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INTER-TEMPORAL PORTFOLIO ANALYSIS BASED ON
SIMULATION OF JOINT RETURNS*

KALMAN J. COHENY{ anp EDWIN J. ELTONt

An inter-temporal quadratie programming model for seleeting porifolios of
risky assets is formulated. The model’s application to ¢apital budgeting is dis-
cussed in eonsiderable detail. This is followed by briefer discussions of ita
application in other areas. The paper develops a new and more efficient way of
using simulation to ealeulate the variance-covariance elements required as
input to Markowitz-type models; this new procedure makes no further demands
on the decision maker than do other simulation models that have been sug-
gested. The paper also shows how such models can be made inter-temporal.
Finally, the paper analyzes the potentials for axtending such medels to include
other theoretical considerations that have been proposed in the literature.

This paper develops an infer-temporal model for the seleetion of risky assets.
The most relevant antecedents of this model are the works of Weingartner [28]
in capital budgeting, Hertz [9] and Bossons [3] in simulation, and Markowitz
[17], Chambers and Charnes [5], and Cohen and Hammer [6] in portfolio selec-
tion.® In particular, we present a new and more efficient way of caleulating the
variance-covariance terms in asset selection models that have quadratic objec-
tive functions; disecuss how to make these models inter-temporal; congider how
the current portfolio of the investor or firm should be incorporated; and indicate
directions in which the model might be extended. Throughout this paper we
indicate the range of assumptions under which our method of analysis is valid
(although the results of the analysis may sometimes change when assumptions
are altered).

So that what we are doing is made more explicit, we shall go into a consider-
able amount of detail in our treatment of eapital budgeting. This will be fol-
lowed by a short discussion of the application of the model in selecting securities,
and a still briefer consideration of its application in other areas. Before develop-
ing the model and its application to the firm’s asset selection decision, we shall
diseuss the appropriateness of the standard deviation as a measure of risk.

Standard Deviation azs a Measure of Risk

It is necessary for our analysis to assume the existence of a well-defined and
operational meagure of risk. Risk can mean a2 number of things: variability of

* Beceived August 1966 and revised February 1967.

1 This research was supported by National Science Foundation Grant G3-597; reprodue-
tion for any purpose of the U, 8. Government is permitted. The authors wish to thaak Pro-
feasor W. W. Cooper and some anonymous referess for Management Science for several
helpful comments and suggestions.

1 Carnegie Institute of Technology.

1 New York University.

* Quirin {20], Van Horne [27], and Weingariner [20] in recent articles have suggested
applying Markowitz portfolio analysia to capital budgeting, This paper goes well beyond
their apalyses in specifying how and when auch a model should be applied, as is indicated
in the remaining sentences of the first paragraph in the text.
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6 KALMAN J. COHEN AND EDWIN JI. ELTON

earnings, probability of loss greater than a certain amount, and probability of
bankruptey, among others, At [east in many cases, the main source of risk is
variability in earnings. In these cases, if the variahility in earnings of the firm
approximates a two parameter distribution, if investors have quadratic utility
functions,’ or if the shape of the frequency function of the firm’s earnings remains
relatively constant over time,* then the standard deviation is a good measure of
risk. Even in cases where none of these conditions is exactly met, the standard
deviation may still be the most reasonable operational measure available. Thus,
in the rest of this paper we ghall adopt the heuristic of using the standard devi-
ation to represent risk. This naturally leads to the use of an “expected return,
standard deviation of return” ( E, o) type of efficient. frontier.

In generating the efficient frontier, we have used the present value of cash
flows as the random variable whose expected value is maximized and whose
standard deviation i & measure of rigk. Qur analysis would still be appromiate
with many other objective funciions or random variables.” Finally, it should
also be noted that in order to solve the models we propese, it is necessary to
assume that the discount rate between certain and uncertain assets of a given
type (i.e., the risk premium) remains constant throughout time.

The Capital Budgeting Model Without Budget Constraints

With this background, we are now ready to discuss the discounting of a single
cash flow hefore considering the model itself. In order to find the present value of a
cash flow that oceurs in period ¢, we must discount this flow for risk and time.
From our previous discussion, rigk is some function of the standard deviation of
the cash flow discounted for time.

