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Edwin J. Elton and Martin J. Gruber™*

Risk Reduction and Portfolio Size:
An Analytical Solutionf

The relationship between the risk of a portfolio and the number of securities
in that portfolio has been of interest to economists for 2 number of years. In
fact, discussion of this problem dates back to the very inception of modern
portfolio analysis.!

It is not surprising that this problem has received a great deal of atten-
tion. It has major implications for the structure and very existence of finan-
cial intermediaries, as well as for the behavior of all investors, When an in-
vestor decides on the size of the portfolio he will hald, he is making a trade-off
between the decreased risk due to more effective diversification versus the
increased transaction costs {decreased return) from adding more securities
to his portfolio. If large portfolios are necessary to get most of the benefits
from diversification, then financial intermediaries should exist just as a
method for providing investors with the benefits of diversification. However,
if one can abtain most of the benefits of diversification by holding quite
small portfolios, then the individual can ohtain effective diversification
directly, and financial institutions must justify their existence by their ability
to select security {ssues that will exhibit superior performance.?

Finally, an analytical expression for the relationship between risk and
the number and type of securities is necessary to see the effects on risk of
introducing new securities into the population of securities under study. For
example, the opportunities and risk changes that occur when an American
investor is allowed to diversify internationally can be examined via the ex-
pressions we will develop in this paper.

Before proceeding with our analysis it is worth while to briefly review
some of the past studies which have examined the relationship between port-
folio size and risk.

One of the earliest and perhaps the most often quoted study of risk and
portfolio size was performed by Evans and Archer, who developed the
methodology that was to be used by almost all following studies.® Evans and

* Professars, finance, New York University Graduate School of Business Adminis-
tration.

t We waould like to thank Blyth Eastman Dillon & Co., and in particular Alex
Gould, for help in preparing the data.

1. See Harry Markowite, Porifolio Selection: Efficient Diversification of ITnuvestments
{New York: John Wiley & Sons, 1959}, p. 111

2. The theory of efficient markets casts doubt on the ability of financial institutions
to do so. (Of course, there may be other sources of advantage: institutions may offer
superior services of a custodial nature. They may also provide better and for cheaper tax-
oriented advice).

3. See ]. Evans and 5. Archer, “Diversification and the Reduction of Dispersion—
an Empirical Analysis ' Journal of Finance 23 (December 1968): 761-67. Subsequent
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Archer measured the risk of a portfolio by the standard deviation of return
from the average return for that portfolio. Then they ran a large-scale simu-
lation and plotted the average standard deviation of return against the num-
her of securities in the portfolio. Finally, they examined the confidence inter-
val on the standard deviation of return. In doing so, they implicitly recog-
nized the fact that the investor would hold one portfolio of N securities and
that the risk on this portfolio might differ from the average risk of a portfolio
of N securities.

The present study will differ from this standard literature in several
ways. First we will derive an analytical expression for the relationship he-
tween portfolio size and risk. It is unnecessary to resort to simulation when
well-developed statistical models allow you to arrive at a more exact expres-
sion, Analytical expressions not only allow the researcher to quickly deter-
mine the relationship between risk and return for new market conditions but
alsa explicitly show what factors influence the effect of portfolio size on risk
and the relative importance of each factor.

Next we will show that these earlier studies defined risk improperly. By
measuring risk by the dispersion of a portiolio return around the mean return
of that portiolio, they neglected the risk associated with the probability that
the mean return on the portfolio held will be different from. the return in the
market. Put another way, the risk from holding a single security rather than
the market is not just due to the variability of that security's return but is
also due to the uncertainty of what the average return on that security will
be. This can be illustrated with a simple example such as that presented here.
Suppose that there are only three possible N security portfalios in the econ-
omy. Further, suppose that the investor is going to choose one of these port-
folios at random {e.g., he knows the distribution of expected returns across
the portfolios but not which expected return is identified with which port-
folio). Examining only the variance around the portfolio mean would imply
that they were riskless and that further diversification was senseless. How-
ever, all risk to the investor has not been eliminated. He is still unsure what
return he will receive. Further diversification by reducing the uncertainty
associated with the mean portfolio return may reduce his risk. If the investar
baught all three portiolios in equal amounts, his risk from the mean portfolio
return would in fact go to zero (see table 1).

Looking at the total risk fram holding a portfolio rather than the dis-
persion of the portiolio return ahout its mean will result in higher levels of
risk for any portfolio size.

There is one previous study which, while using simulation, in effect
measures risk in the manner which we advocate. Fisher and Lorie simulate
the distribution of returns for various portfolia sizes for all stocks listed on
the New York Stock Exchange. Because they calculate the distribution of

studies based wholly or partly on this methodology are H. Latané and W. Young, **Test
of Portolio Building Rules,” Fournal af Finance 24 {September 1969): 395-612; and
Bruno Selnick, “International Portfolio Diversification,” in Infernational Copital Markets,
ed. E. J. Elton and M. I. Gruber {Amsterdam: North-Holland Publishing Co., 1975).
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Table I
Example
Eaxpected
Partfolio Return an  Partfalio
Number Partfalia  Variance
Lo 2 Q
2o 10 ]
Yoo 18 G

all possible portfolio outcomes their results are directly analagous to our
measure of total risk.*

The paper discussed above, as well as our own paper, assumes equal
investment in all securities in the portfolio. Equal investment is optimum if
the investar has no information about future returns variances and covari-
ances. To the extent that future returns variances and covariances can be
forecast, it is possible that buying unequal amounts of each investment can
lead to further reduction of risk for any size portiolio. In this case equal in-
vestment is an upper limit on the risk the investor faces.

