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This notebook covers the Parlour (1998) model, discussed in section 12.2.

à Initializations

<< BarCharts`

<< Notation`

The following commands define symbolizations that are convenient for labeling things.

SymbolizeAAnything_RuleE; SymbolizeAAnything_RulesE;

SymbolizeAAnything_SolutionE; SymbolizeAAnything_SolutionsE;

Notations specific to this notebook

These conform to Parlour's usage as much as possible.

SymbolizeAnBE;

SymbolizeAnAE;

SymbolizeAnt
BE;

SymbolizeAnt
AE;

SymbolizeAnt+1
B E;

SymbolizeAnt+1
A E;

SymbolizeAnt−1
B E;

SymbolizeAnt−1
A E;

SymbolizeANbE;

Symbolize@NsD;

Probability that between t and T there will be at least Nb market buy orders (or Ns market sell orders):

NotationArb@t_, nB_, nA_, Nb_D y rb@t_, nB_, nA_, Nb_DE;

Notation@rs@t_, nB_, nA_, Ns_D y rs@t_, nB_, nA_, Ns_DD;

Probability that a limit buy order added at time t will execute.



NotationApb@t_, nB_, nA_D y pb@t_, nB_, nA_DE;

Notation@ps@t_, nB_, nA_D y ps@t_, nB_, nA_DD;

Other constants and functions

Symbolize@β
¯D; Symbolize@β̄D;

Notation@Fβ@β_D y Fβ@β_DD;
Symbolize@Fβ RuleD;

à b Distributions
This section defines the b distributions. Parlour uses only the uniform; the presentation also uses triangular and
inverse triangular ("wing") distributions

á Uniform

d = 1; β̄ = 1 − d; β
¯

= 1 + d;

Fβ Uniform = Fβ@β_D � CDFAUniformDistributionA9β̄, β
¯=E, βE;

á Inverse Triangular ("Wing")

β̄ = 0; β
¯

= 2;

Plot@Abs@x − 1D, 8x, 0, 2<D
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Integrate@Abs@x − 1D, 8x, 0, X<, Assumptions → 8X > 0, X < 2, X ∈ Reals<D

1
2
I2 X − X2M 0 < X ≤ 1

1
2
I2 − 2 X + X2M True

Fβ Wing = Fβ@β_D � WhichAβ ≤ 0, 0, 0 < β ≤ 1, β − β2 ë 2, 1 < β < 2, 1 − β + β2 ë 2, β ≥ 2, 1E;

PlotAEvaluateAFβ@xD ê. Fβ WingE, 8x, 0, 2<, PlotRange → AllE
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á Triangular

à Procedures to compute and analyze equilibria

Compute equilibrium

pSetup := ModuleA8<,

H∗PrintA"Clearing and resetting definitions for ps and pb..."E;∗L
ClearAll@pb, psD;

psAt_, nB : _, nA : _E := psAt, nB, nAE = rbAt + 1, nB, nA + 1, nA + 1E;

pbAt_, nB : _, nA : _E := pbAt, nB, nAE = rsAt + 1, nB + 1, nA, nB + 1E;

E
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βSetup := ModuleB8<,

H∗Print@"Clearing and resetting definitions for β's..."D;∗L
ClearAll@βLmtSellLow, βLmtBuyHigh, βLmtSellHigh, βLmtBuyLowD;
βLmtSellLowAt_, nB : _, nA : _E :=

βLmtSellLowAt, nB, nAE = MaxB
1

V
 A −

1

1 − ps@t, nB, nAD
, β̄F;

βLmtBuyHighAt_, nB : _, nA : _E := βLmtBuyHighAt, nB, nAE =

MinB
1

V
 B +

1

1 − pb@t, nB, nAD
, β

¯F;

βLmtSellHighAt_, nB : _, nA : _E := βLmtSellHighAt, nB, nAE =

1

V
 IfApsAt, nB, nAE m 0, B, AE;

βLmtBuyLowAt_, nB : _, nA : _E := βLmtBuyLowAt, nB, nAE =

1

V
 IfApbAt, nB, nAE m 0, A, BE;

F;

PSetup := ModuleA8<,

H∗Print@"Clearing and resetting definitions for P..."D;∗L
ClearAll@PD;
PAt_, nB : _, nA : _, SellMktE := PAt, nB, nA, SellMktE =

