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We consider the properties of equilibrium behaviour in an aggregative growth model with
intergenerational altruism. Various positive properties such as the cyclicity of equilibrium pro-
arams, and the canvergence of equilibrium. stocks to 2 steady state, are analyzed. Among ather
normative properties, it is established that under certain natural conditions, Nash equilibrium
programs are efficient and “modified Pareto optimai®”, in a sense made clear in the paper, but
never Pareto optimal in the traditional sense.

1. INTROPUCTION

In this paper, we study the properties of equilibria in an aggregative growth model with
intergenerational altruism.' In this model, each generation is active for a single period.
At the beginning of this period, it receives an endowment of a single homogeneous good
which is the output from a “‘bequest investment™” made by the previous generation. It
divides the endowment between consumption and investment. The return from this
investment constitutes the endowment of the next generation. Each generation derives
utility from its own consumption and that of its immediate successor. However, since
altruism is limired, in the sense that no generation cares about later successars, the interests
af distinct agents come into conflict.

Models of this type have been used to analyze a number of issues concerning
intergenerational altruism. One line of research, pursued by Arrow (1973} and Dasgupta
{1974a} elucidates the implications of Rawls® principle of just savings. Others, beginning
with Phelps and Pollak (1968}, have addressed the question of how an “altruistic growth
economy” might actually evolve over time. Topics of subsequent investigation have
included the efficiency and optimality of equilibrium programs, and the implications of
intergenerational altruism for the distribution of wealth.

Unfortunately, the positive features of equilibrium programs have received little
attention from previous authars. Aside from a few comments by Kohlherg (1976), virtually
nothing is known about the asymptotic behaviour of capital stocks in these models. In
particitlar, will the long-run capital stock which arises from intergenerational conflict be
higher or lower than the “turnpike” associated with the solutian to the optimal planning
problem? On a priori grounds, the answer is not clear. Agents who take only a limited
interest in the future will tend to bequeath less than those who are far-sighted. However,
sinece each generation views its children’s bequest as pure waste, it must bequeath a larger
sum to obtain the same consumption value.

In this paper, we obtain steady-state results for equilibrium capital stocks completely
analogous to the well-known optimal planning results. By comparing *‘steady-states™, we
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228 REVIEW OF ECONOMIC STUDIES

show that no limit point of equilibrium capital stocks can exceed the planning turnpike.
Under slightly more restrictive conditions, we show that the equilibrium capital stock
never exceeds the planning stock in any period.

We also address a number of normative issues which have been raised by other
authors. In particular, Dasgupta (1974b) has shown that, for a specific parameterization
of the general model, equilibrium programs are never Pareto optimal. Nevertheless, Lane
and Mitra {1981) have established (under appropriate conditions) the existence of equili-
brinvm programs which are Pareto optimal in a modified sense. Unfortunately, their study
employs a restrictive notion of equilibrium, which typically implies a certain amount of
myopic behaviour. In general, the equilibria which they consider correspond to subgame
perfect equilibria only under very specific parametrizations of the maodel. In this paper,
we establish that, under very general conditions, the set of Markov perfect equilibrium?
programs for this class of altruistic growth economies are atways efficient and modified
Pareto optimal, but never Pareto optimal in the traditional sense. These results do not
depend upon parametric forms.

The current paper is organized as follows. Section 2 displays the model, basic
assumptions and definitions of equilibria, and reviews some important results which
appear in Bernheim and Ray (1983) and Leininger (1983). Positive aspects of equilibrium
programs are coasidered in Section 3; narmative aspects are discussed in Section 4. All
proofs are deferred to Section 5.

2. THE MODEL

The model is closely related to those of Arrow (1973), Dasgupta (1974a, h), Kohlberg
(1976), Lane and Mitra (1981), and Leininger (1983), and is a special case of the stationary
altruistic growth economy described in Bernheim and Ray (1983). There is one commaodity,
which may be consumed or invested. The transformation of capital stock into output
takes one period, and is represented by a production function f In the following sections,
certain results require only one weak assumption about f:

Assumption 1. f:R,.- R, is increasing, continuous and f{0)=0.

Tao establish other results, we strengthen this assumption by adding combinations of
the following additional restrictions:

Assumption 2. [ is continuvously differentiable, and lim,_, f/"(k}> 1.
Assumption 3.1. f is concave.
Assumption 3.2. f is strictly concave.

In each time period, decisions concerning production and consumption are made
by a fresh generation. Thus, generation ¢ is endowed with some initial output (y,}, which
it divides between consumption {¢,) and investment (k, = y, — ¢,). Each generation derives
utility from its own consumption, and the consumption of the generation immediately
succeeding it. Preferences are represented by a common utility function, w. We assume
that w satisfies certain relatively weak conditions:?

Assumption 4, w:R,->R is increasing and continuous. Moreover, given
{c;, ¢f, ¢ ) =0 with ¢} > ¢}, if, for some (g, ) »0, w(c}, ¢, ) =w(c)+ g, ¢y —n}, then
w{cl, C} < wici +e, ¢ — ).
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In most of the relevant literature, a stronger version of Assumption 4 is employed.
At some points, we adopt this mare restrictive formulation, in part for technical reasons,
and in part to facilitate a camparison of equilibrium and planning programs. Specifically,

Assumption 5. There exists an increasing, continuously differentiable, strictly con-
cave function v: R, > R with v{¢)—=> o as ¢—> <0 and a discount factor >0 such that
w(e, eay) = v(e)+ 8u(c ) for (¢, ¢i)€ R%.

