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m Preliminaries
<< Notation™
The following commands define symbolizations that are convenient for labeling rules.
Symbolize[Anything_. . ]; Symbolize[Anything_g .. ];
Set up symbols that will be used as subscripted paramaters:

Symbolize[y ];
Symbolize [o®];

Define an "expectations operator”. This isn't a real expectations operator, but it knows some simple rules like
linearity.
The following command allows the "expectation™ operator to be entered as [est]E[esc.

AddInputAlias[&, "E"]
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gLinearityges = {
sla_+b_]=»&[a] +&[b],
g[c_] »c /; NumberQ[c],
&[c_Symbol] » c /; MemberQ[Attributes[c], Constant],
g[c_a_]=»ceé&[a] /; NumberQ[c],
g[c_Symbol a_] =» c §[a] /; MemberQ[Attributes[c], Constant],
<s[c_SymboI“—'nteger a_] =» c"g[a] /; MemberQ[Attributes[c], Constant]};

SetAttributes[&, Listable]

m Basic Roll (Chapter 3)

m Model:

MRute = Me_ > Mg + U,
Prute = Pt_+» Mt + C (¢,
APpyje = APy > (Pt /- Prute /- Mrute) = (Pe-1 /- Prute) >

APy /- APgyte
—CQ._1,¢ +CQc + Ut
To obtain Var [A p¢] = Yo, consider:
Expand [Apg /- APgype ]
C®0%,¢-2¢%Q.1,¢Ge +C° GF - 2C g 1.¢ Ur + 2 C Q¢ Ug + UF
Now define some additional rules for the expectations operator. (These are specific to the model at hand.)

<‘;ROIIRuIes ={
a[qf] -1,
a[uf] -)03,
&[q ul- 0,
&[0t gs ] » 0/; t=!=s,
&[Ur_Us_ ] 0/; t=1=s};

Attributes[c] = {Constant};
Then vyq =
&[Expand [Apg /. Apgyie]] //- ELinearityg o // - 8RONlgypes

2 2
2c+ 0o
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To obtain Cov [ APy, APy 4| = va:
Expand [Apt Apt-l /- ApRuIe]

2 2 2 2 2
C 02,1014t ~C Q21 ¢+ ~C 2.t Qe + C” Q_1,¢t Ot —
CO 1,6 U1, +COtU 1, -CQO 2t Ut +CQ 1,¢ U + U 1,¢ Ut

&[Expand [Apy APy_y /- APryte]] //- ELinearityg,jes //- ERONRutes

_C2
The second-order autocorrelation is ...
&[Expand [Ap; APy_, /- APpyje]] /7 - ELinearityp,jos / /- ERONgypes

0

... and so on.

m Elements of univariate time-series analysis (Chapter 4)

m Moving average forms
Clear[6]; ¥o=-; ¥1=-
The MA(1) process is Xt = €t + ©€¢_1. The autocovariances are:

YRules = {YO - (92 v 1) 02, Y16 O'g};
Yrules // TableForm

Yo = (l+92> 0?2

G

Y1 (S} O‘g
To solve backwards from the autocovariances to the model parameters:
yEquations = Apply [Equal, yrutes» {1}]

{yo = <l+92) o?, y1 t@oﬁ}
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Reduce [yEquations, {6, oZ}]

(y1=08&& v =08&8& 02 = 0) ||

y1#08& |0 = 1] ®=
(7(1 =088 v +08&86 =088 02 == Yo)

s = Solve[yEquations, {6, o2}]; s // TableForm

274 2
2 E B 2 _ 2 Yo+ Y0 Y1
ot 5 (){0 Y6 -4 YT ) 6 - —a
2 2
2 Yo 1 2 2 Yo-/ ¥6-4 71
Of > 5 + 5/ Y0 41 9%727/1

With some hypothetical values, the MA parameters are

s/.{yo~»1, y1»--2} // TableForm

0% 5 0.0417424 6 - -4.79129
0? 50.958258 6 - -0.208712

So the second solution is the invertible one.

s // Simplify
[2 4.2
{{O.f%% (Yo*\/?/(z)*‘l?(%),@%nwr ;j{ i }
1

_ 2 _4~2
{05%%(Y0+\/7/5*4ﬁ),6e7(0 ootn }}

2y,

Alternative form for o2 in the invertible case:

2

Simplify[% (‘“’*m) 2% ]

Yo-\Y¥5-4%;

True

&&Og = Yo -Vv10

m Autoregressive forms

We define a recursive rule for the residuals:
€Rule = €t_ > AP¢ - O €¢_1;

APy = €t - ©€¢-1. With one recursive substitution for e¢_g....
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€t + (6 €¢-1 /- €rute) // Expand

O AP _1,¢ — 62 € 2.t + €t
... and two recursive substitutions ...

