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Outline and Reading 
Outline 

n  Factor Analysis, or Principal Components Analysis 

n  Results for US Treasury Returns and Chinese Government 
Bond Returns 

Reading 

n  PIMCO Monograph on Factor Investing and Asset Allocation 
http://www.cfapubs.org/doi/pdf/10.2470/rf.v2016.n4.1 

n  Brooks and Moskowitz 2017, Yield Curve Premia,   
https://papers.ssrn.com/sol3/papers.cfm?
abstract_id=2956411 
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Government Bond Returns 
Government bond funds consist of coupon bonds with time-
varying coupons and maturities, and thus have time-varying 
risk loadings. 

To get cleaner time series of returns, we construct the returns 
on implied zeroes with “constant” maturities, which are likelier 
to have more consistent distributions across time. 
We saw before how to derive the prices of zeroes from the 
prices of coupon bonds, for which data are readily available. 
In practice, we start with par rates for key maturities 1, 2, 3, 
5, 7, and 10 years.   
Then we “connect the dots” of the yield curve of these newly 
issued coupon bonds with a spline function, and derive the 
zero prices. 

We do this for every month in our sample period. 

Constant-Maturity Zero Returns 
Rather than track a zero of a given maturity as it ages and 
its risk properties change, we generate more consistent 
returns by tracking a zero of a given “constant maturity.” 
I.e., we track the return on a portfolio that buys the zero of 
the given maturity each month and then sells it and buys 
the new zero of that given maturity the next month. 
We construct the time series of monthly excess returns on 
these constant maturity zero portfolios for maturities 1, 2, 3, 
…, 10 years. 
For the US, the sample period 7/1976 to 6/2018 and the 
data are from the Federal Reserve.  
For China, the sample period is 1/2007 to 9/2015 and the 
data are from WIND. 



Debt Instruments and Markets 

3 

 
 
 
Level and Slope Factors in Bond Returns 
in the US and China 

Professor Carpenter 

US Zero Raw Returns 1976-2015 
Monthly Un-annualized Returns in Percent 

Highly volatile, especially during the Volcker years and the 
financial crisis, heteroskedastic. 

ß Jan-07, start of China sample pd. 

China Zero Raw Returns 2007-2015 
Monthly Unannualized Returns in Percent 

Less volatile than in the US over the same period. 
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US Zero Excess Returns 1976-2018 
Annualized Means, Vols, Sharpe Ratios in Percent 
Excess return = Raw Return minus Riskless Return 

Evidence suggests longer zeroes do have higher expected returns. 
Volatility does increase like duration, but mean returns do not. 
Sharpe ratios decrease with maturity. 

Zero 
maturity	
  

Mean raw 
return %	
  

Mean excess 
return %	
  

Excess return 
volatility %	
  

Sharpe 
ratio	
  

Excess return 
variance bps	
  

1 5.46 1.00 1.52 0.66 2 

2 6.02 1.56 2.99 0.52 9 

3 6.42 1.97 4.22 0.47 18 

4 6.96 2.50 5.50 0.45 30 

5 7.39 2.93 6.74 0.43 45 

6 7.87 3.41 7.83 0.44 61 

7 7.99 3.53 8.86 0.40 78 

8 8.24 3.78 9.80 0.39 96 

9 8.41 3.95 10.65 0.37 113 

10 8.42 3.96 11.47 0.35 132 

} Sum of the 
zero return 
variances  
= 585 

China Zero Excess Returns 2007-2015 
Annualized Means, Vols, Sharpe Ratios in Percent 

Longer zeroes have higher mean returns. 
Volatility does not increase as fast as duration. 
Sharpe ratios decrease with maturity. 

Zero 
maturity	
  

Mean raw 
return	
  

Mean excess 
return	
  

Excess return 
volatility	
  

Sharpe 
ratio	
  

Excess return 
variance	
  

1 2.83 0.36 1.02 0.35 1.04 

2 3.23 0.76 1.82 0.42 3.31 

3 3.36 0.88 2.45 0.36 5.98 

4 3.55 1.08 3.15 0.34 9.89 

5 3.64 1.17 3.87 0.30 15.00 

6 3.86 1.39 4.43 0.31 19.59 

7 3.78 1.31 5.04 0.26 25.37 

8 3.91 1.43 5.58 0.26 31.09 

9 3.99 1.52 6.09 0.25 37.10 

10 4.00 1.53 6.63 0.23 44.01 

}Sum of the 
variances  
= 192 
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US Zero Excess Returns 1976-2018 
Correlation Matrix 

The different US zero returns are extremely highly correlated, 
suggesting there are only a few independent sources of risk. 