H1 ê 2L EvaluateAFβAβLmtSellLowAt, nB, nAEE ê. Fβ RuleE;

PAt_, nB : _, nA : _, SellLmtE := PAt, nB, nA, SellLmtE =

H1 ê 2L 

EvaluateAFβAβLmtSellHighAt, nB, nAEE − FβAβLmtSellLowAt, nB, nAEE ê. Fβ RuleE;

PAt_, nB : _, nA : _, SellOutE := PAt, nB, nA, SellOutE =

H1 ê 2L EvaluateA1 − FβAβLmtSellHighAt, nB, nAEE ê. Fβ RuleE;

PAt_, nB : _, nA : _, BuyOutE := PAt, nB, nA, BuyOutE =

H1 ê 2L EvaluateAFβAβLmtBuyLowAt, nB, nAEE ê. Fβ RuleE;

PAt_, nB : _, nA : _, BuyLmtE := PAt, nB, nA, BuyLmtE =

H1 ê 2L 

EvaluateAFβAβLmtBuyHighAt, nB, nAEE − FβAβLmtBuyLowAt, nB, nAEE ê. Fβ RuleE;

PAt_, nB : _, nA : _, BuyMktE := PAt, nB, nA, BuyMktE =

H1 ê 2L EvaluateA1 − FβAβLmtBuyHighAt, nB, nAEE ê. Fβ RuleE;

E;
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rSetup := ModuleA8<,

H∗PrintA"Clearing and resetting definitions for rs and rb..."E;∗L
ClearAll@rb, rsD;

rbAt_, nB : _, nA : _, Nb : _E := rbAt, nB, nA, NbE =

WhichANb ≤ 0, 1,

Ht m TL && INb m 1M, H1 − Fβ@A ê VDLê 2 ê. Fβ Rule,

Nb > T − t + 1, 0,

Nb ≤ 0, 1,

True, PAt, nB, nA, SellMktE rbAt + 1, MaxAnB − 1, 0E, nA, NbE +

PAt, nB, nA, SellLmtE rbAt + 1, nB, nA + 1, NbE +

PAt, nB, nA, SellOutE rbAt + 1, nB, nA, NbE + PAt, nB, nA, BuyOutE
rbAt + 1, nB, nA, NbE + PAt, nB, nA, BuyLmtE rbAt + 1, nB + 1, nA, NbE +

PAt, nB, nA, BuyMktE rbAt + 1, nB, MaxAnA − 1, 0E, Nb − 1EE êê N;

rsAt_, nB : _, nA : _, Ns : _E := rsAt, nB, nA, NsE =

WhichANs ≤ 0, 1,

Ht m TL && HNs m 1L, Fβ@B ê VD ê 2 ê. Fβ Rule,
Ns > T − t + 1, 0,
True, PAt, nB, nA, SellMktE rsAt + 1, MaxAnB − 1, 0E, nA, Ns − 1E +

PAt, nB, nA, SellLmtE rsAt + 1, nB, nA + 1, NsE +

PAt, nB, nA, SellOutE rsAt + 1, nB, nA, NsE + PAt, nB, nA, BuyOutE
rsAt + 1, nB, nA, NsE + PAt, nB, nA, BuyLmtE rsAt + 1, nB + 1, nA, NsE +

PAt, nB, nA, BuyMktE rsAt + 1, nB, MaxAnA − 1, 0E, NsEE êê N;

E;

Transition probabilities:
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PrSetup := ModuleA8<,

H∗Print@"Clearing and resetting definitions for Pr..."D;∗L
ClearAll@PrD;
PrAt_, 9nt