For certain results (particularly those concerning comparisons between equilibrium
and planning programs) it will be convenient to assume that agents discount the future
at same positive rate. In these cases, we will impose one of the following restrictions on
4.

Assumption 5.1. 8&(0,1].
Assumption 5.2. §<{0,1).

Finally, to prove certain results, we employ the following assumption concerning
the relationship between production and utility.

Assumption 6. lim, . f(k)<§".

Remark, A sufficient condition for Assumption 6 under either Assumption 5.1 or
Assumption 5.2 is that the production function eventually cross (and stay belaw) the 45°
line. This assumption rules out the case, lim, ., f'(k) > 57", but for most of the results
presented here, our techniques are readily applicable to that situation.* See Kohlberg
{1976} for a partial analysis of the “utility-productive™ case when f is linear.’

We take the histarically given initial output at time zero, y, to lie in some compact
interval [0, Y], Y > 0. A program {y,, ¢, k)¢ is feasible from ye[0, Y] if

Yo= ¥

ye=¢tk, t=0
Ver1 = (K}, t=0
(., ¢, k}Z0, (=0

Denote by {¢,}g the corresponding feasible consumption program. The pure accumula-
tion program is a sequence {J,, &, k,)g with & =0forall ¢ =0, j, =k, forall t = 0, j,,. = f(k,)
for all t=0, and j,=y.

Define S, as the set of savings functions 5:[0, 71— [0, ], with s{y)=y for all
vel0, 7] Define Wiy, k; 5,4,) =w(y —k, f(k) = s, {f(k)}} forall s, € S, and (y, k) =
Owith k=y=7,

We will impose the behavioural assumption that all generations select subgame
perfect Nash strategies (see Selten (1975)). Formally,

Definition. The sequence {(s¥)5, s¥€ 8, t 20, is a bequest equilibrium (or simply,
equilibrium) if for alt t=0 and y [0, 7,],
s¥(p)carg max W(y, k; s )

a=k=y
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A bequest equilibrium is stationary if the equilibrium savings functions {s¥); satisfy
s*¥(y)y=s¥.,(p) for all ye{0, 3], t=0.

The reader should be aware that although we have restricted atteation to the class
of strategies for which consumption depends only upon initial endowment (Markov
perfect equilibria}, our bequest equilibria continue to be perfect equilibria when all
restrictions on strategic choice are removed. See Bernheim and Ray (1983) for a mare
complete discussion.

Under Assumptions 1 and 4, existence of a stationary equilibrium is guaranteed
within the class of monotonic (non-decreasing) lower semicantinuous savings functions;
furthermore, equilibrium policy functions are always monotonic, regardless of whether
they are associated with stationary or nonstationary equilibria (see Bernheim and Ray
(1983) and Leininger (1983}). Since we use this monotonicity property extensively
throughout the current paper, we restate the relevant theorem here, without proof.

Theorem 2.1. Suppose that for some savings function s, € 8,..,, and optimal savings
function for generation f, s, € 8,, given by

Sr(y)earg maxﬂ&kf—.‘y W(}’, k, S.‘+L]a ye[o‘) .}7-']

is well defined. Then under Assumptions 1 and 4, s, is monotonic.

Remark.  This theorem establishes that 's best response to any policy function for
’s successor is monotonic, regardless of whether t's successor employs a monotonic
function. Monotonicity of equilibriem policy functions follows as an immediate corollary.
Finally, define, for each 5, 5,, ¥,=Zy=0 and £>0,

S:(J’z) - S;(}’l]
2 1

A(s,,y,s}Einf{ (yl,yz)z()andy—ggy‘<y2§y+£}.
Clearly, if 5, is an equilibrium savings function, A(s,, y, e}YZ 0 for all y [0, #,] and > Q.
For ane result, we will wish ta rule out the case af equality.

Definition. Suppose, forsome s, € 8, and y € [0, ,], thereis £ such that A(s, y, £) > Q.
Then we say that s, is strictly monetonic at y.

Surprisingly, it is difficult to guarantee that equilibrivm policy functions are strictly
monotonic at all p. Specifically, Leininger {(1983) has established that if any equilibrium
savings schedule is discontinuous, then all previous savings schedules have intervals aver
which they are not strictly monotonic. This observation is important, since no one has
yvet been able to establish existence within the class of continuous savings schedules.
Fartunately, strict monotonicity plays a small rale in the fallowing sections.

3. POSITIVE BEHAVIOUR

In intertemporal optimal planning models, an impaortant characteristic of optimum capital
stocks and consumption levels is that these converge, over time, to some stationary
input-output-consumption configuration. In this section, we establish some analogous
results for the timiting behaviour of capital stocks under a bequest equilibrium.