1 2 3 4 5 6 7 8 9 10 

1 1.00 0.96 0.91 0.88 0.84 0.80 0.77 0.75 0.73 0.71 
2 0.96 1.00 0.98 0.96 0.93 0.90 0.87 0.85 0.83 0.81 
3 0.91 0.98 1.00 0.99 0.97 0.95 0.92 0.90 0.89 0.87 
4 0.88 0.96 0.99 1.00 0.99 0.98 0.95 0.94 0.92 0.90 
5 0.84 0.93 0.97 0.99 1.00 0.99 0.97 0.96 0.95 0.93 
6 0.80 0.90 0.95 0.98 0.99 1.00 0.99 0.99 0.97 0.95 
7 0.77 0.87 0.92 0.95 0.97 0.99 1.00 1.00 0.99 0.96 
8 0.75 0.85 0.90 0.94 0.96 0.99 1.00 1.00 1.00 0.98 
9 0.73 0.83 0.89 0.92 0.95 0.97 0.99 1.00 1.00 0.99 

10 0.71 0.81 0.87 0.90 0.93 0.95 0.96 0.98 0.99 1.00 

China Zero Excess Returns 2007-2015 
Correlation Matrix 

The China zero returns are also very highly correlated. 

1 2 3 4 5 6 7 8 9 10 
1 1.00 0.94 0.82 0.75 0.67 0.61 0.55 0.54 0.53 0.52 
2 0.94 1.00 0.95 0.89 0.82 0.76 0.70 0.68 0.67 0.66 
3 0.82 0.95 1.00 0.97 0.90 0.86 0.82 0.80 0.78 0.76 
4 0.75 0.89 0.97 1.00 0.98 0.94 0.89 0.87 0.85 0.83 
5 0.67 0.82 0.90 0.98 1.00 0.98 0.93 0.91 0.89 0.86 
6 0.61 0.76 0.86 0.94 0.98 1.00 0.98 0.97 0.95 0.91 
7 0.55 0.70 0.82 0.89 0.93 0.98 1.00 1.00 0.98 0.94 
8 0.54 0.68 0.80 0.87 0.91 0.97 1.00 1.00 0.99 0.96 
9 0.53 0.67 0.78 0.85 0.89 0.95 0.98 0.99 1.00 0.99 

10 0.52 0.66 0.76 0.83 0.86 0.91 0.94 0.96 0.99 1.00 
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Factor Analysis or “PCA” 
To gain a more useful description of the risk structure of a set of 
highly correlated series, we use a statistical method called 
“principal components analysis” or “factor analysis.” 

In the context here, this is equivalent to taking the original set of 
the 10 different highly correlated constant-maturity zero 
portfolios, and recombining them into 10 new “factor portfolios” 
or hedge funds specially constructed so that 

1. the factor portfolio returns are uncorrelated with each other, 

2. the sum of the variances of the factor portfolios equals the sum 
of the variances of the original zero portfolios, and 

3. the portfolios are ordered by their variance, so we can see 
which factors explain the most variance in the system. 

The analysis also gives us the “betas” or “loadings” of each zero 
on each factor portfolio, so we can easily see its return structure. 

Technical Details: 
Principal Components Analysis - 1 

Idea—untangle the original excess zero returns 
into orthogonal components, ordered by their variance, 
so we can see the structure of risk and expected 
return across the different zeroes more clearly. 

Let Rt be the 10-dim’l vector of excess zero returns . 

Let µ be the vector of their means: µ = E{Rt}. 

Let Σ be the 10x10 covariance matrix of Rt: 
Σ = E{(Rt-µ)(Rt-µ)’} a symmetric matrix with variances 
on the diagonals and covariances off the diagonals. 