€t + (0 €1 /- €rule /- €rute) // Expand

-6? AP 5, +O AP 4. ¢ + 63 e 3.t + €t
Alternatively, going directly to the autoregressive form:

Series[(1+eL)'l, {L, O, 4}]

l-oL+6%21L2-0%L%+6*L*+0[L]°

m Exercise 4.1

Here is a function to build a table of all possible n successive realizations of q.
gTable[n_] := Table[ (-1) " IntegerDigits[i, 2, n], {i, 0, 2" -1}];
... and for the 3-period problem, the realizations are:

q =qTable[3];
TableForm[q, TableHeadings » {Automatic, {"'0o", "0:", "02""}},
TableAlignments - Right]

Jo d1 Q2
1 1 1
1 1 -1
1 -11
1 -1 -1
-11 1
-11 -1
-1 -11
-1 -1 -1

00\1@(ﬂ-l>00l\)|-‘|

The transition probabilities for each path are:
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PrTrans[q_] := Table[IFf[q[[i, j1] =q[[i, J-11], a, 1-a],
{i, Length[ql}, {J, 2, Dimensions[q][[2]]}];
gp = PrTrans[q];
TableForm[gp, TableHeadings » {Automatic, {"Pro,:", "Pri,5""}},
TableAlignments - Right]

Proﬁl Pr1%2
1l a
2|« 1-a
3|l-aa 1-«
411-a «o
5(1-a «a
6|l-a 1-a
7| 1-«
8 |a o

The total probabilities of each path are:

TotalProbs = Apply[Times, gp, {1}]1/2;
TableForm[TotalProbs,
TableHeadings » {Automatic, {"Pryota1'"}}, TableAlignments - Right]

N

13

2 %(1—0()0(

3| (1-m)?

4 %(1—0()0(

5 %(1—0{)0(

6|3 (1-a)2

7 %(1—0{)0(
0(2

817

Verify that the probabilities sum to one:
Total [TotalProbs] // Simplify

1

Compute the v¢'s using the definition v = ¢ - ¢Q¢ 4 -
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v=q[[AlIl, {2, 3}]1 -¢q[[All, {1, 2}]1];
TableForm[v, TableHeadings » {Automatic, {"v."", "Vv>""}}, TableAlignments - Right]

Vi Vo

1-¢ 1-9¢
1-¢ -1-9¢
-1-¢ 1+¢
-1-¢ -1+¢
1+¢ 1-0¢
1+¢ -1-9¢
-1+¢ 1+¢
-1+¢ -1+¢

0O~NO U WNPE

Verify that Evy = Evo = O
TotalProbs.v[[All]] // Simplify
{0, 0}
Var (vt) = o
Yo = (TotalProbs. (vV[[AIl1]172) // Simplify)
{1+ (2-4a) d+¢?, 1+ (2-4a) ¢+ ¢?}
Cov (Vt, Ve1) =EveVver =71
¥1 = (TotalProbs. (v[[AIl, 1171 v[[AlLL, 2]1) 7/ Simplify)
“4aPp- (1+p)2+2a(1+9¢)2
The v¢ must be uncorrelated, so solve for the value of ¢ that makes y; = O:

s = Solve[y; == 0, ¢]

{{dH _132a}, {d)e—1+20<}}

There are two solutions, but only the second has | ¢ | < 1. For example,

¢/.S/.a- .6
{5., 0.2}

So, take the second solution:
s=s[[2, 1]]

o->-1+2a

Verify that this results in y; = O:
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TotalProbs. (V[ [AIl, 111 Vv[[ALl, 2]]) /- s // Simplify