Therefore, the present value of a cash flow received in period ¢ is:

PV(fu) = fu/l(1 + p)(1 + )

where
1. PV(fi) = present value of cash flow 7 in periad .
2. p; = the discount rate for returns of the same risk class as fa/{(1 4 )"}

? For a justification, see Tobin {25]. Note also that the quadratic utility funetion we are
talking about is a quadratic rate of return function. For a discusaion of the properties of
this and other possible utility {functions, see Freimer and Gordon {8].

4 In this ease when one compares a firm to others, as will be done later, it is necesary to
find firms with a similar risk strueture. Operationally this could mean industry groupings;
see King [14].

& Tt is not necessary to use present value as the eriterion. E.g., the analysis developed
in this paper would be equally applicable (although the solutions generated by the model
may not be the same) if the internal rate of return or the horizon value of the firm were
used ag the firm’s objective funection,

Note thatin the context of this paper, “‘present value’ is heing used as a random variable
to represent the discounted returns to a firm or an investor if a particular risky asset is
added to the partfolio. “Present value'’ is not being used here to represent the maxiooum
amount that a firm or an investor would pay for the particular risky asset; given well-
defined preferences, this maximur amount is, of course, a constant, not a random variable.
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that changes fu/{1 + r.)" into its certainty equivalent. p; depends on the
standard deviation of f,./(1 4 )"

3. r¢ = the (rigkless) time discount rate that converts certain returns in period
¢ to returns in period £ — 1.

4. £ = time index.

5. 1 = project index.

Since we assume that r; 15 & known constant, the above ean be simplified to

PV(fu) = Euf/(1 + pg)
where

By = fenf(l + ?":)n

If we have a second eash flow in ¢, however, then the diseount rate of the two
projects taken together need have no relationship to the discount rate of the
projects taken separately unless they are perfectly correlated. The appropriate
measure of risk is the standard deviation of the present value of the combined
flows. If the cash flows oceur in different periods the same conclusion follows,
since these alse may have a positive covariance.

This diseussion suggests the use of a model adapted from Markowitz but uti-
lizgng present value rather than rate of return.’ The simplest form of the model
15:

Minimize " 2 » o Zg
Subject to: f1 i
1. px = ¢ : :
{1} 2 a5 =1 g =t |z =|a.
=2l ¢e=1---n Hatl Entl
42,20 1=1--n+4+m : :
|_fontrs_] L Ladem_|

where

1. pisal X (n 4+ m + 1) vector of the expected present values of the various
investment projects. In terms of previous notation u; is Z.% . .

2. The subseript 0 refers to current investments. For example, y, 15 the ex-
pected present value of the cash flows associated with current investments.
The subseripts 1 to » refer to physical investments, and n + 1 ton + m
refer to investments in securities.

3. zisa (n 4+ m 4+ 1) X 1 vector giving the amount invested in a project.
It is assumed to be ¢ or 1 for physical investments and unbounded from
above for investments in securities.” x, is an element of that vector.’

¢ For discussion of the reasons why present value is preferred to rate of return, see
Alchisn [1], Lorle and 8avage {16], Hirscheifer (11], and Weingartner [28].

? Far computational purposes one might want to reformulate the model so that the ob-
jeetive function becomes maximize the expected return (ez) and the varisnce-covariance
matrix is put into the constraints (#'Zzx = C). 8ee, e.g., van de Panne and Whinston {26].

i For both econamic and computational reasons, upper bound conatraints on invest-
mernts in securities may often be required.

¥ The projects need nof all be started in the same period. We e¢an formulate the model to
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4. mq = 1 forces us to continue with current investmenta.

8. ¢ is a parameter whose value changes in generating the efficient. frontier,

6. Z is the variance-covarianee matrix between projects’ present values; its

derivation is described helow.