B : _, nt
A : _=, 9nt+1

B : _, nt+1
A : _=E := PrAt, 9nt

B, nt
A=, 9nt+1

B , nt+1
A =E =

WhichA
H∗Hnt

B>MaxDepthL »»
Hnt

A>MaxDepthL »» Int+1
B >MaxDepthM »»I nt+1

A >MaxDepthM ,0,∗L
nt

B m 0 && nt+1
B m 0 && nt

A m 0 && nt+1
A m 0, PAt, nt

B, nt
A, BuyOutE +

PAt, nt
B, nt

A, SellOutE + PAt, nt
B, nt

A, SellMktE + PAt, nt
B, nt

A, BuyMktE,

nt
B m 0 && nt+1

B m 0 && nt
A m nt+1

A , PAt, nt
B, nt

A, BuyOutE +

PAt, nt
B, nt

A, SellOutE + PAt, nt
B, nt

A, SellMktE,

nt
B m nt+1

B && nt
A m 0 && nt+1

A m 0, PAt, nt
B, nt

A, BuyOutE +

PAt, nt
B, nt

A, SellOutE + PAt, nt
B, nt

A, BuyMktE,

nt
A m nt+1

A && nt
B m nt+1

B , PAt, nt
B, nt

A, BuyOutE + PAt, nt
B, nt

A, SellOutE,

nt+1
B m nt

B + 1 && nt
A m nt+1

A , PAt, nt
B, nt

A, BuyLmtE,

nt
B m nt+1

B && nt+1
A m nt

A + 1, PAt, nt
B, nt

A, SellLmtE,

nt+1
B m nt

B − 1 && nt
A m nt+1

A , PAt, nt
B, nt

A, SellMktE,

nt+1
B m nt

B && nt+1
A m nt

A − 1, PAt, nt
B, nt

A, BuyMktE,

True, 0E;

E;

PrStateSetup := ModuleA8<,

H∗Print@"Clearing and resetting definitions for PrState..."D;∗L
ClearAll@PrStateD;
PrStateAt_, nB : _, nA : _E := PrStateAt, nA, nBE = WhichA

t m 1 && nA m 0 && nB m 0, 1,
1 < t && InA > t − 1 »» nB > t − 1M, 0,

nB > MaxDepth »» nA > MaxDepth , 0,
True,
SumAPrStateAt − 1, nt−1

B , nt−1
A E PrAt − 1, 9nt−1

B , nt−1
A =, 9nB, nA=E,

9nt−1
B , MaxA0, nB − 1E, MinAnB + 1, t − 1E=,

9nt−1
A , MaxA0, nA − 1E, MinAnA + 1, t − 1E=E

E;

E;

Off@General::"spell1", General::"spell"D

Off@Optional::"opdef"D
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ClearAll@InitializeAllD;
InitializeAll@T0_: 3, FβRule_: Fβ Uniform,

βLow_: 0, βHigh_: 2, V0_: 11 ê 2, B0_: 5, A0_: 6D := ModuleA8<,

Print@"Initializing all probabilities and rules."D;

T = T0; V = V0 êê N; B = B0 êê N; A = A0 êê N; Fβ Rule = FβRule; β̄ = βLow; β
¯

= βHigh;

PrintA"T=" , T, " Fβ Rule=", Fβ Rule,

" β̄=", β̄, " β
¯

=", β
¯

, " V=", V, " B=", B, " A=", AE;

pSetup;
βSetup;
PSetup;
rSetup;
PrSetup;
PrStateSetup;

E;

On@Optional::"opdef"D

InitializeAll@D

Initializing all probabilities and rules.

T=3 Fβ Rule=Fβ@β_D � CDFAUniformDistributionA9β̄, β
¯=E, βE β̄=0 β

¯
=2 V=5.5 B=5. A=6.
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Calculate@MaxDepth0_: 4D := ModuleA8<,

MaxDepth = MaxDepth0;
H∗Do@
8P@t,nB,nA,SellMktD,P@t,nB,nA,SellLmtD,P@t,nB,nA,SellOutD,P@t,nB,nA,BuyOutD,

P@t,nB,nA,BuyLmtD,P@t,nB,nA,BuyMktD<,
8t,T,1,−1<,
8nB,0,Min@MaxDepth,t−1D<,
8nA,0,Min@MaxDepth,t−1D<D;

