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BASIC IDEA

1 Manager is concerned with Liability Stream.

2. Concern is to maximize net worth.

Major Tools
(1) Cash flow matching or dedication

(2) Sensitivity matching or Immunization



CASH FLOW MATCHING

Observe liability stream Ly, Ly,Ls..., Ly



EXACT MATCHING
Cash flow

Minimize Cost
Subject to

1. Meet Cash Flows
2. Do not issue Bonds
Let
1. P;isPrice of Bond |

2. Nj is Number of Bonds of Type i
Purchased

3. Lt is Liabilitiesin Time t
4. r Is Short term Interest Rate

5. cf(it) i1s Cash Flow of Bond i in Period t.
Interest or principal and interest

6. S; 1S Amount Invested in Short Term
Bond in Period t



MINIMIZE

ziNiPi

SUBJECT TO

1. Y. Ncf(it)+ S (1+1)-L,-S,=0 allt

2. N, @Oall

3. S;o Oallt

4.5.,=0



RISKS OF CASH FLOW MATCHING

1. Reinvestment Risk

2. Risk of disappearing security
a. Call
b. Sinking fund

c. Default



Immunization

1. Assume a manager is responsible for designing a
portfolio that will have sufficient cash flows to
meet a liability L is liability in period t.

Thus liabilities are Ly, Ly, L3 L4

2. Sensitivity matching involves finding a Portfolio
that

a) at equilibrium prices the Portfolio costs the
same as the Liability

b) the value of the asset portfolio and Liability
portfolio move in tandem

3. Need measures of how value of portfolio changes
given change in factor or factors effecting it.

Choices

(1) Duration
(2) Coefficients of factor model

Types of Duration measures
(1) Analytical

(2) Numerical
(3) Time Series Estimation



ANALYTICAL

SENSITIVITY

MEASURES



ANALYTICAL
MODELS OF SENSITIVITY TO
INTEREST RATE CHANGE

MACAULAY CHANGE IN
YIELD

MACAULAY/FISHER AND WEIL ADDITIVE

CHANGE
BIERWAG AND KAUFMAN MULTIPLICATIVE
BIERWAG ADDITIVE PLUS

MULTIPLICATIVE

KHANG SHORT MORE
THAN LONG

COX, INGERSOLL AND ROSS SHORT GAUSS
MARKOV AND
EXPECTATIONS
THEORY

BRENNAN AND SCHWARTZ SHORT AND
LONG
MARKOV AND
EXPECTATIONS
THEORY



. MAUCAULAY [Dj]

. C C C C + 100
PO_ + 2+ 3+,,,+ N
(I+1) (@+r) (1+r) (1+r)
dPo _ -C _ -2C _ -3C _ _(C+100)(-N)
A0 @ery? @er)® @en)t o @en)

dPo _ -1 tcf(t)

d1+r) 1+r <" @+r)t

dPq tcf(t)

d(1+r)_ -1 (1+1)"

Po _1+r [Zt Po ]
dPo__ d1+1)

% price change =
Po t@+n

= MINUS DURATION 1 Xx%change in (1+r)

10



Modified Duration

dPo_ _pMdr  where DM =
0

P

D1
1+7r

Price change per interest rate change

dP=-DMPdr

e Modified Duration useful when worried about
riskiness of different positions.

* Price change when hedging.

 If use different r’s on different bonds such as
yield to maturity, then duration is not additive.
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General Principles

(1) The lower the interest rate,
the longer the duration.

(2) The lower the coupon rate,
the longer the duration.

(3) The greater the maturity,
the longer the duration in general.
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Estimated

Price

Original
- (Duration)(Pg)

Price

dr
Py +dP =Py -D,—P
0 0 11+r 0
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Interest Rate
Coupon
Principal
Maturity