The formulation of the problem in {1} is the most simplified model. Variations
will be discussed later. _

We shall now indicate how to generate the variance-covariance magrix (Z)
using a simulation of joint returns approach. First, we must specify for each
current or anticipated investment and for the firm as a whole a struetural model
indicating what factors determine the cash flows in each period.”® For example,
we may decide that cash flows associated with an equipment replacement project
depend on the sales of the company, the cost of labor, the cost of material, ete.
For this investment, we would then determine the relationship between the cash
flows and these underlying factors.™

Next we specify the joint probability distribution of these underlying factors;
frequently this can be done most conveniently by specilying separate distribu-
tions for each underlying factor and the inter-relationships among the factors,
The funetional form and/or parameter values of the joint distribution may change
over time, and the change may depend on the values assumed by specific randem
variables (including, perhaps, the values of these underlying factors themselves)
in the same or previous periods. The specification of the structural models and the
distributions of the factors must be detailed enough so that all inter-relationships
are explicitly stated. In the above example, the joint probahility distribution may
reasonably be specified in such a way that {a) the cost of labor depends on sales,
and (b} the mean of the distribution of sales is a constant times the previous
period’s sales.

After having established these specifications, we then simulate period-by-
period the values of each of the underlying factors. Initially, we use the values
of the factors that were generated for the first period to calculate the cash flow
during the first period for each investment projeet {current or anticipated) and
for the firm asg a whele. The cash flow of each of these investment projects is
stored separately. We then use the values of the underlying factors that were
generated for the second period to calculate the cash flow for each investment
project during the second period. The cash flows generated in the second period
are then discounted (using the riskless discount rate r;) and added to the cash

conaider the possibility of starting a project in any of several periods by regarding this
project as the equivalent of several related projects, one to be started in each period, and
then imposing a constraint that permits at moat one of these related projects to be under-
taken. This type of formulation can be adopted for both physical investments and invest-
ments in securities; its advantages will be discussed in more detail in a later section.

10 Same simplifying assumptions may be needed to refleet the effects of future invest-
ments on future cash flows.

1 Some of the underlying factors may, of course, be the probabilities that new invest-
ments come along.
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TABLE 1
Present Values of Invesiment Projects Generated by Fach Simulation Run
Run 1 Run 2 e Run =
Investment 0 Va Vaa von Vi
Inveatment 1 Vi Vi s Vie
Investment # + Vatma Votm 2 Voarmw

fiows that were calculated in the first period. This process of caleulating the cash
fiows for the prejects, discounting them to the present, and then adding the newly
generated discounted eash flows to the cumulative discounted cash flows from
previous periods is econtinued until the last period of the gimulation. At this
point we have caleulated the present value of the cash flows for each investment
project for the first simulation run. Note that the cash flows have been discounted
for time but not for risk. Further simulation runs are then made, and the sequence
of present values for each of the projects is stored. After a sufficient number of
rung, the simulation is terminated. .

We now have the information shown in Table 1. Each entry in the table is
the present value of one investment project for a given multi-period trial. For
example, V; is the present value of project ¢ (l.e., Z.E;) that was caleulated
during the first simulation run. Since we stored the sequence of present values, we
can easily caleulate the covariances, variances, and means of the present values.”
After we have caleulated the above present values, we apply a quadratic program-
ming algorithm to the model formulated in (1) to generate the efficient frontier.”
An example of the efficient frontier is presented in Figure 1.

12 This may be the point where the future returns for all projects still generating cash
are constant, or the point where future periods in the simulations become irrelevant either
bacause they do not affeet, the optimal first-periad decizion, make negligible contributions
to the value of the objective function, or require computing costs which exceed possible
further gains. See Moadigliani and Cohen [18] for further discussion of this point.

¥ This is analogeus to the security analysis input used in.the Markowits security port-
folio selection madel. What is required by our procedure, however, is the specification of
underlying distributions on which the returns are based, rather than the joint distribution
of the returns themselves,

Noate that in order to compute the covariances of the present values of cash flows, it is
necessary to use present values that were generated during the same simulation run, This is
the only reason for storing the present values in gequence ag they are generated. In practice,
one might instead wish to caleulate and accumulate the relevant sums of present values
and their squares and eross-products, rather than storing all of the present values.

1 Thig is really an integer quadratic programming problem. One algorithm whieh can
be used to solve a limited class of such problems has been developed by Burford and Lang
[4].

