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m Preliminaries

SetDirectory [
""c:/Active/Empirical Market Microstructure/Mathematica/Spring 2007"];

<< MVN.m

<< Notation™
The following commands define symbolizations that are convenient for labeling things.
Symbolize[Anything_. . ]; Symbolize[Anything_; ..]

The following command allows the "expectation™ operator to be entered as [est]E[Est].

AddInputAlias[&, "E"]
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m Rules related to normal distribution

m ¢[X], P[X], etc.

¢ [X] and & [X] are often used to denote the density and distribution functions for the standard normal

distribution.

Normalgyjes = {

¢[Xx_] =» PDF[NormalDistribution[0, 1], X],
&[X_] =» CDF[NormalDistribution[0O, 1], X],

OI[X_, u_, var_] » PDF[NormaIDistribution [u, A/ var ] , x] ,

B[X_, u_, var_] =» CDF[NormaIDistribution [u, A/ var ] , x]};

m Expectations of truncated normal variates

First consider E[x | X > xLow] where X is normally distributed. In the problems considered here, x will
always be an element of a vector that is distributed as a multivariate normal denoted MVN. (See the MVN_m

package and the MVN Demo . nb notebook.) The truncated expectation is:

GetMeanTrunc [m_MVN, x_, xLow_] := Module[{d, M, V, a, A},

d = MakeLinearForm[m, {x}];
u = GetMean [d] ;
Vv = GetVariance [d] ;

a= (xLow—u)/\/V;
_ ¢la]
" 1-s[a]

u+‘\/7)\]

where m is an MVN that contains variable x. Example:

mSample = MUN[{u1, uz}, {{of, 012}, {012, 05}}, (X1, X2}]

2
01 012

o) =N ()

Then E[X1 | X1 = X ow] iS:

|

2
O12 O'2
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GetMeanTrunc [mSample, X1, Xiow]

NEX

1-23

XLow—H1 ]
o%

M1 +

Xpow—H1 }

of

GetMeanTrunc[m_MVN, y_, X_, XxLow_] := Module[{d},
d = MVNConditional [m, y, X];
GetMean[d] /- X -» GetMeanTrunc [m, X, xLow]];

GetMeanTrunc [StandardMVN[2], z1, O] /- Normalggjes

2

Tt

GetMeanTrunc [MVN[2, 9, z], z, 1] /- Normalgyjes // N

3.79547

GetMeanTrunc [MVN[{3, 2}, {{8, 3}, {2, 3}}, {X, Y}1, VY, X, 2] /- Normalgyjes // N

2.62289

m Setup common to all market variants.

m Customer's utility
Certainty equivalent with CARA utility and normally-distributed terminal wealth:

CErute = CE[u_, var_] »
Evaluate[—Exponent[—CharacteristicFunction [NormalDistribution [u, A/ var ] . t] /.

t-1p, E| /o 1/ Simplify]

var p

CE[u_, var_] = u -
[ ] >

The customer is endowed with n shares; she purchases q shares, paying R[q] (the dealer's revenue). Her
certainty equivalent wealth is:

ce =CE[-R[q] + (n+q) &Cond, (n+q)?VarCond] /. CEpyje

1
(n+q) sCond - > (n+q)?VvarCond p - R[q]
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where sCond and VarCond are the mean and variance of the security payoff, conditional on the customer's

signal.

The first-order condition is:
Solve[ (64 ce =0), R'[q]] // Simplify
{{R'[q] - &Cond - (n+q) VarCond p}}
Defining the I.h.s. as the marginal revenue M we have:
Mgrute = Take ee Take ee % /. R'[q] » M // Simplify
M- sCond - (n+(q) VarCond p
Given g, knowing M is equivalent to knowing w where

WRrute = w » &Cond - n p VarCond

w - &Cond - n VarCond p

Let x, €, and n denote (respectively) the secuity payoff, the signal observation error, and the customer's endow-

ment. Then:

dl = MWN[{ux, 0, 0}, {{%, 0, 0}, {0, oZ, 0}, {0, O, of}}, (X, e, n}]