Semi-Annual
Payment

Price

Duration

EXAMPLE 1

14

10%
10%
100

15 years

$100

8.07 years



Actual Price

Implied Price
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110

100

90
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70

-0.015

-0.01  -0.005 0 0.005 0.01

INTEREST RATE CHARGE

15

0.015




CHANGE IN INTEREST TRUE ESTIMATED
INTEREST RATE PRICE PRICE
RATE

-0.015 0.035 127.588 123.059
-0.014 0.036 125.429 121.521
-0.013 0.037 123.322 119.984
-0.012 0.038 121.264 118.447
-0.011 0.039 119.254 116.91
-0.01 0.04 117.292 115.372
-0.009 0.041 115.376 113.835
-0.009 0.042 113.504 112.298
-0.007 0.043 111.675 110.761
-0.006 0.044 109.889 109.223
-0.005 0.045 108.144 107.686
-0.004 0.046 106.44 106.149
-0.003 0.047 104.774 104.612
-0.002 0.048 103.146 103.074
-0.001 0.049 101.555 101.537
0 0.05 100 100
001 0.051 98.48 98.463
0.002 0.052 96.994 96.926
0.003 0.053 95.542 95.388
0.004 0.054 94.122 93.851
0.005 0.055 92.733 92.314
0.006 0.056 91.375 90.777
0.007 0.057 90.047 89.239
0.008 0.058 88.748 87.702
0.009 0.058 87.478 86.165
0.01 0.06 86.235 84.628
0.011 0.061 85.019 83.09
0.012 0.062 83.83 81.553
0.013 0.063 82.666 80.016
0.014 0.064 81.527 78.479
0.015 0.065 80.412 76.941
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EXAMPLE 2

Coupon vs. Pure Discount:

Coupon 10%
Maturity 10 years
Initial Price $100

Annual Payments

Interest Rate 10%0
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1.8 t

RELATIVE
PRICE

0.4

0.04

Coupon Bond

0.06 0.08

Discount Bond .....

INTEREST RATES

18
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1. MACAULAY/FISHER AND WEIL [D;]

Po= C + C + C + ...
(I+ry) (A+rg)A+ryg) (@+rg )1+ )1+r13)
d(1+rp,)
dp, _ -C -C d(1+ro;)

= + +_C
d(1+101) (L+r)* (L+rg )2 (1+1p) 1+ 15 )L+ 15 )

ASSUME
d(1+ry.qn ) _d(1+71y )
(I+ry.an)  (Q+ry)

o _ -C _2C . _3C

d(1+r9) (L+1o1 )* (Lo )2 (A+rp) (L+1gy )° (141 )(1+Tp3)

_ -1 tCF)()
(L+1y) %" Mi=1(A+rio)
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0 (CF®) O
]2t ]
dPo_ O Mi=1(1+ri-si)pd(L+rgy )
U U@+
0 g Po EI( 01)
B 8
dPo_ . d(1+rp)
0 (1+r191)
% CHANGE

IN PRICE = [ MINUS DURATION ] X[ % CHANGE
IN (1+rp1)]
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EXAMPLE 3

Coupon
Principal
Maturity
Duration
Initial Price

Yield Curve
(see attached)
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10% (semi-annual)
$100

15 years

6.527

$740.27



YIELD
CURVE

0.1

0.08

0.06

0.04

0.02

MATURITY

22
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83 l l i |

PRICE

| 1 |
—0.005 0 0.005 0.01 0.01i

INTEREST RATE CHANGES

Actual Price AT

Tmplied Price



INTEREST RATE TRUE DURATION
CHANGE

X p(x) newprice (x)
-0.01 84.381 83.28
-0.009 83.244 82.351
-0.008 82.131 81.421
-0.007 81.041 80.491
-0.006 79.975 79.561
-0.005 78.931 78.632
-0.004 77.909 77.702
-0.003 76.908 76.772
-0.002 75.928 75.842
-0.001 74.968 74.912
0 74.027 73.983
0.991 73.106 73.053
0.002 72.204 72.123
0.003 71.32 71.193
0.004 70.453 70.264
0.005 69.604 69.334
0.006 68.772 68.404
0.007 67.957 67.474
0.008 67.157 66.544
0.009 66.373 65.615
0.01 65.605 64.685
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EXAMPLE 4

Coupon 5%
Principal $100
Maturity 30 years

Annual Interest

Duration 13.054
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Pri e Change for Different
Assumed Shifts in the Yield Curve

Price

-
—
-

—0.015 =0.01 -0 005 0 0.005 0.01 0.015

Interest Rate Change

Flat Yield Curve -

Upward Sloping Yield Curve
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Adding additional terms (convexity)

The formula for the first three terms in a
MacLaurin series expansion of a function f(X +
h) in the region of h as h approaches zero is

df)(h) , df*()(h)*,

fOX+h)= f(X)+ = 2

Where the prime denotes derivatives. Define P(r)
as the price of a bond at an interest rate r. Then,
writing the price of the bond

at a new interest rate (r + h) using the series
expansion results in

P(r + h)=P(r)+ P'(r)h + 1/2P" (r) h?