Assume Σ is “positive definite,” i.e., no zero is perfectly 
correlated with a portfolio of the others. 
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Principal Components Analysis - 2 
From linear algebra, the symmetric positive definite 
covariance matrix Σ can be written as Σ= QΛQ’ where  
n  Λ is a 10x10 diagonal matrix with positive elements λ1, .., 
λ10 on the diagonal (these are the “eigenvalues” of the 
matrix Σ, ordered from largest to smallest) 

n  Q is a 10x10 matrix with orthonormal columns qj, j=1,…,
10 (the eigenvectors of Σ), so Q-1=Q’. 

The 10 “principal components” or “latent factor returns” of 
the original excess zero returns are  
n  Ft = (F1,t, …, F10,t) = Q’Rt, i.e, 
n  Fj,t = q1j R1,t + … + q10j R10,t , for j =1,…,10 (so the 

factors are portfolios of the original zeroes). 
So the covariance matrix of the factors is Λ: 
Cov(F) = Cov(Q’R) = Q’ΣQ = Q’QΛQ’Q = Λ. 

To recap: 
R = (R1, …, R10) is the vector of excess zero returns. 
Σ =  is the symmetric “covariance matrix” of R.  

 It has the variances of the Ri down the  
 diagonal and the covariances of Ri with Rj  
 off the diagonal. 

 
 
Σ can be decomposed as Σ = QΛQ’ where 
Λ =  and Q =  
 
 
 
 

 
And the rows qi and columns qj are “orthonormal”  I.e.,  
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Principal Components Analysis - 4 
The “principal components” of the zero returns R, or  
“latent factor returns” are F = (F1, …, F10) = Q’R.   
I.e., Fj = qj’R, for each j = 1, …, 10. 

The covariance matrix of F is Q’ΣQ = Λ.   
I.e., the factors are uncorrelated (cov(Fj,Fj*) = 0) and their 
variances are the λj’s. 
It can be shown (from the fact the rows and columns of Q 
are orthonormal) that the sum of the variances of the zero 
returns is equal to the sum of the variances of the factors, 
i.e., σ1

2 + … + σ10
2 = λ1 + … + λ10. 

So we can interpret λj/(λ1 + … + λ10) as the fraction of the 
total variance of the zero returns explained by factor j. 
If the first K factors explain almost all the variance, we tend 
to ignore the rest. 

 

Principal Components Analysis - 5 
The factor returns are uncorrelated and have variances  
Var(Fj) = λj, j = 1,…,10. 
The original zeroes can be viewed as portfolios of the factors: 
F=Q’R ó R=QF, or Ri,t = qi,1 F1,t + … + qi,10 F10,t,  i=1,…,10. 
Looks like a “multi-factor asset pricing model” (like a CAPM), 
where the qi,j are the loadings or “betas” of zero i w.r.t. factor j.   
To see the structure of risk and expected returns across the 
zeroes most clearly, standardize the factors to have unit 
variance, let the F*

j = Fj/λj.5 be the standardized factors. 
Let θj = E{F*

j}= E{Fj/λj.5} be the Sharpe ratios of the factors.  
Then the q’s, λ’s, and θ’s describe the structure of risk 
and expected return in the original zeroes—Eureka! 
n  Ri,t = qi,1λ1.5 F*

1,t + qi,2λ2.5 F*
2,t + … + qi,10 λ10

.5 F*
10,t  and 

n  E{Ri,t} = qi,1λ1.5 θ1 + qi,2λ2.5 θ2 +… + qi,10 λ1.5 θ10, ,  i=1,…,10. 
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US Zero Returns Factor Structure 1976-2018 

Factor: 1 2 3 4 5 6 7 8 9 10 

Factor λ: 567 14 3 1 0 0 0 0 0 0 

% of total: 96.8% 2.4% 0.6% 0.1% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 