In the next section of this paper we will develop the analytical relation-
ship between the average variance of a portfolio’s return and the size of the
portfolio. We will then develop an expression to measure the additional risk
due to the probability that the mean return on the partfolio will differ from
the mean return on the market. Twa sets of expressions will be developed,
one based on the full variance covariance matrix and one based on the
Sharpe simplification.

In the last section of this paper the parameters of these models will be
measured for one period of time and the effect of portfolio size an risk dis-
cussed.

I. RISK AND PORTFOLIO $IZE: THE
ANALYTICAL RELATIONSHIP

In this section of the paper we will discuss the relationship between the num-
her of securities in a portfolio and the investor™s risk. The derivation of all
the farmulas discussed in the text is presented in the appendix, and all equa-
tion numbers in the text carrespand to the equation numbers used in the ap-
pendix. We will discuss formulas that exactly measure the effect of the num-
ber of securities on investor’s risk as well as approximations using the Sharpe
single index model.

Before turning ta our analytical solution let us discuss ane concept that

4. Lawrence Fisher and James Lorie, “Some Studies of the Variahility of Returns
on Investment in Common Stock,’! Journal af Business 43, no. 2 (April 1970): 99-134.
Their results are not directly analogous to the simulation studies described earlier because
their study includes the risk due to mean differences as does our measure of total risk. They
suggest that if one is willing to accept the existence of the second moment of the distribu-
tion, the problem could be salved analytically. Our total risk measure is an analytical solu-
tion to their problem based on the existence of the second moment.

5. For an initial exploration of this issue, see A, Johnson and B. Shannon, “A Note
on the Diversification and the Reduction of Dispersion,” Journal of Financial Economics
L (1974): 365-72.
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will be used throughout the rest of this paper. Risk will frequently be ex-
pressed as a function of the characteristics of the population of stocks from
which portfolios are being selected. The analytical relationships hold how-
ever the population is defined. In the case where the investor is selecting
stocks from the entire market then these characteristics are average values
for the market. But if the investor is selecting stocks from a restricted popula-
tion {e.g., Standard & Poor’s 500}, the expressions are equally valid when
the characteristics (e.g., average stock variance) are measured for the re-
stricted population.

A. Exact Formulas
The expected variance on a portiolio of N securities is {from eq. [B1] of
Appendix B}:
1 = N-—-1
E(o) = 470 +

72 cav (i,-ﬁ

where

Efg,?) = expected variance of a partfalio;
¢ = average variance for all stocks in the population;
cov(i, §) = average cavariance between all stocksin the population;
N = number of securities in the portfolio.

Since this formula was originally presented in Markowitz,5 it is amazing
to us how many subsequent studies have attempted to fit ad hoc equations
to simulated data. These studies keep reappearing with still one more equa-
tion proposed as the appropriate one, and it is not surprising that the one
that always fits hest is the one that best approximates {B1).? One implication
of this formula is that as N increases risk declines until it reaches the average
covariance.

In estimating the expected variance on a portfolio of N securities a
variate of equation (B1)} is preferable. If ;2 is the variance of an equally
weighted portfolio of all securities in the population (EWPP?), then the ex-
pected covariance can be replaced by

cov (i,7) = EIMTI Lgﬁ - % 0-2] , (B2)
where M = number of securities in the population of securities under con-
sideration.

Determining the covariance in this manner requires 2M rather than
M? calculations. The expected variance on a partfolio of ¥ securities becomes

6. Markowitz (see n. | above).,

7. An example of the error that can arise from fitting an ad hoc model to the results
of a simulation model can be seen comparing the results of Evans and Archer with Latané
and Young. Evans and Archer ft the relationship Efa,) = C, + C(1/+/N), while Latané
and Young fit E(a,) = C, + C1(1/N} as well as the Evans and Archer equation to their
simulated data. Latané and Young state that their model warks better three out of four
times. In fact, Markowitz had previously shown that the correct maodel was [C, + Gi(I/
Nz,
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Bar) = }tT 1“i:1)+(Mﬂi1)(N§1)‘”z‘ (B3)

Note that equation (B3) leads to the logical canclusion that for portfolios of
size M the risk is simply equal to the variance of an equally weighted popula-
tion portfalio.

If the variance on a portfalio of N securities is the risk measure that
is of interest to an investor, then he should be concerned not only with its
expected value but with the dispersion of possible values it can take on.®
Thus he should be concerned with the variance in the variance. The analyti-
cal expression for this is?

1/ (1 Nyl )

+ 24N — 1) (1 - ((;; : 3((?;{‘_ 3;) cov (i, )2

~ DN - HMM —- 1)
N(N (M — (M - 3)

+ 4N — 1N —2) (B17)

cov (1,, ?}2

— NV - 1)2(1 -

X (1 ~ i: ;) Elcov (i, §) cov (i, B)]

40 = (1 = =) Bloc cov ()]