The price of the bond is

cf(t)
(1+r)

Po=Y{=1
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Then the first derivative with respect to (1 +r) Is

dp, _ _t ~-tcf) 1
- thl t
d(1+r) (1+r) 1+r

and the second derivative Is

d*Py  _
d(1+r)?

POtk 1
o+t @)

This second derivative is called convexity.

P(r+h)-P(r) _

return = ——DiAi +1/2Ci(Ai)2
P(r)
U_ tc@) U
D=3 P

28



O t(t+1)C(t)U
Ci= Ol Py
(1+r) O

A _d(1+r)
(1+r)

—~ Note convexity is positive gives higher return
under all changes.

— Consider two bonds with same duration and
different convexity assume C, > Cg. Does A give
higher return?

-~ Answer: If it did, we would have dominance.
Thus return without yield curve shift must be
higher for B.
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EXAMPLE 5

Coupon 10%
Maturity 15 years
Principal $100
Price $100
Yield curve flat 10%
Duration 8.07

Convexity 96.59
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130

120

110
PRICE
CHANGE

100

g0

80

701 | ! | L g

-0.015 -0.01 -0.005 _ O 0.005 0.01 0.015

Actual Price

Duration Only coooo et

Duration and Convexity— - o oo--
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R (X) p (X) new price (x) newprice2 (x)
0.035 127.588 122.059 127.001
0.036 125.429 121.521 124.956
0.037 123.322 119.984 122.946
0.038 121.264 118.447 120.97
0.039 119.254 116.91 119.03
0.04 117.292 115.372 117.125
0.041 115.376 113.835 115.255
0.042 113.504 112.298 113.419
0.043 111.674 110.761 111.619
0.044 109.889 109.223 109.854
0.045 108.144 107.686 108.124
0.046 106.44 106.149 106.429
0.047 104.774 104.612 104.769
0.048 103.146 103.074 103.145
0.049 101.555 101.537 101.555
0.05 100 100 100
0.051 08.48 98.463 98.48
0.052 96.994 96.926 96.996
0.053 95.542 95.388 95.546
0.054 94.122 93.851 94.131
0.055 92.733 92.314 92.752
0.056 91.375 90.777 91.407
0.057 90.047 89.239 90.098
0.058 88.748 97.702 88.824
0.059 87.478 86.165 87.584
0.06 86.235 84.628 86.38
0.061 85.019 83.09 85.211
0.062 83.83 81.553 84.076
0.063 82.666 80.016 92.977
0.064 81.527 78.479 91.913
0.065 80.412 76.941 80.884
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MEASURING

SENSITIVITY

NUMERICALLY
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Numerical Estimation of Duration

t oot Moot

1 10 11

2 11 12

3 12 13

4 13 14

5 14 15

il —-D dr
P
5 5 5 5 105
+ +

P = + +
(1.05) (1.055)% (1.06)° (1.065)* (1.07)°

' 5 5 5 5 105
P + + +

=(1-055) (1.06)* (1.065)° (1.07)4+(1.075)5
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By definition:

= fraction change in price

Calculation Duration

P =92.202

P" = 90.2817

P'—P

=-.021

dr = .01

Duration = 2.1
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Two Factor Example

Assume two Key rates

a. Six-month rate

b. ten-year rate
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Estimate Functional Relationship

Aryy, =1Ar, +0AT

Aryy, = .8A Ty, +.05A T,
Arys = 401y, + 1A Ty,

Ary,, = 1A, +.15 Ary,,

Args = .00A 1y, +.204A 1y,
t oot oot oot
1 10 11 10
2 11 11.8 11.05
3 12 12.4 12.10
4 13 13.1 13.15
5 14 14.05 14.20
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A?P - _Dl drl - D2 dr2

