

2
+|3�� lq wkh uhfhqw sdvw1 Ilqdoo|/

li K : f/ wkh whup 0| surylghv d olqn ehwzhhq iruhfdvw huuruv dqg dpeljxlw| derxw

wkh frqglwlrqdo phdq1 Dvvxplqj iru vlpsolflw| wkdw @ ' @ ' f/ vxusulvhv zlghq
wkh lqwhuydo d�K0|c K0|o iru wkh phdq1 Dq lqfuhdvh lq dpeljxlw| fdxvhg e| d odujh
vxusulvh lv shuvlvwhqw dv wkh dpeljxlw| lv uhvroyhg judgxdoo|1

7171 Dq Hqwurs|0Edvhg Vhw ri Sulruv

Lq wkh suhfhglqj wzr h{dpsohv/ wkh prvw qdwxudo ghvfulswlrq ri wkh hqylurqphqw
+ru ri wkh vhw ri csrvvleoh suredelolw| odzv*, lv lq whupv ri �0vwhs0dkhdg eholhiv1
Wkh �qdo h{dpsoh vkrzv wkdw g|qdplf frqvlvwhqf| fdq eh qdwxudo hyhq zkhuh wkh
sulplwlyh ghvfulswlrq grhv qrw kdyh wkh �0vwhs0dkhdg irup1

Vxssrvh wkh vhw ri suredelolw| prghov frqvlghuhg srvvleoh e| wkh ghflvlrq0
pdnhu lv jlyhq e|

SoJK ' i' 5 T G _ E'c� � � o j/ +717,

zkhuh T � {ElcIA � lv d idplo| ri suredelolw| phdvxuhv/ � 5 T lv d uhi0
huhqfh phdvxuh/ _ ghqrwhv uhodwlyh hqwurs| dqg o ghwhuplqhv wkh vl}h ri wkh
vhw1 +' dqg � duh dvvxphg pxwxdoo| devroxwho| frqwlqxrxv dqg _E'c� � �

P�Dfq
� .'

k
,J}

�
_'�

_��

�l
/ zkhuh '� dqg �� ghqrwh wkh uhvwulfwlrqv ri ' dqg �

wr I� 1, Dv ghvfulehg lq wkh qh{w vhfwlrq/ vxfk vhwv ri sulruv kdyh ehhq dgrswhg lq
wkh urexvw frqwuro dssurdfk/ zklfk h{sodlqv wkh vxshuvfulsw dwwdfkhg wr S1 Wkh
vhw SoJK lv qrw uhfwdqjxodu dqg wkxv lv qrw dgplvvleoh lq rxu prgho1 Ehfdxvh wklv
vshfl�fdwlrq pd| vhhp qdwxudo/ vrph uhdghuv pd| eh frqfhuqhg wkdw rxu prgho
olplwv xqgxo| wkh glphqvlrqv ri dpeljxlw| wkdw fdq eh dffrpprgdwhg1

Wkh nh| srlqw frqfhuqv wkh lqwhusuhwdwlrq ri vhwv ri sulruv1 Lq sduwlfxodu/ wkhuh
lv dq lpsruwdqw frqfhswxdo glvwlqfwlrq ehwzhhq wkh vhw ri suredelolw| odzv wkdw wkh
ghflvlrq0pdnhu ylhzv dv srvvleoh/ vxfk dv SoJK/ dqg wkh vhw ri sulruv S wkdw lv sduw
ri wkh uhsuhvhqwdwlrq ri suhihuhqfh1 Rqo| wkh odwwhu lqfoxghv hohphqwv ri uhdvrqlqj
ru surfhvvlqj/ edfnzdug lqgxfwlrq iru h{dpsoh/ rq wkh sduw ri wkh ghflvlrq0pdnhu1
Wkxv wkh ghvfulswlrq ri wkh hqylurqphqw uhsuhvhqwhg e| SoJK lv frqvlvwhqw zlwk
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rxu prgho dqg wkh xvh ri d uhfwdqjxodu vhw ri sulruv lq wkh iroorzlqj vhqvh=4:

Ghwhuplqh wkh �0vwhs0dkhdg vhwv ri frqglwlrqdov �n�

| lpsolhg e| dsso|lqj Ed|hv*
Uxoh sulru0e|0sulru wr SoJK1 Wkhq xvh wkh �n�

| *v wr frqvwuxfw/ yld wkh edfnzdug
uhfxuvlrq +618,/ d qhz wlph f vhw ri sulruv S1 Wklv vhw lv uhfwdqjxodu dqg/ wkrxjk
odujhu wkdq SoJK/ |lhogv wkh lghqwlfdo �0vwhs0dkhdg frqglwlrqdov1 Lqghhg/ ehfdxvh
S lv wkh vpdoohvw uhfwdqjxodu vhw frqwdlqlqj SoJK/ lw lv wkh plqlpdo hqodujhphqw
ri SoJK qhhghg lq rughu wr dffrpprgdwh wkh orjlf ri edfnzdug lqgxfwlrq1 Wkxv
S pd| eh ylhzhg dv wkh qdwxudo yhklfoh iru erwk fdswxulqj wkh vhw ri srvvleoh
prghov SoJK dqg vlpxowdqhrxvo| uhsuhvhqwlqj d g|qdplfdoo| frqvlvwhqw suhihuhqfh
surfhvv1

Wkh txhvwlrq uhpdlqv zkhwkhu wkh g|qdplf ehkdylru lpsolhg e| S lv lqwxlwlyh1
Lq sduwlfxodu/ lv wkhuh lqwxlwlyh fkrlfh ehkdylru/ sdudooholqj +714, iurp wkh Hoovehuj
h{dpsoh/ wkdw lv frqwudglfwhg e| SB Qr vxfk ehkdylru lv dssduhqw wr xv/ wkrxjk
dgplwwhgo|/ zh fdqqrw suryh wkdw doo wkh ehkdylrudo lpsolfdwlrqv ri S duh lqwxlwlyh1

Wkh �0vwhs0dkhdg frqglwlrqdov frqvwuxfwhg dv deryh iurp +717, zloo lqyroyh uho0
dwlyh hqwurs| lq wkhlu gh�qlwlrqv1 Ehfdxvh/ hqwurs| sod|v d odujh uroh lq uhodwhg
vwdwlvwlfdo wkhru|/ dv zhoo dv lq wkh urexvw frqwuro prgholqj dssurdfk/ zh frq0
foxgh e| dgglqj wkdw wkhuh lv d pruh gluhfw zd| wr exlog uhodwlyh hqwurs| lqwr
sdudphwulf vshfl�fdwlrqv ri vhwv ri sulruv1 Iru h{dpsoh/ gh�qh wkh �0vwhs0dkhdg
fruuhvsrqghqfh dw dq| | dqg / gluhfwo| dv d uhodwlyh hqwurs| qhljkerukrrg ri wkh
�0vwhs0dkhdg frqglwlrqdo ri d uhihuhqfh phdvxuh/ pxfk dv lq +817, ehorz/ dqg wkhq
zrun zlwk wkh fruuhvsrqglqj uhfwdqjxodu vhw ri wlph f sulruv1

81 FRPSDULVRQ ZLWK UREXVW FRQWURO

Lq zrun zlwk vhyhudo frdxwkruv/ Kdqvhq dqg Vdujhqw kdyh dgdswhg dqg h{whqghg
urexvw frqwuro wkhru| wr hfrqrplf vhwwlqjv1 Ehfdxvh wkhuh qrz h{lvw d qxpehu
ri ghvfulswlyh dqg qrupdwlyh dssolfdwlrqv ri wkh urexvw frqwuro prgho/4; zh wdnh
wklv rssruwxqlw| wr frpsduh wkhlu dssurdfk zlwk rxuv1 Kdqvhq dqg Vdujhqw ^4<`
ghvfuleh wkh xwlolw| vshfl�fdwlrq wkdw vxssruwv +ru lv lpsolflw lq, wkh urexvw frqwuro
dssurdfk1 Zh wdnh wklv xwlolw| vshfl�fdwlrq dv wkh hfrqrplf irxqgdwlrqv iru wkhlu
dssurdfk dqg wkxv zh xvh lw dv wkh edvlv iru frpsdulvrq1 Wr shuplw d fohduhu frp0

4:Wkh dujxphqw wkdw iroorzv dssolhv htxdoo| wr dq| wlph 3 vhw ri phdvxuhv dqg qrw mxvw wr

wkdw jlyhq e| +717,1
4;Iru ghvfulswlyh +h1j1/ dvvhw sulflqj, dssolfdwlrqv/ vhh ^53`/ ^4` dqg ^4;`1 Qrupdwlyh dssolfdwlrqv

duh w|slfdoo| wr rswlpdo prqhwdu| srolf| lq d vhwwlqj zkhuh wkh prqhwdu| dxwkrulw| grhv qrw
nqrz suhflvho| wkh wuxh prgho ghvfulelqj wkh hqylurqphqw> vhh/ iru h{dpsoh/ ^4;`/ ^57` dqg ^58`1
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sdulvrq ri wkh wzr prghov/ zh wudqvodwh wkh ghvfulswlrq lq ^4<` lqwr wkh iudphzrun
ri wklv sdshu/ wkhuhe| prgli|lqj wkhlu prgho vrphzkdw/ exw qrw lq zd|v wkdw duh
jhupdqh wr wkh frpsdulvrq14< Ilqdoo|/ wkh uhodwhg prgho lq Xssdo dqg Zdqj ^63`
lv dovr glvfxvvhg1