0
The v¢'s have no skewness:
TotalProbs. (v[[AII, 2]]3) /. s //Simplify
0
Verify that the higher-order serial moment is non-zero, i.e., Cov (vt,l ) vi) =Evei Vi £ 0
TotalProbs. (V[[AII, 111 * V[ AL, 2]]3) /. s //Simplify
32 (-1+a)%20% (-1+20)

ClearAll [g, u, V, ¥, ¥1]

m Exercise 4.2

The model is:

MRute = Me_ > M1 + U,
Prute = Pt_ > Mt + C (¢,
APpyje = APt > (Pt /- Prute /- Mrute) = (Pe-1 /- Prute) >

Apt /- ApRuIe
—CQ._1,¢ +CQc + Ut
We need some alternate rules for the expectation operator to recognize the correlation between g¢ and qe_1.

gAlternategypes = {

8[qf] -»1, S[UE] - o2,

&[q ul->0,8[qc gs 1= 0/; Abs[t-s]>1,
&[Qt_ Qs 1> p/; Abs[t-s] =1,
E[Ug Us ] 0/; t=!=S};

Erutes = Join[sAlternateryes , ELiNeArityp,jqs]

To get the variance, we multiply everything out, and take the expectation:
&[Expand [Ap% /- Apgyie] ]
&[c?q%.¢-2¢%0 1.¢ e + C? 07 - 2CQ 1.t Ut + 2 C Qe Ug + UF |

Using the rules described about to eliminate terms that have zero expectation:
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% //- Erutes // Simplify
-2¢? (-1+p) + 02

CoV (APg, APy 4):
&[Expand [Apy AP¢_; /- APgrute] ]

2 2 42 2
& [C 02:t0-1+t ~C" QZ3,¢ ~C Q2. e +
2
C°Q0 1:t 0t -CQ 1, U 1,6 *CQOe U 1,6 ~C O 2.t Ue + CO gt Ue + U_1,¢ Ut]

&[Expand [Apy AP¢_y /- APpyte]] /7 - Erutes /7 FullSimplify
c? (-1+2p)
&[Expand [Ap; APy_; /- APryte]] 7/ - Erutes 7/ Simplify

2

—C,O

&[Expand [Apy APy 3 /- APryte]] /7 - Erutes /7 Simplify

0

Verify that\/—Cov (8Pgs OP¢,) <C

Simplify[\/-s[Expand[Apt APyy /- APrute]] /7 - Erutes < C,

Assumptions -» {0O<p<1/2, Cc> 0}]

True

m Exercise 4.3
Model:

MRute = Me_ = My_1 + Ug,
Prute = Pt_ = Mt + CQ¢;
APpyte = APy (Pt /- Prute /- MRute) = (Pt-1 /- Prute) >

Apt /- ApRuIe
-CQ.1,t +CQ¢ + Ut

Modified expectations rules:
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gAlternategypes = {
&[aZ] -1,
&[u?] - of,
&E[Qs_U¢ ] »poy /; =5,
&[0s U ]1»0/; t=1=s,
&[0¢ 0s 1> 0/; t=1=s,
&[Ur_Us_]= 0/; t=t=s};

8rutes = Join[sAlternategyjes , SLinearityg,es]
&[Expand [Apg /. APpue]] /7 - Erutes // FullSimplify
2C2+oﬁ+ZCpou

&[Expand [Ap; APy_; /- APryte]] 7/ - Erutes 7/ Simplify

-C (C+poy)

a[Expand [Apt AP¢_2 /- ApRule]] /7 - 8rutes // Simpl ify

0

Verify that\/—Cov (2Pgs OP¢y) > C

Simplify[\/-a[EXpand[Apt APy_1 /- APpyte]] /7 Erutes > C,

Assumptions » {O<p, o, >0, c> O}]

True

m Generalized Roll Model (Chapter 8)

Assign ‘constant’ property to model parameters.