3) 5 3) 3) 105
+ + + +

F)=(1-05) (1.055)% (1.06)° (1.065)* (1.07)°

. 5 5 5 5 105
P + + +

:(1-055)+(1.059)2 (1.062)° (1.0655* (1.07025)°

+ + +

- 5 5 5 , 105
(1.05) (1.05525)* (1.0605)° (1.06575)* (1.071)
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-~ P =92.202

P’ =92.028
P" =91.835
PP 0.0019
PT-P_ .0040
D]_ =.19
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I23L=2
Estmated S e.nsi:iu'-ir.ics For The Cne Factor Mcds=L
- The factor proxy is the four year spot rate.
&(r,) = 2; + byd(y) + e

wooz 1t »coEzr, 2P
Time to
Maturity a; . b; . a; b;
(in y=s)
0.16 . -0.0043 0.798 -0.2193 0.886
-0.0064 0.878 -0.1137 1.071
1 -0.0081 1.084 -0.0637 1.134
~0.0074 1.117 -0.03866 1.161
2 ~0.0059 1.125 -0.0211 1.138
3 . -0.0023 1.072 -0.0590 1.055
4 0.0000 1.000 0.0000 1.000
5 0.0023 0.930 0.0046 0.942
6 . 0.0042 0.863 0.0081 0.886
7 0.0058 0.803 0.0180 0.836
8 0.0072 0.753 0.0128 0.790
9 0.0084 0.710 0.0142 0.748
10 0.0093 0.671 0.0151 0.707
11 0.0100 0.636 0.0157 0.669
0.0105 0.604 0.0164 0.619
13 0.0108 0.573 0.0181 0.571

2. Model 1 assumes that the ianovation inm the sp-ot rate Zollows a
zandcm walk. All changes aze pexceived 2s unexpectead.

b. Model 2 de:Lves he innovation in the spot rate undex the pu=e
expectation theoxy. The unexpected change is the diffe=ence between
+he actt=al spot zate and the Zo=ward rate from pzevious peciod.
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Egrimatag Sesgigviiar For The TwQ £20100 Modsl
The fagwcr prozies are die 5ix vearaad tie dleranca harmses
e ix ymrand e ozl monls e

;{Z‘-u} =&+ bs;d{fs;] - blzdfr-s.z_;:' -.¢_=

popz= 1% ] korzs
_ ios Ta
Matwoisy A b. - bia ' a; By b,y
(iz ==a)
C.16 0,007 0.780 -1.0a¢ -4.1176 0.734 -1_9z5
0.5 0.0azs 4.5L5 -1.078 -3.029% 6,947 -1.c39
T g, 0000 1_c90 1,609 ¢.09¢0 L.OCO -1.003d
1 -0.403% 1.07s —0.847 0.0C&6 1.07L -0.B56
%.5 -0.008L 1.145 —a_§40 9.0108 1.145 -0.524
2 ~0.00Q558 s 1E2 -G, 507 g.d113 L % § -0.439%
3 -_093%  1,:13r -0.3058 LT 1.089 ~4.235
4 —-1.,0a32 1.082 ~{_163 0,0022 1.972 —C.125
5 -0_001s .64y 0,088 §.COC4 1.03% ~0.052
& a.30ocC r.cac g.ooo g,dcao ~.cdac o_aed
7 g.0az7 0,343 m.gd1 $.0065 5.858 n.028
8 9.0031 C.907 0,062 C.0723 G.9%15 q,043
g : £,0043 ¢.e52 0,089 LR o.g78 D.048
- © B.ECSS D.&08 o.088 1.0651 0.42¢ B.Ca2
L AN B.o0EY 0.781 ¢.080 a,acso a.77€ c.533
=2 c.1a7? a.717 0,050 O_GOET 'u.n.'& 0024
13 T 0.30B6 Q,5T4 0.c28 ¢.oLag 9.652 g.,022°

2, HMofel L azyumes thas the Ianewation is the apot mate follaws =
zandmm walk. A1l eranges azs perzeiwed as unespested,

b. HMeds) 2 derdiwes thy iagsvatieon ic the fpat rafe uvader Thc pusn
£XOefiACion SheorV. The wnerpectad change Ls bhe diZfescooc BoTween

£he agz-tral 3pok Zate and the Saowakzd fics from previsus peciod.