Wkh hqwurs|0edvhg prgho ghvfulehg lq wkh suhfhglqj vhfwlrq fdq eh ylhzhg dv
d uhirupxodwlrq ri wkh urexvw frqwuro dssurdfk wkdw �wv lqwr rxu iudphzrun1 Wkxv
wkh uhdghu pd| zlvk wr uhihu edfn wr Vhfwlrq 717 diwhu uhdglqj wkh frpsdulvrq wkdw
iroorzv1

8141 Xwlolw| Vshfl�fdwlrq

Zh duh lqwhuhvwhg lq wkh froohfwlrq i�|c/j ri frqglwlrqdo suhihuhqfhv/ zlwk uhsuh0
vhqwlqj xwlolw| ixqfwlrqv iT|E�c /�j/ lpsolhg e| wkh urexvw frqwuro prgho1 Il{ d
cuhihuhqfh prgho* � / d phdvxuh lq {ElcIA �/ dqg d vhw ri csrvvleoh prghov* +ru
sulruv,SoJK

f � {ElcIA �/ frqwdlqlqj � 1 Xwlolw| dw wlph f lv jlyhq e|

TfE�� ' 4�?
6M�oJK

f

]
P�Df q

� �E�� � _6/ � 5 K/ +814,

iru vrph q dqg � dv lq rxu wkhruhp1 Khuh wkh wlph f vhw ri sulruv SoJK
f kdv wkh

sdudphwulf irup +717, iru udglxv o ' of1
Wr gh�qh vxevhtxhqw xwlolw| ixqfwlrqv T|E�c /�/ vshfli| dq xsgdwlqj uxoh iru wkh

vhw ri sulruv1 Wklv lv grqh e| �uvw �{lqj dq dfw �W> iru h{dpsoh/ Kdqvhq dqg
Vdujhqw wdnh �W wr eh rswlpdo uhodwlyh wr �f lq d sodqqlqj sureohp ri lqwhuhvw/
kdylqj wlph f ihdvleoh vhw C1 Ohw 'W eh d plqlpl}lqj phdvxuh lq +814, zkhq
� ' �W/ dqg ohw o|E/� ghqrwh wkh uhodwlyh hqwurs| ehwzhhq 'W dqg wkh uhihuhqfh
phdvxuh frqglwlrqdo rq wlph | lqirupdwlrq/ wkdw lv/53

o|E/� ' _ E'WE� m I|�E/�c � E� m I|�E/�� 1 +815,

Ilqdoo|/ gh�qh

T|E�c/� ' 4�?
6M�oJK

|
E/�

]
P�D| q

�3| �E��� _6/ � 5 K/ +816,

4<Iru h{dpsoh/ zh xvh glvfuhwh udwkhu wkdq frqwlqxrxv wlph/ zh h{foxgh wlph qrqvhsdudelolwlhv
gxh wr kdelw irupdwlrq dqg zh uhihu wr wkh qdwxudo h{whqvlrq ri wkhlu prgho iurp wkh grpdlq ri
frqvxpswlrq surfhvvhv wr rxu grpdlq K1

53Dv lq +717,/ g ghqrwhv uhodwlyh hqwurs|1
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iru wkh xsgdwhg vhw ri phdvxuhv SoJK
| E/� jlyhq e|

SoJK
| E/� '

�
'E� m I|�E/� G ' 5 SoJK

f c _ E'E� m I|�E/�c � E� m I|�E/�� � o|E/�
�
1

+817,
Wklv frpsohwhv rxu rxwolqh ri wkh xwlolw| vshfl�fdwlrq154

Dw rqh ohyho/ wkh gl�huhqfh ehwzhhq wkh urexvw frqwuro dqg uhfxuvlyh pxowlsoh0
sulruv prghov lv d pdwwhu ri dowhuqdwlyh uhvwulfwlrqv rq lqlwldo vhwv ri sulruv dqg
rq xsgdwlqj uxohv1 Rxu prgho gholyhuv uhfwdqjxodu vhwv ri sulruv wkdw duh xs0
gdwhg sulru0e|0sulru/ zkloh urexvw frqwuro gholyhuv vhwv ri sulruv frqvwudlqhg e|
uhodwlyh hqwurs| dqg xsgdwhg e| +817,1 Lq zkdw iroorzv/ zh foduli| wkh ehkdylrudo
vljql�fdqfh ri wkhvh irupdo gl�huhqfhv1

8151 Glvfxvvlrq

Iru dq| jlyhq �W ru C/ lw lv lpphgldwh wkdw lq frpprq zlwk uhfxuvlyh pxowlsoh0
sulruv/ d{lrpv FS/ PS dqg US duh vdwlv�hg1 D gl�huhqfh ehwzhhq wkh prghov lv
wkdw wkh urexvw frqwuro prgho ylrodwhv GF1 Krzhyhu/ lwv frqvwuxfwlrq gholyhuv wkh
iroorzlqj zhdnhu irup ri g|qdplf frqvlvwhqf|=

D{lrp 9 +�W0GF,1 Iru hyhu| | dqg / dqg iru hyhu| dfw �/ li �� E/� ' �W� E/� iru

doo � � | dqg li � �|n�c/� �W iru doo /�/ wkhq � �|c/ �W> dqg wkh odwwhu udqnlqj lv

vwulfw li wkh iruphu udqnlqj lv vwulfw dw hyhu| / � lq d �|c/0qrqqxoo hyhqw1

Wkh gl�huhqfh iurp GF lv wkdw khuh rqo| frpsdulvrqv zlwk wkh jlyhq �W duh
frqvlghuhg1 Xqghu �W0GF/ li �W lv rswlpdo dw wlph f lq wkh ihdvleoh vhw C/ wkhq lw
zloo eh fduulhg rxw lq +doprvw, doo ixwxuh frqwlqjhqflhv1 Xqghu GF/ wkh udqnlqj ri
dq| wzr dfwv lv wlph frqvlvwhqw1

Zklfk vhw ri dvvxpswlrqv rq suhihuhqfhv lv dssursuldwh zloo w|slfdoo| ghshqg
rq wkh dssolfdwlrq1 Lq pdq| ghvfulswlyh prgholqj frqwh{wv/ zh zdqw wr ghvfuleh
dq djhqw zkr vroyhv d vlqjoh lqwhuwhpsrudo rswlpl}dwlrq sureohp1 D w|slfdo h{0
dpsoh lv frqvxpswlrq0vdylqjv ghflvlrqv iru jlyhq sulfhv1 Erwk d{lrpv GF dqg
�W0GF shuplw wkh lqwhusuhwdwlrq wkdw d sodq wkdw wkh djhqw zrxog fkrrvh h{ dqwh
xqghu frpplwphqw zrxog lq idfw eh fduulhg rxw h{ srvw xqghu glvfuhwlrq1 Rqh

54Zkhq k @ k
� lq +814, dqg +816,/ wkh plqlpl}dwlrqv ryhu phdvxuhv fdq eh fkdudfwhul}hg

yld Odjudqjhdqv dqg gholyhu wkh pxowlsolhuv �3 dqg �w +$,1 Xqghu wkh vshfl�fdwlrq ghvfulehg/
�w +$, @ �3 iru doo w dqg $/ d idfw wkdw sod|v dq lpsruwdqw uroh lq wkh glvfxvvlrq dqg hpslulfdo
lpsohphqwdwlrq ri wkh urexvw frqwuro prgho1
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pljkw dujxh wkdw wkh vwurqjhu d{lrp GF lv qrw qhhghg li rqh lv lqwhuhvwhg rqo| lq
udwlrqdol}lqj �W dv dq rswlpxp lq C1

Krzhyhu/ udwlrqdol}dwlrq ri d vlqjoh rswlpxp fdqqrw eh wkh hqwluh srlqw1 Li lw
zhuh/ wkhq wkhuh zrxog eh qr qhhg wr ghyldwh iurp wkh Ed|hvldq prgho vlqfh/ li wkh
vshfl�fdwlrq +814,0+816, udwlrqdol}hv �W/ wkhq vr grhv wkh Ed|hvldq prgho zkhuh
wkh ghflvlrq0pdnhu xvhv wkh vlqjoh sulru 'W1 Lq idfw/ jlyhq dowhuqdwlyh prghov
wkdw udwlrqdol}h d jlyhq vhw ri gdwd/ ru khuh �W/ lw lv vwdqgdug sudfwlfh wr hydoxdwh
wkhp edvhg dovr rq krz wkh| dffrug zlwk ehkdylru lq rwkhu vhwwlqjv +Hoovehuj0w|sh
ehkdylru/ iru h{dpsoh, ru hyhq zlwk lqwurvshfwlrq/ vd| derxw frqfhuq zlwk prgho
plvvshfl�fdwlrq1 Wkhvh dx{loldu| fulwhuld vxssruw wkh qrq0Ed|hvldq dowhuqdwlyh/
zkhwkhu urexvw frqwuro ru uhfxuvlyh pxowlsoh0sulruv1

Wr glvwlqjxlvk ehwzhhq wkhvh wzr prghov/ frqvlghu frpsdudwlyh vwdwlfv suh0
glfwlrqv zklfk surylgh dqrwkhu olwpxv whvw wkdw h{whqgv eh|rqg wkh iudphzrun ri
wkh sduwlfxodu sodqqlqj sureohp ri lqwhuhvw1 Wr looxvwudwh/ frqvlghu frqvxpswlrq0
vdylqjv prghov1 Ohw wkh sodqqlqj sureohp ri sulph lqwhuhvw eh dvvrfldwhg zlwk
wkh ihdvleoh vhw C fruuhvsrqglqj wr wkh wlph f exgjhw frqvwudlqw

