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Macroeconomic Policy, Exchange-Rate
Dynamics, and Optimal Asset Accumulation

Maurice Obstfeld

Calumbia University

The paper develops a madel of exchange-rate and current-account
determination for a small economy peopled by inhnitely lived,
utilicy-maxinuzing households. In this setting, a central-bank pur-
chase of toreign exchange has no real effects when central-hank
foreign reserves earn interest at the world rate and the proceeds are
returned to the public. In contrast, an ncrease in the monetary
growth rate does have real effects, even in the long run. The model
developed here implies that an increase in government spending
may leac 1o a surplus on current account. The external adjustment
process predicted by the maodel is one in which consumption, real
balances, and external assets all rise or fall simultaneously.

Introduction

This paper studies exchange-rate determination and the exrernal
adjustment process in a small economy peapled by infinitely lived,
utility-maximizing households. The setting is similar to one proposed
by Kouri (1976}, in that agents are assumed to consume a singie gaod,
to hold domestic money, and to have access to a world market in
consumption loans. But the approach departs from those prevalentin
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recent balance-of-payments models by basing saving behavior and
money demand on explicit, intertemporal utilicy maximization.*

‘The analytical framework is adapted from the seminal work of
Sidrauski (1967) and employs the perfect-foresight equilibrium con-
cept explored by Brock (1974), Calva (19794}, and Fischer (1979). In
contrast 1o these contributions, however, the maodel developed below
allows agents’ subjective rate of time preference to be endogenously
determined in a manner suggested by Uzawa (1968) rather than
fixed.? This modification permits the small economy we study to actain
a stationary long-run equilibrium under conditions of perfect capital
mobility.?

The plan of the paper, and its main results, are as follows. Section |
describes the structure of the economy and the typical household’s
maximization problem. Particular attention is paid to the budget
canstraints of the central bank and government. Section I1 closes the
model by imposing continuous money-market equilibrium and en-
dowing agents with perfect foresight concerning the future paths of
the price level and government transfer payments. The resulting
dynamic system possesses a unique stationary position and a single
convergent path, along which consumption, real maoney balances, and
the stock of fareign claims ail rise or fall simultaneously. This conver-
gent saddlepath is an equilibrium path and is the focus of the analysis
that follows.

Section Il analyzes the effects of some unanticipated mac-
roeconomic policy actions. A central-bank purchase of foreign ex-
change is found to have no real effects when official foreign reserves
earn interest that is distributed to the public. In contrast, an increase
in the monetary growth rate does have real effects: It accasions
exchange-rate overshooting (in Flood's [1979] sense) and a current-
account surplus and leads, in the long run, to higher levels of con-
sumption and foreign claims. Finally, the model implies chat an in-
crease in govermment spending may induce a surplus on current
account, contrary to the usual presumption. A deficit is possible when
government spending produces a public good having a high marginal
value to consumers. The explicit specification of agents' objective

' Reseurch along similar lines is reported in papers by Calva (19795, 16803, Helptman
(1979}, Razin (1979, and Stackman (1980). Obstfeld (1980) describes a (wo-country
exteusion of this paper's model.

* Enclogenous time preference has been discussed in the trade literature in papers by
Calva and Findlay (1978} and by Findlay (1978}, Kouri {1980) adopts a consumption
function suggested by Uzawa's {1968) theary. The present approach is applied in a
samewhat ditferent context in Ohstfeld {1981).

* This could be accamplished also by allowing bonds ¢in addition o real balances) to
enter consumers’ uality Functions, as in Calva ¢1980).
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funcuons is particularly useful in Section I1I, for it permits a natural
welfare analysis of alternative macroeconomic policies.

Section IV contains concluding remarks. Appendices supply the
technical details justifying some of the paper's assertions.

I. The Madel

We consider an open economy inhabited by identical households,
each maximizing its welfare over an infinite lifetime. As in Kourti
(1976), there is a single, perishable, consumption good, and house-
holds' financial wealth is divided between domestic fiat money and
internationally traded bonds denominated in foreign currency. The
economy 1s smzll, and it can therefore influence neither the foreign
currency price of the consumption good, P*, nor the world bond rate,
r, bath of which are assumed constant. The link between the domestic
price level, P, and P* is provided by the relationship P = EP*, where
E denotes the domestic money price of foreign exchange. This ex-
change rate is allowed to float freely by the monetary authority. On
the assumption that foreigners do not hold domestic money, E adjusts
ra maintain equality between the real maney supply and domestic real
money demand at each instant. We zdopt the normalization P* = 1,

The number of hauseholds in the economy is, for convenience, aiso
taken 1o be 1. The household’s instantaneous utility is a separable
functon Uem) = u(c) + vim} of consumpton, ¢, and real money
holdings, m, defined as nominal money holdings, M, deflated by the
home price level, m = M/P. The functions »(-) and »(+) are nonnega-
tve, strictly concave, and twice continuously differentiable, wich the
property that

lim w'(c) = limo'{m) = oo, (1
Q] mr}

Assumption (1) eliminates the possibilicy of corner solutions. It is
clear, in addition, that the derivatives u'(:) and v»’(-} are every-
where strictly positive.