COMMENTS

1)

2)

3)

The advantage of Numerical calculation of
duration lies in determining the duration for
bonds with option features. One can
numerically value the options at both sets of
spot rates and then determine the price
changes including the change in the value of
the option.

The other consideration is that charges iIn
spot rates are linked. The above assumption
of a constant 1% change for all spots is
unrealistic.

If one believed two factors one would obtain a
D, and D, for each factor
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TIME SERIES ESTIMATION

Total Expected | Sensitivity | Unexpected | Random
Return Return + [to Unex- | Term + | Error

Due to pected Structure

Passage of | Term Shifts

Time Structure

Shifts
_ dr
rie=ri- di(.——)+e¢
1+

Note:

(1) In stock area estimate directly
(2) In bonds D changes over time but can do for

spots(unchanged duration), and build up to
coupon bonds. Above is a "'factor model."
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Duration on portfolio is weighted average of
duration bonds comprising it.

empirical duration = 2 X; D;

where D; for each pure discount bond
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Empirical

Maturity Thgore:ical
329 1.294
.732 1.439
1.438 1.393
2.493 ‘ 1.237 )
3.562 - 1.123
4.466 1.028
6.055 1.028
12.877 .755

Relation of Empirical to Theoretical Duratiom
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Immunization

(1) Protecting against shifts in spot rates

a. Da=D_
b. DA — D|_ CA — CL
C. Da1=Dy1 Da2=Dy2

(2) If PV (assets) > PV (Liabilities) immunization
Involves scaling

DA:KDL

Note:

Exact match portfolios are of course immunized.
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Sensitivity Cash flow
Matching vs Matching

If all bonds fairly priced always cash flow
match.

Must have sufficient mispricing to justify
sensitivity.

Often optimum to do both.
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I. Terms

a. Duration
b. Cash flow matching
c. Sensitivity matching

1. Concepts
a. Risks of cash flow matching
b. Risks of sensitivity matching
c. Analytical duration measures
d. Numerical duration measures
e. What affects duration
f. Convexity

[11. Calculations
a. Various duration and convexity measures
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Problem

1. Assume a bond has been semi-annual
payments of $5 and a life of four years.
What is its duration with a flat yield
curve of 8%7?

Answer:

Price of bond is $106.73, which is the
present value of cash flows.

1/2x5 1x5 3/2x 5 4x 105
+ + + ...+

(1.04) (1.04)% (1.04)° (1.04)°
106.73

Duration =

=3.42
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calculates duration with flat yield curve and examines change in
price for shift in that curve and that predicted by duration

prin =

30

d(t) =

(1 +r+ x)°

t:= 1..29

plx) = Zc-d(t) £ lc+ pan)-d(T)
t

calculates duration

X
c+t ——————
1 (1 +0)t

duration = .

]4— {c + prin)-[

DURFLAT
100
x = -.015, ~.014.. .015
R(x) = r+ x
‘_-
d1(t) = —
(1 +r)t

po = Zc-cﬂ(t) + (c + prin)'dl(vT)
ra

T
1
(1+r)].T

po

calculates estimated price using duration

(x)

(1 +

~ duration-
r)

newprice( x) =

duration = 16.141

-po + po

50




X | R( x) plx) newprice( x )
-0.015 0.035 127.588 123.053
-0.014 0.036 125.4283 121.521
-0.013 0.037 123.322 119.984
-0.012 0.038 121.264 118.447
-0.011 0.033 119.254 116.91
- 0.01 0.04 117.292 115.372
- 0.008 0.041 115.376 113.835
- 0.008 0.042 113.504 112.298
- 0.007 0.043 111.675 110.761
- 0.006 0.044 109.889 108.223
- 0.005 0.045 108.144 107.686
- 0.004 0.046 106.44 106.149
- 0.003 0.047 104.774 104.612
- 0.002 0.048 103.146 103.074
- 0.001 0.049 101.555 101.537
0 0.05 100 100
1.10-3| [0.051 98.48 98.463
5002 0.052 96.994 96.926
5.003 0.053 95.542 95.388
5004 0.054 94.122 93.851
5005 0.055 92.733 92.314
5006 0.056 91.375 50.777
5007 0.057 90.047 89.239
5008 0.058 88.748 87.702
5009 0.059 87.478 86.165
501 0.06 86.235 84.628
5077 0.061 85.019 83.09
5012 0.062 83.83 81.553
5.073 0.063 82.666 80.016
5012 0.064 81.527 78.479
5015 [0-065 80.412 76.941
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compares price response of pure discount to coupon paying bond