— N — 1}[N — w—-f%)— azmj_}f ,

where
N = number of securities in the partfalio;
M = number of securities in the population under
consideration for inclusion in the partiolio;
o’ = Ele® — oY% = variance assaciated with the dis-
tribution of variances of individual securities:
cov(i, §)* = average squared covariance for all stocks in the
population;
cov(i, ) = the square of the average covariance for all
stacks in the population;
7 = the variance of security ¢;
cov(i, j) = covariance between security ¢ and security j);
a? and cov(i, §} as before.
8. The variance in variance was in effect simulated by the fourth condition abave,
N = number of securities in portfolio. As explained shortly, this is necessary in order to
be able to make probahility statements about the risk (variance) of any portfolia.
9. Terms like (1 — ¥ — (/M — 1) arise because we are sampling without replace-
ment. In other words, if the population is 500 securities and the portfolio size is 50, the

first security is drawn from a sample of 500, the second from a sample of 499, the third
from a sample of 498, etc.
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The ahove expression can be used to determine confidence limits
around the expected variance. This expression, along with equation (B3),
allows an investor who used variance in the return on his portfolio as 2 mea-
sure of risk to determine the effect of portfolio size on the possible levels of
risk. Hence an investor could decide on the portfolio size necessary so that
there has been less than a 59 chance that his risk exceeded some predeter-
mined level. An examination of equation (B17) shows that as N approaches
M the variance in variance approaches zero. This is logical, since with M
securities in the partfolio risk will be at its expected level which is the vari-
ance of an equally weighted population portfolio (hereafter called EWPP).

As discussed earlier a much more appropriate measure of risk is varia-
tion from the expected return on the population of stocks under consider-
ation. This risk which we call total risk is composed of both the variance of
the return on the portfolio of N securities from the portfalio’s expected return
and the variation caused by the difference between the expected return on
the portfolio and the expected return for the population. The variance of the
return on a portfolio of N securities from the market return is

1 - (N~1)

- 2 -
¥ty

cov (4, 7) + % ( 1 - %-‘_"%) ot (B1S)
where

a;> = E(F;, — _;,)2 = variance of the expected return on a stock
from the expected return on the population
of stocks under consideration;

All others as before.

This is identical to equation (B1) except for the last term. As discussed
earlier, the expected covatiance can be determined indirectly, vastly simpli-
fying calculations. Substituting equation {B3) into equation (B18) yields

(1352 @+ + () () o
Thus to determine the variance of the return on a portfolio of N securities
requires 3 M calculations. The values far the ahave equation for populations
as large as the New York Stock Exchange can be easily calculated. As NV ap-
proaches M the equation approaches the variance of EWPP. Thus, holding
the EWPP leads to the maximum reduction in risk.

The expected return on a random portfalio of V securities is of course
the expected return on the EWPP and is independent of the size of the part-
folio held. Thus in the absence of transaction costs all investars selecting a
random portfolio should hold the EWPP, since they would abtain the same
expected return as they would obtain on a portfolio of any smaller size and
they would be subject to less variability of the return. If transaction costs
for a security were strictly proportional to the size of the transaction, then
the total amount of transaction costs would be independent of the number of
securities in the portfolio and their only effect would be to reduce expected
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return. A fixed component to transaction costs would medify the conclusion,
With a fixed component to transaction costs, transaction costs would increase
as N increases. Therefore, expected return would decrease as N increases.
Since expected return and variance are inversely related to N, it is likely that
an investor should hold fewer securities than the market portfolio. The same
consideration holds when one examines whether a small investor should hold
a mutual fund to obtain diversification or randomnily select his own securities.

Let us assume that neither the mutual fund nor the investor has the
ability to select investments which offer an excess return. Then if transaction
costs on a stock increase less than proportionally with the number of dollars
invested, it may pay the investor to pool his wealth with others and buy a
mutual fund. That is, the management fee charged by the fund plus the
transaction costs incurred by the fund may be smaller than the cost of the
investor engaging in “home-made" diversification. Ecoromic justification for
the existence of mutual funds may be found in the pooling of wealth to pro-
vide cheap diversification aside from any performance characteristics.

In additicn to the exact formulas just derived, we also derived expres-
sions assuming a single index model is appropriate. There are two reasons for
deriving these formulas. First, the kinds of studies currently in vogue have
already produced the parameters needed for these formulas as a natural by-
product of ather research. Second, the effect of the number of securities on
risk has been analyzed ad hoc by a number of other authors in the context
of the Sharpe madel.'® This analysis is an analytical derivation of the rela-
tionship between risk and the parameters of the Sharpe model.

B. Approximate Methods
Assume returns on securities can be expressed as
ri=a;,+ 8Jd + ¢,
where
#; = return on security z;

; = measure of the change in the return on security £ due to a
chanhge in the return on the EWPP;

I = the return on the EWPP;
a; = the nonpopulation related return of security 4;
«; = a variable with expected value of zero and variance equal to

the nonpopulation related variance of security .
In addition, make the following normal assumptions and definitions:
Ele;) = 0;
E(fi)z = et
E(I —1I)= a2

10. For example, see Salnick.
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Then the expected variance on a portfolio of N securities is given hy#!
Eop) = o+ a1 - 2= D)ot + 573 (@)

This can be simplified by noting that 8 = 1. As N increases, the effect of the
residual risk and the variance of betas is reduced. As N approaches M the
expected variance approaches the variance of the EWPP. Thus the variance
of the population is the minimum risk an investor can be subjéct to.

The variance associated with the distribution of expected variance is'?

‘I a
(_ﬁ_) 3[1-14 + 4N + 4N + (2N — 3)petlart + {2 cov (80 %)

+ 4(N — D cov (Bie, Blas® + cr%gE
where
u: = the ith moment of beta around the mean beta:
als2 = the variance of the residual variances;
all others as before.
As N gets large the above expression goes to zera.
The variance in the investor’s return on a portfolio of N securities from

the market return ist?

ar? +—er,g (1——--— 1)61*}- (l

—|——ar§ (1—-— )P E(a,ﬂ)(l T
where
.t = variance in «;
All else as bhefare.

