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m Preliminaries

m Notations

<< Notation™
The following commands define symbolizations that are convenient for labeling things.

Symbolize[Anything_. . ]; Symbolize[Anything_. .. ];
Symbolize[Anything_g , «ion]3 Symbolize [Anything_g , wionc]s

Symbolize [o?]

m Additional initializations specific to this notebook

SetAttributes[c, Constant]

7 Permutation routine

The following routine is useful for permuting the order of variables in coefficient and covariance matrices.

Permute[m_, 1_] := Transpose[Transpose[m[[§]1]]1[[i]1]]
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For example:
(vTest = Table[oyinti.j1.maxri.j1» (8- 4}, {§, 4}]) // MatrixForm

01,1 01,2 01,3 O1,4
01,2 02,2 02,3 02,4
01,3 02,3 03,3 03,4
01,4 02,4 03,4 04,4

Permute [vTest, {2, 4, 1, 3}] // MatrixForm

02,2 02,4 O1,2 02,3
02,4 Oa,4 O1,4 03,4
01,2 01,4 01,1 O1,3
02,3 03,4 01,3 03,3

This reverses the permutation:
Permute[%, {3, 1, 4, 2}] // MatrixForm

01,1 01,2 01,3 O1,4
01,2 02,2 02,3 02,4
01,3 02,3 03,3 03,4
01,4 O2,4 03,4 04,4

(vTest = Table[oyinti.j1.maxri.j1» {§- 3}, {§, 3}]) 7/ MatrixForm

01,2 02,2 02,3
01,3 02,3 03,3

01,1 01,2 CF1,3]

Permute[%, {3, 1, 2}] // MatrixForm

01,3 O1,1 O1,2

03,3 01,3 O2,3]

02,3 01,2 02,2

£ Matrix polynomial formatting routines

PolyForm[m_, L_:z L] :=
Plus ee Table[MatrixForm[Coefficient[m, L, i]] If[i =1=0, L', ] ,

{i , —Max[Exponent[Flatten[m /- L-> %] , L” , Max[Exponent[Flatten[m], L]]}] ;

[ Vector autocovariance generating function (from VMA representation);

In the following, © is assumed to be a matrix polynomial in L;  is the covariance matrix. For more detail, see
the last section of this notebook.



MultivariateMicrostructureModels.nb

Gle_,Q_,z_]:=(6/.L-2z).a.Transpose[e /. L>z"];

m Extended example with autocorrelated trades (Chapter 9)

m Structural Model (Section 9.2)

Qrute = Jt_ = Ve + B V15 Mrule = Me_ > Mg + We;
WRute = Wt_ = A V¢ + Ut Prute = Pt_ = Mt + C Q¢
TableForm @ {Orute> Mrutes WRule» Prule}

Qt7 K Vt + B thl
Mg > Mg g + We
Weg = A Ve + Ug
Pt_ =M + CQq¢

APpyte = APy (Pt /- Prute /- MRute /- Wrule /- Qrute) = (Pt-1 /- Prule /- Orule) >
Simplify [ap, /. APgype]

Ut -C (BVoo,t +V_1,¢) +AVe +C (BV_1,¢ + Vi)

nvalues = {of » .8738, B-»0.381, c>1, A2}

{02 50.8738, 35 0.381, c > 1, A~ 2]

7 VMA (not normalized)

The coefficients of current and lagged v¢ in Ap, may be tabulated as:

Coe'l‘ficient[Apt / - APryute » vt_“] &/e {0, 1, 2}

{c+A, -C+Cf3, -Cf3}

Ut-2

Ut-1
( + B> (
Veo1 V

. . A u
This enables us to write: ( Pt ) = Bo ( t
t-2

) where

BRuIeS =
{Bo-» {{1, A+c}, {0, 1}}, B1» {{0O,c (B-1)}, {0, B}}, Bo> {{0, -cB}, {0, 0}}};
{Map [MatrixForm, Bgrutes, {2}]1}

R B F A BB PP Y
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7 VMA (normalized so that the coefficient of the leading disturbance is the identity matrix)
(BOi = Inverse[Bg /- Brules]) // MatrixForm

ca )

Coefficients:

ORules = Table[ei ->Simp|ifY[(Bi [ a BRuIes) -BOi] s {i, O, 2}];
{Map [MatrixForm, 6gyjes» 2]}

{foo- (G 2)ee=(o ™ )eem (o o™ MM

NOTE: There is a typo in the first printing of the book. The correct expression for 6, is the one given above.
O[L_] :=6p+61L +67 L2;
Disturbances:

€rute = €¢_ > Evaluate [Bo- { {Ut}, {Vt}} /- Brutesl;
Map [MatrixForm, egrure, 1]

€ bd
Tt Vi

Ug + (C+ A) Vg )
Covariance matrix:

Qrute = @ » Simplify /@ By.{{od, 0}, {0, ol}}.Transpose[Bo] /- Brutes:
Q /. Qrute // MatrixForm

02+ (C+2A)202 (C+ ) o?,]

(C+2) o2 o?
Random walk variance is in the upper left hand corner of
(e[1] -Q.Transpose[6[1]]) /- Qrute /- Grutes // Simplify // MatrixForm

[05+/120\2, (1+B) A o2
(1+B) AoZ (1+B)?c?