The household seeks to maximize the discounted sum of future
instantaneous utilities,

V= f : Ulcem,)e= . (2)

The discount factor A, is defined by

A, Ef;asds, (3)
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where 3, is the instantaneous subjective discount rate at time 5.¢ Fol-
lowing Uzawa (1968), we postulate that 8, is a Function of utility at
time s,

85 = S[U(Cs:ms)]s (4)
and that the function &(-) is positive and satisfies
8'(U) > 0,8"(U) > 0, 8U) — US(U) > 0. (5)

The first two conditions listed in (5) ate in no way implied by the
hypothesis of endogenous time preference but are impased because
they are analyrically convenient.® The last of the conditions ensures
that the present discounted value U/8(I/) of a stationary utility scream
U 1s increasing in U.

At each moment ¢, the househaold must allocate its income between
current expenditure and the accumulation of real wealth. Real out-
put, ¥, is taken o be exogenous and fixed. The other components of
expected disposable income are interest payments from abroad, equal
to the world bond rate, r, times the real value F, of the family's net
foreign claims; expected real transfers from the government, 7,; and
expected capital gains on real balances, equal to —mpm,, where a,
denotes the expected inflation rate. Defining the household's real
assets at tme ¢ (excluding the capitalized value of expected future
transfers) as

afsg+mc+ﬂ, (6)

the flow constraint linking asset accumulation to saving may be writ-
ten as

a4y =7rayt T, — ¢ — {7+ r)my, (7}

while the intertemporal budget constraint takes the form

)

f e ey + (7 + rim]dt = a, +f e T dt. (8)
0 0

Restriction (8) is important in the present setting of perfect capital
mability, for it rules out the possibility that the household can attain
unbounded utility by borrowing arbitrarily large sums in the world

“When 8 = 8, a constant, for all 5, we have the usual discount factor, A, = &t

? The nature of this convenience becomes apparent in applying the maximum prin-
ciple to solve the household’s liferime problem and in proving rhe existence of a stahle
perfect-foresight equilibrium pach converging to the econamy’s stationary state. These
poins are raken up again in context. A general discussion of the time preference
concept is found in Koopmans, Diamond, and Williamson {1964).
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capital market and meeting all interest payments through further
borrowing. As Appendix B shows, (7) and (8) confine the household
to paths along which

o
@ +f e T O0rds = O

r

for all ¢, so that hausehold net worth is always nonnegative.

The household’s problem is to find {¢,m,} maximizing lifetime
welfare I/ subject to the constraints (3}, (7}, and (8), given an initial
level a4 of real assets. The calculations are simplified by changing
variables from £ to A (“psychological time”) using the fact, implied by
(3), that dA = 8[U{c,m))dt. The household’s problem may then be
expressed as that of choosing time paths for consumption and real
balances that satisfy (8) and®

maximize | [0 Eem)’ A
N da _ ra+71—c—(mt+rm
subject to i &L (c,m)]

Necessary canditions for an optimal praogram are given by the
maximum principle.? These require that¢ and m be chosen so that for
each value of the discount factor A, the Hamiltonian

Ufe,m) (ra +7— ¢ — {m+ r)m]

H = 8[U (c,m)] S[U(c,m)]

(9)

is maximized. In (), A = A, is the co-state variable, which is inter-
preted as the shadow value, in udlity terms, of real assets. The implied
first-order conditions (atr rhe interior maximum) are

(1 — (880U + Alra+ 7 —¢c —{(m + rim]})U. = A, (10

(1 = (80U + Ara + 7 — ¢ — (m + r)m]})U,, = A(mw + ). (11)

An additional necessary condition is that the shadow price of assets
evolves according 1o the law,

jg =A(Sg"). (12)

Equations (10) and (11} imply the usual necessary condition of static
utility maximization,

8 The psychological time subscript, A, is omitted for the sake of notatonal simplicity.

* See Arrow and Kurz 19700 [t Ufem) is strictdy concave and both consumption and
real halances are normal goods, the conditons listed in (5) imply that the maximand
e m) 8L ¢ a)) is strictly concave.
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x(eom) = U fcom)U cmy) = m, + 7, {13)

while (12) implies that the time derivative of A is given by?
A = MBI (cpme)) — 7}, (14)

It rewmains to specify the behavior of the government and the
central bank. We consolidate the balance sheets of these two enrities
and work with a single public-sector budget constraine. A key as-
sumption is that the stock of central-bank foreign reserves earns
interest at the world rate r.