Attributes[c] = {Constant};
Attributes[2] = {Constant};
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m Structural model

MRute = Me_ > Me_g + We; WRule = We_ > A Q¢ + Uts Prule = Pt_ > Me + C Qe
TableForm @ {Mrute, Wrules Prute}

Mg > Me_g + We
Weg = A Ot + Ut
Pt > Mg+ CQO¢

The bid and ask are:

Pt /- Prute /- Mrute /- Wrute /- Jt = {-1, 1y 7/ TableForm

-C-A+M_q.¢+Ug
C+A+M_q,¢+ Ut

(The spread is 2 (c + A).) The price change:

APpyje = APy > (Pt /- Prute /- MRute /- Wrute) = (Pt-1 /- Prute) 5
APy /- APgyje

-CO.1,£ +CQc + AQe + Ut
Autocovariances: Var [A pt] = Yo.
a[Expand [Ap% /- ApRule] ]

5[02 0%.,t-2C%0 1.4 0t ~2CAQ 1,¢ Ge +
c?0+2c21gf+2%0f -2C 0 1.¢ Ut + 2C Qg Ug + 2 A O Ug + U |

Erutes = JOIN[ERONgypes, ELINEATitYR  es] s
&[Expand [Apf /. Appue]] //- Erutes
2c?+2cr+ A%+ 02

COV[Apt, Aptfl] = Y1
&[Expand [Ape AP¢_;1 /- APrute]] 7/ - Erutes
-c?-ca

Cov[apy, APy »] = v2!

&[Expand [Apy APy, /- APryte]] /7 - Erutes

0
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Summarize the first two autocovariances in terms of the structural parameters:

yStructuralp, s = {¥0>2c*+2cA+2A%+ 05, y1» -C*-ca};
¥Structuralg,,.s // TableForm

7(0+2C2+2C)k+)\2+oa

X14)*C2*C)L

Two vs don't suffice to identify c, 1, o32.

Special case. If 2=0 (all public info), this reduces to the original Roll model.

Special case. If o3 = 0, there is no public information; only private information.

Now evaluate Var [we] = o2:

&[Expand [wg /. Wrute]] 7/ - Erutes

2 2
AC + of

Compare with:

Yo+ 2v¥1 /- yStructuraly . // Simplify
22 4 US

(Variance ratios.)

m Forecasting using structural and statistical representations

Analyze
fe= 1Mo 8 [Pek | Pts ---1 (Show) =& Mg | Pty ---] =Pt -CE [Ce | Pts ---]

Analyze &*[Qt | Pts ---1 = (Bo+BiLl+B2Ll%+...) er
In the projection gy = “2Y(Ctk-9)

€

To compute Cov (e¢-k, Q¢), note that the statistical representation for Ap, is
APy = €t + O€¢-1 = (1 +06L) eg;
the structural representation for Ap, is Ap; = (C (1 -L) + A) q¢ + Ut

Equating the structural and statistical representations:

(L+6L) eg = (C (L -L) +A) Q¢ + Ug, OF

er=(1-06L) T (c(1-L)+) qe+ (1-6L) tue

Thatis, e = A (L) g¢ + B (L) u¢ where (expanding through the fifth term) A (L) =
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Series[(1+eL)'1 (c(1-L)+x), {L, O, 5}] /7 Simplify

(C+A) + (-c-co6-0A)L+o (c+co+on) L?-
62 (c+coe+oN) L3+6% (c+rco+o) L*-6* (c+coe+6) L®+0[L]®

c+A, iITk=0

i.e,Cov (etk, Ot) =CoV (Ao Qek +A1Qtk1 + ---+B (L) Ug, Qp) = { 0. otherwise
C (C+A) c
> t

€

O, O,

Therefore, Bo = % and Bk = 0V k > O and Fy = py -
Does this equal the same forecast we'd compute from the statistical representation, f¢ = pt + 6e¢?
Determine o in terms of the structural parameters.

The autocovariances computed from the statistical and structural representations must agree. The autocovari-

ances for the MA(1) process Ap; = €¢ + O€¢-1 are:

yStatisticalp,es = {yo » (6°+1) 02, y1 »602}; yStatisticalg, // TableForm

Yo — (1+92) o2

G

yleeog

StatStructEqu = Apply[Equal, Join[yStatisticaly, s, ¥yStructuraly .|, {1}];
StatStructEqu // TableForm

Yo = (l +62) o?
Y1 =602
Yo=2C?+2CcA+2%+ 33
¥1=-C?-cCc2x
which implies:
Solve [Eliminate [StatStructEqu, {od, o0, ¥1}], €]

=28

Oc

i.e., the coefficient of ¢ is the same in both representations.
Special case: If o2 = 0 (no public information) f¢ = m¢ .

m The pricing error: How closely does p¢ track m¢?