In stationary madels, stationary equilibria always exist {Bernheim and Ray (1983),
Leininger (1983)). Of course, this does not preclude the existence of non-stationary
equilibria in such models. Of particular interest for asymptotic stock behaviour are
periodic non-stationary equilibria.
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Definition. An equilibrium {s¥)g’ is periodic if there exists an integer T and T
functions (&§,,...., §r) such that s*, ,=§,n=0,1,2,...; t=1,..., T. The integer T is
the period of the equilibrium.

When equilibria are non-stationary, the intertemporal behaviour of stocks is governed
by a nan-stationary process, even though the underlying model is stationary. In these
situations, while limiting stocks may not exhibit convergence, a bound on their oscillatory
behaviour may be abtained. '

Theorem 3.1. Suppose that {s¥}q is a periodic equilibrium (with period T). Then under
Assumptians 1 and 4 the sequence of equilibrium stocks has at most T limit points in R« {+c},

Theorem 3.1 immediately yields a steady state result for stationary equilibria.®

Corollary 3.1 (Steady State Theorem for Stationary Bequest Equilibria}. Suppose
that (Y5 is a stationary equilibrium with equilibrium stocks (kF)g. Then under Assumptions
1 and 4 capital stacks are monotonic in time, and lim, . k¥ = k* exists in R U {+00}.

Remark. The steady state theorem has been obtained withour assuming separability
or concavity of the utility functions, or convexity of the technology. In these respects,
compare the results to that obtained by Mitra and Ray (1984) for planning models.

We now turn to a comparisan of limiting capital stocks for bequest equilibrium with
turnpike levels obtained in aggregative planning madels. An omniscient planner who
takes into account the infinite stream of utilities of all generations is clearly acting more
farsighted than a single generation which only cares about the consumption of its successor.
On that score, one would expect a larger stock to be generated in the long-run, under
planning. However, while each generation cares only about its successar, it recognizes
that its successor will do the same, and, in anticipating bequests to be made by the
successor, may compensate by bequeathing a larger amount. This tends to increase the
limiting stock under a bequest equilibrium. The question of which steady state is larger,
is, therefare, non-trivial.

To facilitate comparison, assume that Assumption 5 haolds. In the corresponding planned
economy version of the model, a “‘planner” seeks a feasible consumption program {&}g
such that for all feasible consumption programs {c,)g,

liminfr.. ¥, 8'T0(&) - v{c}]Z0, (3.1)

or, if all feasible utility sums converge, the planner maximizes, subject to feasibility
constraints,

Yoo 8'vlel). (3.2)

Call such a maximizing program an optimal program.

That this maximization process adequately represents the corresponding planned
ecanomy may be rationalized in two ways. First, we may simply envisage a formal
comparison between two economies, identical in technology and one-period utilities; the
one governed by twa-period bequest motives, the other by an omniscient planner whose
social welfare function is expressible as (3.2), or the form implicit in (3.1). Secondly, we
can imagine all consumption choices in the altruistic growth economy being left to the
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planner who has the same discount factor § as each generation. In this case, the planner
replaces the maximization of (3.2) by’

max{c,)c: feasible IJ(CO) + Z?io [U(Cr) + aﬂ(cr-ﬁl)]a‘ (3-3)

{(the inclusion of oie,} separately signifies that the planner also cares far the utility of
generation —1). But this is simply a scalar multiple of (3.2).

We now state, without proaof, a well-known turnpike theorem for the planning problem
((3.1) or (3.2)).5

Theorem 3.2 (Turnpike Theorem Under Optimal Planning). Under Assumptions
1,2,3.2, 5,51, and 6, an optimal program with stocks (k Yo exists. The sequence ofsmcks
(1’{,}(J converges, as >0, 10 a limit stock k e [0, ca). Ifﬁ = (), it solves the equation af’(k) =1.
If& llmkwf,(k) =1, rhen k>0

Theorem 3.3 establishes a general result on the relative asymptotic behaviour of
(k¥y0 and (k)5 For stationary bequest equilibria, the comparison between k and k* is
then obtained as an immediate corollary.

Theorem 3.3.  Under Assumptions 1, 2, 3.2, 5, 5.1, and 6, suppose that {555 is a
bequest equilibrium with stocks (kFyg". Then lim sup,,. kF =k, the planning turnpike.

Corollary 3.2. Under Assumprions 1, 2, 3.2, 5, 5.1, and 6, a stationary bequest
equilibrium with limiting capital stock k* has the property K* = k.

Theorem 3.3 establishes that, in the limit, a planned economy must accumulate at
least as much capital as an altruistic growth economy (whether it accumulates strictly
mare remains an open question). If we assume strict discounting, then we abtain a much
stronger result: bequest equilibrium capital stocks do not exceed aptimal planning stocks
in any period, given the same initiat output.’

Theorem 3.4. Under Assumptions 1, 2, 3.2, 5, 5.2 and 6, let {y}, k¥, c¥)3 be a
program originating from Yo€ (0, Y], generated by the bequest equilibrium (s*)o Then, for
all t=0, k¥= k,, where (k,}o is the sequence of optimal planning stocks.

4. NORMATIVE BEHAVIOUR

Following the existing literature, we consider three normative notions: efficiency, Pareto
aptimality, and modified Pareto optimality. Formal definitions follow:

Definition. A feasible program (., k., ¢.ve from y,e (0, Y] is efficient if there does
not exist a feasible program {y, k|, el)g with ¢/ = ¢, for all t =0, and ¢! > ¢, for some 5= 0.