DURPURED

r:=.04,.05...16 t:=1,2.10 T:=11

f(t) =10 T =110

price of coupon and pure discount bond

. of(t) T
price(r) = +
Z(l +1)¢ (1+n)7

ofT
(14-1’)-r

priced(r) =

calculates relative price .

rice(r) :=—PAeXD)
® price(.10)

. _ preed(n)
T
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0.4
0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.13
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price versus interest for coupon paying bond with upward sloping vield curve
and changing yield curve

DURERROR
t:=1.29 T:=30 i:=1.30
c:=5 prin := 100 x:=-.015,-.014..015
13 3
r:=].015+.05- _’.) rl :=.015+ .05- E
i 12 12
a(t) = —— d1(t) 1=
o —— t
(I+rt+x)' (1+rl+x)
PUR(X) = ) ¢-t) + (e + prin)-&(T) pAai(x) = ) e-d1(t) + (c + prin)-1(T)
t t .
0.085 r I T T T T -
0.0 —
0.07. ~ -
0.00 I~ =
0.06! =
5
— o0o¢k -
i
0.055 — =
0.05 =
0.045 = -
0.04 — 7
0.035 =
0 5 10 15 20 25 30
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peecx)
plat(x)

60 =
—0.015 —0.01 —0.005 1735710 13 0.005 0.01 0.015
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calculates duration for a upwaord sleping vield curve and the actual price after a shift in the
curve as well as that predicted by duration

DURUP
starting values

c: =5 prin := 100 g5 = 1 T:= 30
calculates spots and forwards
i= 1.31
spofs forwards

p——

fHi) = (14—er
Q+ 5 D“‘

calculates discount functions

X = —.Q1,—.009.. .01
t = 1..31
k = 1..30
d{t,x) = L

y 1
. flk) 1{t) = .
I_ll(nf[t<k,1,f(k)+x-<f”)>} (1_,_,9‘

calculate starting price and price with changing yield curve
po = Y c-dl(t) + (c + prin)-d1(T)
t

plx) = Zc-d(t,x) + (c + prin)-d(T,x)

t 57




calculates duration in half years

| M o) B

duraton =
po
duration = 13.054
calculates price using duration alone
o x) Do + po
(1 ¥ r{)
yli) = f(i) - 1
i= 1.16
plots spots and forwards
i A Y( i)
1 0.039] |0.038
2 0.044] | 0.05
3 0.048] |0.056
4 0.051 0.06
5 0.053]| [0.063
6 0.056] [0.066
7 0.058] |0.069 0.1 l T l
8 0.059| |0.072
9 0.061] {0.074

10 0.062] |0.076
11 0.064| [0.078
12 0.065] |0.079
13 0.066| [0.081
14 0.067] [0.082
15 0.068| |0.084
16 0.07 | ]10.085 1 1 '
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EXAMINES YIELD
(2)
1 t
rate{ t, x) = | =———r -
) (d( 1, x )) !
t = 1..29
rate( t, - rate{ t, (cate{ t, .01 )
0.023 0.039| |0.C48
0.034 0.044| |0.054
0.038 0.048| |(0.053
0.041 0.0511} |0.0&1
0.043 0.053} |0.064
0.045 0.056| |0.086
0.047 0.058]| |0.068
0.048 0.059| |0.068
0.051 0.061] |0.071
0.052 0.062] |0.073
0.053 0.064] |0.074
0.055 0.065] |0.075 rate{ t, - .01)
0.056| [0.066| [0.076 rate( 1, 0)
0.057 0.067| |C.078
rate{ t, .01}

0.058| [0.068] [0-073
0.059 0.07 | | 0-08

0.06 0.071] |0-081
0.061 0.071| 0.082
0.062| [0.072| {09083
0.063 0.073| |0-084
0.064| [0.074| |C0-084
0.065| [0.075| |C-083
0.065| [0.076] [9-086
0.066| [0.077] [C-087
0.067| [0.077] |©-088
0.068| [0.078] |C-088
0.068| [0.079] [©-082
0.069| [0.079] | 902