0 VAR:

APy

= Et.
Ot

Starting from the VMA (

A
) = 6 (L) et, compute the VAR by inversion, i.e., 0 (L) * ( pt)

Jt
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elnv = Inverse[6[L] /- Grutes] // Simplify; elnv // MatrixForm

1+L 3

1 CL@+(-1+L)p) ]

1
0 1+L 3

Series expansion to the fourth order:

s = Series [6lnv, {L, 0, 4}]; s // MatrixForm

1 (c-cpB)L+cp2L2-cpL3+cp4L4+0[L]°
0 1-BL+pR2L2-3L3+p4L4+0[L]°

Rules for VAR coefficient matrices:

©Orutes = Table[o; » (Coefficient[#, L, i] & /@ Normal [s]), {i, O, 4}];
{Map [MatrixForm, erytes> {2}]1}

(oo {0 2] (0 57 ) 0en

0 cp?
0 j32

0 -cpgs
0 -8

5(03%( s Vg —

il

. . 2 AF)t -
This VAR is of the form < I+ L+oal2+ ... ) q = e¢. Alternatively,
t
APy
Ye=d1Ye1+d2Ye2+ --- +crWhereyg = . )

drutes = Table[¢i > -@i /- Qrutes» {1, 1, 4}1;
{Map [MatrixForm, égrutes> {2}1}

{{¢1—>(8 éC+CB),¢2% (8 :ZZBZJ,Q’”%

{Map [MatrixForm, ¢ryres /- NValues, {2}1}

{{os= {0 0sm |+ %2~ [0 "o 1ss1e1 |-

%2~ (0 o 0sss063 | %~ [0 o 010717 |/}

7 Impulse response functions

The VAR is of infinite order. We'll only be looking at the leading four terms:

4
VARRule = Yr_ > ) dk-Ye-k + €t5 Ye /- VARrule
k=1

$1-Y 1.t + ®2-Yout + P3-Y_3.t + 04-Y 4.t + €t

(The "." indicates matrix multiplication.)
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The following rules set e = O for € # O, y¢ = O for t < O, and zero out matrix products involving zero.
Cleanupg,jes = {Yo > €0, Yk_=0/; k<0, e_»0/; k#0, Dot[_, 0] » O};
Subsequent to an initial disturbance of g, the initial realization of y is:
Yo //- Cleanupgjes
€o
One period later ...
Y1 /- VARrule // - Cleanupges
$1-€0
Two periods later ...
Y2 /- VARpule /- VARpy1e // - Cleanupges
$2-€0 + d1-01-€0
The following rule obtains the impulse response function by automating the recursion

Yrute = ¥e_ > (FixedPoint[# /. VARRute &, Yt, t] //. Cleanupges) ;

¢2 / - WRule

$2-€0 + P1-b1-€0

Yo /- Yrute /- Prutes / - €rute // Simplify
{{-cBVvo}, {0}}

The cumulative IR function is:

T
Trute = B¢_ dei >
i=0
If we substitute in the "correct" structural specification for g, we get the "correct” long-run price change.

Ty /- Trute /- Yrute /- Prules /- €rute // Simplify // MatrixForm

U0+)LVO
(<1+/3) Vo)

In practice, we can't identify ug and vg, we we're left with:
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eStatisticalpye = ex_» {{eap.t}, {€q.t}}; €0 /. eStatisticalgye // MatrixForm
[car )
€q,0
And the cumulative impluse response function becomes:

Ty /- Trute /- Yrule /- Prutes /- eStatisticalgye // Simplify // MatrixForm

-C Eq'o + eAp.O
(1+8) eq,0

m Contemporaneous effects and Cholesky decompositions (Section 9.4)

A note on notation and conventions. For a symmetric positive definite matrix V, the Cholesky decomposition is
usually expressed as V = L L’ where L is lower triangular. In some references, though, and in Mathematica, the
convention is V = U’ U where U is upper triangular. The book follows the latter (Mathematica) convention.