Definition. A feasible program {y,, k,, ¢,)¢ from y,< (0, Y] is Pareto-optimal if there
daes not exist a feasible program (y!, ki, eiyy with w(el, ¢}, )= wie,, ¢.4,) for all =0,
and wlc’, ¢\ )= wie, ¢,,,} for some s=0.

Definition. A feasible program {y,, k,, ¢,}q from y, € (0, Y] is modified- Pareto-optimal
if there does not exist a feasible program {y}, k|, ¢ig with w{c}, ci.\) = w(e,, ¢+,) for all
t=0, w(ch, ebe) )= wile,, ¢4} for some s 20, and ¢;= ¢,.
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The definitions of efficiency and Pareto optimality are standard. The notion af
modified Pareto optimality is due to Lane and Mitra (1981). The restriction that e, = ¢}
for any comparison program {y;, k{, ¢}y reflects the recognition that time 0 is not the
beginning of all mankind, and therefore, in considering Pareto dominance, the utility of
generation —1 (which depends on ¢;) must not be tampered with, or at least must not be
reduced.

Given Theorem 3.3, it is possible to establish the efficiency of equilibrium programs
by applying known results.

Theorem 4.1. Under Assumptions 1,2, 3.2, 5, 5.2, and 6, if {y,, ¢, k.}q is a feasible
program from y, generated by some bequest equilibrium (s7)g, then it is efficient.

Since the utility of each generation depends on its own consumption as well as that
of its successor, efficiency in consumption does not gearantee Pareto optimality. In fact,
as long as the marginal propensity to consume of generation 1 is less than unity, a transfer
of consumption from generation 0 to generation 1 always yields a Pareto dominating
allacation. In this way, we establish

Theorem 4.2. Under Assumptions 1,2, and 5, assume {y,, k,, )7 is a feasible pragram
from y, generated by a bequest equilibrium {(sF)g. Then if st is strictly monotonic as y,,
and if ko> 0, ¢g> 0, {y,, k, ¢}g is not Pareto optimal.

As mentioned earlier, s¥ may not be strictly monotonic over certain intervals;

therefore, we cannot generally guarantee that the equilibrium program is Pareto sub-
optimal for all initial conditions. However, it is important to note that, while strict
monotonicity at y, is a sufficient condition for suboptimality, it is not a necessary condition.
Indeed, with substantial work, one can abtain a stronger result: if s¥ is strictly monotonic
at y, far any odd t, then, under the other conditions stated above, the equilibrium is not
Pareto aptimal. We believe (but have not proven) that this weaker condition is necessary
as well as sufficient for domination to be possible.

Of course, a scheme for dominating the equilibrium program by lowering ¢, leaves
generation —1 strictly warse off. If we rule out alternatives which are damaging to this
pre-historic generation, it becomes impossible to dominate efficient equilibrium programs.
The efficiency of these programs alone is sufficient to guarantee modified Pareto optimality.
This is stated in

Theorem 4.3. Let {3, k, ¢}q be a feasible program fram y, associated with some
bequest equilibrium {s¥)y. Under Assumptions 1, 2, 3.1, and 5, {p, k,, cys is modified
Pareto optimal if and only if it is efficient.

Coupling Theorems 4.1 and 4.3, we obtain as an immediate corollary:

Corollary 4.1.  Let {y,, k,, ¢,}5 be a feasible program y, associated with some bequest
equilibrium (s¥yg". Under Assumptions 1,2,3.2,5,5.2, and 6,{(y,, k,, &7 is modified Pareto
optimal.

5. PROOFS

Lemma 5.1.  Suppase that {sF)5 is an equilibrium, and let vy, vy} be two initial outpus levels.
Let (k)3 (kDS be the corresponding sequence of capital stocks. Then, if yo = yh (or ky= ki),
k. =k} forall t > 0.
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Proof. Since yo=yh, ko=sF(yo) =s8(yo} = ki, by Theorem 2.1. Now proceed by
induction. Let kr = ki for some T = 0. Then, since fr is increasing, yr., = flky) =f(k7) =
¥'r41. Using Theorem 2.1 again, k,_, = 5% (yre1) = s%.) =k, This establishes the
lemma. |

Remark. Lemma 5.1 establishes an analogue of the Brock “monotonicity’ result
(Brock (1971}} when initial stocks are changed.

Proof of Theorem 3.1. We establish that the T subsequences {k}i,r)nwq, [=
0,..., T—1 are each monotone in n. Suppose that k%= k¥. Given a period of T, we can
invoke Lemma 5.1 to claim that k¥ = k¥ for all 1=0. (A similar argument applies if
k% = k¥.} This immediately yields monotonicity of the relevant subsequences, and proves
the theorem. ||

Remark. We have established a stronger result: that the T subsequences (k¥ 1) n—q,
t=0,...,T—1, are either «ll monotone non-increasing in », or afl monotane non-
decreasing in n.

