Arbitrage and Martingales

Detailed outline
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. Consumption space — random variables in LP(P)

. Preferences — strictly monotone, convex, lower semicontinuous

Marketed payoffs

Prices — positive linear functionals

Existence of optimal demand, or viability of the price system
Free lunches, or arbitrage opportunities

Extension of the price functional

State-price density

Security prices — right-continuous stochastic processes
Trading strategies — simple, self-financing, tight

Dynamic completeness

Equivalent martingale measures
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Problems

Prove the following propositions adapted from part IIT of Domenico Cuoco’s notes:

1. Let N be a simple trading strategy with trading dates 0 =¢; < ... <t; =T and
S = (S0, 51,...,5,) be (cum-dividend) security prices. Then N is tight iff
J
N(t)S(t) = N(0)S(0) + > N(&:)(S(ti A t) — S(tim1)), as. (8)
i=1

forall j=1,...,J and for all t € (t;_1,;].

2. Suppose there are no free lunches. For every payoff z in the space M of marketed
payoffs, let the price of x, p(z), be the initial portfolio value N(0)S(0) under a
trading strategy N that finances x. Prove that p is a well-defined, strictly positive,
linear functional on M.

3. If the price system (M, p) (generated by the security prices S) is viable, then there
are no free lunches.