DoA
PrAt,8nt

B,nt
A<,9nt+1

B ,nt+1
A =E,

8t,1,T−1<,
8nt

B,0,Min@MaxDepth,t−1D<,
8nt

A,0,Min@MaxDepth,t−1D<,

9nt+1
B ,Max@nt

B−1,0D,nt
B+1=,

9nt+1
A ,Max@nt

A−1,0D,nt
A+1=E;∗L

DoAPrStateAt, nB, nAE,

8t, 1, T<,
9nB, 0, Min@MaxDepth, t − 1D=,

9nA, 0, Min@MaxDepth, t − 1D=E;

d = FlattenATableA
SumAPrAt, 9nt

B, nt
A=, 9nt+1

B , nt+1
A =E,

9nt+1
B , 0, t=,

9nt+1
A , 0, t=E,

8t, 1, T − 1<,
9nt

B, 0, Min@MaxDepth, t − 1D=,

9nt
A, 0, Min@MaxDepth, t − 1D=

EE;

Print@"Max discrepancy in transition probabilities=", Max@Abs@d − 1DDD;
d = FlattenATableA

SumAPrStateAt, nB, nAE,

9nB, 0, Min@t − 1, MaxDepthD=,

9nA, 0, Min@t − 1, MaxDepthD=E,

8t, 1, T<EE;

Print@"Max discrepancy in state probabilities=", Max@Abs@d − 1DDD;
E;
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Timing@InitializeAll@6D; Calculate@3D;D

Initializing all probabilities and rules.

T=6 Fβ Rule=Fβ@β_D � CDFAUniformDistributionA9β̄, β
¯=E, βE β̄=0 β

¯
=2 V=5.5 B=5. A=6.

Max discrepancy in transition probabilities=1.11022× 10−16

Max discrepancy in state probabilities=4.44089× 10−16

80.265, Null<

Analyze and summarize properties of equilibrium

Timing@InitializeAll@3D; Calculate@D;D

Initializing all probabilities and rules.

T=3 Fβ Rule=Fβ@β_D � CDFAUniformDistributionA9β̄, β
¯=E, βE β̄=0 β

¯
=2 V=5.5 B=5. A=6.

Max discrepancy in transition probabilities=0.

Max discrepancy in state probabilities=1.11022× 10−16

80.016, Null<

DepthDistribution := TableASumAPrStateAt, nB, nAE, 9nB, 0, Min@MaxDepth, tD=E,

9nA, 0, MaxDepth=, 8t, 1, T<E êê Chop;

DepthDistribution êê TableForm

1 0.92517 0.886755
0 0.0748299 0.113245
0 0 0
0 0 0
0 0 0

PrintDepthDistribution :=

NumberForm@TableForm@Prepend@DepthDistribution, Range@TDD,
TableSpacing → 81, 1<,
TableHeadings → 8Prepend@Range@0, MaxDepthD, "d\\t:"D<D, 85, 3<D
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PrintDepthDistribution

d\t: 1.000 2.000 3.000
0.000 1.000 0.925 0.887
1.000 0.000 0.075 0.113
2.000 0.000 0.000 0.000
3.000 0.000 0.000 0.000
4.000 0.000 0.000 0.000

ExpectedDepth := Transpose@DepthDistributionD.Range@0, MaxDepthD

PrintExpectedDepth := NumberForm@TableForm@Prepend@8ExpectedDepth<, Range@TDD,
TableSpacing → 81, 1<, TableHeadings → 88"t", "E@DepthD"<<D, 85, 3<D

PrintExpectedDepth

t 1.000 2.000 3.000
E@DepthD 0.000 0.075 0.113

EventProb@event_D :=

TableASumAPAt, nB, nA, eventE PrStateAt, nB, nAE, 9nB, 0, Min@MaxDepth, tD=,

9nA, 0, Min@MaxDepth, tD=E, 8t, 1, T<E êê N

EventProb@SellMktD

80.197897, 0.214904, 0.227273<

events = 8SellMkt, SellLmt, SellOut, BuyOut, BuyLmt, BuyMkt<;

Clear@SellMkt, SellLmt, SellOut, BuyOut, BuyLmt, BuyMktD;

PrintEventProbs := NumberForm@TableForm@
EventProb@ÓD & ê@ events, TableHeadings → 8events, Range@TD<D, 85, 3<D;

PrintEventProbs

1.000 2.000 3.000
SellMkt 0.198 0.215 0.227
SellLmt 0.075 0.054 0.000
SellOut 0.227 0.231 0.273
BuyOut 0.227 0.231 0.273
BuyLmt 0.075 0.054 0.000
BuyMkt 0.198 0.215 0.227