Once again as N approaches M the abave expression approaches the
variance in the market return. Having derived the equations necessary ta
determine the risk to an investor from holding a portiolio of N securities, it
remains to estimate the variables in the equations. It is to this task that we
now turh,

II. THE APPLICATION OF THE
FORMULAS
In this section we exarine the reasonableness of the Sharpe approximation
and the efiect of the number of securities on risk. The data we used to esti-
mate all of the parameters consisted of weekly returns from 150 and 3,290
securities selected from the New York and American Stock Exchange over
the period June 1971 to June 1974.

11. Solnick derives a formula far this case, but it is incomplete.

12. In deriving this expression, we have ignored the fact that in constructing a port-
folio of ¥ securities you are sampling without replacement. Given that all formulas in this
section are apprommatmns this seemned reasonable.

13. This equation is a 51mphﬁed form of the sum of eq. {CL6) and eq. (C1). The
simplification is performed by recognizing that 8 = 1, and @ = 0.

14. Our sample did not include the very few stacks that were delisted over this
period.
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To examine the reasonableness of the Sharpe approximations we esti-
mated all parameters of the relevant equations using a 150 security sample.
While the parameters of all equations except those necessary for the variance
in variance are easy to compute, the calculators necessary for the variance
in variance require a large amount of core and quickly exceeded that which
we had available on a 370/30. Hence most of the analysis which follows is
based on the estimate of parameters from a 150 security sample. However,
in order to calculate expected portfolio variance and total variance of return,
parameters were estimated for the 3,290 sample. The fact that the expansion
of the sample from 150 ta 3,290 will have only a minor effect on the results
can be seen by comparing those parameters which were estimated on the
bases of both a 150 and 3,290 security sample, as shown in table 2.

Tables 6 and 7 present comparisons of the exact method and the single
index approximate method based on the values of the parameters listed in
tables 3 and 4. Table 6 presents the results for the 150 stock population, and
tahle 7 presents the results for a population of 1,000 securities which has the
same characteristics {parameters) as the 150 stock population. An examina-
tion of these tables shows that the single index approximation is reasonably
accurate when estimating the expected variance or total risk but is much less
accurate in estimating variance in variance. This is not surprising in light of

Table 2
Parameters for Exact Methad

Parameter Value

150 Security 3,290 Security

Variable Definition Symbal Sample Sample
1. Average variance.... ... . .. of 48 28 46.62
2. Average cavariance . . ... . . cov(i,{) 6.76 7.05
3. Variance of mean security
return®* .. L. Flr.—ra}? 176 L1191
* From average return on market portfolio.
Table 3
Parameters Needed for Calculations Using Sharpe
Approximation*
Variable Definition Symboal Value
1. Variance of beta ... . ... ... .. ... ag? 1675
2. Variance of alpha. ... .. . . - 1680
3. Mean marketindex. ... ... ... ... ... ... Ry — 5134
4. Variance of market index. . .... .. .. .. . . .. arylt 7.0396
5. Mean variance of residvals. . ... ... . . ... et 40.0631
6. Third moment of beta. . ...... ... ... ... ... .. E(g:—a)3 0276
7. Fourth moment of beta_ . ... . ..., . . o Elg—g)t 0934
8. Covariance of heta and residual variance..... . FE(8:—f)(e)] 4.0050
9. Cavariance of squared beta and residual variance E[{3:2—8%(¢)] 10, 2660
10. Variance of residyal variance, . ... ... .. ... ... gyt 1,224 4587
11. Mean alpha beta...... ... ................ aff .0356

* Values hased on 150 security sample.
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Table 4

Parameters to Compute Variance in Variance (Exact

Method)

Variable Definitian Symbol Value

Mean variance in variapce. .. ... ... L. ... et 1,411 041
Mean of the squared covariance. ... ... ... ... ... cav{i, ) 76.384
Square of the mean covariance. ... .......... .. ... covli, j) 45.675
Eleov (i, iYcov (G, B)) ... ... ... . . L 45,563
Fla cov (5, B0} oe oo L 363,298
Mean variance times meanh covariance. . .. ... ... .. cov{z, jjat 326.307

NaTte.—Values based on 150 security sample,

Table 5

Parameters to Calculate Expected Portfolio Variance
(Exact Method)®

Variable Definition Symbol Value
1. Meanvarlance......... ... .............. ... ot 46.619
2. Mean covariance. ............... ...l cov (4, §) 7.058
3. Variance of market portfolio. ... ...... ... ... E7 i —Fun} 7.070
4, Variance of mean security returnst. . ... ... .. ... E{F—7n)? 19

& Population estimates based on full 3,290 securities,
b From average returh on market porefolio.

Table 6
Accuracy of Sharpe Approximation
Expected Portialio Variance in Varianee of
Variance Variance Qutcomes
Mumber of
Securities Approxi- Approxi- Appraxi-
in Portfolio Exact mate Exact mate Exact mate
... ..., 48.282 48,282 1,411.041 1,411.008 48,458 48 457
o0 27.520 27.657 201.349 203.970 27,607 27.744
4. 17.139 17 344 31.283 35.507 17182 17.387
6......... 13.679 13.907 11.027 14.717 13.707 13.935
g......... 11.949 12.188 5.371 8.498 11.970 12.209
0......... 10.911 11.157 3.107 5.788 10.927 11.173
2., 8.835 9.094 .590 2.120 8 842 9.102
0. ... 7.796 8.063 L 925 7.800 8.066
8. ... .. 7.277 7.547 016 436 7.278 7.548
150......... 7.035 7.307 000 227 7.035 7.307

Nate.—m = 150; parameters based on 150 security sample; values of parameters are given in table 3