Factor vol.: 23.81 3.74 1.85 0.91 0.50 0.29 0.25 0.08 0.06 0.04 

Factor mean: 9.51 1.12 0.13 0.25 0.22 0.09 0.02 0.07 0.09 0.01 

Factor SR: 0.40 0.30 0.07 0.27 0.44 0.32 0.07 0.81 1.51 0.29 

1-yr zero q: 0.05 0.19 0.22 0.42 0.53 0.66 0.14 0.04 0.00 -0.01 

2-yr zero q: 0.11 0.33 0.30 0.48 0.25 -0.67 -0.13 -0.15 0.08 0.01 

3-yr zero q: 0.16 0.39 0.30 0.17 -0.58 0.08 0.14 0.49 -0.32 -0.02 

4-yr zero q: 0.22 0.41 0.20 -0.21 -0.33 0.24 -0.08 -0.54 0.48 0.06 

5-yr zero q: 0.28 0.37 0.02 -0.52 0.35 -0.01 -0.31 -0.06 -0.52 -0.15 

6-yr zero q: 0.33 0.24 -0.27 -0.25 0.25 -0.13 0.23 0.53 0.50 0.20 

7-yr zero q: 0.37 0.07 -0.46 0.19 -0.07 -0.06 0.55 -0.31 -0.17 -0.41 

8-yr zero q: 0.41 -0.09 -0.34 0.27 -0.10 0.09 -0.27 -0.12 -0.22 0.69 

9-yr zero q: 0.44 -0.29 -0.03 0.19 -0.08 0.10 -0.55 0.21 0.23 -0.52 

10-yr zero q: 0.47 -0.50 0.57 -0.20 0.07 -0.09 0.34 -0.07 -0.06 0.13 

Only 2 or 3 dimensions of nontrivial risk. 

Q matrix 

Factor λ’s (variances) in basis points, vol’s in %. λ’s, vol’s, and SR’s are annualized. 

Sum of the factor return variances = 585 

What Does This Mean? 
Say we consider just the first two factors and ignore the rest. 
F1 has a mean excess return of 9.51%, volatility 23.81%, SR=0.40. 
F2 has a mean excess return of 1.12%, volatility 3.74%, SR=0.30. 
Factor model of zero excess returns: 
R1 = 0.05F1 + 0.19F2 + ε1 

R2 = 0.11F1 + 0.33F2 + ε2 

R3 = 0.16F1 + 0.39F2 + ε3 

… 
R9 = 0.44F1 - 0.29F2 + ε9 
R10 = 0.47F1 - 0.50F2 + ε10 

When factor 1 has a return of 1, all zeroes move up by the amounts 
of their factor-1 loadings or “betas”: 0.05, 0.11, 0.16, etc. 
When factor 2 has a return of 1, short zeroes move up and long 
zeroes move down by the amounts by their factor-2 “betas”: 0.19, 
0.33, 0.39, etc. 
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Factor: 1 2 3 
Factor 
variance: 567 14 3 

% of total: 96.8% 2.4% 0.6% 

Factor vol.: 23.81 3.74 1.85 

Factor mean: 9.51 1.12 0.13 
Factor 
Sharpe Ratio 0.40 0.30 0.07 

1-yr zero q: 0.05 0.19 0.22 

2-yr zero q: 0.11 0.33 0.30 

3-yr zero q: 0.16 0.39 0.30 

4-yr zero q: 0.22 0.41 0.20 

5-yr zero q: 0.28 0.37 0.02 

6-yr zero q: 0.33 0.24 -0.27 

7-yr zero q: 0.37 0.07 -0.46 

8-yr zero q: 0.41 -0.09 -0.34 

9-yr zero q: 0.44 -0.29 -0.03 

10-yr zero q: 0.47 -0.50 0.57 

US Zero Returns Factor Structure – Factor 1 
The signs of factors are arbitrary, set to 
make factor Sharpe ratios positive. 
Factor 1 explains 97% of total bond 
market risk. 
Factor 1 loadings are proportional to 
duration. 
Positive shocks to factor 1 look like 
downward parallel shifts to the yield 
curve. 
This is why duration-based 
hedging against parallel yield 
curve shifts works so well! 
Factor 1 has an annualized Sharpe ratio 
of 40 basis points. 
This is what gives the longer zeroes 
higher expected returns, because they 
have higher loadings on this factor. 

US Zero Returns Factor Structure – Factor 2 

Factor 2 explains most of the rest of 
the risk. 
Factor 2 is long short-term zeroes 
and short long-term zeroes. 
Positive shocks to factor 2 look like 
steepening of the yield curve. 
Factor 2 delivers an annualized 
Sharpe ratio of 30 basis points. 
Short zeroes are long this factor and 
long zeroes are short this factor.  This 
helps explain why longer zeroes have 
lower Sharpe ratios. 