As an example, here's a 2 X2 covariance matrix

V= {{Gf, 012}, {012, 0%}};
V // MatrixForm

2
[ Ol 012

2
O12 O'2

F = Simpl ify[CholeskyDecomposition Vi, {cf >0, 035>0, -\ 0% 03 <013 < 0} 03 }] ;
F // MatrixForm

/ O% 012
N
2
2 o12
0 02 - 2

Verify that this recreates the original covariance matrix:
Transpose [F] -F // Simplify // MatrixForm

2
[ O'l 012

2
O12 02

Here is the structural covariance matrix:
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Map [MatrixForm, Qpyre, 1]

o2+ (C+A)202 (C+) o2

(C+ Q) o2 o?
Its Cholesky decomposition with price changes "first" is:

F = Simplify [CholeskyDecomposition[Q /. el {¢>0, 2>0, o7 >0, of >0}];
Transpose [F] // MatrixForm

\/OS+ (c+1)%02 0

(C+A) 0\2, US 0\2/

2
5 2 2
02+ (C+1)“ o2 ou+ (C+A)" oy

This implies that a one unit shock to e,p, ¢+ Will have a contemporaneous effect on trades. This is inconsistent

with the structural model. If we compute the Cholesky decomposition with "trades™ first (by permutation) we
have:

F = Permute [Simplify [CholeskyDecomposition [Permute[Q /. Qrute, {2, 1}11,
{c>0, >0, of >0, ol >0}], {2, 1}]; Transpose[F] // MatrixForm

02 (C+ Q)02

2
0 o5

Transpose [F].{{0}, {1}} // MatrixForm

CEPNES

of

m Random-walk variance

. APe . L 1 [ AP¢ .
Starting from the VMA q =6 (L) e, compute the VAR by inversion, i.e., 6 (L) q = €t.
Tt t
o2 ...

-6 (1) Q6 (1) "

O

o is identified (or geto (1) = ¢ (1)),

6[1] /- 6rutes // Simplify // MatrixForm

(0 105)
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{{1, -C}}-(Q /- Qrute) -Transpose[{{1, -c}}] // Simplify // MatrixForm
( 02+ 22 a2 )
In practice, we'd be working from an estimated covariance matrix:
{{1, -c}}.-V.Transpose[{{1, -c}}] // Simplify // MatrixForm
(0} +c?03-2copy )
Resolve contemporaneous effects with Cholesky decompositions.

o "Prices first"

F = Simplify [CholeskyDecomposition[Q /. Quiel, {€ >0, A >0, of >0, of >0}];
Transpose [F] // MatrixForm

\/ou (C+2)2 0

(C+1) 02 o o

2 2 2
2+(C+)x)20\2, u+(C+A)” o

d=Firste {{1, -c}}.-Transpose[F] // Simplify

{ 05+)L(C+)L) o2 050\2,
’_C —}
2
\/Uu (C+ ) o2+ (C+N)° a2

Plus ee (d~2) // Simplify

Olzj + 22 o2

[ Trades "first"

F = Permute [Simplify [CholeskyDecomposition [Permute[Q /. Qrute> {2, 1}11,
{c>0,2>0, of >0, of >0}], {2, 1}]; Transpose [F] // MatrixForm

OS (C+A) \/o\z,

2
0] @5

d=Firste {{1, -c}}.-Transpose [F] // Simplify

(ot . 2/t }
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Plus ee (d~2) // Simplify

05 + A2 0\2,

m Pricing error
Structural model:
Pt - Mt /- Prute
C Qe
s Var (sg) = c2Var (ge ) =¢2 (1+8)2 o2
Lower bound
b= (6,+65) +6,

91+2@2

b /. 6rutes // Simplify // MatrixForm

(O -Cc (1+p)
0B

(sv =b.Q.Transpose[b] /- Qrute /- 6rutes // Simplify) // MatrixForm

(c+cp)202 -cpB (1+pB) o2
-CB (1+p) of B%of

sv /. nValues // MatrixForm

1.66648 -0.459759
( -0.459759 0.126842 )

m Problems

m Exercise 9.1 (Glosten and Harris)

Definitions:

MRute = Me_ = Me_g + Wt
WRule = We_ > Ag (¢ + Aq Q¢ + Ug;

Prute = Pt_ = Mg + C1 (¢ + C2 Q¢

With these definitions, m¢, we and pe are (respectively):
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TableForm[{ m¢ /- Mryte» We /- Wrute» Pt /- Prute}]

M_g.¢+ Wt
Ug + e Ao + Qe A
Me + C1 Ce + C2 Q

The price change at time tis Ap, =

APpyje = APy > (Pt /- Prute /- MRute /- Wrute) = (Pt-1 /- Prute) 5
Simplify [ap; /- APryse]

C1 (-0.1.¢+0¢) +C2 (-Q 1,6 +Qt) +Ut +de Ao + Qe M1
The vector of variables is:

Yrute = Yt_ = Transpose [{{Ap,, 0, Qc}}]: MatrixForm[ye /. Yeutel
AP¢

Jde
Qt

and the disturbances are e+ =

€Rule = €¢_ > Transpose[{{Ut, Qt, Qc}}]; MatrixForm[et /. erute]