{far Sharpe approximation, table 4 for exact methad, and ¥ = $3.2820 cmr(x,_;ia = 6.7584 and E(r, — rplt=
L1758,

the fact that the exact formula adjusted for selection without replacement
while the approximate method ignored the replacement problem. An addi-
tional adjustment can be made in the approximation method so that it is
even a better estimate of the true expected variance or total risk. As the
number of securities in the portfolio approaches the number in the EWPP
the expected portfolio variance should approach the variance of EWPP. The
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Table 7
Accuracy of Sharpe Approximation
Espected Partfalia Variance in Variance of
Variance Variance Outenmes
Number of
Secutities Apprax]- Appraxi- Approxi-
in Partfolia Exact mate Exact mate Exact mate
| 48 282 48 282 $1,411.008 1,411.008 48 458 48 458
S5 o 15.603 15.287 17.887 21.539 15.008 15.322
W, 10.911 11.163 3.241 5.788 10.928 11.180
. ... ... . 8,835 9.101 645 2.120 £.843 9.109
40 ... ... 7.796 8.069 135 925 7.800 8.074
g0..... ... 7.217 7.554 (028 436 7.279 7.5836
wi...... .. 7.174 7.451 .17 L35 7.145 7.452
200......... 6.966 7.245 003 . 149 G6.966 7.245
400, ... .. 6. 262 7.141 000 084 6. 862 7.142
700, ... .. 6.818 7.097 A00 {48 6.818 7.097

Note.—m = 1,000; parameters based an 1530 security sample; values of parameters are givan in table 3
tor Sharpe a.pp:axnma.tmn a2 = 48,2830 cov if = 6.7984 and table 5 far exact method, and BE(7 — 7] = 1758,

Sharpe approximation approaches: a;* + 1/m 02 Adjusting the entries in
tables 6 and 7 for large N improves the Sharpe approximation. This adjust-
ment involves subtracting .27 from the entries in tables 4 and 5.1

Table 8 presents the effect of portfolic size on risk. The parameters
used to calculate the expected portfolio variance and total risk are based on
a sample of 3,290 securities which represents all securities that were con-
tained in our data source. For reasons discussed previously the parameters
used to caleulate variance in variance were based on a sample of 150 out of
the 3,290 securities.

Table §
Effect of Diversification
Ezpected
Wumber af Portialio Variance in Tatal
Secutities Variance Variance Risk
) S 46.619 1,411.041 46.811
2. 26,839 201.963 26.934
4. 16,948 31.553 16.996
G... ... 13.651 11,184 13.683
& . ... .. 12.003 5.477 12,027
m.. . ....... 11.014 3. 186 11.033
200, ... 9.036 623 9.045
0. ... . 7.849 075 7 853
100.......... 7.453 L013 7.455
200, ........ 7.255 0t 7.256
5000 ... ... 7137 000 7137
1,000.......... 7.097 000 7.097
Minimum . . .... 7.070 000 7.070

Nare.—Parametera based on 3,290 securities values shawn Intahle 5.

15. Because the parameters were estimated fram a 150 security sample, the approxi-
mate value for M in making the adjustment is 150,
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Consider first the total risk. The minimum total risk is 7.07, the vari-
ance of the EWPP. The maximum total risk is 46.811, the variance of the
outcomes of single security portfolios. As in other studies, the major de-
cline in variance accurs at very low levels of N. For example, the variance
of the return from the mean return or the EWPP for 10 security portfolias
is 11.033, one fourth of what it was for a single security. Even though this
represents a major decrease, the total risk for the 10 security portfolios is
156%, of the minimum. For actual total risk to be only 209, higher than
minimum total risk requires 28 securities; only 10% higher, 60 securities; and
only 3% higher, 110 securities.

While total risk does go down at a slower and slower rate as more
securities are added, table 6 and the analysis presented abave make it clear
that the decrease may still be of importance to management. For example, a
15 stock portfolio has 329 more risk than a 100 stock portfolio. Thus past
studies which have shown that most of the advantages of diversification have
been obtained when the portfolio containg 10-20 stocks, while correct, may
have been misleading. The gains in decreased risk from adding stocks beyond
15 would appear to be significant.

For those who see risk in terms of expected variances the relevant num-
bers are in columns 1 and 2. The effect of the number of securities on risk fol-
lows the pattern discussed previously. As shown in column 2, our certainty
about variance decreases even more rapidly than expected variance.

III. CONCLUSION

In this paper, we have presented formulas for determining the effect of
diversification on risk. Exact formulas have been presented as well as ap-
proximate formulas that use data that are easily produced as a by-product
from other analysis. We have shown that the approximations seem to be very
goad when estimating expected variance and total risk but much cruder in
estimating variance in variance. Finally, we illustrated the use of the formu-
las on a sample of weekly data.

APPENDIX A
Throughout Appendices B and C we need to know the

Ly x
T Xy
E ( N i=1 )
In this appendix we will derive it.

i iX 2
E(F,-=1 *‘)

Il
=~
by
Vs

Ma
=|

+

M=

[V]z

>

21%
S

(A1)
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But with M securities in the market

X - _X_t

%

i=1 i=1 i=1 s=1
FEak
_ Mo, M- 1)
= X+ 7 E(X X))
rearranging
E(X.X;) = M 3__1 % (A2)
il M—-1 M1
substituting {A2) into {Al) yields
1l N—-1 M -, N-1 4
AR A 7 N(M—I)X
or
L/ N -WNw o, b ( ) 2
v (- gz Py - (- =Ix
or
,,1,_ _ N =1\ _ ¥ Yz
N (1 M — 1) X X)+ X
or

N—l =
N(l a’x+X2.