0.07 0.08 | | 9021
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0.1

0.08 r

0.06

0.04

0.02

20 30




x p(x) newprice( x)

-0.01 |84.381|| 83.28
- 0.009]83.244(82.351
- 0.008]82.131](81.421
- 0.007 | 81.041]| 80.431
- 0.006}79.975 79.561
- 0.005]78.931}|78.632
- 0.004]77.808]|77.702
- 0.003|76.908||76.772
- 0.002]75.928||75.842
- 0.001]74.968((74.912

0 74.027]|73.983

0.001 [73.106]|73.053

0.002 72.204]{72.123

0.003 | 71.32 ||71.183

0.004 |70.453]|70.264

0.005 |69.604(/69.334

0.006 |68.772][68.404

0.007 |67.957|{67.474

0.008 |67.157|66.544

0.009 |66.373||65.615

0.01 |65.605||64.685

85

80

75
pl{ x)

newprica( x )

70

65

50 0.015

—0.01 =0.00S o] x 0.005 0.01

60




Shows the effect of changes ip the price of a bond do to a shift in the yield

curve as well as the predicted price using duration and convexity

r = .05 c= 5 prn := 100 CONVEX
x = -.015,-.014. .015

plx = Zc.d(t) + (c + prn)-d{ Tpo = Zc-dﬂt) + ¢+ pn)-di{T)
t i t

calculates duration and convexity

et — il
c-t + (c+ pin)| ———— | - T
T (1 + r)f (1 + 1)

duration =
po
1 : 1 T ;
Yetlt+ 1) ——x + (c+ pin)e| =—0—— | -TAT + 1)
: (1 +7r) (1 +r)
convexity = -

po

duration = 16.141 convexity = 386.39

calculates estimated price using duration alone and using duration and convexity

newprice( x) = po duration-——-—x———-po
P ’ (1 +r)

2
b4

. X .
newprice2( x) = po - duration: ——— - PO + .5- convexity-
(1 + 1) (1 +r ,2
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R(x) p(x] newprice(f_l_] ‘newpriCQZ( x)
0.035 127.588 123.058 127.001
0.036 125.429 121.521 124.956
0.037 123.322 119.984 122.946
0.038 121.264 118.447 120.97
0.038 119.254 116.91 119.03
0.04 117.292 115.372 117.125
0.041 115.376 113.835 "115.255
0.042 113.504 112.298 113.413
0.043 111.675 110.761 111.618
0.044 109.889 109.223 109.854
0.045 108.144 107.686 108.124
0.046 106.44 106.149 106.429
0.047 104.774 104.612 104.768
0.048 103.146 103.074 103.145
0.049 101.555 101.537 101.555
0.05 100 100 100
0.051 98.48 98.463 - 98.48
0.052 96.994 96.926 96.996
0.053 95.542 95.388 95.546
0.054 94.122 93.851 94.131
0.055 92.733 92.314 92.752
0.056 91.375 90.777 91.407
0.057 90.047 89.239 90.098
0.058 88.748 87.702 88.824
0.059 87.478 86.165 87.584
0.06 86.235 84.628 86.38
0.061 85.019 83.09 85.211
0.062 83.83 81.553 84.076
0.063 82.666 80.016 82.977
0.064 81.527 78.479 81.913
0.065 80.412 76.941 80.884




pl x) .
newpncal x]1 1 — \\\\ -
nawpncaZ( x )
80
70 | 1 ! | |
=18
-0.015 =0.01 -0.005 1.735°10 0.005 0.015
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	STRUCTURE SHIFTS
	September 1999
	
	Subject to
	MINIMIZE
	SUBJECT TO



	RISKS OF CASH FLOW MATCHING
	
	Choices
	Modified Duration
	Price change per interest rate change
	Price			   Price					       1+r


	Price							$100
	Annual Payments
	
	
	Initial Price			$740.27




	The price of the bond is
	
	
	
	Price						$100






	Numerical Estimation of Duration
	Calculation Duration
	
	
	
	
	
	
	P = 92.202
	Estimate Functional Relationship