In proving Thearem 3.3, we consider two cases. In the first case, lim, sup kF=k* <o,
We will take the pure accumuiotion program {7,)g in this case to be unbounded (the
analysis of lim, 7, <o is similar and easier to handle, and is omitted). In case 1, (kg
is a baunded sequence. Choose £ > 0, and define = f(lim, sup y¥)+ <.

Define M as the set of all monotonic (non-decreasing) functions s:[0, 71— [0, #].
As is well-known, s€ M has at most a countable number of discantinuities. We endow
M with the topology of weak canvergence.

Let T be an integer such that 7, = for all t= 7T. For ¢t = T, define §,:[0, ][0, ¥]
by §(y)=s¥(p), yel0, 7]

Below, Lemmas 5.2-5.6 hold under the assumptions of Theorem 3.3, We assume
throughout that k* >0, otherwise there is nothing to prove. First, we establish

Lemma 5.2. When k* <o, there exists a subsequence {t,}3-o with t,=Z T, such that

(i) k¥~ k* as g0
(i) kf_ | »k=k* asg>0
(iii) k¥¢ >k as q>o00, with k=k*
(iv) (£, 1)~ 5™ e M, for some lower semicontinuous s*.

Proof. By definition of k*, there is a subsequence {t,.}m-o such that k¥ > k™ as
m o, Since we are in Case 1, k¥ _, and k¥ ., are bounded sequences. Hence there is
a subsequence {t,)5—q Of {ty)m~o such that k¥ > k*, k¥_ ~k k¥, -k as n- o0, with
k=k*z=k

The sequence {§, . }n-o is in M for all ¢, = T (Theorem 2.1). By Helly’s selection
theorem, M endowed with the weak tapology is sequentially compact (see Billingsley
(1968), p. 227). Thus, we may take a subsequence {¢,)5, with £ = T, such that §, ,, > s* €
M. Since the weak topology ignores points of discontinuity, we may take s* to be
continuous from the left. Since s* is manotonic, it must therefore be lower semicontinuous.
Now the subsequence ¢, has all the desired properties. |

Next, define = f{k). Qur immediate objective is to demonstrate that if an agent is
endowed with y and if his successor’s policy is s*, then k* maximizes his well-being
(Lemma 5.4). This requires a preliminary result.
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Lemma 5.3. Consider sequences {s"¥y_, in M and {x"},—, in [0, §]. Suppose s" > s
where s is lower semicontinuous and x" —» x. Then

{) Hm,..s"(x")= s{x).
Furthermore, if s is continuous at x, then

(i) lim, .. s™(x") = s(x).

Proof. Suppose that (i) is false. Then far some 2> 0 there exists N such that for
all n> N,

s"{x") < s(x)—2¢
and
|x" — x| < 8,
where 8 >0 is chosen such that
s(x—8) > s{x)— ¢,

and such that s is continuous at x — & {this is possible since s is continuous from the left,
and has only a countable number of discontinuities). Since s" is monotanic,

s"(x—8)=s"(x").
Combining these statements, we see that
sH{x—-8)<s(x—8)—«

for all n > N. But this contradicts the fact that s" must converge to s at x—§, a point of
continuity.

We establish (ii) through a completely analogous argument, using the fact that s is
continuous from the right. ||

Lemma 54. k* maxintizes V(§, k)= o{y — k) + 8u{f(k) —s*( f{k)).

Proof. Note that there exists 7"= T such that for all £, = 7", yf; = £ '({). Therefore
it is meaningful to write that for all £, = 7", k¥ maximizes

v(yy, — k) + 8o(f(k) = 5, (f(K)))
over k in [0, y¥). As g >0, §_—>s*, and (¥, k¥)~ (5, k*). Thus, by Lemma 5.3(i),
tmg.o [o(yd— k) + 8u(f(kE) = 8,0 (f(I)N] = o(y — k) + 8o f(k*) — s*(f(K*))).
Now suppose that the lemma is false. Then there exists k' and & > ( such that
V{y, k') > V(§, k*)+3e

If s* is continuous at f{k"), define k"= &'. If s* is discontinuous at f{k'), we can choase
k"< k' such that

V(g k)= V(g k) <e
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(since s* is continuous from the left), and such that s* is continuous at f(k") {since s*
has at most a countable number of discontinuities). In either case, we have

V(g k") > V{j, k*) +2e,

and s* continuous at f{k").
Now define k:: = min (y,*:, k). Clearly, f(ki)~f(k"). By Lemma 5.3(ii),
$1(f(k7))) > s*(f(k")). Thus, for g sufficiently large, we have

vy — ki) + 8o(f(k}) = 5, L f(KL))) > 0(F — k) + 8u(f{K") — s*(f(Kk")) — &
> 0(§ — k*) + s fk*) = s*(f(k*)) + =
= o(yi, — ki) + 8u(f(k%) — &, (fKI)),

which is a contradiction. ||
Lemma 5.5. If lim, sup k*=k* <o, then k*= k.