The public sector consumes goods and makes (net) transfers,
Anancng any deficit through money creation. Thus, all government
debt is purchased by the central bank, none by private citizens. Let-
ting g denote the (constant) level of real government consumption per
household, the public sector's budget constraint 1sg=M/P,+ R ~ 7,
= (MJMm, + rR — r,, where R denotes the {constant) level of
central-bank foreign reserves, measured in terms ot output, and 1,, as
hefore, denotes net real transfers.

We shall assume that the central bank varies 7, in such a way as 1o
hold the rate of monetary growth M,/M, constant at w." The level of
transfers is then determined according ta the formula

Te=pm + R — g {15)

A final assumprion is that w is always chosen so that & + r > 0. This
inequality guarantees the existence of a stationary state.

II.  Perfect-Foresight Equilibrium Dynamics

The model of the previous section is closed by the assumption that the
path of the economy is a perfect-toresight equilibrium path, in the
sense oi Brock (1974). Let {P} be a (differentiable) price-level path
and {Pr,} = {pue™M, + P#R — Pg} the associated path of nominal
transfer payments from the government, where M, denotes the
nominal money stock atz = 0. Acting on the belief that these paths of
the price level and nominal transfers will prevail, the household can
calculate expected real transfers {7,} and determine optimal paths for

" Oualy necessary conditions (10) and (11} ditfer from what they would be in the
standard intertemparal optimization framework, where & = §,an eX0genaus constant,
In the standard setup, (10} is replaced by 1/, = A. Butin the presernt cantext, an increase
in roday’s consumption atfects not only today's instantaneous udility but also the dis-
counte factor applied to all utilities enjoyed. in the future. Naote also that if the instan-
taneous subjective discount rate & were constant, necessary condition (14} would rule
out the possibility of a stationary state unless it so happened that § and r were equal.

! This assumption is erucial for the foreign-exchange intervention “neutralicy” prop-
asition derived below and differs from the one made by Kouri (1976), who tkes
government consurmption to be the residual item.
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its consumption rate and real balances, subject to (7) and (8) with
initial real assets aq = (y/) + Fy + (My/Pg). The path (P s a
perfect-foresight equilibrium path if the desired path of real balances,
{ri,}, equals the actual path, that is, if

??1{ = M:J{p( = e“’tM()/pr (]-6)

for all ¢ = 0.

The necessary conditions derived in the previous section may be
used to find the collection of price-level paths {P} consistent with
perfect foresight and individual optimality. The differential equa-
tions (7) and (14), together with the conditions (6), (10), (13), (16},
and '

7TE=P(J'I[P{1 (]-7)

must be satisfied by any perfect-foresight equilibrium trajectory of the
economy. We now investigate the restrictions these requirements
place on the possible equilibrium paths of bonds F,, consumption ¢,
real balances m,, and, by implication, the home price level. Recalling
our earlier convention that the world price level P* = 1, we shall
identify the path of the domestic price level with that of the exchange
rate, E.

Ditferentiating equilibrium condition (16}, we find that desired real
balances must sausfy the relation

P:J’Pz = p — (mimy) (18)

along an equilibrium path. Combining (17) and (18) with necessary
condition (13) yields

my = [P— + r — x(cp,my ) Imy. (19]

The differential equation (19} must govern the evolution of real
balances in perfect-foresight equilibrium. .

The flow constraint (7) may be written in the form s, + F, =y + 1F,
+ 1y — ¢ — mwem,. When we use (17), (18), and the public-sector budget
constraint {15), this differential equation becomes

Fe=y+f(F:+RJ—C:—g' (20)

the familiar relation between the current and capital accounts under a
Aoating exchange rate. Equation {20), which equates the home coun-
try’s foreign lending to the excess of domestic income gver absorption
by the domestic private and public sectors, describes the equilibrium
path of fareign bond holdings. Note that because foreigners do not
hold domestic money, the variable F, is predetermined by the past
history of the current account. It can jump instantaneously only
through central-bank purchases and sales and must otherwise adjust
slowly over time.
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[t remains to derive the differential equation governing maovements
in consumption. Using the necessary condition (10}, we may solve for
the co-state variable A, with the help of (15) and (17)—(19):

A= MemuF, + Ry =

[8(U,) — U (Uu'(cy)
SN+ {y+rF, + Ry + [+ — x(cm)lm, — Ly — g}ai(Uz)ui('fc]‘

Differentiating A with respect to time and applying (14) yields X, = A4,
T RAutfy + ApFy = A {8[U(¢y,m,)] — 1}, which may be solved for the time
derivative of consumption,

Eo=NAABUeomd] = vy = Attty — ApF,) = fh(cam,Fo + R). (21)

Equation (21) is the final differential equation of a three-equation
system.'® Together, equations (19)—(21) must describe the evolution
of the economy along any perfect-foresight equilibrium path.