.
�
PA
f q

| Z| S|
�
� +f/

zkhuh wkh h{shfwdwlrq lv zlwk uhvshfw wr d uhihuhqfh phdvxuh � / EZ|� lv wkh vwdwh0
sulfh ghqvlw| surfhvv/ Zf ' � dqg zkhuh +f ghqrwhv lqlwldo zhdowk1 Suhihuhqfhv duh
dv lq wkh urexvw frqwuro prgho zlwk wkh dgghg dvvxpswlrq wkdw wkh xwlolw| lqgh{
� lv d srzhu ixqfwlrq/ � ES� ' Sk*k/ f 9' k 	 �1 Frqvlghu qrz d fkdqjh wr
ihdvleoh vhw C�/ zkhuh Z�| ' Z| iru doo | : �/ exw zkhuh +�f dqg Z�� pd| gl�hu iurp
wkhlu frxqwhusduwv lq C1 Wr vlpsoli|/ vxssrvh wkdw wkh �owudwlrq lv vxfk wkdw I�

fruuhvsrqgv wr wkh elqdu| sduwlwlrq i8�@c 8�Kj/ zkhuh hdfk frpsrqhqw kdv srvlwlyh
suredelolw| xqghu � / dqg wkdw vwdwh sulfhv gl�hu rqo| lq shulrg � dqg wkhq rqo|
lq hyhqw 8�K=

Z�� ' EZ��@c Z
�
�K� c Z� ' EZ�@c Z�K� / Z

�
�@ ' Z�@ dqg Z��K 9' Z�K1

Ohw S dqg S� eh wkh fruuhvsrqglqj rswlpdo sodqv1 Vxssrvh �qdoo| wkdw +�f kdv ehhq
fkrvhq vr wkdw55

+�� � +�f � S�f ' +f � Sf � +�1

Wkhq/ dv vkrzq dw wkh hqg ri wklv vxevhfwlrq/ wkh wzr rswlpdo sodqv vdwlvi|

� i/ 5 8�@ G ES
�
�E/�c ���c S

�
A E/�� 9' ES�E/�c ���c SA E/��j : f/ +818,

55E| wkh krprwkhwlflw| ri suhihuhqfh/ f3

3
lv d olqhduo| krprjhqhrxv ixqfwlrq ri |3

3
dqg wkxv

rqh fdq uhvfdoh |
3

3
wr hqvxuh wkh htxdolw|1
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wkdw lv/ frqwlqxdwlrqv iurp wlph � dqg hyhqw 8�@ gl�hu1 Ehfdxvh lq hdfk fdvh
wkh wlph f rswlpdo sodq lv fduulhg rxw xqghu glvfuhwlrq/ wkh ghflvlrq0pdnhu zkhq
uhrswlpl}lqj dw wlph � dqg hyhqw 8�@ zloo pdnh gl�huhqw fkrlfhv dfurvv wkh wzr
vlwxdwlrqv1 Wklv lv vr lq vslwh ri wkh idfw wkdw wkh wzr wlph � rswlpl}dwlrq sureohpv
vkduh frpprq lqlwldo zhdowk ohyhov ++�� ' +�, dqg frpprq vwdwh sulfh surfhvvhv
iru wkh uhohydqw krul}rq/ wkdw lv/ wkh| kdyh lghqwlfdo ihdvleoh vhwv1

Wkh irupdo uhdvrq iru wkh gl�hulqj ehkdylru dfurvv wkh wzr frqwlqxdwlrq sure0
ohpv lv wkdw/ dffruglqj wr wkh urexvw frqwuro prgho/ wkh djhqw kdv gl�huhqw xwlolw|
ixqfwlrqv lq wkhvh wzr vlwxdwlrqv> pruh sduwlfxoduo|/ wkh xsgdwhg vhw ri sulruv +817,
gl�huv dw wlph � dqg hyhqw 8�@ dfurvv wkh wzr vlwxdwlrqv1 Lw uhpdlqv wr xqghu0
vwdqg czk|* wklv lv wkh fdvh dqg xowlpdwho| czk|* fkrlfhv gl�hu hyhq wkrxjk lw lv
wkh cvdph ghflvlrq0pdnhu* lq hlwkhu fdvh156 Dgplwwhgo|/ sdvw frqvxpswlrq ohyhov
S�f dqg Sf gl�hu/ exw wlph qrqvhsdudelolwlhv +h1j1/ kdelw irupdwlrq, duh uxohg rxw
lq wkh urexvw frqwuro prgho wkdw zh duh hpsor|lqj1 Wkh rwkhu zd| lq zklfk wkh
wzr klvwrulhv dw | ' � gl�hu lv lq wkh suhfhglqj wlph f sodqv frqwlqjhqw rq wkh
xquhdol}hg hyhqw 8�K/ ru dowhuqdwlyho|/ lq wkh vwdwh sulfhv wkdw zrxog kdyh dssolhg
kdg wkh hyhqw 8�K ehhq uhdol}hg1 Wkh erwwrp olqh lv wkdw/ dffruglqj wr wkh ur0

exvw frqwuro prgho/ ehkdylru dw dq| wlph0hyhqw sdlu ghshqgv rq zkdw pljkw kdyh

kdsshqhg lq xquhdol}hg sduwv ri wkh wuhh1
Wklv ihdwxuh ri wkh urexvw frqwuro prgho lv dssduhqw gluhfwo| iurp wkh vshfl0

�fdwlrq +815, dqg +817, iru xsgdwlqj dw E|c /�1 Ehfdxvh 'W ghshqgv rq wkh hqwluh
surfhvv �W dqg qrw mxvw rq ydoxhv ri �W uhdol}hg dorqj wkh sdwk ohdglqj wr E|c /�/
frqglwlrqdo suhihuhqfh �|c/ ghshqgv dovr rq zkdw pljkw kdyh kdsshqhg h{ dqwh1

Ilqdoo|/ zh vnhwfk d surri ri +818,= Vxssrvh wkh frqwudu| dqg ohw 'W dqg
'WW eh plqlpl}lqj phdvxuhv jlyhq S dqg S� uhvshfwlyho|1 Wkh nh| srlqw lv wkdw
hyhq wkrxjk S� dqg S djuhh lq wkhlu frqwlqxdwlrqv eh|rqg 8�@/ wkh fruuhvsrqglqj
vxssruwlqj phdvxuhv/ frqglwlrqhg rq 8�@/ gl�hu1 +Wklv lv ehfdxvh wkh Odjudqjh
pxowlsolhuv iru wkh wzr plqlpl}dwlrqv duh glvwlqfw1, Krzhyhu/ wkh qrwhg hyhqwzlvh
frqglwlrqdov 'W E� m 8�@� dqg 'WW E� m 8�@� duh plqlpl}lqj iru wkh frqwlqxdwlrqv ri
S� dqg S1 Vlqfh wkh odwwhu duh lghqwlfdo e| k|srwkhvlv/ lw iroorzv wkdw

'W E� m 8�@� ' 'WW E� m 8�@� /

zklfk lv d frqwudglfwlrq1

56Lw lv qrw wkh fdvh wkdw wkh wzr vlwxdwlrqv ihdwxuh gl�huhqw lqirupdwlrq dqg wkhuhiruh cqdwx0

udoo|* gl�huhqw frqglwlrqdo eholhiv1 Wkh vdph hyhqw wuhh dssolhv lq erwk fdvhv1
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8161 D Uhodwhg Prgho

Ilqdoo|/ frqvlghu wkh Xssdo dqg Zdqj prgho1 Vxlwdeo| wudqvodwhg lqwr rxu iudph0
zrun/ wkhlu prgho ri g|qdplf suhihuhqfhv i�|c/j vdwlv�hv FS/ US dqg GF1 Lw gli0
ihuv iurp uhfxuvlyh pxowlsoh0sulruv lq lwv ylrodwlrq ri PS> lqghhg/ �|c/ ylrodwhv PS
hyhq uhvwulfwhg wr dfwv wkdw duh I|n�0phdvxudeoh1 D urxjk xqli|lqj shuvshfwlyh rq
erwk prghov lv surylghg e| Hsvwhlq dqg ]lq ^47` wkdw surylghv d jhqhudo dssurdfk
iru lqwhjudwlqj dowhuqdwlyh wkhrulhv ri dwhpsrudo ghflvlrq0pdnlqj lqwr d g|qdplf
vhwwlqj1 Wkdw dssurdfk zdv edvhg rq uhfxuvlylw| dqg wkh xvh ri d cfhuwdlqw| htxly0
dohqw* ixqfwlrqdo dv wkh yhklfoh iru lqfrusrudwlqj wkh uhohydqw wkhru| ri rqh0vkrw
fkrlfh1 Iurp wklv shuvshfwlyh/ wkh prghov gl�hu rqo| lq wkhlu xqghuo|lqj wkhrulhv
ri rqh0vkrw fkrlfh 0 uhfxuvlyh pxowlsoh0sulruv dgrswv wkh Jloerd0Vfkphlgohu prgho/
zkloh Xssdo dqg Zdqj dgrsw dq dowhuqdwlyh vshfl�fdwlrq wkdw kdv qrw |hw ehhq
d{lrpdwl}hg1