Ut
Jt
Qt

With substitutions, the vector of system variables is:
(Yt /- Yrute /- BPryte) // MatrixForm // Simplify
C1 (0.1, +0t) +C2 (-Q 1,6 +Qt) +Ut + e Ao + Qe M1

Jt
Q¢

The MA model is yt = 69 €t + 61 €¢_1 Where the coefficient matrices are:

ClearAll [o];
Orutes = Table[Rule[es, Table[Coefficient | (yt /- Yrute /- APgute) [[i, 111,

(€t-s /- €pute) [[J» 111], {i, 3}, {i, 3}]], {s, 0, 1}];
{Map [MatrixForm, 6rytes-, {2}1}

1 cp+2 Co+24g 0 -c; -C
01 0 , 00 0
{{90% 0O 1 o 00 0 }}

To build the covariance matrix, we need to work out Cov (gt, Qt) = E[Qe¢ Sign (Q¢)] = E | Q¢ |

ClearAll [Q]
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IfQe~N (0, of) ,thenE[ | Q] =
Simplify[J@Abs[x] PDF [NormalDistribution[0, o], X] dX, {og € Reals, Re[(ag)?] > O}]

2
— oo
b

So the disturbance covariance matrix is:

uute =2 ({{03: 0. 0}, {0, 1. oq.o}. {0, ou.0. &)} /- om0+ V2 0B/ )

Map [MatrixForm, Qgpuje, 1]

0
0 1 [2 /B
Q- Z 9Q

o 2T %

The random-walk variance is o2 =

Simplify[ (6 + 61) -Q.Transpose [6g + 61] /- Oputes /- Qrutes {0g >0, o_eReals}][[1, 1]]
2

og+ A5 +2 | — /0§ Ao g+ 0§ AT
JT

7 Decomposition with gy first:

F1 = Simpl ify[Permute[CholeskyDecomposition [Permute[Q /- Qrute> {2, 3, 1}11,
{3, 1, 2}1, {05 >0, of >0}];
F1 // MatrixForm

o2 00
2 2
—2+71 2
0 0 fn OQ

VarDecompl = ((6p + 61) -Transpose [F1] /. 6rutes // Simplify) [[1]]

— | 2 -2+
{ 05 ’ )ko + — O'é )kl ’ o A/ O‘% Al}
7T

The variance components corresponding to u¢, Q¢ and Q¢ are:
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{VarDecompl2 // Simpl ify} // TableForm

[2 [ 2
)\0+ P OQ }1

Verify that they add up to the correct o2:

2

(-2+71) 08 23
o2 ekl

Plus ee VarDecompl2 // Simplify
2

of +2§+2 | — 10§ Ao Ay + 0§ A
7T

7 Decomposition with Q¢ first:

F2 = Simplify[Permute [CholeskyDecomposition [Permute[Q /. Qruyte, {3, 2, 1}11,
{3, 2, 1}1, {0og >0, oy >0}1;
F2 // MatrixForm

Joz o 0

0 [ 270

:

VarDecomp2 = ((6p + 61) -Transpose [F2] /. 6rutes // Simplify) [[1]]

{\/g, I—ZJ:T( X0, ; AO*'\/%Al}

{VarDecompZz} // Simplify // TableForm

2

(-2+71) 23 2
o2 - [ ;)\OJr«/O% X1

... and verify:

Plus ee VarDecompZ2 // Simplify

| 2
o243 +2 | — o% )ko)kl+oé)k§
7T
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m Exercise 9.2 (Madhavan, Richardson and Roomans)

The model is:

Orute = Ot_ > Ve + B Q¢-1;
MRute = Me_ = Me_1 + We,
WRrute = Wg_ = A Vg + Ugs

Prute = Pt_ > Mg + C Q¢
With these rules, ¢, Mg, We, and py are:
{dt /- Qrute> Mt /- MRule> Wt /- Wrule» Pt /- Prute} // TableForm
BO.1,t + Ve
M 1.t +We

Ut + A V¢
Me + C Q¢

The price change is Ap,=

APRyte = APy > APy = (Pt /- Prute /- Mrute /- Wrute) = (Pt-1 /- Prule) >
Simplify [Ap /- Apryie]

APg > -C 0.z, + C O + Ut + A Ve
The system variables are y¢ =
Yrute = Yt_ = Transpose [{{ap¢, At}}]; Yt /- Yrute // MatrixForm
ey
e
The vector of disturbances is:

€Rrule = €¢_» Transpose[{{Ut, V¢}}]; €¢ /- €rute // MatrixForm
Ut

(Vt )

ClearAll [e]

With substitutions, the vector of system variables becomes y¢ =

{{ap¢}> tat}} /- Ape > (Pt /- Prute /- Mrute /- Wrute) = (Pe-1 /- Prute) /- Gt = (At /- Qrute) //
Simplify // MatrixForm