APPENDIX R

ANALYSIS OF RISK EMPLOYING
THE FULL VARIANCE-COGVARIANCE
STRUCTURE

I. THE EXPECTED LEVEL OF VARIANCE
The variance of any portfolio composed of an equal investment in NV securities is

N 1\ NN e
= L ()it 22 () cov i
S\N SN
i#i
Taking expected values

EG) + N (37 )7+ VW - 0 (5 ) v G, "

Bty = 4 5 4 VT — oV D)

where #? is the average variance of all the securities in the market and cav(i, j} is
the average covariance between any two securities in the market. We can simplify
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the calculation of the above formula by developing a relationship between the vari-

ance of a market partfolio and cov{z, ).

Let M = the number of securities in the market;
Tra, = the variance of an equally weighted market portfolio;
I = the return on an equally weighted market portfolio;
I = the expected value of I,
r; = a4 return on security 4.

(=3

—-E(I—I)’—E(Z %)

Cr}zm
=1/ME[(n—r) + (rn—r) + ...+ (7 — rad?
_ E(ﬂ - E(’L — r)(r; — F.i)
-5 2 in
;?51
ot = 1/ Ma? + —ﬂ%{'—lav G, 7).
Rearranging,
— 1 —
COv (t,j) = —H"—_'_“—I [012 - 'ﬂ J}’] .
Substituting equation (B2) into equation {B1} yields
N -1 M N-—-1
Elos) = (1 - ) taw oA

II. VARIANCE IN VARIANCE
__ 2 L 1 1 —
2y = 2 2 — [ . B
o Elay a,) EQ[Z(N)U‘ I ar:’
( )cov (4, 7) — cov {i, ;)]%
tpl .? l

(B2)

(B3)

(B4)

Squaring this yields two squared terms and cross-product terms. Consider the first

squared term. It can be written as

GYHEG)w =T

In Appendiz A we demanstrate that
N — 1
E( ZX) = X2 -’r--——ax (1 — S
N =
where X is a characteristic of a stock. For the expression above

X{ = (ﬂ'.‘z —_(13) .
Thus,

xr —ny 2
X2=0 and ox'=E(eli—d)=d%;.

(BS5)
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Therefore expression (B3) is

1V /e 1, 2 1 N =1y,
(—F)E(;Fa; —-a) —F(I—M_I)a,‘,s. (B6)

Now consider the secand squared term from equation (B4):

A5 (e 0 - Pt wvan]

zlJ‘—‘

e Fl:i NE {cov i,j):r -2 ELN_TI\{

i=1 J=
i

~,

N N
~cov (5,7) B[ 2, 3, cov i ] (87)

Pt

+ (X wan

E(E E cov (i, })) (N ) cov (i, ).

1131

The first term in this expression can be written as

[E E (covi, /)]

=1 f=14+1

Fxpanding the expression. inside the expected value operator yields three types of

terms:

1. There are N(N¥ — 1}/2 terms of the form cov (i, )

2. There are N(¥ — 1)(N — 2} terms of the form E[cov{{, 7) cov(i, E)].

3. There are N(N — I{N — 2)(N — 3)/4 terms of the form. Elcav(i, j) cav(k, p}].
Thus expression (B7) can be written as 1/N[2(N — 1) cov{i, j)* + 4N —

LN — 2) Efcov{i, §) cov(i, &)} + (N — N — 2} — 3) Elcov(, j} cov(k,

p}l — NV — 1)* cov(z, j)*}. (B8}
This expression can be simplified and the amount of calculations needed to

compute it reduced by expanding the definition for cov(i, )%

M-1 M 7

[2 > X cov (m‘}]

poer s il jmvyl

cov (4, 7) MO =15

Expanding this expression one gets the product of 4/M%M — 1)* and the
following terms:

MM-—1)

2
M{M — 1)(M — 2) terms of the form E[cov (1, ) cov (i, &) ;

MM — (M- 2)(M—3)
4

terms of the form Ea\r_(i, i,

terms of the form Efcov (i, §) cov (&, p)}.
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Simplifying and rearranging
MM -1

Blcov (i, ) cov (& )] = ogr — 537 — 5 v (. 7)*

TG = 2)2(M —) cov (i, ) — 1 = 4 % Efcov (2, f) cov (i, k)] .

Substituting this expression into (B8) yields

1 —— (N — 2){N — 3)
FVE{Z(N — 1) cov {1, ) [1 Y 3):’

+ 4N — 1)V — DElcov (G, ) cov G, B)] (1 ~ %“;%g) (B9)

— NV — 1) cov (4, 1) 7) [1 — DN — MM — 1):”

N(N DM —-2(M - 3

There are four cross-product terms in (B4). They are

- _ —
2 (—;—) -NNizN cov (4, {) ¢t = A — cov (4, 7) &  (B10a)

N
—I'V—?‘}E E[é g:, (%) cav (i, j)} (B10b)
¥ - N v is E[i:jl (%)203] (B10c)

QE(Z( )al)[ml > oy ()] (B10d)

Equation {B10b} can be written as

—2( )( )(Nﬂu ) alcov (4 7) -

Simplifying yields

—2( B )cr1 cov (i, 7). (B11)
Equation (B10c) can be written as

(T (s

Simplifying yields

—Q(NN: 1)?W. (B12}

Equation {B10d) can be written as

(Y (Ye(EE o]
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There are two types of terms in the above, o.? cov{i, §) and «:? cov{k, 7). The total
number of terms is N(N? — N}, The number of the form ¢:2 cov(i, §) is 2N{N — 1.
The number not in common is N(N? — N) — 2N(N — 1). Thus, the above can be
written as