à Analyzes and graphs used in book

á Time profile with uniform distribution
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Order types

á Effects of different distributions

b Distributions

á Set base styles for screen or tiff (file) output.

nominalFigureWidth = 4;
tiffResolution = 400;
nominalFontSize = 10;
imageSize = nominalFigureWidth ∗ tiffResolution ∗ 81, 0.625<;
bStyleOut =

8FontFamily → "Times", FontSize → Floor@nominalFontSize ∗ tiffResolution ê 72D<

8FontFamily → Times, FontSize → 55<

bStyleOut = 8FontFamily → "Times", FontSize → 40<;

bStyleScreen = 8FontFamily → "Times", FontSize → 12, LineSpacing → 81, −3<<;

bStyle = bStyleOut;

á Uniform

InitializeAll@7D; Calculate@D;

Initializing all probabilities and rules.

T=7 Fβ Rule=Fβ@β_D � CDFAUniformDistributionA9β̄, β
¯=E, βE β̄=0 β

¯
=2 V=5.5 B=5. A=6.

Max discrepancy in transition probabilities=1.11022× 10−16

Max discrepancy in state probabilities=3.33067× 10−16

PrintExpectedDepth

t 1.000 2.000 3.000 4.000 5.000 6.000 7.000
E@DepthD 0.000 0.157 0.265 0.325 0.350 0.350 0.323

βC = Round@HApply@Ó, 83, 0, 0<D & L ê@

8βLmtSellLow, βLmtSellHigh, βLmtBuyLow, βLmtBuyHigh<, 0.01D

80.64, 1.09, 0.91, 1.36<
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d = 0.005`;
p1 = Graphics@8GrayLevel@0.9`D, Rectangle@83 d, d<, 8βCP1T, 1 − d<D,

GrayLevel@0D, Text@"Market\nSell ", 8βCP1T − 0.1`, 0.9` − d<, 81, 1<D,
GrayLevel@0.7`D, Rectangle@8βCP1T, d<, 8βCP2T, 1 − d<D,
GrayLevel@0D, Text@" Limit\nSell ", 8βCP2T − 0.1`, 0.9` − d<, 81, 1<D,
Text@" Seller does\nnothing ", 81.5`, 0.9` − d<, 80, 1<D,
GrayLevel@0.`D, Line@880, 0.5`<, 82, 0.5`<<D<,

FrameTicks → 880, 8βCP1T, βCP" 1.00"T<, 8βCP2T, βCP" 2.00"T<, 2<,
Range@0, 1, 0.2`D, None, None<,

FrameLabel → 8"Immediacy preference, β", "Probability", "A. Uniform", None<,
Frame → True, PlotRange → 880, 2<, 80, 1<<, BaseStyle → bStyleD

Market
Sell

Limit
Sell

Seller does
nothing0 0.641.09 20.0.20.40.60.81.

mmediacy preference, b

Pr
ob

ab
ili

ty A. Uniform

á Triangular

InitializeAllA7, Fβ TriangularE; Calculate@D;

Initializing all probabilities and rules.

T=7 Fβ Rule=Fβ@β_D � WhichBβ ≤ 0, 0, 0 < β ≤ 1,
β2

2
, 1 < β ≤ 2, −1 + 2 β −

β2

2
, β > 2, 1F

β̄=0 β
¯
=2 V=5.5 B=5. A=6.

Max discrepancy in transition probabilities=2.22045× 10−16

Max discrepancy in state probabilities=2.22045× 10−16
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PrintExpectedDepth

t 1.000 2.000 3.000 4.000 5.000 6.000 7.000
E@DepthD 0.000 0.208 0.370 0.477 0.540 0.565 0.534

d = 0.01;
h = 0.25;
βC = Round@HApply@Ó, 83, 0, 0<D & L ê@

8βLmtSellLow, βLmtSellHigh, βLmtBuyLow, βLmtBuyHigh<, 0.01D

80.7, 1.09, 0.91, 1.3<

p2 = Graphics@8GrayLevel@0.9`D, Rectangle@83 d, d<, 8βCP1T, 1 − d<D,
GrayLevel@0D, Text@"Market\nSell ", 8βCP1T − 0.1`, 0.9` − d<, 81, 1<D,
GrayLevel@0.7`D, Rectangle@8βCP1T, d<, 8βCP2T, 1 − d<D,
GrayLevel@0D, Text@"Limit\nSell", 8βCP2T − 0.1`, 0.9` − d<, 81, 1<D,
Text@" Seller\ndoes nothing ", 81.5`, 0.9` − d<, 80, 1<D, GrayLevel@0.`D,
Line@880, 0.5`<, 82, 0.5`<<D, GrayLevel@0.`D, Line@880, 0<, 81, 1<, 82, 0<<D<,