(C (-1+8) g.gse +Ue + (C+A) Vy
Bd_1.t + Vt
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This is a first-order vector autoregressive process: Y = ¢ Yt-1 + © €¢ Where

drute = ¢ > {{0, c (-1+B)}, {0, B}}; MatrixForm /@ ¢ryie

0 c(-1+p5)
¢ - 0 3

and

Orute =0~ {{1, (C+A)}, {0, 1}}; MatrixForm /@ 6gyje

9%(1 C+})

01

It may be put in vector moving average (VMA) formas: y¢ = (1 - ¢L) 1 6 e¢. We could obtain the VMA

VMA coefficients
coefficient matrices by doing the series expansion. Here, though, to compute the random-walk variance, we
just need the sum of the moving average coefficients, and (1 - ¢) 1 o =

maSum = Inverse[ldentityMatrix[2] - (¢ /- drute)]- (6 /. 6rute) // Simplify;
masum // MatrixForm

12

1
0 =

To compute the random-walk variance o2, take the upper left hand entry of [ (1-¢)t e] Q[ (1-¢)t e] '

masum. {{of, 0}, {0, o}}-Transpose[maSum] // Simplify // MatrixForm

2

2 2 2 A0y

og + A% of "

A U\% 03
1-5 (-1+8)2

The quantity o3 + A2 o2 summarizes the public information and trade-related components of the random-walk.
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m Multiple Securities (Chapter 10)

m Two securities in a Roll model, not cointegrated, prices only. (Chapter 10, Section 10.1)

7 Model

Prute = Pi_,t_ > Mj,t +C(j,t-

MRute = Mi_,t_ = Mi,t-1 + Wi, t»

Wrute = Wi_,t_ = Uj t»

APgyte = APi .t (Pi.t /- Prute /- Mrute /- Waute) - (Pi.t-1 /- Prute) 3
apy_:= {{ap1,c}> {8Ps c}}s

Apt /- ApRuIe

{{-CQz,.1,e+CO1,t +U1,t}> {-CO2,-2,6 +CO2,¢t + U2 t}}

£ Compute autocovariances
We will obtain T = EAp, APy, Where the following rules are used to eliminate terms in the expectation with
zero cross-products. (Note: these are general rules; some of them are left over from the univariate case.)

Erutes = {6[A%] » 1, &[u*] > of, 6[q_u_1~> 0, &[qr_Qs_ 1= 0/; t=1=s,
&[Ut Us 1= 0/;t=t=s,8[q, u, 1-0, a[uf,_] » 02, 8[U .t U s 1-0,
E[Q_,t_d_,s 1=»p/;t===5,8[q_ ¢ 0., 1»0/;t=1=5s,8[d* |-1,
sla_+b_]1:=»¢&[a] +&[b],
&[c_] =»c /; NumberQ[c],
&[c_Symbol] :» c /; MemberQ [Attributes[c], Constant],
&[c_a_] »cé&[a] /; NumberQ[c],
&[c_Symbol a_] =» c&[a] /; MemberQ[Attributes[c], Constant],
a[c_SymboI”—'nteger a_] = c"g[a] /; MemberQ[Attributes[c], Constant]};
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Erutes // TableForm

~u]l-0

Os Q¢ ] »0/;t=!=5s
Us Ug ] >0 /;t=1=5s
q, u,]1-0

a_+b_]->s[a] +8[b]

C_] =>cC /; NumberQc]

c_Symbol ] :» c /; MemberQ [Attributes[c], Constant]
a c_]=>cs&la] /; NumberQc]

a_c_Symbol] - cé&fa] /; MemberQ [Attributes[c], Constant]
a_ c_Symbol"™-'"e%" | ., cM g(a] /; MemberQ [Attributes[c], Constant]

M MM MO M MM M M MM M M MM dMmM O O™

SetAttributes|[s, Listable]

Trute = Tk_ = (&[Expand[ (apy /- APgpyje) - Transpose [Ape_y /- APpure]]] 77 - Erutes)

To /- Trute // MatrixForm

2c?+0% 2c?p

2 2 2
2ccp 2ce+ 0§

To, I'1randT, are:

Map [MatrixForm, Table [Tk /. Trute- {k, 0, 2}], 1]
0O
{ (o0}

Note that T, = 0. We can verify that T« = Ofor | k| = 2.
Here are some trial numerical values:

2c?+03 2c?p -c2  -c?p

2c2p 2c?+ 02 -c2p -c¢?

nvalues = {of > 1, ¢ > 10, p » .9}
{oﬁel, c- 10, 090.9}

Map [MatrixForm, Table[Ty /. T'rute> {k, O, 1}1, 1] /. nValues

20 80. -100 -90.
{(Ze0. 200 |+ (Za0. “200 1
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Set up VMA form

Since the autocovariances vanish after lag 1, we have a VMA(1) structure:

e[L_] := IdentityMatrix[2] + Table[e; j, {i, 2}, {J, 2}] L;

e[L] // PolyForm

(1 O) PL (91,1 91,2)
01 92'1 92,2

Q= {{o%, 01,2}, {01,2, og}}; Q // MatrixForm

2
O'l 01,2

2
0'1'2 0'2

Autocovariance generating function:

glz_] :=e[z].Q.Transpose [e[z*]]

We'll obtain the Tk for the VMA representation by picking off the appropriate coefficient in the AGF.

