
American Options

Detailed outline

1. Payo® process

2. Exercise policy (stopping time)

3. Optimal stopping problem

4. Option value (super-replication, Snell envelope)

5. No-early-exercise condition

6. Markovian setting

(a) Continuation region, exercise region

(b) Bellman equation, variational inequality

(c) Exercise boundary, smooth-pasting condition

7. American puts

8. American calls
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Problems

1. Prove that if an American option's discounted payo® process ¯G is a P¤-submartingale,
then it is optimal not to exercise early.

2. Consider a complete, continuous-time ¯nancial market where B¤t is a standard 2-
dimensional Brownian motion under the martingale measure P¤. The interest rate
rt is a nonnegative one-factor di®usion described by the equation

drt = ¹(rt; t) dt+ ¾r(rt; t) dB
¤
1;t ; (1)

where ¹ and ¾r are continuous and satisfy Lipschitz and linear growth conditions.
The price of a stock, St, satis¯es

dSt
St

= (rt ¡ ±) dt+ ¾ dB¤2;t ; (2)

where ± > 0 and ¾ 6= 0 are constants. Let c(St; rt; t) be the time t price of an
American call on the stock with strike price k and expiration date T .

(a) Prove that for each (r; t) 2 R+ £ [0; T ) and for all s2 > s1 > 0,

0 · c(s2; r; t)¡ c(s1; r; t)
s2 ¡ s1 · 1 : (3)

(b) Prove that for each (r; t) 2 R+£ [0; T ), if it is optimal to continue at (s2; r; t),
then it is optimal to continue at (s1; r; t) for all s1 < s2.