FrameTicks → 880, 8βCP1T, βCP" 1.00"T<, 8βCP2T, βCP" 2.00"T<, 2<,
Range@0, 1, 0.2`D, None, None<,

FrameLabel → 8"Immediacy preference β ", "Probability", "B. Triangular", None<,
Frame → True, PlotRange → 880, 2<, 80, 1<<, BaseStyle → bStyleD

Market
Sell

Limit
Sell

Seller
does nothing0 0.71.09 20.0.20.40.60.81.

mmediacy preference b

Pr
ob

ab
ili

ty B. Triangular
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á Inverted triangular

InitializeAllA7, Fβ WingE; Calculate@D;

Initializing all probabilities and rules.

T=7 Fβ Rule=Fβ@β_D � WhichBβ ≤ 0, 0, 0 < β ≤ 1, β −
β2

2
, 1 < β < 2, 1 − β +

β2

2
, β ≥ 2, 1F

β̄=0 β
¯
=2 V=5.5 B=5. A=6.

Max discrepancy in transition probabilities=1.11022× 10−16

Max discrepancy in state probabilities=4.44089× 10−16

PrintExpectedDepth

t 1.000 2.000 3.000 4.000 5.000 6.000 7.000
E@DepthD 0.000 0.126 0.187 0.194 0.176 0.148 0.119

d = 0.005;
βC = Round@HApply@Ó, 83, 0, 0<D & L ê@

8βLmtSellLow, βLmtSellHigh, βLmtBuyLow, βLmtBuyHigh<, 0.01D

80.55, 1.09, 0.91, 1.45<
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p3 = Graphics@8GrayLevel@0.9`D, Rectangle@83 d, d<, 8βCP1T, 1 − d<D,
GrayLevel@0D, Text@"Market\nSell", 8βCP1T − 0.1`, 0.9` − d<, 81, 1<D,
GrayLevel@0.7`D, Rectangle@8βCP1T, d<, 8βCP2T, 1 − d<D,
GrayLevel@0D, Text@"Limit\nSell", 8βCP2T − 0.1`, 0.9` − d<, 81, 1<D,
Text@"Seller\ndoes nothing", 81.5`, 0.9` − d<, 80, 1<D, GrayLevel@0.`D,
Line@880, 0.5`<, 82, 0.5`<<D, GrayLevel@0.`D, Line@880, 1<, 81, 0<, 82, 1<<D<,

FrameTicks → 880, 8βCP1T, βCP" 1.00"T<, 8βCP2T, βCP" 2.00"T<, 2<,
Range@0, 1, 0.2`D, None, None<, FrameLabel →

8"Immediacy preference, β ", "Probability", "C. Inverted Triangular", None<,
Frame → True, BaseStyle → bStyleD

Market
Sell

Limit
Sell

Seller
does nothing

00.551.09 2
0.0.20.40.60.81.

mmediacy preference, b

Pr
ob

ab
ili

tyC. Inverted Triangular
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á Output to graphics file

g = GraphicsGrid@88p1, SpanFromLeft<, 8p2, p3<<,
Background → GrayLevel@1D, BaseStyle → bStyleD

MarketLimitSeller does00.641.0920.0.20.40.60.81.
ro

ba
bi

liA. Uniform

MarketLimitSeller00.71.0920.0.20.40.60.81.

ro
ba

bi
li. Triangula

MarketLimitSeller00.551.0920.0.20.40.60.81.
ro

ba
bi

liverted Trian

SetDirectory@
"c:êActiveêEmpirical Market MicrostructureêMathematicaêSpring 2007"D;

Export@"Figure124.tiff", g, "TIFF", ImageSize → imageSize,
ColorSpace → GrayLevel, ImageResolution → tiffResolutionD;
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