Wkrxjk wkhuh duh vxshu�fldo vlplodulwlhv zlwk wkh urexvw frqwuro dssurdfk/
dw wkh vxevwdqwlyh ehkdylrudo ohyho/ Xssdo0Zdqj gl�huv iurp wkh urexvw frqwuro
prgho erwk e| ylrodwlqj PS dqg e| vdwlvi|lqj GF1

91 FRQFOXGLQJ UHPDUNV

Zh kdyh vshfl�hg dq d{lrpdwlf prgho ri g|qdplf suhihuhqfh wkdw h{whqgv wkh
Jloerd0Vfkphlgohu dwhpsrudo prgho1 Wkh prgho gholyhuv g|qdplf frqvlvwhqf|
dqg shuplwv d ulfk ydulhw| ri g|qdplfv dqg prgho xqfhuwdlqw|1 Ixuwkhu/ lw shuplwv
wkh qh{w orjlfdo vwhs lq prgholqj ehkdylru xqghu dpeljxlw|/ qdpho| ohduqlqj1 Eh0
fdxvh uhfwdqjxodu vhwv ri sulruv duh htxlydohqwo| vshfl�hg wkurxjk d surfhvv i�n�

| j
ri frqglwlrqdo �0vwhs0dkhdg fruuhvsrqghqfhv/ d wkhru| ri ohduqlqj dprxqwv wr d
vshfl�fdwlrq ri wklv surfhvv/ wkdw lv/ wr d ghvfulswlrq ri krz klvwrulhv duh pdsshg
lqwr ylhzv derxw wkh qh{w vwhs dqg xowlpdwho| derxw wkh hqwluh ixwxuh wudmhfwru|1
Rxu jhqhudo prgho lpsrvhv qr uhvwulfwlrqv rq krz wkh ghflvlrq0pdnhu uhvsrqgv wr
gdwd1 Krzhyhu/ lqwxlwlyho| sodxvleoh irupv ri uhvsrqvh fdq eh ghvfulehg/ ohdglqj
wr d prgho ri ohduqlqj wkdw lv dv zhoo0irxqghg dv wkh Ed|hvldq rqh ^45`1

D uhodwhg qrupdwlyh dssolfdwlrq ri uhfxuvlyh pxowlsoh0sulruv lv wr hfrqrphwulf
hvwlpdwlrq dqg iruhfdvwlqj1 Fkdpehuodlq ^9` ghvfulehv d plqlpd{ dssurdfk dqg
flwhv Jloerd dqg Vfkphlgohu iru irxqgdwlrqv1 Zkhq wkh vwdwlvwlfdo ghflvlrq sure0
ohp lv vhtxhqwldo/ krzhyhu/ rqh pxvw uho| rq d g|qdplf prgho vxfk dv uhfxuvlyh
pxowlsoh0sulruv iru d{lrpdwlf irxqgdwlrqv1
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D1 DSSHQGL[= Surri ri Wkhruhp

Rqo| wkh gluhfwlrq +d, ', +e, lv qrqwulyldo1

Ohppd D141 Wkhuh h{lvw f 	 q/ � G {rE�� �$ -� pl{wxuh olqhdu dqg qrq0

frqvwdqw/ dqg �| G l � {ElcIA � wkdw lv frqyh{0ydoxhg/ forvhg0ydoxhg dqg I|0

phdvxudeoh/ vxfk wkdw iru hdfk | dqg //

R EI|E/�� ' � iru doo R 5 �| E/� +D14,

dqg �|c/ lv uhsuhvhqwhg e|

T|E�c /� ' 6�?6M�|E/�

] �
P�D| q

�3| �E���
�
_61 +D15,

Pruhryhu/ hdfk �|E/� lv xqltxh dqg � lv xqltxh xs wr d srvlwlyh olqhdu wudqviru0

pdwlrq1

Surri1 Wkh Jloerd0Vfkphlgohu wkhruhp grhv qrw dsso| gluhfwo| ehfdxvh rxu
grpdlq K lv qrw irupxodwhg dv wkh vhw ri doo phdvxudeoh pdsv iurp l lqwr wkh vhw
ri orwwhulhv ryhu vrph rxwfrph vhw/ zklfk lv wkh vwuxfwxuh wkh| dvvxph iru wkhlu
grpdlq1 Krzhyhu/ zh fdq uhirupxodwh K lq vxfk d zd| dv wr pdnh wkhlu wkhruhp
dssolfdeoh1

Gh�qh W ' ifc �c ���c Aj1 Hdfk � lq K fdq eh ylhzhg dv wkh pdsslqj iurp
W � l lqwr {r E�� wkdw wdnhv E|c /�� lqwr �|E/ ��1 Ixuwkhu wkh dgdswhg qdwxuh ri �
fruuhvsrqgv wr phdvxudelolw| ri wkh deryh pds zlwk uhvshfw wr P/ zkhuh P lv wkh
j0dojheud rq W �l jhqhudwhg e| doo vhwv ri wkh irup i|j �./ zkhuh . olhv lq I|1
Wkxv K frqvlvwv ri doo P0phdvxudeoh pdsv iurp wkh h{sdqghg vwdwh vsdfh W � l
lqwr {r E��1

Pruhryhu/ e| PS hdfk �|c/ vdwlv�hv wkh Jloerd0Vfkphlgohu d{lrpv rq wklv
grpdlq1 Irfxv �uvw rq wkh rughulqj �f dw wlph f1 Wkhq/ e| ^49/ Wkhruhp 4`/
wkhuh h{lvwv � G {r E�� �$ U

�/ pl{wxuh olqhdu dqg qrqfrqvwdqw/ dqg d frqyh{
dqg forvhg vhw T � {EW � lcP�/ vxfk wkdw �f lv uhsuhvhqwhg e|

Tf E�� ' 6�?^M%

]
� E�E� c /��� _^E� c/ ��1 +D16,

Zh dujxh qrz wkdw T kdv pruh vwuxfwxuh wkdq vwdwhg deryh1 Wkh srlqw lv
wkdw rxu d{lrp PS lv vwurqjhu wkdq zkdw lv uhtxluhg wr gholyhu wkh suhfhglqj
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uhsuhvhqwdwlrq1 Wkh lvvxh lv wkh uhohydqw qrwlrq ri d cfrqvwdqw dfw*1 Lq wkh de0
vwudfw iudphzrun zlwk +h{sdqghg, vwdwh vsdfh W �l/ wkhuh lv qrwklqj wkdw glvwlq0
jxlvkhv ehwzhhq wkh wzr frpsrqhqwv ri wkh vwdwh1 Wkxv frqvwdqw dfwv duh pdsv
� wkdw duh frqvwdqw rq W � l1 Frqvhtxhqwo|/ gluhfw wudqvodwlrq ri wkh Jloerd0
Vfkphlgohu dqdo|vlv dvvxphv PS+ll, rqo| iru orwwhu| dfwv � iru zklfk �� ' �f
iru doo � 1 Vlploduo|/ wkhlu dqdo|vlv dgrswv wkh zhdnhqlqj ri +ly, zkhuhe|= li iru
hyhu| E� c /��/ wkh dfw wkdw gholyhuv ��� E/

�� lq hyhu| wlph dqg vwdwh lv zhdno| suh0
ihuuhg wr wkh fruuhvsrqglqj dfw frqvwuxfwhg iurp �/ wkhq �� �f �1 Wr foduli|/ rxu
yhuvlrq ri Prqrwrqlflw| vwdwhv/ lq frqwudvw/ wkdw li iru hyhu| / �/ wkh orwwhu| dfw
E��fE/

��c ���c ��A E/
��� lv zhdno| suhihuuhg wr wkh fruuhvsrqglqj dfw ghulyhg iurp �/

wkhq �� �f �1
Rxu vwuhqjwkhqlqj ri wkhvh Jloerd0Vfkphlgohu d{lrpv lv lqwxlwlyh rqfh rqh

uhfrjql}hv wkdw wkhuh lv d fohdu frqfhswxdo glvwlqfwlrq ehwzhhq wkh wzr frpsrqhqwv
ri wkh h{sdqghg vwdwh E� c /��1 Iru h{dpsoh/ Jloerd dqg Vfkphlgohu vxjjhvw wkdw
lq d jhqhudo pl{wxuh k�n E��k�}/ } pd| khgjh wkh yduldwlrq dfurvv vwdwhv lq �/
wkxv uhgxflqj dpeljxlw| dqg ohdglqj wr ylrodwlrqv ri Lqghshqghqfh1 Krzhyhu/ qr
vxfk khgjlqj rffxuv li } lv d frqvwdqw dfw/ zklfk mxvwl�hv Fhuwdlqw| Lqghshqghqfh1
Lq rxu vhwwlqj/ lw lv sodxvleoh wr dvvxph wkdw khgjlqj dfurvv wlph lv qrw ri ydoxh/
zklfk mxvwl�hv rxu vwurqjhu d{lrp PS+ll,1

Wxuq qrz wr wkh dgghg lpsolfdwlrqv ri rxu vwurqjhu d{lrp PS1 E| +ll,/ �f

vdwlv�hv wkh lqghshqghqfh d{lrp rq wkh vhw ri orwwhu| dfwv zkhuh lw lv uhsuhvhqwhg
e|

Tf E�� ' 6�?^M%

]
� E�� E/

��� _^E� c /�� ' 6�?6M6o}9%

]
� E�� � _6E� �/

zkhuh 6o}9T ghqrwhv wkh vhw ri doo W 0pdujlqdov ri phdvxuhv lq T1 Wkhuhiruh/
6o}9T pxvw eh d vlqjohwrq/ wkdw lv/ doo phdvxuhv lq T lqgxfh wkh lghqwlfdo sure0
delolw| phdvxuh/ ghqrwhg b/ rq W 1 Frqvhtxhqwo|/ iru dq| �/