2(5 ) 2N — Dl cov i, )
plus
2 (%)‘[N(Ni — N) — 2NN — D}Ele2cov (&, )]

Simplifying the above two expressions we have

4 (E ﬁ; 1) E[e2 cov (i, )] (B13)

and
Rzr‘s (N — )N — 2)E[a2 cov (&, )] . (B14)

Now examine

doe2 L L cov, )
LY LR UMD
Fi

There are 2{}4 — 1) terms where a particular «;? is multiplied by cov{i, j). Since
there are M terms of the form .2 there are 2M (M — 1) terms of the form +: cav (i,
#). In total there are M2(M — [} terms. Thus the above expression contains
MYM — 1) — 2M(M — 1) = MM — 1){M — 2} terms of the form «:* cov(, 7).
Therefore

(M

M —2) Elad cov (&, §)] + 2/ ME[ad cov (i, /)] .

a®cov (4, §) = i

Solving for Els.? cov(k, )] and substituting into (B14) yields

(45) () o ~ 00w~ 2 750
(B15)
~(525) () & = D = DBle cov G, )]

Thus the cross-product term is the sum of (B10}, (B11}, (B12), {B13}, and
(B15}, or

1/N3§4(N 1 (1 - %—-—:—g) Ele cov (i, )]

(B16)

- AN - 1) (N - %‘;—:—2 M)Tﬁm}
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E{a,? — a,2) is the sum of (B6), (B9}, and {B16), or

1I/Nﬂj(1 ) I

D R —
2V =0 [t - gy v G )

T (N =DV — HMOM — 1)
- NV — 1 [1 - NV — 1) (M = 2)(M = 3)
+ 4N — 1)(N — 2)

x(1- ¥8) Eicov G i) cov G, 4)]

+400 = 0 (1 = L2 Bloccov 6.0

— N — 1)(N - %}:_%)E o* cov (i,;‘)f ,

III. ANOTHER MEASURE OF RISK

cov (2, 37)-’

(B17)

Up to now we have followed the standard approach of assuming that risk is mea-
sured by the uncertainty {variability) of a portfolia's return over time. But total
risk from holding a portfalio consists of the dispersion of returns on that portfolio
plus the risk that we hald a portfolic with an average return different from the

market,

E(or,;?) = the total expected risk from holding a portfolio of securities.

 E(ory) = E(a,’) + E(R, — R)?
The last term in the above expression can be written as

E (g - R,,,«)a.

N

Once again using the fact that

1 X L J— 1 N -1
_ . = 2 i 32 _ e
E(N i:lX‘) X+ 5 ox (1 M~1)‘

we see that

N N M1

Thus
Elaps) = E(a,?) + L RR R )2(1 —I—\Ll—l)
To P N i M M—'l

where E(ap?) is given by equation {B3).

N 2
E(‘;Riﬁg) -4 E(E.-~§M)ﬁ(1—§—:.—‘).

(B18)
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APPENDIX C

ANALYSIS OF RISK USING SHARPE'S

SIMPLIFICATION METHOD
This appendix parallels Appendix B but makes a simplifying assumption. In this
appendix we will make the Sharpe assumption that security returns are uncorre-
lated once the effect of the market is removed.

A. DERIVATION OF THE EXPECTED VARIANCE OF A PORT-
FOLIO OF N SECURITIES
The return on a security can be written as 7; = «; + #:J + &, where the terms are
defined as earlier. If the residual risk is independent of the market risk {which is
usually true because of the estimation procedure) then the total risk on a portfolio
of N securities is equal to the expected portfolio 8* times the market risk plus the
expected residual risk, or

E(‘ng) = E(ﬁpg) ar + E(Uepl) .
Employing the expression for
N
Xy
2(55)
given in Appendix A,
- 1 N -1
E@)or = Far* + 5 af (1 - IITI-) ar’. (C1)
The expected residual risk is

N " 2
N — LN
E(a‘p)HE(;N .

If the normal Sharpe assumption is made that E{ee;) = 0, then

E(o.?) :LE[iﬁz— S (C2)
‘a N il N N ot

Thus the expected variance of a partfolio is the sum of {C1}) and (C2) or

1 1 —
— 1)012 + Tf‘g‘s' (C3)

- 1
E(ay") = far* + W % (1 - %

B. THE VARIANCE OF TOTAL RISK OF A PORTFOLIO OF N
SECURITIES
In this section we will make one additional assumption. We will assume that the
sample is sufficlently large so that the correction necessary to adjust for change in
the population as additional securities are selected for the portfolio can be ignored.
The variance of total risk is

A(S 5o+ B

— —_ _— 1)
o oo =)o
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Recalling that a2 = g% — §%, and ignering the carrection term, the abave expres-
sion can be written as

N AN t— N —-1- N 1 —N\?
H(E5) -~ wF -ty #lr+ (Go -y o)b
The terms involving g are

{E5) 57 (-5l S

which can be written as

AL+ 525 -7 (- 5)T
i

Five types of terms arise when the above expression is squared and expected values
are taken. These are
8§ B, @B, B and 2.

The coefficients of these terms will now be discussed. 84 can gnly arise when one of
the A2 terms Is squared. The coefficient of this term squared is 1L/N* and we have
N terms of the form g.2. Thus the coefficient of 4 is (N){1/N*). 838 can only arise
when one of the 8.8; terms is multiplied times one of the 8, terms and the sub-
scripts are the same. The coefficient of 8,8, is 1/N? of a.*is 1/N* There are (N* —
N) terms of the form 8;8, and we can get a g% term twice, namely, when the sub-
seript of 8% is 2 or 7. Multiplying this by the two which accurs because of the squar-
ing process, we have as the coefficient of FA(1/NO(L/NHINT — NY(2)(2). A
similar analysis can be performed for the other terms. G°3* comes about in five
ways. The ways this can occur are listed below along with the ccefficients of the
terms and the number of ways it can be obtained.