As yet, we do not have enough experience to be able to generalize on how importany is
the problem of fractional projects. Note that fractional projects may provide information
useful for the design of new projects (see Weingartner {28]). Alsa, if the projects are related
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standarac

deviaticn

return

Fig. 1. Poszsible risk-return combination for the firm

In the capital budgeting cantext the efficient frontier indicates the achievahle
risk-return trade-offs, given the firm’s available investment alternatives. At this
stage, it may be desirable for the firm’s managers to exercise their judgment in
selecting one particular point on the efficient frontier. If one wished to formalize
this selection process, however, then from the viewpoint of the stockhaolders, the
optimum point on the efficlent frontier is that set of investments which maxi-
mizes the market value of the firm’s stock. This point depends upon the market’s
trade-off between risk and return. Tor a particular firm this would require
estimating the trade-off for the various combinations of projeets it, is considering.
In practice this trade-off between risk and return can best be estimated by
studying the market valuation of other firms. Consequently, managers trying to
decide which is the optimum point on the efficient frontier would compare their
firm to other firms that react to similar underlying variables and have either the
same risk-return combination as their firm or else are in a risk-return combina-
tion into which they are considering shifting their firm. It is beyond the scope of
this paper, however, ta develop the detailed procedure for selecting a single point
on the efficient fronties.

One final characteristic of owr simulation of joint returns approach should be
noted. We have been very careful to separate the time and risk discounts.!

to uneorrelated indexes, Weingartner's [29] algorithim would be useful. If budget constraints
are not present, then Beiter's [21] algorithm is appropriate. Finally, we know from existing
teehniques that the movement from one extreme point to another involves changes in only
one asset. This bas two consequences. First, the maximum number of fractional projects in
general is one plus the maximum number of fractional prajects at extreme points. Second,
we could theoretically use integer linear programming to caleulate extreme points, and then
ignore or separately generate the points batween.

U For a detailed discussion of why the risk and time discounts should be separated, see
Raobichek and Myers (22} and (23], Their formulation is more general than ours, however, in
that they do not recommend any specific weighting scheme, whereas we are recommending
the use of a partieular weighted average of the standard deviations of yearly cash ows in
which the weights used are 1/(1 + r¢)t. If one wished to use a more general formulation,
the simulation program would increase in size and a different efficient frontier would result,
but the rest of the discussion would remain unchanged.
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During the simulation each cash flow is discounted for time, bul not for risk.
The discounting for risk is implicitly done later when one decides on the most
appropriate risk-return combination for the firm, i.e., when a specific point on
the efficient frontler is selected.

The Capital Budgeting Model With Budget Constraints

The basie model formulated in (1) can be augmented by adding budget, limita-
tions and other interdependencies besides the covariances. A model incorparat-
ing a sample of these features based on the Weingartner (29] madel is:

(2) Minimize 2'Sx — 28z

Subjeet to
1. px = ¢
2. agro + a4 80 — & = 0,
S.atoxa+a¢x*+85_1—8:=0 f-=2"'T,
4. ;=1 t=1--mn,
A &z t=1---T,
2.2 0 i=1.-n+m, and
. Yo = 1.
2931
P 253
ity = . 1
& ntm

where

1. i, &, and ¢ are defined as befare.

2. arisal X (n -+ m} vector representing the cash flow associated with the
new investment projeets in period £ A positive {negative) element of a,
represents a net cash inflow (outflow). ey is the cash flow associated with 2
particular investment ¢ in period {. a4 is a scalar equal to the cash flow fram
the eurrent operations of the firm in period £.

3. 2” is the same as x except that, z, is not included.

4. & 18 the amount held in cash in period ¢ (s, of course, is the opening cash
balance). This formulation of the madel allows the forward transfer of
money between periods.18 One might want to hold cash either because
transactions costs make the returns from securities negative or becatse of
adverse effects of security holdings on the portfalio variance.

5. T is the final period for which a budget eonstraint is considered.

1t We do not inelude horrowing possibilities in the model bacause the cost of funda would
often depend on the projects selected. If this were not true, e.g., because of market imper-
fections, herrowing possibilities could be ineluded. An iterative procedure might also allow
horrowing possibilities to be included.
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6. 4 is a matrix expressing mutual exclusion between projects. This will be
explained in more detail below.