Solve for VMA parameters by equating the two representations:

TVMAgyte = Tk =»> Simplify[Coefficient[g[z], z, k]];

Map [MatrixForm, Table[Ty /. I'VMAgrute, {k, O, 1}]11 // MatrixForm

2, 2.2 2 42
O] +071 611 +0507 ,+261,161,201,2

2 2
07161,1+61,201,2 0561,2+61,101,2

2 2
0162,1+62,201,2 0562,2+62,101,2

2
01,2 + 61,2 (02 62,2 +62,1 01,2) +061,1
2

2 2 2 N2 2 2
0‘1,2 ey 91,2 <02 92’2 + 92’1 01,2) ey 91,1 (O'l 92’1 + 92’2 01,2) 0'2 + O'l 92'1 + 02 92'2 +2 92,1 92,2 01,2

eq = Flatten e MapThread [Equal, {{Tg, T1} /- Trute> {To, T'1} /- TVMARu1e}, 31;

eq // TableForm

2 C2 + O'a == O'% + O'% 9%’1 + O'% 9%,2 +2 91’1 91’2 01,2

2¢?p=01,2+61,2 (0362,2+62,101,2) +61,1 (0262,1+62,201,2)

2¢?p=01,2+61,2 (0% 62,2+62,1 01.2) +061,1 (O% 62,1 +62,2 01.2)

2¢C?+ 02 = 05 + of 65’1 + o% 95'2 +262,162,201,2
-c? = of 01,1 +61,201,2
-C?p=03061,2+61,101,2
-C?p=0265,1+62,501,7

-C? = 020;,5+62,101,2

The third equation is redundant, so ...
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e2 =Drop[eq, {3}]
{2 C2 + 05 = O% + O% @%’l + Og 9%,2 +2 91'1 91'2 01,25

2c?p=o01,2+61,2 (G% 62,2 +62,1 C71,2) +61,1 (G% 62,1 +62,2 C71,2) .

2 2 2 2 A2 2 A2 2 2
2C + Oy == 05 + 01 @2'1 + 05 92,2 +2 92'1 92'2 01,2, —C” =07 91,1 + 91,2 01,25

2 2 2 2 2 2
-C°p=0561,2+01,101,2, —C°P=0702,1+62,201,2, —C°=05022+62,1 C71,2}

2 2 .
parms = {91,1, 61,2, 62,1, 62,2, 01, 02, c11,2]',

We'll attempt only a numerical solution here:

s = NSolve[e2 /. nValues, parms]; s // TableForm

611> -1.1501 6., 50.22006 6, , »0.22006 6, ,>-1.1501 o2 -105.796 o2 > 1
611> -0.82994 ©; , > -0.100096 6, ; » -0.100096 6, , > -0.82994 o2 108.997 o2 -1
611> -1.22269 6, , > 0.147465 6, »0.147465 6, ,>-1.22269 o2 »92.0027 o2 > 9
61.1 > -0.902535 06, , > -0.172692 6, 1 » -0.172692 6, , > -0.902535 o2 - 95.2042 o2 > 9

Consider the matrix

DD = (e[L] /-L->1/L) %=L // Simplify;
DD // MatrixForm

L aix 91'1 91’2
92'1 L+92,2

For the VMA to be invertible, the roots of the determinental equation Det[DD]=0 must lie inside the unit circle.
We check:
Table[Solve[Det[DD] ==0 /. s[[i]], L] // Flatten, {i, 4}] // MatrixForm
L->0.930036 L - 1.37016
L > 0.729844 L - 0.930036

L-1.07523 L -1.37016
L->0.729844 L - 1.07523

Only the second solution is invertible:
slnvertible =s[[2]]
{61,1 »-0.82994, 6, , > -0.100096, 6, ; - -0.100096,
62, > -0.82994, 0% - 108.997, 03 » 108.997, oy , - 95.2958}
Table[e; j, {i, 2}, {J, 2}] /. sinvertible // MatrixForm

-0.82994 -0.100096
( -0.100096 -0.82994 )
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Q /. slnvertible // MatrixForm

108.997 95.2958
(95-2958 108.997

Verify the computation of the random-walk variance:

6[1l].Q.Transpose[e[1]] /- slnvertible // Chop // MatrixForm

Variance decomposition.
(F = CholeskyDecomposition[Q /. slnvertible]) // MatrixForm

(10.4402 9.12779)
0. 5.06762

NumberForm [Transpose [F] // MatrixForm, {5, 2}]

10.44 0.00
(9.13 5.07)

NumberForm[e[1] .Transpose [F] /. slnvertible // MatrixForm, {5, 3}]

0.862 -0.507
(0.507 0.862 )

r = (6[1] -Transpose [F] /. slnvertible) [[1]]

{0.861799, -0.50725}

r?