TfE�� ' 6�?^M% P�

�
b�

]
l

� E�E� c /��� _^E/� m ��

�
1 +D17,

Prqrwrqlflw| lq wkh irup PS+ly, lpsolhv wkdw

TfE�
�� ' TfE�� zkhqhyhu P� b� � E�

�E� c ��� ' P� b� � E�E� c ��� 1 +D18,

Ghgxfh wkdw

TfE�� ' 6�?RM�f

]
l

dP� b� � E�E� c /
���o _RE/ ��/ iru doo �/ +D19,
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iru vrph forvhg dqg frqyh{ �f � {ElcIA �1
+Dujxh dv iroorzv=57 Gh�qh f ' � E{r E��� dqg frqvlghu wkh grpdlq ( ri doo

Dqvfrpeh0Dxpdqq dfwv rq ElcIA � zlwk hohphqwdu| rxwfrphv lq f1 Iru jhqhulf
hohphqw �/ ghqrwh e| .�E/� wkh phdq ri wkh orwwhu| �E/� rqf> wkxv / :�$ .�E/�
lv d Vdydjh0vw|oh dfw zlwk rxwfrphv lq f1 Gh�qh L G ( �$ U

� e|

LE�� ' TfE��/ iru dq| � vdwlvi|lqj .�E�� ' � EP� b� �E� c ��� 1

Wkhq L lv zhoo0gh�qhg e| +D18,/ dqg lwv lqgxfhg suhihuhqfh vdwlv�hv wkh d{lrpv lq
^49/ Wkhruhp 4`1 Wkxv/ L dgplwv d pxowlsoh0sulruv uhsuhvhqwdwlrq/ shukdsv diwhu
d prqrwrqlf wudqvirupdwlrq )1 Ehfdxvh ulvn olqhdulw| zdv exlow lqwr L / ghgxfh
wkdw

)ETfE��� ' 4�?
RM�f

]
� EP� b� �E� c /

��� _RE/��/

iru vrph �f � {ElcIA �1
Frqvlghu qh{w wkh udqnlqj ri dfwv lq (|/ wkh vhw ri doo dfwv � 5 K vxfk wkdw

�E� c �� � 6W 5 {rE��/ iru doo � 9' |/ zkhuh �E6W� ' f> wkh h{lvwhqfh ri vxfk 6W lv
zorj1 Wkhq rq (|/

)ETfE��� ' 4�?
RM�f

]
l

b| � E�E|c /
��� _RE/��c

zkloh iurp +D17,/

TfE�� ' 6�?^M%

�]
l

b| � E�E|c /
��� _^E/ � m |�

�
�

Iurp wkh xqltxhqhvv ri wkh vhw ri sulruv lq wkh pxowlsoh0sulruv uhsuhvhqwdwlrq/
frqfoxgh wkdw T| � i^E� m |� G ^ 5 Tj dqg �f frlqflgh zkhq ylhzhg dv phdvxuhv
rq I|1 Wklv lv wuxh iru dq| |1 Ilqdoo|/ wkhuhiruh/ +D17, lpsolhv +D19,1,

Dujxh vlploduo| iru hdfk frqglwlrqdo rughulqj �|c/ wr frqfoxgh wkdw lw lv uhsuh0
vhqwhg e|

T|E�c /� ' 6�?�|E/�

]
L|E�fc ���c �A (/� _R

zkhuh L|E�c /� G E{rE���
A �$ U

� lv pl{wxuh olqhdu dqg kdv wkh irup

L|E�(/� ' P�D| b� E|c /� �| E�� (/� � P�D| �|c� E�� (/� 1

57Zh vxvshfw wkdw d vkruwhu dujxphqw lv srvvleoh/ exw zh kdyh qrw ehhq deoh wr �qg rqh1
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Frqglwlrq +D14, iroorzv iurp FS1 E| US/ L|E�(/� dqg L|E�(/
�� duh ruglqdoo|

htxlydohqw iru hyhu| / dqg /�/ zlwk | �{hg1 Vlqfh erwk duh pl{wxuh olqhdu/ wkh|
pxvw eh htxdo +diwhu vxlwdeoh d!qh wudqvirupdwlrqv,1 Wkxv zh fdq zulwh

L| E�� ' P�D| �|c� E�� � � +D1:,

US lpsolhv ixuwkhu wkdw wkh rughulqj rq {rE�� � {rE�� wkdw lv uhsuhvhqwhg
e|

ERc R�� :�$ �|c� ER� n �|c�n�ER
��

lv wkh vdph iru doo | dqg � vxfk wkdw | � � � A � �1 Lq sduwlfxodu/ iru �{hg |/
wkh deryh udqnlqj grhv qrw ghshqg rq � lq wkh lqglfdwhg udqjh1 Wklv lv d irup ri
vwdwlrqdulw| dqg lw lpsolhv/ e| idploldu dujxphqwv +Nrrspdqv ^55` ru Udghu ^59/
ss1 49506`/ iru h{dpsoh, dqg diwhu vxlwdeoh fduglqdo wudqvirupdwlrqv/ wkdw

�|c� ' EK|�
�3| �|c|

iru vrph K| : f1 Ehfdxvh wkh qrwhg rughulqj lv lqyduldqw dovr zlwk uhvshfw wr |/
frqfoxgh wkdw K| lv lqghshqghqw ri | dqg khqfh wkdw �|c� ' q�3| �|c|1 Rqfh djdlq/
wkh lqyduldqfh |lhogv +diwhu vxlwdeoh fduglqdo wudqvirupdwlrqv, wkdw �|c| ' �fcf � �
iru doo |1 Wklv hvwdeolvkhv

L| E�� ' P�D| q
�3|� E�� � +D1;,

dqg khqfh dovr +D15,1

Iurp wkh Ohppd/

T|E�c /� ' �E�|� n q6�?6M�|E/�

] �
P�D|n�q

�3|3� �E�� �
�
_6�

� �E�|� n q`|E�c /�1

Iru hdfk |/ / dqg orwwhu| �|/ gh�qh

(|c/c�| ' iET|n�E�c /
���/�M5|E/� G � 5 Kc �| ' �|j1

Wkhq zh fdq ylhz(|c/c�| dv d vxevhw ri-T EI|E/�c I|n��/ wkh vhw ri I|n�0phdvxudeoh
+uhdo0ydoxhg, udqgrp yduldeohv gh�qhg rq I|E/�1 Ehorz/ e| T|n�E�c �� zh phdq
vxfk d udqgrp yduldeoh/ wkdw lv/ wkh uhvwulfwlrq ri wkh vhfrqg dujxphqw wr I|E/�
lv xqghuvwrrg hyhq zkhuh qrw vwdwhg h{solflwo|1
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Gh�qh x G (|c/c�| �$ -� e|

xET|n�E�c ��� ' `|E�c /�1 +D1<,

GF lpsolhv wkdw x lv zhoo0gh�qhg dqg lqfuhdvlqj rq (|c/c�| lq wkh vhqvh wkdw

T|n�E�
�c �� � T|n�E�c �� rq I|E/� ', xET|n�E�

�c ��� � xET|n�E�c ���1 +D143,

Ohppd D151 Wkhuh h{lvwv ' � {EI|E/�c I|n��/ frqyh{ dqg forvhg/ vxfk wkdw

xE%� ' 4�?
^M'

]
% _^/ iru doo % 5 (|c/c�|1 +D144,

Surri1 Dgdsw wkh dujxphqwv lq ^49/ ss1 4790:`1

+l, x lv krprjhqrxv rq (|c/c�|= Ohw T|n�E�
�c �� ' kT|n�E�c �� rq I| E/� iru f 	 k �

�1 Zh qhhg wr vkrz wkdw

`|E�
�c /� ' k`|E�c /�1

Ohw ����E�� ' k�� E�� n E� � k��W iru � : | dqg ' �| dqg gh�qhg duelwudulo| iru
� 	 |1 Wkhq ��� olhv lq (|c/c�|/ � E�

��
� E��� ' k� E�� E��� n E��k��E�W� ' k� E�� E���

iru � : | / `|E�
��c /� ' k`|E�c /� dqg

T|n�E�
��c �� ' kT|n�E�c �� ' T|n�E�

�c �� rq I| E/� 1

E| GF/ frqfoxgh wkdw `|E�
�c /� ' `|E�

��c /� ' k`|E�c /�1

+ll, H{whqg x e| krprjhqhlw| wr -Tr�6R,eEI|E/�c I|n��= Ehfdxvh

i�E�E��� G � 5 I|n�j � (|c/c�|/

ghgxfh wkdw -Tr�6R,eEI|E/�c I|n�� ' ^bM-� Eb(|c/c�|�1 +Zh fdq dvvxph zorj wkdw
<�� dqg �2 zlwk �E��� 	 �� dqg �E�2� : �1, Wkxv d xqltxh h{whqvlrq h{lvwv1
Wkhq x vdwlv�hv krprjhqhlw| wkhuh dqg wkh iroorzlqj irup ri prqrwrqlflw|=

%�E�� � %E�� ', xE%�� � xE%�1 +D145,

+lll, x vdwlv�hv Fhuwdlqw| Dgglwlylw|= Rq (|c/c�|/ dujxh dv iroorzv1 Iru doo orwwhulhv
� 5 E{rE���

An�/ xEkT|n�E�c �� n E�� k�T|n�E�c ��� ' xET|n�Ek� n E�� k��c ��� '
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`|Ek� n E� � k��c /� ' k`|E�c /� n E� � k�`|E�c /� ' kxET|n�E�c ��� n E� �
k�xET|n�E�c ���/ wkdw lv/

xEkT|n�E�c �� n E�� k�T|n�E�c ��� ' kxET|n�E�c ��� n E� � k�xET|n�E�c ���1

Rq -Tr�6R,eEI|E/�c I|n��/ dujxh dv lq ^49/ ss1 4790:`1

+ly, x lv vxshudgglwlyh= Suryh �uvw wkdw

x
�
�
2
T|n�E�

�c �� n �
2
T|n�E�c ��

�
� �

2
x ET|n�E�

�c ��� n �
2
x ET|n�E�c ���

' �
2
`|E�

�c /� n �
2
`|E�c /�1

Vxssrvh wkdw `|E�
�c /� ' `|E�c /�1 Wkhq ehfdxvh ri wkh gh�qlwlrq ri `|E�c /�/

`|

�
�
2
�� n �

2
�c /

�
� `|E�c /� ' �

2
`|E�

�c /� n �
2
`|E�c /�1

Surfhhg dv lq ^49/ s1 47:`1

Wkh uhpdlqghu ri wkh surri lv vxeglylghg lqwr d vhtxhqfh ri vwhsv1

Vwhs 4= Vkrz wkdw ' ' �n�
| E/�/ wkh vhw ri uhvwulfwlrqv wr I|n� ri phdvxuhv lq

�|E/�/ wkdw lv/ wkh vhw ri 40shulrg dkhdg pdujlqdov1 Dsso| +D1<, dqg wkh suhfhglqj
ohppdv wr frqfoxgh wkdw iru dq| I|n�0phdvxudeoh � lq (|c/c�|/

4�?
R|M�

n�

|
E/�

] �
P�D|n� q

�3|3��E�� �
�
_R| ' 4�?

RM�|E/�

] �
P�D|n� q

�3|3��E���
�
_R

� `|E�c /� ' 4�?
^M'

]
T|n� E�c �� _^

' 4�?
^M'

] �
P�D|n� q

�3|3��E�� E���
�
_^1

Wkxv xqltxhqhvv ri wkh uhsuhvhqwlqj vhw ri sulruv ^49/ Wkhruhp 4` gholyhuv wkh
ghvluhg uhvxow vlqfh erwk �n�

| E/� dqg ' duh frqyh{ dqg forvhg1

Vwhs 5= Wkh phdvxuhv lq �n�
| E/� duh pxwxdoo| devroxwho| frqwlqxrxv1 Wkh vwulfw

udqnlqj frpsrqhqw lq GF lpsolhv wkdw/ iru dq| �� dqg � lq (|c/c�|/ li T|n�E�
�c �� �

T|n�E�c �� dqg li . ' i/� 5 I|E/� G T�E�
�c / �� : T�E�c/

��j lv T|E�c /�0qrqqxoo/
wkhq T|E��c /� : T|E�c/�/ ru htxlydohqwo|/ `|E��c /� : `|E�c /�1 Ehfdxvh T|E�c /�
vdwlv�hv PS/ wkh qrwhg qrqqxoolw| lv htxlydohqw wr

RE.� : f iru vrph R lq �|E/�1
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Ehfdxvh . lv lq I|n�/ wkhuh lv d ixuwkhu htxlydohqfh zlwk

^E.� : f iru vrph ^ lq �n�
| E/�1

Iurp Vwhs 4 dqg +D1<,/ frqfoxgh wkdw

4�?
^M�

n�

|
E/�

]
T|n�E�

�c �� _^ : 4�?
^M�

n�

|
E/�

]
T|n�E�c �� _^

li T|n�E��c �� � T|n�E�c �� zlwk vwulfw lqhtxdolw| rq dq hyhqw kdylqj srvlwlyh ^0
suredelolw| iru vrph ^ lq �n�

| E/�1 Lq sduwlfxodu/ iru dq| I|n�0phdvxudeoh �� dqg
� lq (|c/c�|/

4�?
^M�

n�

|
E/�

] �
P�D|n� q

�3|3��E��� E���
�
_^ : 4�?

^M�
n�

|
E/�

] �
P�D|n� q

�3|3��E�� E���
�
_^

li
�
P�D|n� q

�3|3��E��� E���
�
�

�
P�D|n� q

�3|3��E�� E���
�
zlwk vwulfw lqhtxdolw| rq dq

hyhqw kdylqj srvlwlyh ^0suredelolw| iru vrph ^ lq �n�
| E/�1 Dsso| wkh suhfhglqj wr

wkh dfwv kdylqj/ iru � � |/

��� ' E�� li .( �W li .S� dqg �� ' E� li .( �W li .S� /

zkhuh wkh orwwhulhv �� dqg � duh vxfk wkdw �E��� : �E�� : �E�W�1 Frqfoxgh wkdw
4@ 

�
n�

|
E/�6E.� : f ', 4�?

�
n�

|
E/�6E.� : f1

Vwhs 6= Li RE�� '
U
R|n�E/

��E�� _6E/�� iru vrph phdvxudeoh R|n� G ElcI|n�� �$
{ElcI|n2� vxfk wkdw R|n�E�� 5 �|n�E�� dqg 6 5 �n�

| E/�/ wkhq

R E�� ' 6 E�� rq I|n�/ dqg +D146,

R|n�E/
��E�� ' R E� m I|n�� E/

�� @�e�dRo1 +D147,

Ehfdxvh I|n� fruuhvsrqgv wr d �qlwh sduwlwlrq/ wkhq e| +D14,/

R|n�E/
��E.� '

�
f li . _ I|n�E/

�� ' >
� li . � I|n�E/��1

Lq sduwlfxodu/ li . 5 I|n�/ wkhq wkh deryh wzr fdvhv duh h{kdxvwlyh dqg

RE.� '

]
l

R|n�E/
��E.� _6E/�� ' 6 E^iI|n�E/

�� G I�E/
�� � .j� ' 6E.�/
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surylqj +D146,1 Ixuwkhu/

RE.� ' 6EI|n�E/
��� R|n�E/

��E.� iru dq| . � I|n�E/
��/

. qrw qhfhvvdulo| lq I|n�1 Wdnh dovr . ' I|n�E/�1 Wkhq R|n�E/��EI|n�E/��� ' �
dqg khqfh

REI|n�E/
��� ' 6EI|n�E/

���1

Wkxv li REI|n�E/
��� 9' f/ ru htxlydohqwo| li 6EI|n�E/

��� 9' f/ wkhq

R E. m I|n�� E/
�� '

RE. _ I|n�E/
���

REI|n�E/���
' R|n�E/

��E.�1

Wklv suryhv +D147,1

Vwhs 7= Iurp +D1<, dqg Vwhs 4/

4�?
RM�|E/�

] �
P�D|n� q

�3|3��E�� �
�
_R � `| E�c /� '

4�?
6M�

n�
|

E/�

]
T|n�E�c /

�� _6E/�� '

4�?
6M�

n�

|
E/�

] �
4�?

R|n�M�|n�E/��

] �
P�D|n� q

�3|3��E���
�
_R|n�

�
_6E/ ��

' 4�?
RM�|E/�

] �
P�D|n� q

�3|3��E���
�
_R/ zkhuh

�|E/� �

�
RE�� '

]
R|n�E/

��E�� _6 G 6 5 �n�
| E/�c R|n�E�� 5 �|n�E��

�
� +D148,

Wkxv �|E/� dqg �|E/� uhsuhvhqw wkh vdph suhihuhqfh rughu1 Wkh| pxvw frlqflgh
ehfdxvh hdfk lv frqyh{ dqg forvhg1

Lw lv lpphgldwh wkdw �|E/� lv forvhg1 Wr vhh wkdw lw lv frqyh{/ ohw
U
R|n�E/

��E�� _6
dqg

U
R�|n�E/

��E�� _6� olh lq �|E/�1 Wkhq wkh
�
2
*�
2
pl{wxuh htxdov

U
R��|n�E/

��E�� _6��/
zkhuh

R��|n�E/
��E�� '

�
2
6E/�� R|n�E/��E�� n

�
2
6�E/�� R�|n�E/

��E��
�
2
6E/�� n �

2
6�E/��

li wkh ghqrplqdwru lv srvlwlyh dqg htxdo wr dq| phdvxuh lq �|n�E/�� rwkhuzlvh/ +lq
vxfk zd| wkdw R���E/

��E�� lv wkh vdph iru doo / �*v lq wkh vdph frpsrqhqw ri wkh I|n�

sduwlwlrq,/ dqg zkhuh
6��E�� ' �

2
6E�� n �

2
6�E��1
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Iru hdfk // R��|n�E/
��E�� olhv lq �|n�E/

�� ehfdxvh wkh odwwhu lv frqyh{> frqyh{lw| ri
6o}�|E/� lpsolhv wkdw lw frqwdlqv 6��E��1 Wkxv

U
R��|n�E/

��E�� _6�� olhv lq �|E/�1
Vlploduo| iru rwkhu pl{wxuhv1

Vwhs 8= D{lrp IV lpsolhv wkdw hyhu| phdvxuh lq �f kdv ixoo vxssruw rq IA 1 Iurp
Vwhs 7/

�|E/� �

�
RE�� '