Factor: 1 2 3 
Factor 
variance λ: 567 14 3 

% of total: 96.8% 2.4% 0.6% 

Factor vol.: 23.81 3.74 1.85 

Factor mean: 9.51 1.12 0.13 
Factor 
Sharpe Ratio 0.40 0.30 0.07 

1-yr zero q: 0.05 0.19 0.22 

2-yr zero q: 0.11 0.33 0.30 

3-yr zero q: 0.16 0.39 0.30 

4-yr zero q: 0.22 0.41 0.20 

5-yr zero q: 0.28 0.37 0.02 

6-yr zero q: 0.33 0.24 -0.27 

7-yr zero q: 0.37 0.07 -0.46 

8-yr zero q: 0.41 -0.09 -0.34 

9-yr zero q: 0.44 -0.29 -0.03 

10-yr zero q: 0.47 -0.50 0.57 
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China Zero Returns Factor Structure 2007-2015 

Factor: 1 2 3 4 5 6 7 8 9 10 

Factor λ: 180.2 8.1 2.6 1.0 0.3 0.0 0.0 0.0 0.0 0.0 

% of total: 93.7% 4.2% 1.3% 0.5% 0.2% 0.0% 0.0% 0.0% 0.0% 0.0% 

Factor vol.: 13.42 2.85 1.61 1.02 0.58 0.21 0.18 0.09 0.05 0.02 

Factor SR: 0.28 0.24 0.08 0.11 -0.10 0.21 -0.18 -0.93 1.66 0.54 

1-yr zero q: 0.05 0.19 0.26 0.25 0.59 -0.58 -0.37 -0.07 0.08 0.01 

2-yr zero q: 0.10 0.35 0.37 0.33 0.38 0.59 0.36 -0.02 0.03 0.00 

3-yr zero q: 0.15 0.40 0.29 0.31 -0.54 -0.12 -0.17 0.41 -0.37 -0.04 

4-yr zero q: 0.21 0.44 0.12 -0.13 -0.38 -0.14 0.08 -0.48 0.57 0.06 

5-yr zero q: 0.27 0.40 -0.12 -0.59 0.22 -0.13 0.21 -0.12 -0.52 -0.08 

6-yr zero q: 0.32 0.23 -0.33 -0.21 0.17 0.18 -0.25 0.61 0.42 0.08 

7-yr zero q: 0.37 0.01 -0.42 0.33 -0.01 0.27 -0.43 -0.41 -0.17 -0.36 

8-yr zero q: 0.41 -0.13 -0.27 0.31 0.00 -0.15 0.26 -0.06 -0.13 0.73 

9-yr zero q: 0.45 -0.29 0.03 0.15 0.00 -0.30 0.49 0.19 0.16 -0.55 

10-yr zero q: 0.48 -0.42 0.57 -0.32 -0.03 0.19 -0.31 -0.07 -0.04 0.14 

Possibly higher dimensionality, still only consider 2 or 3 dimensions of risk for now. 
Sum of the factor return variances = 192 

China Zero Returns Factor Structure – Factor 1 

Factor 1 is still by far the most 
important dimension of bond market 
risk (explains 94%). 
Factor 1 loadings still look proportional 
to duration. 
So positive shocks to factor 1 still look 
like downward parallel shifts to the yield 
curve and duration-based hedging 
against parallel yield curve shifts should 
still work well. 
Factor 1 has an annualized Sharpe ratio 
of 28 basis points. 
This is what gives the longer zeroes 
higher expected returns, but not so 
pronounced as in the US. 

Factor: 1 2 3 

Factor var: 180.2 8.1 2.6 

% of total: 93.7% 4.2% 1.3% 

Factor vol.: 13.42 2.85 1.61 

Factor SR: 0.28 0.24 0.08 

1-yr zero q: 0.05 0.19 0.26 

2-yr zero q: 0.10 0.35 0.37 

3-yr zero q: 0.15 0.40 0.29 

4-yr zero q: 0.21 0.44 0.12 

5-yr zero q: 0.27 0.40 -0.12 

6-yr zero q: 0.32 0.23 -0.33 

7-yr zero q: 0.37 0.01 -0.42 

8-yr zero q: 0.41 -0.13 -0.27 

9-yr zero q: 0.45 -0.29 0.03 

10-yr zero q: 0.48 -0.42 0.57 
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Factor: 1 2 3 