Not every path satisfying (19)-(21) is a perfect-foresight equilibrium
path, however, for the conditions from which these paths are derived
are necessary for optimality, but are not, in general, sufficient. For the
balance of this paper, we shall focus attention an paths that bring the
econamy to the stahonary state (£,%,F), defined by the conditions
W F +RY=p+r—x@m)=y+rF+R)—¢ — g = 0. Asiis easily
verified, the statiopary state exists and is unique when, as we have
assumed, u + r > (Q,

Appendix A proves that the system (19)—(21), when linearized in 2
neighborhood of the stationary state, possesses a single negative char-
acteristic root, and so a unique convergent path. Appendix B proves
that this path is a perfect-foresight equilibrium path: The choices of
real halances and consumption it dictates are optimal choices from the
household's scandpoint, given the implied initial value of real assets
and the implied anticipated paths of prices and transfers. We there-
fore assume that for any value of the predetermined stock of foreign
claims, the equilibrium price level and consumption rate are those
placing the economy on the path converging to the stationary or
long-run equilibrium.” It should be noted that this canvergent.
saddlepath satisfies the household budgert constraint (8), for, along it,

I e e, + (mp + rimy — 1)dt = 2y — lim g,et = &q. (22)

q f—a
To find the saddlepath, we let 4, denote the system’s negative
characteristic root and @ = [y, @y, wy]', an eigenvector belonging to

" The equation giving ¢ cannot be defined if &, = 0. [t is showr, in Appendix A thath,
< {in a neighborhood of the system's stationary state. In fact, it can be shown that he <
0 globally if hyperdeflations are ruled out.

" It has not been demonstrated that perfect-foresight equilibrium is locally unique.
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8,. Any convergent solution of the linearized system must take the
form

¢ — ¢ = @y kexp (6,L),

my — M= @k exp (8.1),
F,—F =,k exp (4.¢),

where k is an arbitrary constant determined by the value of F at time ¢
= 0. Differentiating, we find that

Ce= e, — &) = 0 (e Jay ) (F, — F_): (23)
1y = 8 (m, —m) = 8 {wfwy ) (Fy — ﬁ)s (24)
Fr: Gl(Fr_F)s (25)

when the economy approaches the stationary state. The saddlepath of
the system is simply the intersection of the two hyperplanes defined
by equarions (23) and (24).

The importance of equations (23)—(25) is that they allow us to
characterize the motion of consumption, real balances, and external
asset holdings as the economy converges to long-run equilibrium. As
is shown in Appendix A, the components of the eigenvector & must all
be of the same sign, and an immediate consequence is that the three
variahles must always rise or fall together along the saddlepath.'® This
is a key property, for it allows us to trace the path taken by the
economy in response to various policy surprises. However, one par-
ticular implication of this result is important enough to be mentioned
before we turn to such exercises. When the current account is in
surplus (F, > 0), real balances must be rising, and when it is in deficit
(£, < 0, they must be falling. Thus, the exchange rate's depreciation
rate will fall short of the rate of monetary growth when there is an
external surplus and will exceed it when there is a deficit. This
fundamental reladanship between exchange-rate depreciation and
the current account appears in models developed by Kouri (1976},
Calvo and Rodriguez (1977), and athers. But it emerges here from
the hypothesis of aptimizing behavior and not as a consequence of the
assumed properties of consumption and money-demand functions.

Figure 1 shows how the ecanomy’s long-run equilibrium is found.
From (14), stationary-state utility U is determined by the equality of
the marginal rate of time preference and the world bond rate,'

" See Hirseh and Smale 1974

“ Calvo (1979a) provides a similar characterization of the saddlepath arising in the
Brock-Sidrauski perfect-foresight model.