The budget limitations are stated above only in an expected value sense. We
could express these limitations probabilistically, but to do so operationally would
require {given the current state of chance-constrained programming) that the
sum of the eash flows in a period be approximately normal—an assumption that
would be hard to justify.”

The question arises as to the appropriateness of the use of present value when
we have constraints. If the diseount rate is, in fact, a function of the cash con-
straints, then the model is inappropriate, since we cannot determine the diseount
rate prior to praject selection. In most cases, however, this will not be true. The
typical constraints that arise will be:

1. Non-cash constraints on managerial talent, flaor space, ete.

2. Cash constraints that do not affect the way the market views new invess-
ments by the firm. These could be cash constraints imposed by other
lenders, hy transactions costs limiting external issues of seeurities, or by
management policy.

Mutual exclusion between projects ean he handled by suitable ehoice of values
in the second matrix {8). For example, mutizal exclusion between projects ¢ and 7
can be handled by inserting a large negative number in position 4j of 4. In this
manner, project interdependency can be incorporated into the model without in-
creaging the number of fractional projects and with no change in the number of
explieit constraints.

The Dual

The dual to the model formulated in (2) for an included physicsal project x;

would be'®
¥i = pg — 228 — Z@upe,
where '

1. v.is the dual associated with the equation that at most one unit of physical

investment ¢ be undertaken.

2. p:is the dual associated with the budget constraint in period £. It gives the

value of an additional dollar available for investment in period .

3. Z,is the ¢ row of the matrix 2.

4. ay;, 2 are defined ss hefare.

For an accepted project «y; is positive and represents the sum of the expected
present value, a term representing the effect of the project on the risk of the firm,
and a term representing the cash flows assoeiated with the projectduring periods
with budget constraints evaluated at the opportunity cost of funds for that
period. It is interesting to note that a project could be accepted (or rejected) due
ta the expected present value of its return, because it eaused a reduetion (in-

17 Qee, for example, Nisluad {19] and Hillier [10}.
12 Al] elementa of the § matrix that are in the dual are zero, and therefore the 8 matrix iz
exeluded.
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ereagse) n the risk of the firm, or because it generated {used} funds at an im-
pottant time '

Portfelios of Securities

Our previcus discussion indicated how we can extend Markowitz's portfalio
selecilon model to include inter-temporal considerations. Markowifz assumes as
input data the expected return, variance, and covariances of a number of securi-
tles, and he then caleulates an efficient frontler of portiolios. He does not, how-
ever, explicitly consider an investor’s present security holdings; nor does he
include possible sales and purehases of securities after the current decigion.

To include all possible future sales and purchases may make the resulting
quadratic program too large for ecomputational feasibility. However, a subset
that on @ priori grounds seems promiging ot a subset that seems promising after
some initial ealeulations can easity be ineluded.

We are again suggesting a simulation of joint returns from investment in
various assets analogous to what was deseribed above. The possibility of selling
an asgset in a specific future period can be included by formally dealing with two
different assets, one which is purchased to be held indefinitely and the other
whick is purchased to be held anly until the relevant future period. This requires
only that the simulation results for that asset be recorded twice. For example, in
order to consider selling asset 4 in period 3, the results of the simulations of
asset 4 for periods 1, 2, and 3 are recorded hoth in the record of an asset 4 which
is assumed to be held indefinitely and in the record of the new asset 4,.;. In
order to eonsider purchasing an asset in a particular future period, one can simi-
larly reeord that asset’s returns from the relevant future periad to the horizon
and then diseount the refurns to the current date using the riskless time diseount
rate. Transactions costs (including taxes) are handled by regarding them as
negative eash flows in the relevant periods.

Budget constraints in fufure periods are ineorporated by expressions of the
following type:

E,,CiﬂiéBg t=1T

where
1. B,is the amount avaliable for investment in period f.
2. z; is the number of shares of security ¢ held in the partfolio.™
3. i 15 the price per share of security 2 in period ¢ if it ia being considered for
purchase, or the negative of the expected selling price net of transactions
eosts (including taxes) if it is being considered for sale, or else it iz the
negative of the dividend per share.

1 Working from less general assumptions, Lintner [15] has derived conclusions similar
to those stated above in connection with both the aceeptance or rejection of projects and
the seleation of a point on the efficient frontier.