Factor var: 180.2 8.1 2.6 

% of total: 93.7% 4.2% 1.3% 

Factor vol.: 13.42 2.85 1.61 

Factor SR: 0.28 0.24 0.08 

1-yr zero q: 0.05 0.19 0.26 

2-yr zero q: 0.10 0.35 0.37 

3-yr zero q: 0.15 0.40 0.29 

4-yr zero q: 0.21 0.44 0.12 

5-yr zero q: 0.27 0.40 -0.12 

6-yr zero q: 0.32 0.23 -0.33 

7-yr zero q: 0.37 0.01 -0.42 

8-yr zero q: 0.41 -0.13 -0.27 

9-yr zero q: 0.45 -0.29 0.03 

10-yr zero q: 0.48 -0.42 0.57 

China Zero Returns Factor Structure – Factors 2 & 3 
As in the US returns, factor 2 is long 
short-term zeroes and short long-
term zeroes. 
Positive shocks to factor 2 look like 
steepening twists to the yield curve. 
Factor 2 delivers an annualized 
Sharpe ratio of 24 basis points. 
Short zeroes are long this factor and 
long zeroes are short this factor, 
which again helps explain why longer 
zeroes have lower Sharpe ratios. 
As in the US, factor 3 is long the 
ends, short the middle.  A positive 
shock to factor 3 makes the yield 
curve more humped, or curved. 
These 3 factors are sometimes called 
level, slope, and curvature. 

US-China Bond Factor Correlations 
2007-2015 

Level Slope Curvature 
Level -0.24 -0.05 0.09 
Slope 0.02 0.19 -0.05 
Curvature 0.09 -0.05 0.05 

The US and China zero returns have a remarkably similar 
structure, described by so-called level, steepness, and 
curvature factors. 
Why? What are the macro economic factors behind them? 
However, the correlations of these factors across the two 
countries are quite low, consistent with market 
segmentation. 
This suggests opportunities for diversification for global 
bond investors. 
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Bond Portfolio Risk and Return: 
“Dollar Betas” 

The PCA implies that bond returns are driven by just a few 
important risk factors. Let’s focus on the first two. 
Consider a US bond portfolio with dollar present values  
v1,…v10 invested in zeroes 1 through 10.   
The dollar P&L over one month on the position is  
PL = v1R1 + v2R2 + … + v10R10 
= (v1q11+ … + v10q10,1)F1 + (v1q12+ … + v10q10,2)F2 

So the “dollar betas” of portfolio P&L, analogous to dollar 
duration, are the sums of the dollar-weighted beta’s (q’s) 
$qPL,1 = v1q11+ … + v10q10,1 and $qPL,2 = v1q12+ … + v10q10,2 

Then the mean and variance of the P&L are 
E{PL} = E{$qPL,1 F1 +$qPL,2 F2} =$qPL,1 λ1.5θ1 +$qPL,2 λ2.5θ2  

Var{PL} = Var{$qPL,1 F1 +$qPL,2 F2} = $qPL,1
2
 λ1 +$qPL,2

2 λ2 

Two-Factor Hedging Strategies 
Previously, we used duration-based hedging to hedge 
against parallel yield curve shifts.  A position was 
“hedged” if it had zero dollar duration. 

Now we have formally estimated the risk structure of 
zeroes, so we can hedge against the risk of each factor 
by setting both dollar betas equal to zero: 

We can say the portfolio is hedged against factor-1 risk if 
$qPL,1 = v1q11+ … + v10q10,1 = 0  

and hedged against factor-2 risk if   
$qPL,2 = v1q12+ … + v10q10,2 = 0  
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in the US and China 

Professor Carpenter 

Example 
Suppose an investor has a short position of 
$100 present value in the 10-year zero.   

Using the factor loadings to the right, what 
present value of the 1-year zero must the 
investor buy to hedge factor-1 risk? 

$qPL,1 = v1*0.05 -100*0.47 = 0 
=>v1 = 100*0.47/0.05 = 940  

With this factor-1 hedge on, the investor is 
hedging the “level” risk of the short 10-year 
position by buying almost 10 times as much 
PV of the 1-year zero, much like a duration 
hedge. 