M Eram (10), A = {[&0) - T8 (L&) }u'(é). The last inequality in (5) therefore
implies that A is strictly positive. This justifies condition {26).
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m
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S(U) = r, (26)

and so, stationary-state consumption ¢ and real balances m must satisfy
UE ) = U, as shown in the diagram. The secand requirement on the
point (¢,m) is that it [ie on the locus of points consistent with # = 0; the
latrer is, by (19, the Engel curve associated with an OPPOrtunity cost g
t+ r of holding real balances. It slopes upward from the origin. Given
the value of ¢ determined by U and p + r, F is determined by the
relation F = [(¢ + g — y)r] — R. The locus labeled £ = 0 in bgure 1 is
vertical at the unique private consumption level consistent_with
current-account balance given stationary-state bond haldings F. An
increase in F would increase long-run domestic income and so shift
this schedule rightward.

IfI. The Effects of Macroeconomic Disturbances

This section studies the impact and long-run effects of intervention in
the foreign exchange market, an increase in the rate of monetary
expansion, and an increase in real government consumption. The
macroeconomic disturbances are assumed to take the public hy sur-
prise, but they are permanent and lead to no expectation of future
policy actions. The economy’s initial position is the stationary state.

Faraeign Exchange Intervention

The central bank intervenes in the foreign exchange market by pur-
chasing foreign claims from the public with domestic money. The
transaction accomplishes a transfer of interest-earning assets from the
public to the central bank as well as an increase in the nominal money
supply. But the sum F + R of privately owned bonds and central-bank
reserves is unaffected hy this transfer.

Now, equations (20) and (21) involve only the economy's aggregate
claims on the rest of the warld; the distribution of their ownership
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between the public and the central bank is irrelevant. Thus, the
long-run value of F simply declines from F to F — AR as a result of the
intervention, while ¢ and m are unchanged. Because the stock of
privately owned foreign assets is immediately atits new long-run level,
consumption and real balances must, by (23) and (24), remain at their
respective stationary-state levels ¢ and #. The monetary authority’s
action occasions a rise in the price level (a depreciation of the ex-
change rate) exactly proportional ta the increase in the nominal
supply of money. It has no real effects. Money creaton accomplished
through a purchase of foreign exchange has the same impact as a
“helicopter” money-supply change of equal magnitude.

Itis sometimes asserted that there is a difference between these two
financial policies, in that an official purchase leads to a current surplus
as domestic residents seek to restore their holdings of external claims
ta the original level.'® The difference disappears here because foreign
assets held by the central bank continue to earn interest at the rate r,
while households capitalize all transfers from the government (see
Mundell 1971, chap. 1). By the government budget constraint (15),
the stream of interest earnings taken away from the public through
central-bank intervention is returned in the form of transfers.
Households therefore suffer no fall in permanent disposable income
when a portion of their bond holdings is transferred to the central
bank.

This neutrality result would clearly hreak down if, for example,
reserves were held in some barren, non-interest-bearing form, or if
increased central-bank earnings were used to augment government
consumption rather than transfer payments. That intervention has
real effects in these circumstances is to be expected, for it involves real
fiscal measures in addition to a neutral change in the nominal supply
of money.

An Increase in the Monetary Growth Rate

Figure 2 depicts the effects of an increase in the rate of monetary
growth, u. As (26) shows, the long-run instantaneous udlity level of
the representative household is unchanged by the disturbance. But as
the rate of monetary growth and the inflation rate coincide in the long
run, the disturbance raises the opportunity cost of holding money 1n
the stationary state. Thus, the househald economizes on real balances
and consumes more in the new long-run equilibrium. This is repre-
sented in figure 2 by the downward shift of the Engel curve along

15 See, e.g., Kouri 1978,
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(=g}

which real balances are stationary. The rise in long-run consumption
entails a rise in long-run bond holdings. Accordingly, the F = 0 locus
shifts to the right, so that it passes through the new asymptotic
equilibrium point, (¢',m").

Knowledge of the long-run effects of the policy shift allows us to
infer its short-run effects using the properties of the convergent
saddlepath described in Section II. Because the eventual level of
external assets is higher after the rise in &, consumption must initially
decline to bring about the implied current-account surplus. And be-
cause real balances rise during the course of a surplus and 7' is lower
than m, the policy also entails a sharp initial fall in real balances and so
a depreciation of the exchange rate. The economy's short-run, tem-
porary equilibrium at ¢ = 0 is thus at a point like 4 in figure 2.

Bath consumption and real balances rise from the levels given by
point 4 as the stock of foreign claims approaches its higher, asymp-
totic level. This implies, in particular, that the rate of depreciation of
the exchange rate during the transition will fall short of the higher
rate of monetary expansion. The exchange rate thus exhibits an
“overshooting” pattern of adjustment, in that the impact fall in real
balances exaggerates the long-run decline. This reproduces, in an
optimizing framework, the result obtained by Kouri (1976), Calvo and
Radriguez (1977}, and Flood (1979) on the hasis of assumed aggre-
gate relationships.