. - — . r—(N=-1) (—1
1. Associated with g2 times 8% 1s __W—] - FE\T’) {2).

2. Associated with @ times 82 is —:(Hb;]—_l—)] (le—g) {N)(2) .

3. Associated with 8 times 8.8, is (_Tl) (ﬁlz) (N:—N)(2).
4. Associated with A6, times 8% is (3 (3) 7 = W) = 9(2).

5. Associated with 8.8, times 8.8 is (I_:T_’) (F:,—z) NN — 1)(N — 2)(4) .

Simplifying, we have [4(N — 1)(¥ — 3)/N3g23%. g% comes from three expressions:

1. Associated with 3 times A, is JQNN_ 1)) (%2) (N — N)(2) .

2. Associated with A? squared is | ——~—— 2/

3. Associated with 8,8, X 8.8c1s
1
2_\7_2) (Elﬁ) (NN — 1}(N — 2)(N¥N — 3).
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Simplifying, we have [—2(2F — 3)(N — 1)34/N".
Finally g™ comes from four terms:

. . o= ] -1
1. Associated with 8,2 times 8% is I_V_ﬁ) (W) {NY2)
. (1 = . =1y
2. Associated with 8% squared is (T)
3. Associated with A2 times 8 is (Rlﬁ) (3) ¥ — 1)

4. Associated with 3,8, squared is (N2 N)(2).

Simplifying vields [(2¥ — 3)/N%&%. Thus the expected value of (A4) is 1/N¥{a% +
AN — DFE + 4V — 1)(N — 3)@ @ — 202N — 3H(N — 1)7* + N — D™
Defining u; as the ith moment around the mean the ahove is equal to

(1/N9)[gs + 4Nmps + dN%0p® + (2N — 3’ . (C5)

Let us now turn to the cross-product term or

N
QEIQE{[(;‘G" 1 N- 152} (:._;“«f_?f)

ﬁl
N2 N N N? N

__ Recognizing this as the form E(X — XYV — T, which is equal to E(X V) —
XV, we have

A (S8) (So)] - WF + wv - nivea) . o)
Examine the term

(Se) (L)

Expanding the summation shows that terms of the form g% * will appear ¥ times,
terms of the form ﬁ;’a.i"‘ will appear N(N — 1) times, terms of the form #:8;¢,,? will
appear N{N — [)(N — 2) times, and terms of the form g.8;¢.2? will appear
2{NY(N — 1) times.

Thus

+ N(N — 1}{(N — 2)8fje.? + IN(N — D)fBo.}

E[(iﬁ) <é“)] = NE@f#0.2) + N(N — )fa
+ N(N — 1}{(N — %2+ 2NN — I)EE(;B‘-(;‘{Q)
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Substituting this expression in equation (C6) and simplifying yields

2as? — - ==
T EGee D — B ol + AN — DBEGe.) — F o
ot
20/ -
s {[cov Bie.D) + AN — 1)B cov (ﬂia(g)]g . ©n
Let us now turn to the risk due to the residual variance squared or
N s N
Yool 3 (203) 73
i=1 L3 1=1 * &,
E\—wm %/ " E T wr (C8)
Expanding

one gets N terms of the form o.?s,? and N(N — 1) terms of the form o0, %
Taking the expected values

£ (i “ef)2= NE[(@ 2 + NV = D)a2

Substituting in equation {C8)
3
1/ NHE[(e. ] — ¢ } (C9)

or the variance in the residual variance divided by N3,
Cambining {C5), {C7), and {C9) yields as the variance in the variance

1| N3 oM ue + 4Nmps + 4AN%em? + (2N — Iua’]
+ o2 cov (B 2) + 4N — D cov (B )] + [e% ] .

C. ANOTHER MEASURE OF RISK
As discussed in Appendix B, the actual uncertainty in ¥ security portfolio depends
not only an the varlance of the portfalio itself but also on the deviation of the ex-
pected return from the market mean, This risk assaciated with the fact that the
average portfolio return can be different than the market return can be represented

by

Elr, — I = E[ZZ ; - ET: E [% ijln]z— P (C10)

2y 5 = 2(y He)+5(y B r )
(€11
+ 2E($ i o iﬁ.—)f‘

i=1 i=1
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Employing the relationship derived in Appendix A
- N -1
— 2 af g 2 7 2
E ( N ) “ty ( M= 1) (€12)
N

E(N Zﬁﬁ)—ﬁz-}'—aﬁ (1-2=1) (C13)

The last past of expression (CL1) can be simplified using

1 ¥ N N N
2 (i 2o 220 - E(Na ) zﬁa) ( V(% 3 o)
: = (C14)
= 37 E(alﬁ ) .
But
38 = 5 Blaf) + %{"——‘ B(aify)
Selving for E{a:3:) and substituting into equation (C14) vields
N —1M_— -1
E(N” & ,Eﬁ) yar—-pn*ftwy (1 )E(“‘ﬁ‘)(cm

Cornbining equations {C12), (C.3), (C15), and (CIL1) yields

2 — M(N_l) a7
By — I = @+ B + 2y 461

+—-—aa2(l—N—-l)+—a'ﬁ (1—£~~r )P (C16)

-2 E(a.ﬁ,) (1 ‘) -1,

This expression plus equation {C3) represents the total risk from holding a port-
folio of securities of size N rather than holding the market portfolio.