Proof. Consider any sequence k" Tk*, k" < k*. Now
V5, k") = V(§, &*) =[o(F — k") —o(§ —k*) ]+ 8[o( (k") - s*{f(K"))
— o(f(k*) = s*(f(k")))]. (5.1)
By the mean value theorem, there is a " e[ —k*, §— k"] and
B" € [min {f(k") —s*(f(k™), f(K*) = s*(f(K* )},
max {f(k") = s*(f(k")), f(k*) = s*(f(K*))}]
such that for all »,
V(3 k") = V(F, k¥) = o' (a”)(k* - k") + 80" (B")[ fK") = s*( (k"))

— Sk + s*(f(k))]. (5.2)
Define
A < SLLRR =) 57U =" (U] 53)
K —k
Then
V(5 k") = V(5. k) =[v'(a”) - A" (B")I(k* - k7). (5.4)

Since v(-) is continuously differentiable, a" » 7 —k* as n->ca. Also, since s* is
continuous from the left and f{k") < f(k*) far all r, 8, » f(k*)— s*(f(k*)) as n >0,

Actual consumption along the sequence t,+1, c,‘;+1—)f(k*)—£c as g—»20 (Lemma
5.2). Using lower semicantinuity of s*, and Lemma 5.3(i),

SOE) = s* (FUN = f(K*) — k= (k) = k* = § - k*. (5.5)
As a result, :
hm, e 0'(2 ) 2 Him, e 0'(B"). (5.6)

By Lemma 5.4, V(§ k")— V(3 k*) =0 for all n. Therefore, lim, ., inf A" =1, and
sa, by (5.3),

lim, ... inf 21/ (t?_—é (k") 3£S*(f(k:l)_—;n*( U]

=1, (5.7)
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Using the fact that s* is monotonic

p L) — [N,

k" (5.8)

lim,, ., inf

and so, since f is differentiable,
Sf(k*)=1. (5.9)
Combining this with k* >0, Assumption 3.2, and Theorem 3.2, k*= £ |

In the second case, we have the possibility that lim, sup k¥ = k* =<0, This is ruled
out in

Lemma 5.6. It is impossible for lim, sup k¥ = k* 10 equal +co.

Proof. Suppose on the contrary, that k* =o. Then we claim that there exists T
such that k%> k and c%,,> ¢} Suppose not. Then for all T with k%> k {such T exist
since £=0 or Sf(k)—l and Assumption 6 holds), %, =¢¥. For all ¢ with k*Sk
c,H_f(k) It falttows, therefore, that for all t =0, ¢f = B <, Consider a sequence {T,}
with k% — cc. Observe that for each n, ¢¥}, ., maximizes, over ¢ in [0, f(k¥)],

Z{f(k%,), €)= v(e)+ 8o ff(kF,) —c) —sF,_(f(FKkF,)— )] (5.10)
But Z(f(k¥.), ¢¥ 1) = o{B)(1+8), since ¢f = B for all ¢
Since k¥ » 00, so does f{k%. ). By Assumption 5, there exists n such that
u( f{k% )+ 5u(0) > v(B)(1+8§). (5.11)
Foar such n, using (5.10) and (5.11),
Z(f(k},), f(kE)) > Z(f(KY,), %, 41),
a contradiction. So our ctaim is true, and there exists T with
k¥>k and c¥. > (5.12)
Further, k% maximizes
V(y%, k)= o(yt—k) + du{f(k) — s5.,(f(k)))

and clearly, f(k}) = st (f(k*)) = %
Now we simply retrace the steps in the proof of Lemma 5.5, substituting s%., for
, y¥ for 7, and k* for k¥. The only difference is that the 1nequahtyf(k - sfﬂ(f(k"‘]]
y¥—k* (analogous to (5.5)) is now verified simply by noting that ¢¥,, > ¢¥ (by choice
of T). Fallowing these steps yields, finally,

k) =1 (5.13)
which, together with Assumption 3.2 and Theorem 3.2, contradicts our construction
k5> k|

Proof of Theorem 3.3. Combine Lemmas 5.5 and 5.6. |

Theorem 3.4 is pro{red below, following Lemma 5.7.

Proof of Theorem 4.1. By Theorem 33, lim_,supk = E where k is the planning
turnpike. If k>0, it solves Sf’(k)-—l by Theorem 3.2. In this case, lim,., . inf f(k,)=
F(k)=1/8>1, by Assumption 5.2. Ifk 0, Him, ,» k, =0, and so again, tim,_, . inf f'(k,) =
f{0) > 1, by Assumption 2. Define a sequence {p,) by po = 1/F(f'(¥)), and p, = p./f(k.),
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t=0. Then it is easily verified that lim,,. pk, =0, so by a well-known criterion for
efficiency (see, for example, Mitra (1979, Corollary 1)), {w, ¢, k}q is efficient. ||

Lemma 5.7. Under Assumptions 1, 2, and 5, suppose that {s¥)y is a bequest equili-
brium. Let {y,, ¢, k3 be an equilibrium path generated by (s5yg from y€ (0, Y. Then, if
k>0,

v'(e) = 8f (k) v'(€n1), (5.11)
If, in addition, for any 1= 1, s¥ is strictly monotonic at y,, then, for such t, if k,_, >0,
5(¢,.1) < 8f () 0'(c,). (5.12)

Proof. First observe that k, >0 implies ¢, > 0. If not, this easily contradicts the
fact that k, is an equilibrium action for generation 1.