[t1s of interest to note that the integral of discounted utilities given
In equation (2) is lower along the transition path following a rise in g
than it would have been along the original, unperturbed stationary-
state path. This follows from the last inequality in (5) and the obser-
vation that the household's instantaneous utdility falls the moment u
increases, rising to its original level anly in the long run. Thus, an
increase in the growth rate of money, in the present setting, has an
unambiguously negative effect on the welfare of economic agents.
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An Increase in Government Consumption,

We analyze, finally, the consequences of an increase Ag in real gov-
ernment consumption. It is assumed initially that government con-
sumption is wasteful, in that it does not enter 1nto the household’s
utility function. An example in which government spending produces
a public good complementary to private cansumption is analyzed
nexet.

In the absence of any change in private consumption from its initial
level ¢, an increase in government consumption would entail a
current-account deficit at the initial level, F, of foreign assets. This is
shown in figure 3 by the leftward shift of the F = 0 locus to F* = 0,
which is vertical at the lower level of private consumption compatible
with external balance the moment after the increase in g occurs.

The steady-state levels of consumption and real balances are not
altered by the government’s action, however, for these variables are
determined, independently of the level of g, by the two conditons,
S[U@Em)] = r, x(éam) = w + r. Lt follows that the stock of external
claims associated with the economy's new stationary state must be
higher than the initial stack, F: In the long-run equilibrium following
the increase in public-sector expenditure, the private consumption
level ¢ can be sustained with no net borrowing from abroad anly if the
economy's privately owned foreign assets rise by the amount Ag/r, so
that additional interest payments from foreigners finance the addi-
tional national absorption.

Because the economy's adjustment path is noncyclical, the current
account must go into surplus when the rise in g occurs. Consumption
thus declines by an amount greater than the increase in government
spending. And because consumption, real balances, and foreign bond
holdings rise together along the saddlepath, the exchange rate neces-
sarily depreciates on impact, reducing real balances in the short run
so that they may subsequently increase toward their long-run level, m.
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The point labeled A4 in figure 3 again represents shore-run equilib-
rium at ¢ = (.

When the monetary growth rate, u, is zero, the government’s action
is simply a tax-financed increase in government spending. The
madel's prediction contradicts the standard Keynesian presumption
that the accompanying short-run fall in disposable income must re-
duce private saving along with private expenditure, pushing the cur-
rent account into dehcit. In the present framework, private saving
must actually increase in order thatc the economy may attain, in the
long run, the higher level of national income consistent with the
predisturbance private consumption level, Looked at another way, a
tax-financed increase in government spending entails a more than
complete crowding our of private aggregate demand in the short run.

The preceding discussion has been based on the assumption that
the level of government spending does not enter the utility functign,
as it would if government consumption resulted in the provision of
some public good. Te illustrate how the analysis might change if this
assumption were modified, we study a particular example.

Assume now that the utility function has the form

Ulcon,g) = ulc,g) + vim), uy, uy > 0. (27)

According to (27}, public and private consumption are complemen-
tary goods. The stationary values of consumption, real balances, and
foreign assets are determined by the equations

§(Uc,mg} =, (28}
v (MM Eg) = m + 1, (29)
F=1[@&+g—yrl-R. (30

In particular, (28) and (29) imply that ¢ and = are no longer inde-
pendent of g, as they were in the case of purely wasteful government
spending.

The long-run derivatives of ¢, m, and F with respect to g are:

L D+ T Y) (31)

di I

d_ - fD (;U- + f)(ur'uca - ua“('(')r (32)
j—g = DM — )0 + 5 (g + ) (lee — ey, (33)

where D = r[a.o" + (. + r)u.2'] < 0 and funcuons beneath overbars
are evaluated at the ininal long-run equilibrium. Only (32) can be
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unambiguously signed under the assumption wu, > 0.'% [n particular,
it the marginal utility of private consumption is sufficiently low rela-
tive to that of public consumption, an increase in g may, as (33) shows,
occasion a current deficit, contrary to the earlier analysis. In this
situation, private consumption falls by an amount smaller than Ag in
the short run; however, there is a decline in long-run consumption
that exceeds Ag.