{0.742698, 0.257302}

m Cointegrated model (Chapter 10, section 10.2)

O Model

Prute = { P1,e_ = Me +C e, P2, » Me1}s

MRute = Mg = Mg + Ut

APpyte = APi ¢ (Pi,t /- Prute /- Mrute) - (Pi,t-1 /- Prute) 3
ape_ = {{8P1 ¢}> {AP2 ¢}}5

The vector of price differences is:
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APg /- APgyte // MatrixForm

(*CQ—Lt*CQt*ut]
U 1.t

The difference between the two prices is:

((pl,t /- Prute /- mRule) - (p2,t /- pRuIe))

C Q¢ + Ut

7 Structural VMA representation: VMA |

O[L_] :=6p+61L
€rute = €t_ > {{Ut}, {Qc}};

ORules =
Table[Rule[es, Table[Coefficient | (Apy /- APgyye) [[15 111, (€t-s /- €rure) [[J-> 111],

{i, 2}, {3, 2}]], {s, 0, 1}];
{Map [MatrixForm, 6rutes, {2}1} // TableForm

0 -c

€] 1C9
700 “T710

Clear[Q];

QRuIe =Q- {{05! 0}1 {0! 1}}

Q- {{dd, 0}, {0, 1}}
Autocovariance generating function:

agfl =G[O[L] /- 6rutes> @ /- Qrule, Z1;
PolyForm[agfl, z]

B
e 0 0o o 2¢2:02 0
5 =

This can't be inverted:

Series[Inverse[6[L] /- 6rutes], {L, 0, 5}] // PolyForm

01
00 00 00 00 00 00 (Oi]
[1 1]+L[1 1]+L2 1 1]+L3[1 1]+L4(1 1]+L5[1 1]+
c ¢ c c c ¢ c ¢ c c c c L

But it gives the correct random-walk variance:
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©[1].Q.Transpose[6[1]] /- rules /- Qrule

{{ol. oi}. {ot. oi}}

(There is one random-walk component underlying both securities.)

7 VMA representation computed from autocovariances: VMA Il

ell[L_] := IdentityMatrix[2] + Table[e; j, {i, 2}, {J, 2}] L;
ell[L] 7/ PolyForm

(1 O) PL (91,1 91,2)
01 92'1 92,2

Qllgyie = @ {{0%, 01,2}, {01,2. 03}};
Q /. Qllgye // MatrixForm

2
01 01’2
2
01,2 O'2

agfll =G[ell[L], @ /- Qllgyte. 2];
PolyForm[agfll, z, vert]

61,2 (2o361,2+ (L+z64,1) O1, 6
PolyFormH{ 12( 272 e 12> +( . o (of (1+z2611) +26;12 ol,z),
z z
o 62,1 (02 (1+261,1) +26;1,5 01,
[1+ 2.2 (20591'2+(1+Z@1'1) 01'2>+ 21( ! . Lo L2 12)}1
V4 z

{91,2 (0% (L+265,2) +267,101,2) [ 61.1
+ +

(zof €21+ (L+263,5) 01,2),

Zz z

92’1 (Z O‘% 92,1 + (1 + 292,2) Ol,2>

(Og <1+292'2) +292’1 01’2> +

62,2
[l +
z

- }}, z, vert

e = Union e Flatten e Table [MapThread [Equal,
{Coefficient[agfl, z, k], Coefficient[agfll, z, K]}, 21, {k, O, 1}1;
e//
TableForm

0 - o% 61,2 +61,101,2

0 == O% 92'2 + 92'1 01'2
0==0261,102,1+0561,202,+01,2+61,202,101,2+61,162,201,2
-C? == 03 61,1 +61,201,2

oﬁ == of ©2,1+62,2 01,2

02 = 0% + O% 6%,1 + o% 95’2 +262.162,201,2

2c?+ O‘a = O'% + O'% 9%’1 + O'% 9%'2 +2 ©1,1 01,2 01,2
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2 2 .
parms = {91,1, 61,2, 62,1, 62,2, 01, 02, o1,2},

solution = Solve[e, parms];
solution // Transpose // TableForm

2 2
02 N c4+3¢c? OS+<03> 02 . c*+3c¢c? Uﬁ+(05)
1 c2402 1 c?+of
o2 > o o 03 > o o
27 c%o2 27 %02
2 2
c c
S = = S > =
1.2 C2+OS 1,2 C2+OE
2 2
82,2 > — —o P
2,2 C2+oﬁ 2,2 02+05
2 2
c €
e = = e D =
ol c2+02 1.1 c2+03
2 2
B g = Oy 1> 0
2,17 2,52 2,17 252
c? o2 c? o2
O = O -
1.2 C2+OS 1,2 Cz+<j5I

There are two solutions, but they're the same:

So

solution[[1]] === solution[[2]]

True

solution = solution[[1]]

2
c*+3c?of + (02) c? o3 c?
{O%% ,05»7,91,2»
c?+02 c?+0? c? + o
o? c? a3
o > - 6 > - O - o -
2,2 2.2 1,1 2.2 2,1 2,2 1,2
u u u

ell[1] /. solution // Simplify // MatrixForm

2
Ou c?
c2+02  c?+0?
2
Su c?

c?2+02  c?+0?