X Ux 0% 0
el~-N|[lo |[,]0 o2 0
n 0 0 o3

Since the signal is s = X + €, we may write:

MakeLinearForm[dl, {X, X+€, N}]

2 2
X Lx Ox  Ox 0
x+e | ~N ||ux|, |02 o2+02 0
n 0 2
0O O oh

Now we simply label X + € as s:

d2 = SetLabel [%, {X, S, N}]

2 2
X Ux Ox Ox 0
s|-N Ux |, |02 02+02 0
n 0

0O O o3

The conditional distribution of x | s is:
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d2Cond = MVNConditional [d2, x, s] // Simplify

S 02+ Lx 02 0202

x- N

0)2(+O§ O>2(+Og

Substituting the conditional mean and variance into the expression for w gives:
wW2rute = WRute /- 8Cond -» GetMean [d2Cond] /. VarCond - GetVariance [d2Cond] // Simplify

Ux 02 + 0% (s-npo?)

w —

2 2
Ox + O¢

Then

MakeLinearForm[d2, {X, S, N, @ /- w2gue}] 7/ Simplify

2 2 o
Ox O o Feo?
X X €
s ZX o2 02+02 0 o2
X
n = N 0 » 0 0 2 p 08 02 o2
2,2 2 On - 2. 2
Ux OZ+0% (S—n,o OE> Ox+0¢
202 Hx ot potata? of (03+o2ro? of o)
OZ+02 OX B 02+02 2 2 2
X € X € (Ux+o¢>
and relabeling the last element as w gives:
d3 = SetLabel [%, {X, S, N, w}]
4
2 2 S;
OX OX o 0)2(:(02
X
Hx o2 02+02 0 o2
SToN || B
2 2 2
~ ’ 2 P On Ox Oc¢
n O O 0 On = W
w u xTCe
% ol 5 p2 22  of (o3+o?+p? of of)
02+02 Ox T 0202 2, 2\2
x+0¢ X +0¢ <cx+o€)

The liquidity suppliers will try to estimate X | w. The relevant conditional distribution is:

d3Cond = MVNConditional [d3, X, w]

_ 2 2 4

N (w - Ux) (OXJrOE) ) o
X~ xS a2 4T 5 5 5 4
02 + 02 + p? o o2 02 + 02 + p? 02 o2

OE[X|M=m]:

The expectation of x given the that the marginal revenue is exactly equal to m is

gPoint[m_] :=
Evaluate [GetMean [d3Cond] /- w -» m + g p GetVariance [d2Cond] // Simplify]
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gPoint[m]

oz (m+qpo2) + 02 (m+p? ux of 0?)

02 + 02 +p?2 02 o

O E[X|M=>=m]

The expectation of x given that the marginal revenue is greater than or equal to m is the truncated (“upper tail")
expectation.

ute = GetMeanTrunc [d3, X, w, wLow] /. wLow -» m + g p GetVariance [d2Cond] // Simplify

qno§ ug

M—pix+

2,52
o +0E

oﬁ o]

o8 (02402402 o2 ot

V2
(03+02)

2

of (02+02+p? o2 o? o%+02
@%@JW des] —FF ]

2
Oy +0, ) N
(o +o? o8 (oZro24p? 02 of)

2
(oF+02)

where ¢ and @ are the density and c.d.f. of the standard normal distibution. Writing this as a function of m:

gTail[m_] := Evaluate[ute /. Normalgyjes]

7 Common parameters used to generate (most) graphs

CommonParams = {p>»> 1, ox > 1, ce » 1, oh » 2, ux-»5};

m Dealer market: competitive solution with price conjecture (Glosten (1989))

Rrute =RI[0_]1 =»P[d] q;
I:)Conjecture =P[g_] » ko +ki1Q;
R[Q] /- RRuIe /- PConjecture

q (ko +qky)
MarginalCondition = P[q] == &Point[m] /. m -> 8q ( R[] /- Reute /- Pconjecture )

o2 (ko+2qk1+q;)o§) + 0% (k0+2qk1+pzuxoﬁoz)