In the event that the level of public-good provision happens to be
inicially at the Samuelson static optimum, so thar 4, = %, (32) and (33)
imply that the increase in ¢ must occasion a current surplus and a
depreciation, as before. Why must stationary consumption rise above
¢ — Ag in this case? If, in the long run, consumption were to fall by
exactly Ag with m unchanged, the economy would be at its long-run
utlity level U, but with v’ (m)ae (€ — Ag, g+ Ag) < p +r, inviolation of
(29). Long-run equilibrium thus requires that real money balances fall
below m and that consumption rise above ¢ — Ag.

The welfare analysis of an increase in government consumption is
straightforward. We note here simply that when ¢, > 0 and @, = 4,
an increase in g must decrease the discounted sum of future utilities ¥
below U/8(L), for it induces a current surplus and so a short-run
decline in private consumption greater than Ag. The implication is
that a level of public expenditure optimal from a static standpaint
may no longer appear optimal once full account is taken of the
dynamic repercussions of a change.

IV. Conclusion

This paper has developed an open-economy model based on house-
hold utility maximization over an inhnite lifetime. The model answers
several questions concerning the effects of macroeconomic policies
when exchange rates float freely. In some cases, the answers coincide
with results derived previgusly on the basis of more or less mechanis-
tic behavigral assumptions. But in other cases, the answers contradict
these results.

In partcular, the model implies that money is not superneutral
in either the short or long runs and places both the exchange-rate
“overshoating™ hypothesis and the association between depreciation
and current deficits on a firm microeconomic foundation. However, it

'* The following considerations imply that div/dg < 0. Because u,, = 0, the increase in
g would entail an increase in the marginal ucility of private consumption at the initial
level of ¢. If i were to rise, v' would fall, and {29) could not be satishied in the long run
in the abhsence of a higher stationary consumption level. But with £, m, and g all higher,
the household's lang-run utility level would exceed U, contrary ta (28). Thus,  declines
and u'{m)] rises.
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casts doubt on the validity of inferences drawn from the Keynesian
consumprion functon which, in some form, is central to the classic
Mundell-Fleming model and most subsequent work. In addition, the
approach highlights the importance of the government and central-
bank budget constraints in discussions of the effects of inancial policy
measures.

Appendix A

This appendix pravides the proof of local saddlepath stability for the system
(19)—(21) and characterizes the unique path leading to stationary-state
equilibrium.

The model involves two state variables, ¢ and m, which may take (unantici-
pated} discrete jumps, and a third state variable, F, which is predetermined by
the past history of external asset accumulation. Thus, to prove saddlepath
stability, it must be shown that when linearized abour its stationary position,
the differential equation system,

i= AMBule) + vim)] — vy — Aplp + 1 — xlcm)m — Ay + r(F + R) — ¢ — gl
A

c
= {¢,m, F + R},

M= [+ — xicm)lm,

F=y-f—r(F+R)—.c—g,

possesses two positive characteristic roats and one negative characteristic raot,

implying the existence of a unique path converging to long-tun equilib-
rium. Recall that

- {8 — [ule) + vim)]8" Ju'
S+ {y+r(F+RY+[p+r—x(em)lm—c — gréu’’

x(cm) = v'{m)he ().

At the system’s long-run equilibrium (¢,4,F), we haveé = m = F = 4 =
3lufe) + ufm)] —r = 0, and, linearizing in a neighborhaod of this point, the
system becomes

¢ =ile = &) + bulm — ) + YulF — F),
m= —Enle — L) — Xgilm — i),
F=—(c—&+nF - F).

{(Functions beneath averbars are evaluared ar [E,rﬁf],} Using the definition of
long-run equilibrium, we find that

e = (MRS + (Ap/A %R + (et ), (A1)
m = (MA)S'D + (Afho)E i, (A2)
e = —(hpfhoyr, (A3)

where
foo 18— @+ 98 s + 8 Em] — (i + 3)(d')265"
5 '

(Ad)
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Ko = [§ — (2 + 95 W& u'% g ;28'1! Wi — (& + p)iE'E 58" , (A5)
A = —[& - +_{:)S']E_S'(tl’)2 <0 (A6)
&

Now £, = —v'(mlu"EVs (61 > 0and &, = a"(m)fu'{€) < 0; and since U = 0,

& — U& > 0, and 8" > 0 by assumption,
A < 0O (A7)

Further, substituting for %, in (A4} yields
_ -+ 9)8K8 - dama — (4 + Ay 188" (A8)

A, 5 .