20 With this formulation, the upper bound eonstrainfs, #: = I, no longer are relevant.
Realistic upper bounds on the numbers of shares of particular securities may still be perti-
nent, however, espeeially for institutional investors.
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Many of the technigues developed previously in connection with capital budget-
ing are also applicable to the analysis of portfolios of securities. First, one can
include the transfer of money between periods through lending opportunities.”
Next, the # matrix can he used to express mutual exclusion between assets.
Finally, the effect of the current, portfolio is also readily handled. If z, shares of an
asset A are currently held and x,” shares are held after the next portfolio is
selected, then the present value of the return on the investment of z,” in asset A
is:

either

Y = Re.” — (35 — 2.)B, = (R + Bz, — 2B, if 2" =z
ar

V = Re,” — (2, — 2,)By = (R — Bz, + 2B if 25>z,
where

1. Y is the return from investing in z,” shares of asset 4.

2. R is the present value of a share of asset A.

3. B, and B, are the transactions costs (including taxes) per share of agset A

sold and bought, respectively.

"This shows that effectively one receives a per share return of (R - B,) from
investing in asset A up to x, shareg, and a return of (R — By) thereafter. This
dizcontinuity, and therefore the effect of the eurrent portiolio, can be reflected
by:

{a) having two assets with the same variance and covariance but with unit

returnsof R + B, and B — B,
(h) restricting the amount of the asset with return B 4- B, to be no greater
than z, ,
and

(¢) subtracting an amount B.zx, from pz in the parametric constraint ut = c.

The effect, of current holdings can be handled in most programs for caleulating
the optimum portfolio; it does not depend on owr suggestion for caleulating
variances and covariances through the simulation of joint returns. However,
the practicability of including inter-temporal considerations is wvery highly
dependent. on our suggestions for generating variances and covariances. If one
calculates them in the manner we suggest, then including inter-temporal con-
siderations does not increase the information burden on the person supplying
the input. Instead, the full burden rests on the computer which performs in-
creased calculations.

Other Applications

The approach to inter-temporal portfolio analysis based on the simulation of
joint returns that has been developed for physical investments and securities
ean also be applied in other areas. Two brief examples will indicate how this

2 Note that by ineluding an asset with zero risk and zero transactions costs such as banlk
savings aecaynts, the budget constraint ean be written as an equality, since such an invest-
ment dominates holding cash,
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approach can be used to strengthen other types of models. In general, this
approach can add inter-temporal dimensions, risk considerations, or opera-
tional procedures for generating required input data to the existing relevant
models

Chambers and Charnes [5] have presented a linear programming model for
bank asset management. This model maximizes the horizon value of a bank sub-
jeet to an availability of funds constraint and a constrainf requiring that the
Federzl Reserve Board of Governors’ bank examiners’ standards be met. Al-
though the latter constraint can be interpreted as limiting a bank’s risk of
solvency, other dimensions of visk (e.g., inability to meet loan demand, fluctua-
tions in market prices, ete.) still are relevant. Tt is thus appropriate fo derive the
“Markowitz"” efficient frontier for bank porifolios in the context of the Charabers-
Charnes inter-temporal programming model. The variance-covariance matrix,
derived through the simulation of joint returns, can be appended to the eriterion
function in exactly the manner shown above.2

Weingartner {29} has suggested a method for selecting portiolics of R and
B projects. The several alternative models that he presents all require as inpub
raean values of the projeci returns and probabilities of suceess, and some also
requile variances and covariances. The simulation of joint returns is the most
appropriate operationally feasible method for generating the nput data re-
quired by these models, for two reasons, First, refurns from R and D are subjact
to a great deal of variability, so that it is important for a modei o include an
explicit treatment of rigk. Second, since this variability is often related 1o several
underlying factors, the simulation of joint returns is often the only feasible pro-
eedure for generating the required varianece-covariance mairix,