E

Pla] =
02 + 02 +p?2 02 o
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r = Reduce
vy (MarginalCondition /. Pconjecture) &&p # 0 && o # 088 ox # 08&8& 0n # 0, {Ko, K1}]

Ko = ux && -02 - 02 + p? 02 0% + 0 &&

2
o 02 o2
kg == &&,oonoioe+,oonoX03+,o3oﬁoxo§#0

—02 o + 2 02 04

Krutes = TORules[r[[1]] & r[[3]1]

o 02 o2 }

{ko%ux, ki -
-02 - 02 + p? 02 o

Sign the derivatives.

TableForm [Simplify[{#, D[ky /- Kpules,> #] > 0} & /@ {0x, Oc, On, P},
{crx>0, on>0, 0:>0, p>0, —0)2(—0 + p? ono >0}]

TableHeadings -» {{}, {Parameter, ' aparameterk1>0?"}}]

| Parameter Oparaneter K1>07?

Ox True

Oc False
On False
0 False

l:)Comp Dealer Rule = I:)Conjecture /- kRules

(o o2 02) g

PlO_] = px +
)2(—0 +020204

Verify that the solution for ky agrees with Glosten solution:

2
P Tt 7T, P~ Ttx
< - N o 02 7y + 7 7 (e +71%) /- a- /.7r><_:->1/c>2<//

N(Qa-1) P? Tox + T T (Te + 7Tx)

Simplify

2 2
P Ox O¢

02 + 02 - p2 o2 ot

P[A] /- Pcomppealer rute /- COMmonParams
5+ ﬁ
2
$TextStyle = {FontFamily -» "Times", FontSize » 12, LineSpacing -» {1, -1}};

Linestyle = Table[Thickness[.003 x], {X, 1, 3}1;
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Plot[Evaluate [P[qQ] /- Pcomppeater rute /- COmmonParams], {q, 0, 8},

AxesOrigin -» {0, 5}, PlotStyle - Linestyle, PlotRange -» {{0, 9}, {4.9, 7.5}},
Frame -» True, FrameTicks » {Range [0, 10, 1], Range[5, 8, 1], None, None},
FrameLabel » {"Quantity purchased™, "Price and E[x]", None, None},
BaseStyle -» {FontFamily » "Times"}]

Price and E[x]

Quantity purchased

m Limit order market (Glosten (1994))

7 Glosten Normalizations

o GetVariance [MVNConditional [d3, X, s]] =1 // Simplify

2 2
o O% OZ

o2 + o2

Glosten suggests: p o%,s = 1; og = a < 1;Var [ux;s] = 1 - o. Check:

GlostenNormalizations = {p GetVariance [MVNConditional [d3, X, s]] =1,

o) ) N
=1-a, o =a, Uy = }//Slmpllfy
02 + 0?
2 2 4
JoRerRe; o}
{ 6:::I_,O(Jr X ::1,o(::oﬁ,,uxzz }

o2 + 02 o2 + 0?
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Eliminate [GlostenNormalizations, a]

4 2
Ox Ox
-1+ =-1

ix = 08&& 02 =1 - && p 02 02 = 02 + 0% && p o2
2, 52
og + 0%

02 + 0?2

solve for some numerical values:
Solve[GlostenNormalizations /. ox»1/. 0 »1.2] // N // TableForm

p—-1.69444 .y ->0. a-0.590164 o, > -0.768221
p—-1.69444 .y 0. a-0.590164 o, > 0.768221

Verify that w = pix;s - po? W = Var|w] =1

Solve [Append [GlostenNormalizations,
GetVariance [MakeLinearForm[d3, {w}]] = 05] A

{{ow~ -1}, {ow—>1}}
Verify that with GlostenNormalizations, eC=E[(X |w=W] = (1 -a) w:

Solve [Append [GlostenNormal izations,
GetMean [MVNConditional [d3, X, w]] == &C], &C, on]