Because u( ) and (- } are nonnegative and concave, we have, using (5), 5 -
§9m > 86— 08 > & — (& + 0)5 > 0, and (A8) implies immediately that
A, < 0. {A9)

We note, hnally, that because = {8 - [u@) + v(#)}8 yu' 5, (AL) and (AB)
imply that

g, = (hp/h % = 0. {A10)
Using {A10), the linearized system becomes
. [ Rkt RB'D + Ayt —her )
¢ - - - € —¢
x, e X,
— o ) (Al])
m — % 1 — K M Q m—
£ -1 | r F - F]

By (A10) and the fact that x,, < 0, the trace of the system's matrix is positive,
Since this trace 15 also equal to the sum of the system’s characteristic roats,
there must be at least one root with positive real part.

On the other hand, we may write the system's determinant as

O = [y mlh /A )] + r(Z mIAS' S + KB, mik, — v (R M Ay N IE 7
= (Sl hufh dr] + r(E RS 5 ) A, < 0.

Because €} is the product of the system’s characteristic roats, it must be the
case that there are either three roots with negative real part ar ane negative
root. (Recall thar complex roots must occur as conjugate pairs.) Since we
already know there cannot be three roots with negative real part, there must
be exactly one negative root. This proves that in a neighborhood of long-run
equilibrium, our system 15 saddlepath-stable.

[t remains to provide a characterization of the unique stable path. Let 8,
denote the system’s sole negative root, and let & = [, ,wy,,m5]" denote an
eigenvector belanging to 8,. As was shown in the text, ¢, m, and F must rise or
fall together along the saddlepath if the components of & are all of the same
sign. We now prove that this 15 the case.

First, we note that if one of the companents of & is zera, all must be zero,
and so sll companents must be strictly paositive or negative. Ta see this,
suppose @, = 0. Then, using the last equation of (All), —aw,, + ray = 8 @,
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and so = g But using the second equation of (A L1}, we find thatw,, = 0 as
well; and so w = Q. Simiar arguments dispose of the possibilities that a,, = 0
and that w,, = 0.

S0 suppose wy, > 0. From (A1), —w,, + rwy = 8wy, < 0, and so it must be
the case thatw, = 0. Again using (A11), we see that (—% M) + {—%p ), =
By, implying wy, = [(~%,.m}(6, + Zom)ja, . Thus, it must be true that w,, >
0. In this case, therefore, all components of @ have the same sign.

In the case oy, < 0, an identical argument shows that w,,, @y, < 0 as well.
This completes the proof.

Appendix B

This appendix contains a proof that the unique convergent path of the system
(19)-(21) is a pertect-foresight equilibrium path. The minor technical issue in
the proot is that the state variable ¢, may assume negative values, so that the
suthciency theorem for optimal controls (see Arrow and Kurz 1970, p. 49)
appears inapplicable. We show that the intertemporal budget canstraint (8}
implies that 2, must be bounded from below when cansumers expect the path
of prices implied by the convergent solution to {19)—(21). This fact, in the
present context, implies that the sufficiency theorem remains applicable.

Substitting the Alow constraine (7) into (8) and lntegrating by parts, we
obtain the inequalicy

lim ge™™ = (. (B 1)

f—s

Condition (B1) may bhe used to prove the inequalicy

a, +f e~ Ui ds = O, for all ¢, (B2)
4

where hatted values are those expected to prevail along the convergent path.
Assume (B2) fails at time £, Integration ot (7) implies that for ¢ > £, a, must
satisty

¢
a, = qpettt +f e~ [F — ¢, — (T, + rim]ds, (B3
¢

tor any path of consumprion and real balances. Multiplying both sides of (B3}
by ¢ and taking limits as t — » yields the equaliry

fe)
lim ae™ =77 [a.,- +f e TR — o — (7, + rim,)ds). {B4)
. ¢

Because consumption and real balances are nonnegative, the right-hand side
of (B4) must be negarive if (B2) is false at ¢'.'" This contradicts (B 1), showing
that (B2) must hold ar each instant.

Dehne
J- e"‘"‘”ﬁds],
'

The number & is Anite a5 a result of the boundedness of the sequence {f,}
along the convergene path. From (B2),

a, + k= 0, for all ¢, (B5)

k= sup
4

TOur assumptions ensure that & + » > 0 ar all times.
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Itis now straightforward to apply the sufficiency theorem. Redefine the state
variable for the household's problem to be w, = g, + £. The Aow constraint (7)
becomes w, = ruw, + ¥, — ¢ — {7, + r)m, — rk. The differenual equation system
{19)—(21} 13 unchanged as a result of this modification, and along its conver-
gent path,

limaghse™ = 0, him he ™ = 0.

& e B e

Because negative values of the state variable are infeasible, the sufficiency
theorem implies that the choices of consumption and real balances implied by
the convergent path are indeed optimal choices, given the associated paths of
the price level and real transfer payments. The convergent path is therefare a
pertect-faresight equilibrium path.
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