Further Theoretical Considerations in the Analysis of Risky Asseis

It 1s usually assumed that for a given expected return, investors prefer that
firm whose portfolio of assets has minimum risk. This assumption was used in
the preceeding sections, and it is the standard assumption of other operational
methods for selecting risky assets. There are two reasons why this assumption
might need to be modified for theoretical completeness, First, a high-risk firm
having low covariance with other firms may sell at a more favorable price than a
less risky firm having high covariance with other firms bheeause the “‘more risky”
firm decreases the risk of the investor’s portfolio whereas the “less risky” firm
does not.?® This is the effect of market inter-relationships. Second, two firms
which have the same mean and variance of return may not sell at the same price
if one of the firms is more likely to provide high returns when investors need them
most. For example, a gold mining firm may sell at a premium over a construetion
supply firm even though both offer the same average return and variance of re-
turn to the investor because the gold mining firm serves as a hedge against infla-

2 The suggestions made in this paragraph are also relevant for the Cohken and Hammer
[6] model.
3 Sea Markowitz [17] and Sharpe [24] far another digeussion of this point.
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tion whereas the construetion supply firm does not. This is the effect of different
“states of the world” on investors’ need for income.? Bach of these two theoreti-
cal eonsiderations will now be discussed in more detail
Under the following eircumstances, market inter-relationships should not
affect the firm’'s asset selection decision:
(2) new projects do not significantly change the inter-relationship of the firm
with other firms; or
{b) the only investments that change the market inter-relationships of the frm
are investments in which a stockholder could also invest and there are no
speclal economies to a single investor holding both assets.®
Under most other circumstances, the previous analysis should theoretically be
extended to include market inter-relationships. Such an extension, unfortunately,
must await research on the underlying factors which affect a firm’s cash flow
{and are common between firms) and development of a more detailed general
equilibrium theory for capital markets
The other theoretical extension of the previous analysis would inelude the
effect of the state of the world on investors’ need for money. Two types of events
may generate a change in an individual's need for ineome: Personal gvents and
economy-wide events. In general, one would not expect a firm’s cash flows to be
affected by the personal events of its stockholders such as changes in health and
family obligations.”® Consequently, prospective investors will not be able to buy
securities whose returns are affected by the investors’ cash needs. If these were
the only*kinds of events that affect investars’ portfolio desires, the state of the
world could be ignored entirely. Unfortunately, this is not always the case.
Economy-wide events, such as war, depression, prosperity and infiation, affect
both investors’ needs and companies’ returns, For example, investors may have
a high need for income during depression, and hence hid up those securities
whose returns are high under economic adversity.¥ Even so, the effect of the
state of the world on investors' need for money could still be ignored, if:
{a) potential projects react to the state of the world like past projects;
(b) the state of the world does not differentially affect the relative amount of
risk of various companies; or

% The relevance of the state of the world to the choice among commeodities was formu-
lated by Arrow [2] and Debren [7]. A recent applicaiion of this framework to the problem of
capital budgeting is contained in Hirshleifer [13]. Note that in this paper we are using the
‘state of the world"” concept in a alightly different way than the authors just cited. We are
using “‘state of the world”® to mean a general category of oceurrence, such as siclmess or
depression, rather than a specific value of either of these categories, such as smallpox or
GNP for the USA of $400 billion.

16 Tnder these cireumstances, the prices of the relevant securities bave already been bid
up to compensate for the low covariance between these securities. See, e.g., Sharpe {24].

# A sole proprietorahip, some partnerships, and key personnel in corporations are obvious
exceptions.

27 That, most of these securities are also low-risk securities may account for part of the
difficulty in measuring a risk premium in the market.
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{¢) the market is such that the state of the world does not change the investors’
risk-return preferences.
If none of these conditions holds, our proposed analysis can theoretically be ex-
tended by ealculating the mean and variance of return for each category of the
state of the world that influences the investors’ utility for money and by develop-
ing an explicit theory of how the state of the world affects the investors’ utility
for money.

Summary

In this paper we have set up a quadratic progranmuning model which utilizes
information ahout the rigk and return of interdependent assets to generate the
set of efficlent portfolios. We have further shown how to develop the input data
_ required by the model from a simulation which makes no further demands on the
decision maker than do standard simulation models in the area. Our model is
inter-temporal, so that consideration is given to the effect of present decisions on
future actions. Although the model has been formulated primarily in the eapital
budgeting context, its application to other types of asset selection has been dis-
cussed. The paper concludes with some suggestions for extending the maodel to
inelude additional theoretical considerations.
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