{({eCow-aw}}

7 General case (not imposing Glosten normalizations)

d3
4
2 2 Ox
o o} 0
X 2 02+02
X
Hx 02 02+02 0 02
SN || B
2 2 2
~ 0 Of 0% O
n 0 > 10 0 Oﬁ -
Ox +O0¢
W Mx
o% o po2o2o? of (o>2(+of+02 o? Of)
ogro? X 0% +02 (02+02)*

d4 = MVNConditional [d3, X, S]

2

(S - ux) ox
X~N U + ——MMM8M8 0)2(—
O)Z(JrOg 0)2(+Og

vv = GetVariance [d4]
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V = GetMeanTrunc[d3, X, w, m+qpVvVv] // FullSimplify

4 (0Z+02+02 o of)

0% (0% +oé+0? of of

2
(0302

qp 0% o?

M—Lix+
(o_z . O'2> \/ o <G)Z(+O§+pz o2 Gﬁ) 1+ @[ & o2+02 }
X € — a2 a2 - T

(02+02)?

of (Bro? 2 o of)

2
(03 +02)

7 Check: Compare above with Glosten (1994) top of p. 1141.
Verify that under the GlostenNormal izations, the argument of ¢ reduces to m + g

¢Arg = First[Cases[V, ¢[a_] » a, «]]

2 <2
q o ox o¢

M- Ux + — 5

Ox +0¢

of (02+02+p2 o2 of)
(02+02)?

Simplify[Solve[Append[GlostenNormalizations, k == ¢Arg], Kk, on]l, {m>0, q> 0}]

{{k>-m-q}, {(k>m+q}}

Verify that under the GlostenNormal i zations, the coefficient of ¢ / (1 - &) reducesto 1 - o

factor=V /. ¢[_]-»1/.8[_]1-0

o

> 5 o (oF+02+p? o of)
(OX + o€> 2, ,2)\?

(0%+02)

Simplify[Solve[Append[GlostenNormalizations, k == factor], k, 0,1, {O0<a<1}]

({tks-1+a}, (k>1-a}}

7 Numerical examples with common parameters

Does competitive solution exist?
0 < p® o5 o2 - (0% + 0Z) /. CommonParams

True

In the discriminating limit order book, the price is equal to the upper-tail expectation:
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equ = p = (V /. CommonParams /. m - p /- Normalgyjes)

1 2
e 3 (-5+pr3)

23 (1 [t 2]

For example, at g = 8, the price is:
FindRoot[equ /. q-» 8, {p, 1}]

(p—7.11436)

By solving this for a number of g and interpolating, we may approximate the supply curve.

Ppiscrin = Interpolation|
Table[{q, p /- FindRoot[equ, {p, 1}, AccuracyGoal » 6]}, {q, 0, 8, .05}]7];

Plot the supply curve along with E [X lw=m+qgp 0)2(‘5] , 1.e., when the incoming quantity just executes the
order.

Table[V /. m - Ppjscrim [d] /- CommonParams /. Normalgyjes, {0, 1, 6}1]

{5.58587, 5.77346, 5.97698, 6.192, 6.41522, 6.64434}

Table [Ppiscrin [Q] /- CommonParams, {q, 1, 6}]

{5.58587, 5.77346, 5.97698, 6.192, 6.41522, 6.64434}
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Plot[Evaluate [ {Ppiscrim [Q] , EPOINt[M] /. m - Ppiscrimn []} /- COmmonParams],

{q, 0, 8}, AxesOrigin » {0, 5}, PlotRange -» {{0, 9}, {4.9, 7.5}}, Frame -» True,
FrameLabel » {"Quantity purchased, q ", "Price and E[X]", None, None},
FrameTicks -» {Range[0, 10, 1], Range[5, 8, 1], None, None},

Background - GrayLevel [1], BaseStyle » {FontFamily - "Times™}]

Price and E[X]

I I I I I I I I
0 1 2 3 4 5 6 7 8 9

Quantity purchased, q