]
R|n�E/

��E�� _6 G 6 5 �n�
| E/�c R|n�E�� 5 �|n�E��

�
/

iru hyhu| | dqg /1 Xvh wkh ixoo vxssruw revhuydwlrq dqg Vwhs 6/ sduwlfxoduo| wkh
dssursuldwh yhuvlrq ri +D147,/ wr suryh e| lqgxfwlrq wkdw iru hyhu| | dqg /= +l,
�|E/� htxdov wkh vhw ri doo Ed|hvldq I|0xsgdwhv ri phdvxuhv lq �f> dqg +ll, hdfk
phdvxuh lq �|E/� kdv ixoo vxssruw rq I|E/�1

Ilqdoo|/ gh�qh S ' �f1

E1 DSSHQGL[= Lq�qlwh Krul}rq

Iru uhdvrqv jlyhq lq Vhfwlrq 615/ wklv dsshqgl{ d{lrpdwl}hv dq lq�qlwh krul}rq
yhuvlrq ri uhfxuvlyh pxowlsoh0sulruv1 Wkxv vhw A ' 4 dqg lqwhusuhw wkh irupdolvp
vxuurxqglqj rxu d{lrpv dqg wkh gh�qlwlrq ri uhfwdqjxodulw| lq wkh reylrxv zd|1
Dvvxph wkdw IA ' I" ' j E^"� I|�1 Wkrxjk zh frqwlqxh wr dvvxph wkdw hdfk
I| fruuhvsrqgv wr d �qlwh sduwlwlrq ri l/ wkdw lv qrw wkh fdvh iru wkh olplwlqj j0
dojheud I"1 Phdvxuhv lq{ElcI"� duh uhtxluhg wr eh �qlwho| +exw qrw qhfhvvdulo|
frxqwdeo|, dgglwlyh1 Rq{ElcI"�/ dgrsw wkh zhdn wrsrorj| lqgxfhg e| wkh vhw ri
doo erxqghg phdvxudeoh uhdo0ydoxhg ixqfwlrqv1 Vd| wkdw d phdvxuh R lq {ElcI"�
kdv ixoo orfdo vxssruw li

R E�� : f iru hyhu| > 9' � 5 ^"|'fI|1

Zh duh jlyhq suhihuhqfhv i�|c/j � i�|c/G E|c /� 5 W �lj rq wkh grpdlq K/
gh�qhg dv deryh1 Frqwlqxh wr dgrsw d{lrpv FS/ PS/ US/ GF dqg IV1

Wkrxjk wkh udqjh ri dq| �| lv �qlwh iru dq| dfw � lq K/ wkh udqjh ri �/ ylhzhg
dv d pdsslqj iurp W � l lqwr {r E��/ qhhg qrw eh �qlwh jlyhq wkdw A ' 41 Wr
kdqgoh wkh frpsolfdwlrqv fdxvhg e| wklv lq�qlw|/ dvvxph wkh h{lvwhqfh ri ehvw dqg
zruvw orwwhulhv lq wkh iroorzlqj vhqvh158

58Uhod{dwlrq ri EZ lv srvvleoh e| pruh h!flhqw dssolfdwlrq ri ^49/ Sursrvlwlrq 714` wkdq
ehorz1
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D{lrp : +Ehvw0Zruvw 0 EZ,1 Iru hdfk E|c /� 5 W � l/ wkhuh h{lvw orwwhulhv
RW dqg RWW lq {r E�� vxfk wkdw ERW�"f �|c/ ER�"f �|c/ ERWW�"f iru doo R lq {r E��1

Lq dgglwlrq/ lpsrvh d irup ri lpsdwlhqfh zkhuhe| wkh glvwdqw ixwxuh uhfhlyhv
olwwoh zhljkw lq hdfk frqglwlrqdo suhihuhqfh rughu1

D{lrp ; +Lpsdwlhqfh 0LPS,1 Iru dq| E|c /� lq W � l/ R lq {r E�� dqg dfwv
�c �W dqg �WW lq K/ li �W !|c/ � !|c/ �WW dqg �? ' E�fc ���c �?c Rc Rc ����/ wkhq
�W !|c/ �? !|c/ �WW iru doo vx!flhqwo| odujh ?1

Ehiruh vwdwlqj wkh wkhruhp/ zh srlqw rxw d fkdqjh lq wkh xqltxhqhvv surshuw| ri
wkh uhsuhvhqwlqj vhw ri sulruv S gxh wr wkh lq�qlwh krul}rq vhwwlqj1 Lw lv dssduhqw
iurp +619, wkdw xwlolwlhv ghshqg rqo| rq wkh suredelolwlhv dvvljqhg wr hyhqwv lq
^"� I� 1 Wkxv xqltxhqhvv rq I" ' j E^"� I�� lv qrw wr eh h{shfwhg ehfdxvh rqh
frxog fkdqjh duelwudulo| suredelolwlhv dvvljqhg wr hyhqwv lq I" q E^

"
� I�� zlwkrxw

d�hfwlqj xwlolwlhv1 Hyhq lq wkh fdvh ri d vlqjohwrq sulru/ wkh odwwhu lv xqltxho|
ghwhuplqhg e| lwv ydoxhv rq ^"� I� rqo| li wkh sulru lv frxqwdeo| dgglwlyh/ exw
frxqwdeoh dgglwlylw| lv qrw lpsolhg e| rxu d{lrpv +qru e| wkrvh lq ^49`,1 Wkxv wkh
iroorzlqj wkhruhp uhihuv rqo| wr wkh vhw ri sulruv S ehlqj xqltxh rq ^"� I� / e|
zklfk zh phdq wkdw li dq| rwkhu vhw S � dovr vdwlv�hv wkh frqglwlrqv lq sduw +e,/
wkhq wkh vhw ri doo uhvwulfwlrqv wr ^"� I� ri phdvxuhv lq S frlqflghv zlwk wkh vhw
frqvwuxfwhg iurp S �1

Wr foduli| ixuwkhu/ wkh xqltxhqhvv dvvhuwlrq lq ^49/ Wkhruhp 4`/ wudqvodwhg lqwr
rxu vhwwlqj/ grhv |lhog xqltxhqhvv ri wkh dssursuldwh vhw ri sulruv rq wkh h{sdqghg
vwdwh vsdfh W � l1 Krzhyhu/ wklv grhv qrw gholyhu xqltxhqhvv ri wkh vhw ri sulruv
rq l ehfdxvh/ urxjko| vshdnlqj/ wkh W 0pdujlqdo lv jlyhq e| wkh glvfrxqw idfwru
q| zlwk q 	 � dqg wklv zdvkhv rxw h�hfwv ri suredelolwlhv dvvljqhg wr hyhqwv lq
I" q E^"� I� �1

Wkhruhp E141 Ohw A '4 dqg ohw i�|c/j eh d froohfwlrq ri elqdu| uhodwlrqv rq
K1 Wkh iroorzlqj vwdwhphqwv duh htxlydohqw=

+d, i�|c/j vdwlvi| FS/ PS/ US/ GF/ IV/ EZ dqg LPS rq K1
+e, Wkhuh h{lvwv S � {ElcI"�/ forvhg/ frqyh{ dqg iI|j0uhfwdqjxodu/ zlwk

doo phdvxuhv lq S kdylqj ixoo orfdo vxssruw/ f 	 q 	 � dqg d pl{wxuh olqhdu
dqg qrqfrqvwdqw � G {rE�� �$ U

�/ zkhuh 4@ {rE�� � dqg 4�?{rE�� � h{lvw/ vxfk
wkdw= iru hyhu| | dqg // �|c/ lv uhsuhvhqwhg rq K e| T|E�c /�/ zkhuh

T|E�c /� ' 4�?
6M�|E/�

]
P�D| q

�3| �E��� _61
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Pruhryhu/ q lv xqltxh/ S lv xqltxh rq ^"� I� dqg � lv xqltxh xs wr d srvlwlyh
olqhdu wudqvirupdwlrq1

Surri1 Qhfhvvlw| ri wkh d{lrpv lv urxwlqh1 Wr yhuli| LPS/ qrwh wkdw

P�D| q
�3| �E�?� � �$

?3<"
P�D| q

�3| �E�� �

lq wkh vxs qrup wrsrorj|/ zkloh wkh Pd{lpxp Wkhruhp lpsolhv wkdw wkh pdsslqj
f :�$ 4�?6M�

U
f _6/ iurp wkh vsdfh ri erxqghg I"0phdvxudeoh ixqfwlrqv lqwr

wkh uhdov/ lv vxs0qrup frqwlqxrxv1
Wr suryh vx!flhqf|/ dgdsw wkh surri ri Wkhruhp 615 deryh1 Jloerd dqg

Vfkphlgohu*v fhqwudo uhsuhvhqwdwlrq uhvxow +Wkhruhp 4, grhv qrw dsso| gluhfwo|
wr K dv lq wkh �qlwh krul}rq fdvh1 Wkdw lv ehfdxvh lw ghdov rqo| zlwk wkh grpdlq
ri �qlwh0udqjhg dfwv/ zklfk lq rxu vhwwlqj htxdov wkh surshu vxevhw ri K frqvlvw0
lqj ri dfwv � wkdw kdyh �qlwh udqjh zkhq ylhzhg dv pdsslqjv iurp W � l wr
{r E��1 Krzhyhu/ ehfdxvh ri EZ/ wkhlu h{whqvlrq uhvxow Sursrvlwlrq 714 gholyhuv
d pxowlsoh0sulruv uhsuhvhqwdwlrq rq K iru �|c/1