But this leaves the investor very exposed to 
“slope” risk (also called “curve” risk). 

Factor: 
1 

(Level) 
2 

(Slope) 

Factor λ: 567 14 

% of total: 96.8% 2.4% 

Factor vol.: 23.81 3.74 

Factor SR: 0.40 0.30 

1-yr zero q: 0.05 0.19 

2-yr zero q: 0.11 0.33 

3-yr zero q: 0.16 0.39 

4-yr zero q: 0.22 0.41 

5-yr zero q: 0.28 0.37 

6-yr zero q: 0.33 0.24 

7-yr zero q: 0.37 0.07 

8-yr zero q: 0.41 -0.09 

9-yr zero q: 0.44 -0.29 

10-yr zero q: 0.47 -0.50 

qi1’s qi2’s 

Example, cont’d 
We can quantify the investor’s exposure to 
slope risk. 
What is the investor’s dollar loading on factor 
2?  Expected P&L?  Variance of P&L?  Volatility 
of P&L?  Sharpe Ratio of P&L? 
 
$qPL,2 = 940*0.19 -100*(-0.50) = 228.6 => 
• E{PL} = 228.6*3.74%*0.30 = $2.56 
• Var{PL} = 228.62*14 bp = 73.1 
• Vol{PL} = $8.55 
• SR = E{PL}/Vol{PL} = 2.56/8.55 =0.30 
The investor’s position is a pure play on slope. 

Factor: 1 2 

Factor λ: 567 14 

% of total: 96.8% 2.4% 

Factor vol.: 23.81 3.74 

Factor SR: 0.40 0.30 

1-yr zero q: 0.05 0.19 

2-yr zero q: 0.11 0.33 

3-yr zero q: 0.16 0.39 

4-yr zero q: 0.22 0.41 

5-yr zero q: 0.28 0.37 

6-yr zero q: 0.33 0.24 

7-yr zero q: 0.37 0.07 

8-yr zero q: 0.41 -0.09 

9-yr zero q: 0.44 -0.29 

10-yr zero q: 0.47 -0.50 
qi1’s qi2’s Factor λ’s (variances) in bp, vol’s in %. λ’s, vol’s, and SR’s are annualized. 
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Level and Slope Factors in Bond Returns 
in the US and China 

Professor Carpenter 

Class Problem 
Suppose an investor has a short position of 
$100 present value in the 5-year zero.   

Using the factor loadings to the right, what 
present values of the 1-year zero and 10-year 
zero, v1 and v10 must the investor buy to 
hedge both level and slope risk? 

Hint: 2 equations to set portfolio risk loadings 
$qPL,1 and $qPL,2 equal to zero, 2 unknown v’s. 

 
 

Factor: 
1 

(Level) 
2 

(Slope) 

Factor λ: 567 14 

% of total: 96.8% 2.4% 

Factor vol.: 23.81 3.74 

Factor SR: 0.40 0.30 

1-yr zero q: 0.05 0.19 

2-yr zero q: 0.11 0.33 

3-yr zero q: 0.16 0.39 

4-yr zero q: 0.22 0.41 

5-yr zero q: 0.28 0.37 

6-yr zero q: 0.33 0.24 

7-yr zero q: 0.37 0.07 

8-yr zero q: 0.41 -0.09 

9-yr zero q: 0.44 -0.29 

10-yr zero q: 0.47 -0.50 

qi1’s qi2’s 

Main Take-Aways 
Shorter-term bonds have lower volatility and lower expected 
returns than longer bonds, but higher Sharpe ratios. 
Factor analysis of these returns indicates they are summarized 
primarily by movements in a level factor, which resembles parallel 
yield curve shifts.  This explains why duration-based hedging 
works so well. 
There is additional action from a slope factor that has a large 
Sharpe ratio of its own.  (Why? What is the economic reason?) 
Short-term bonds load positively on this factor, and bonds load 
negatively, which explains the difference in Sharpe ratios.  
We see similar factor structures in the US and China, despite low 
cross-country correlation. 
The factor analysis can serve in calibrating two-factor hedges. 
The factor analysis can serve in fund performance evaluation… 