Now suppose, cantrary to {5.11), that there is same t Z 0, with v'(¢,) > 8f (k) v'{¢,¢1).
Then for # >0 sufficiently small {using the definition af derivatives),

vle,+n)—v(e) > dvc ) — (e, — flk) + flki—m)). (5.13)

Suppose generation ¢ consumes ¢, + n instead of ¢, Then, by (5.13)

U(Cr] + au(cr-i—l) < U(C, + T)l) + aﬂ(cx+l _f(k:) +f(k.' - 7}'))
Zv{e+n) +8u(flk—n) = sk (flk —n)))
which contradicts the optimality of t's decision (the weak inequality above follows from
the fact that s¥* ,(-) is monatonic). This establishes {5.11).

Now suppose, contrary to (5.12), that s¥ is strictly monotonic at y, but v'(¢,_ )=
8f'(k,_)v’(c,). Then, defining A,=1—A{s¥, y,, &) with & chosen so that A, <1, for
sufficiently small n we have '

v{c,_ i+ ) —vle_) > dv{e)— dvle,— AL f(k—) —f(kio = )] (5.14)

Now suppose that generation ¢t — 1 consumes ¢,_, + n instead of ¢,.,. Then, by (5.14),

v(¢—y) + 8v(e) < vle +n)+dv(e, —ALf (k) —flke —n)])
So(c )+ 8u(flk —n)—sT(flk- — 7))

which contradicts the optimality of £ —1's choice (the weak mequallty follows from the
definition of A,). This establishes (5.12). ||

Lemma 5.8. Under Assumptions 1, 2, and 5, let (§,, k., £)¥ be the optimal planning
program from yc (0, Y. Then if >0 for any £ =0,

0'(é) = 8f (k) 0" (80 ). (5.15)

Proof. Suppose, on the contrary, that u’(c‘s]{af'(lej]v’(é}ﬂ], and &, >0, for some
s ={, Then, by an argument similar ta that in Lemma 5.7, there is 5 € (0, &), such that

0(&,) = 0(& = 1) < 80(éer + fUks + 1) = f(kr)) = 80(Ers1).- (5.16)

Now deﬁne {yi, ¢}, kg from y e (0, Y] by yi=f,t#s+1, yﬁl—f(k +n) k.= k,,

t# s, k= k +mn, and ¢!=¢, t#s s+, ci=8 —n, ¢y =+ f(k +1) f(k) Clearly,

this is feasible. Moreover, u(c,)—u(c,), t#s, s+1, and w{c])+8uv(ci,,)=

ﬂ(Ex—1;)+Sv(és+1+f(ﬁs+n)—f(ﬁs))} v(é)+8u{é. ). So (¥, 12,, &yq is not optimal, a
contradiction. ||

Proof of Theorem 3.4. Suppose on the contrary, that k¥ = Iz,. for some first time
period r=0. Then y* =i, where (Jj,)o represents optimal output levels under planning.
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Clearly, (s5)7 s a bequest equilibrium, and {y¥, k¥, ¢¥)7 is a program generated by this
equilibrium, from y¥. Let {y}, k}, ¢}}7 be the program generated by {s¥)7", from j,. Then,
by Lemma 5.1, kK, = k¥, t= . So k' > k,. Hence ¢, <é,.

Now proceed by induction. Suppose that for some t= 1, ¢;<é, and k <k, Then,
using the strict concavity of » {and/or f), Lemma 5.6 (noting that k{>0), and Lemma
5.8 {(noting that & > @),

8f (ko' (¢t ) Zv'{(c) > v'(&)
2 6f (k) v'(6,010) > 8f (k)0 (E0) (5.17)

Using (5.17), it follows that v'(cjs) > 0'(&vy), $0 c,H< c,ﬂ Since k> k, (by
hypothesis) and f is increasing, kj., = f(k}} = ¢\e(> f(k,) = ée1 = K1y - Hence ¢, < ¢, for
all £ = 7. This establishes the inefficiency of (¥, ki, ¢})T from j,, which contradicts Theorem

4.1.
Hence k* =k, for all =0, |

Proof of Theorem 4.2. Since st is strictly monotanic at y,, and k;>> 0, by Lemma
5.7, we know that for sufficiently small #,

v(eg) —v(eq— ) < 8v(ey + flkot 1) — flko)) — 80(e,).
Rearranging,
v o)+ 8(¢y) < vleq—n)+ Sv(er+f{ke+ n) = flko}).

Thus, if 0 increases his investment by n and 1 consumes all the incremental proceeds, 0
is strictly better off (trivially, so is 1), and no one else is affected adversely. ||

For the remaining results, we will use the following conventions and notation.
(¥, Koy €3G denotes a feasible program from y, generated by a bequest equilibrium {s7)g .
The sequence {#,, k,, £yg denotes a hypothetical feasible program which Pareta dominates
it. Define the set T=(1,, t,,...) as foltows: t& T iff § < ¢,. T must be non-empty under
Assumptions 1, 2, 3.2, 5, 5.2, and 6, by Theorem 4.1. Define