Qrz surfhhg dv lq wkh surri ri Wkhruhp 615 wr gholyhu wkh dvvhuwhg uhsuhvhqwd0
wlrq lq whupv ri S/ q dqg �1 Xvh LPS wr frpsohwh wkh frxqwhusduw ri Ohppd D14/
iru h{dpsoh +D1;,1 EZ lpsolhv wkdw TfE�� lv erxqghg deryh dqg ehorz1 Ehfdxvh
� lv qrw frqvwdqw/ frqfoxgh wkdw q 	 �1 H{lvwhqfh ri wkh qrwhg pd{lpxp dqg
plqlpxp iru � iroorzv iurp EZ1

Ilqdoo|/ wkh dvvhuwhg xqltxhqhvv ri S iroorzv iurp ^49`/ mxvw dv lq wkh �qlwh
krul}rq vhwwlqj/ e| uhvwulfwlqj wlph f suhihuhqfh wr dfwv � ' E��� vxfk wkdw hyhu|
�� lv I|0phdvxudeoh iru vrph �{hg |1

Uhihuhqfhv

^4` H1 Dqghuvrq/ O1 Kdqvhq dqg W1 Vdujhqw/ Urexvwqhvv/ ghwhfwlrq dqg wkh sulfh
ri ulvn/ 53331

^5` I1 Dqvfrpeh dqg U1M1 Dxpdqq/ D gh�qlwlrq ri vxemhfwlyh suredelolw|/ Dqq1
ri Pdwk1 Vwdw1 67 +4<96,/ 4<<05381

^6` H1 Ehq0Srudwk/ L1 Jloerd dqg G1 Vfkphlgohu/ Rq wkh phdvxuhphqw ri lqhtxdo0
lw| xqghu xqfhuwdlqw|/ M1 Hfrq1 Wkhru| :8 +4<<:,/ 4<705371

^7` G1 Eodfnzhoo dqg O1 Gxelqv/ Phujlqj ri rslqlrqv zlwk lqfuhdvlqj lqirupdwlrq/
Dqq1 ri Vwdwlvwlfv 6; +4<95,/ ;;50;;91
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^8` U1 Fdvdghvxv0Pdvdqhoo/ S1 Noledqr� dqg H1 R}ghqruhq/ Pd{plq h{shfwhg
xwlolw| ryhu Vdydjh dfwv zlwk d vhw ri sulruv/ M1 Hfrq1 Wkhru| <5 +5333,/
680981

^9` J1 Fkdpehuodlq/ Plqlpd{ hvwlpdwlrq dqg iruhfdvwlqj lq d vwdwlrqdu| dxwruh0
juhvvlrq prgho/ Dphu1 Hfrq1 Uhy1 Sdshuv dqg Surfhhglqjv/ <4 +5334,/ 8808<1

^:` ]1 Fkhq dqg O1J1 Hsvwhlq/ Dpeljxlw|/ ulvn dqg dvvhw uhwxuqv lq frqwlqxrxv
wlph/ Hfrqrphwulfd/ iruwkfrplqj1

^;` V1K1 Fkhz dqg O1J1 Hsvwhlq/ Uhfxuvlyh xwlolw| xqghu xqfhuwdlqw|/ ss1 6850
69< lq D1 Nkdq dqg Q1 \dqqholv hgv1/ Htxloleulxp Wkhru| zlwk dq Lq�qlwh

Qxpehu ri Frpprglwlhv/ Vsulqjhu/ 4<<41

^<` G1 Hoovehuj/ Ulvn/ dpeljxlw| dqg wkh Vdydjh d{lrpv/ Txduw1 M1 Hfrq1 :8
+4<94,/ 976099<1

^43` O1J1 Hsvwhlq/ Vwdwlrqdu| fduglqdo xwlolw| dqg rswlpdo jurzwk xqghu xqfhu0
wdlqw|/ M1 Hfrq1 Wkhru| 64 +4<;6,/ 46604851

^44` O1J1 Hsvwhlq dqg M1 Pldr/ D wzr0shuvrq g|qdplf htxloleulxp xqghu dpeljx0
lw|/ M1 Hfrq1 G|q1 dqg Frqwuro/ iruwkfrplqj1

^45` O1J1 Hsvwhlq dqg P1 Vfkqhlghu/ Ohduqlqj xqghu dpeljxlw|/ 53351

^46` O1J1 Hsvwhlq dqg W1 Zdqj/ Lqwhuwhpsrudo dvvhw sulflqj xqghu Nqljkwldq xq0
fhuwdlqw|/ Hfrqrphwulfd 95 +4<<7,/ 5;606551

^47` O1J1 Hsvwhlq dqg V1 ]lq/ Vxevwlwxwlrq/ ulvn dyhuvlrq dqg wkh whpsrudo ehkdy0
lru ri frqvxpswlrq dqg dvvhw uhwxuqv= d wkhruhwlfdo iudphzrun/ Hfrqrphwulfd
8: +4<;<,/ <6:0<9<1

^48` S1 Jkludugdwr/ I1 Pdffkhurql/ P1 Pdulqdffl dqg P1 Vlqlvfdofkl/ D vxemhfwlyh
vslq rq urxohwwh zkhhov/ Fdo Whfk 6445:/ Dxjxvw 53341

^49` L1 Jloerd dqg G1 Vfkphlgohu/ Pd{plq h{shfwhg xwlolw| zlwk qrq0xqltxh sulruv/
M1 Pdwk1 Hfrq1 4; +4<;<,/ 47404861

^4:` L1 Jloerd dqg G1 Vfkphlgohu/ Xsgdwlqj dpeljxrxv eholhiv/ M1 Hfrq1 Wkhru|
8< +4<<6,/ 6607<1
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^4;` O1 Kdqvhq dqg W1 Vdujhqw/ Dfnqrzohgjlqj plvvshfl�fdwlrq lq pdfurhfrqrplf
wkhru|/ Vdujhqw*v Iulvfk Ohfwxuh dw wkh 5333 Zruog Frqjuhvv ri wkh Hfrqr0
phwulf Vrflhw|1

^4<` O1 Kdqvhq dqg W1 Vdujhqw/ Urexvw frqwuro dqg prgho xqfhuwdlqw|/ Dphu1
Hfrq1 Uhy1 Sdshuv dqg Surfhhglqjv <4 +5334,/ 930991

^53` O1 Kdqvhq/ W1 Vdujhqw dqg W1 Wdooldulql/ Urexvw shupdqhqw lqfrph dqg sulf0
lqj/ Uhy1 Hf1 Vwxglhv 99 +4<<<,/ ;:60<3:1

^54` S1 Noledqr�/ G|qdplf fkrlfh zlwk xqfhuwdlqw| dyhuvlrq/ plphr/ 4<<6 +uhylvhg
4<<8,1

^55` W1F1 Nrrspdqv/ Uhsuhvhqwdwlrq ri suhihuhqfh rughulqjv ryhu wlph/ ss1 :<0433
lq F1E1 PfJxluh dqg U1 Udgqhu hgv1/ Ghflvlrq dqg Rujdql}dwlrq= D Yroxph

lq Krqru ri Mdfre Pduvfkdn/ Qruwk Kroodqg/ 4<:51

^56` G1 Nuhsv dqg H1O1 Sruwhxv/ Whpsrudo uhvroxwlrq ri xqfhuwdlqw| dqg g|qdplf
fkrlfh wkhru|/ Hfrqrphwulfd 79 +4<:;,/ 4;805331

^57` D1 Rqdwvnl/ Urexvw prqhwdu| srolf| xqghu prgho xqfhuwdlqw|= lqfrusrudwlqj
udwlrqdo h{shfwdwlrqv/ Kduydug/ 53331

^58` D1 Rqdwvnl dqg M1 Vwrfn/ Urexvw prqhwdu| srolf| xqghu prgho xqfhuwdlqw|
lq d vpdoo rshq hfrqrp|/ Pdfurhfrqrplf G|qdplfv 9 +5335,/ ;804431

^59` W1 Udghu/ Wkhru| ri Plfurhfrqrplfv/ Dfdghplf Suhvv/ 4<:51

^5:` U1 Vdulq dqg S1 Zdnnhu/ G|qdplf fkrlfh dqg qrqh{shfwhg xwlolw|/ M1 Ulvn
dqg Xqfhuwdlqw| 4: +4<<;,/ ;:044<1

^5;` G1 Vfkphlgohu/ Vxemhfwlyh suredelolw| dqg h{shfwhg xwlolw| zlwkrxw dgglwlylw|/
Hfrqrphwulfd 8: +4<;<,/ 8:408;:1

^5<` F1 Vnldgdv/ Uhfxuvlyh xwlolw| dqg suhihuhqfhv iru lqirupdwlrq/ Hfrq1 Wkhru|
45 +4<<;,/ 5<606451

^63` U1 Xssdo dqg W1 Zdqj/ Prgho plvvshfl�fdwlrq dqg olplwhg glyhuvl�fdwlrq/
X1E1F1/ 53341

^64` N1 Zdndl/ Frqglwlrqv iru g|qdplf frqvlvwhqf| dqg qr vshfxodwlrq xqghu
pxowlsoh0sulruv/ \doh/ 53341

6:



^65` S1 Zdooh|/ Vwdwlvwlfdo Uhdvrqlqj zlwk Lpsuhflvh Suredelolwlhv/ Fkdspdq dqg
Kdoo/ 4<<41

^66` W1 Zdqj/ Frqglwlrqdo suhihuhqfhv dqg xsgdwlqj/ M1 Hfrq1 Wkhru|/ iruwkfrp0
lqj1

6;