Consider the matrix

DD= (6ll[L] /.L>1/L) L // Simplify;

DD // MatrixForm

L s 91’1 91’2
92,1 L+92’2

c2

—

+ Oy

For the VMA to be invertible, the roots of the determinental equation Det[DD]=0 must lie inside the unit circle.
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We check:
Table[Solve[Det[DD] == 0 /. solution, L] // Flatten, {i, 2}] // MatrixForm

L-0L->1
L-0 L->1

Uh Oh. Let's try to compute the VAR by polynomial expansion:
Series[Inverse[oll[L]] /. solution, {L, 0, 4}] // Simplify // PolyForm

c? __& ca o c? c? o c? ca _c?
10 L c?+02 c?+02 |_2 c2+02 c?+02 |_3 c?+02 c2+02 |_4 c2+02 c?+02
+ + + +
( 01 ) o5 o i oh b o i b
- C2+US CZ+OS - Cz+oﬁ C2+US - C2+US CZ+OS - C2+oﬁ C2+US
No convergence here, either.
7 Exercise 10.1
solution
2
) c*+3c?202+ (oa) 5 c? o3 c?
{O'l - 9 O'z - 5 91’2 - 9
C2+OS C2+Ou C2+OS
o3 c? o2 c? o2
@2’2%7 B s 91,1%7 B 2, 62'1% B 2 01’2% . 2}
c?+ o2 c? + o3 c? + o2 c? + o3

ClearAll [VarianceDecomposition]

Q /- allgyie

{{o1. 012}, {o1,2. 3}}
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VarianceDecomposition[s_, perm_: {1, 2}] := Module[{},
Print["Ordering of prices is: ", TableForm[{perm}]1];
F=
Permute [CholeskyDecomposition [Permute[Q /. Qllgye //- S // N, perm]], perm];
Print["Cholesky factorization (in correct order) F=", MatrixForm[F]];
eSum=ell[1l] //.s //N;
a = eSum.Transpose [F] ;
Print["e(1)F' =", MatrixForm[a]];
v=a[[1l]]1"2;
Print["Variance contributions:", MatrixForm[{v}]];
tv = Total [V] ;
Print["Total variance=", tv];
Print["Information shares= ", MatrixForm[{v} /tv]];
1s
VarianceDecomposition [Join[solution, {oﬁ -1,Co 2}] , {1, 2}]

Ordering of prices is: 1 2

2.40832 0.332182]

Cholesky factorization (in correct order) F:(
0. 0.830455

, (0.747409 0.664364

o (1)F=
0.747409 0.664364

Variance contributions: (0.558621 0.441379)
Total variance=1.
Information shares= (0.558621 0.441379)

VarianceDecomposition [Join[solution, {05 -1, c—>2}] , {2, 1}]

Ordering of prices is: 2 1

2.23607 O. )

Cholesky factorization (in correct order) F:[
0.894427 0.894427

, (0.447214 0.894427

6(1)F=
0.447214 0.894427

Variance contributions: (0.2 0.8)
Total variance=1.
Information shares= (0.2 0.8)

7 VECM representations.

Here is the VAR representation for the price levels:
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¢[L_] := Evaluate[Simplify[Inverse[ell[L]] (1-L) /. solution] // Normal ];
o[L]1 7/ PolyForm

2

Ou c?

1 O L CZHJEI Cz+c75
+

( 01 ) ag c?

c?+02 c?+02

Verify (19.1.34) in Hamilton
Simplify[¢[1l].ell[1] /. solution] // MatrixForm

'

Rearrange ¢ (L) pt = €t aSPt + 01 Pt-1 = €t < Pt - Pe-1 = (-1 - ¢1) Pe_1 + €. The coefficient of

pt-1 onthe r.h.s. is:

- ldentityMatrix[2] - CoefFicient[¢[L], L, 1] // Together // MatrixForm

3 c?

c?2+02  c?+0?

o o
c2+03 c?+0?

This can be written as the error correctiontermy [1 - 1] p¢.1 Where

Sk (S

02 +C? o2 + C?

¥-{{1, -1}} // MatrixForm

2 c?
02+¢c% o2+c%
g e

c?+02 c?+0?