P(c', ) ={(a, b)|v{a)+ 8o(b) = v(c") + dv(c*)}
F(y, k)={(c", A)fly—e) -z k}.
Lemma 5.9. Under Assumptions 1, 2, 3.1, and 5 if (ei_|,¢}ePley,c)n
Fly._,, k), then ¢i_=c,_, and ¢/ Z ¢,
Proaf. By definition of the set P(c¢,—, &),
[o(el_y) —ole- )]+ 8[6(e)) —v(e) } 20
By strict concavity of o),
(cimi— )t (e) T 8{c;—e)v'{¢) > 0.
Rearranging,

v'{c,~1)

dv'{c,)

e ¢ —(¢i1—¢) {(5.18)

By definition of the set F(y,_,, k,),
f(yr 1 C, l)_cr k f(}’: 1 Cr—l)_cr:
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or
[f ks (e —cio) = flh )]+ e —cl] 2 0.
By the concavity of f(-),
(et = b )f o) + (e =€) 2 0.
Rearranging,
e Ze (e —e-)f (k). (5.19)
Now, suppose, contrary to the lemma, that ¢,_, > ¢,_,. Then, using Lemma 5.7 and

equation 5.19,

v'(¢,_,)
a=c,— (e — ¢ )——
] f ( —1 4 l) 80’(6,)

But this contradicts (5.18), so ¢j_,=¢,_,. Since (¢!_,, ¢}) e P{c,_,, ¢,), we must then have
¢;Z ¢, as desired. |

Lemma 5.10. Under Assumptions 1,2, 3.1 and 5, if 0¢ T, then for all te T,

(i) &> ey
(i) Jo1 =y
(iii) k <k,.

Proof. If (i) fails, £ — 1 is worse off under the dominating program—a contradiction.
For (ii) and (iii), we argue as follows. First, it is obvious that §, _, =y,_. Now suppose
that k, =k, . Then F(j, _,, ﬁ,.) < F(y,_,, k,). We know that
(b1, &) € P15 6) O F (G, k)
= P(C-‘l—ls C,l)i""n F(yq—l, k!.)

Apply Lemma 5.9 to conclude that ¢, _, = ¢, _,, which contradicts (i).

Now suppose that (ii) and (iii) are wvalid for ¢,. IQ,H <k,, and for te
(t+1,..., 84+ —2),&Z¢. Thus, §, - <y, 1. Applying the same argument as abave,
we see that E[M <k,

n+l ||

Lemma5.11.  Under Assumption 3.2, if y' = y* and k' > k2, and if there exists (&', &) e
F(y*, I2) = F(y', k'), then for all (c', *) e F(p* k") with ¢' <&, there exists {c', %) e
F(y?, 1) with ¢* > %

Proof. We know that f(y’—&')—k>> f(y'— &) — k', and by concavity of f (along
with ¢! < &"),
[P =) =f(y*~ ") <f(' =) = fp' — ")
Combining these,
E=f(y’—c)-E>f(y' - —k'z e
But (¢', *)e F(y*, k%) by construction. ||

Proof of Theorem 43. 1Tt is completely straightforward to show that efficiency is a
necessary condition for Pareto optimality. Suppose now that the equilibrium program is
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not modified Pareto aptimal—i.e. there is a dominating program {Jj,, E,, éyg with 0g T
Choase any ¢t T. Since {(&_,,é)e P(e,_,, ¢,), and since &_, > ¢,_, {Lemma 5.10(i)), then
by Lemma 5.9, (&_,, )¢ F(y,_,, k). Further, by Lemma 5.10(ii} and (iii), §,_, = y,..,
and & < k,. But then, by Lemma 5.11, there exists some (c!_,, ¢!) € F{$,_,, k) such that
{ci1, e > (e,_,, ¢). Consider a new consumption program, {&)g, where & =¢, if t or
t+1eT, and & = & otherwise. Since {é,y5 was feasible, by canstruction (&} is feasibte.
But since {é,)y strictly dominates {¢,)g, {¢)q is not efficient. ||
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NOTES

1. This mode] is adapted from Kohlberg (1976), and is closely related to those used by Arrow {1973},
Dasgupta (19744, b), Lane and Mitra {1981}, Leininger (1983}, and Bernheim and Ray (1983).

2. A Markov perfect equilibrium is a subgame perfect equilibrium in which strategies are defined only
as functions of current state variables.

3. The secand part of Assumption 4 is simply an assumption of rormality of the second argument of
w(e,, ¢4 ). If a consumer with this utility function chose ¢, and ¢, at fixed prices, ¢,,, would be a normal good.

4. The borderline case lim,,,, f(k)=34"" presents more subtle technical problems which we have not
explored.

5. The term originally appears in Arrow (1973).

6. Corollary 3.1 does not preclude the passibility that lim, .. &% =ag, which is not, strictly speaking, a
steady-state property. However, k* <o in a large class of situations (at least, in all situations where the
carrespanding optimal growth “turnpike” is finite—see belaw).

7. One can, of course, use a similar argument when feasible utility streams diverge.

8. The proof is omitted. For a more general version of this result in an aggregative context, see Mitra
and Ray (1984).

9. Since this result implies Theorem 3.3, and is obtained under only slightly more restrictive conditions,
Theorem 3.3 may appear redundant. However, Theorem 3.3 is used in the proof of Theorem 4.1, which in turn
yields Theorem 3.4. Consequently, it is necessary to state these results separately.
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