The structural model implies S¢ = g¢ C, S0 02 = 2, but neither ¢ nor o2 are identified.
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7 Lower bound

St =Pt -Me = (Pe - Fe) - (mg - Fe). Since F¢ is alinear projection of m¢ on {pPt, Pt-1, ---},the
filtering error me¢ — F¢ is uncorrelated with pe - Fe.

Therefore 02 = Var (pe - Fe) +Var (me - Fy).

Next we use the property that f, = p; + ¢ is not dependent on the structural model parameters.

= Var (pg - ) = 62 o2 is invariant to structural identificatation

Under one parameterization (that of exclusively private information, u; = 0), m; — f; = 0.

This parameterization defines the lower bound.

If u; = 0, we've seen that m; = f, = p; + 6e¢, S0 02 = 62 02 = ¢%. To establish the last equality, recall that we

have a mapping from the structural parameters to the autocovariances, and from the autocovariances to the
moving average parameters.
The MA parameters in terms of the structural parameters are:

sol =So|ve[StatStructEqu, {e, og}, {¥o0, 71}] // Simplify

1
{{ogea (2C2+2CA+)k2+oL2,—\/)\2+ol2J \/402+4CA+A2+05),

202+ZCA+A2+OS+\/)&2+GS \/4C2+4CA+A2+OS

SR },
2c (C+ Q)

1
{0295 (2C2+ZCA+AZ+05+\/)\2+05 \/402+4(:/\+/\2+<jl2J

—_
"

2C2+2C}+/\2+057\/12+05 \/402+4C}+}2+05
6 - - }}
2cC (C+ Q)

InvertibleSolution =sol[[2]];
The value computed for the lower bound is 62 o2

FullSimplify[6® o2 /. InvertibleSolution, {of >0, c>0, 1> 0}]

u

1

2 (2C2+ZCA+AZ+05—\/(A2+OS) <(ZC+A)2+02) )
In the case of exclusively private information, the lower bound is correct.

Fullsimplify[e® oZ /. InvertibleSolution, {of ==0, c>0, 1> 0}]

C2

In the case of exclusively public information (o-ﬁ #0,A= O), though, the lower bound is (in terms of the
structural parameters):
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Fullsimplify[e® oZ /. InvertibleSolution, {of >0, c >0, A ==0}]

=

2 (202+05— o2 <4C2+oﬁ) )

Verify that this is less than the true o2 = c?:

Simplify [% < c?, {oﬁ >0, ¢c>0, A==0}]

True

m General univariate random-walk decompositions (Section 8.6)

Clear[s, sol, K]; (* Remove variables that may have been used earlier. x)

7 Moving average operator

q
ORules = {e[z_, q_:d, J_-J] :->Zej z /; FreeQ[z, Subscript],
j=0

q
e[z_, »a_d. i_ti]» ) e; Zt-j};
3=0

This may be used to define an MA polynomial in the lag operator

G[L, 5] / - ORules
Gg+LO; +L206, + L3053+ L%0, + L5065
or to generate a moving average

©[et] /- BRrules
q
Z €-j+t 9
j-0
Define a lag operator L that applies only to time series x:
LAppliesTo[x_] := {L* X¢_ = Xk, LXe_ o Xe1}
Note that Mathematica thinks that L¥ is a quantity in a multiplication, and reorders in its standard fashion:

(6[L, 5] /- 6rules) €t

€t (90+L91+L292+L393+L494+L595)
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Expand [%]

€rOp+Ler01 +L% e+ 2 e 03+ L cr 04+ L5 ecros
To invoke the L operator:

% /. LAppliesTo[e]

€EtOo+€ 1,601 +€2,t602+€3,6093+€4.t64+€ 5,165

[ Setup

The structural model is:
Pt = Mg + St
Mg = Me21 + Ut

or to generate a moving average

The statistical representation for Ap, is a moving average of order K:
ApRuIe = Apt_ td e[et’ K] 5
Using this rule, and the rule for the moving average operator Ap, =

Apt /- ApRule /- ORules

K
) €56
J=0
O Forecasting
The price change k periods ahead of s is:
Aps+k /- ApRuIe / - GRules

K

2{1€,j+k+s Oj

j0

The price at time p.k is ps plus the cumulative change through s + K:

K

Ps + Z (Ap5+k /- APRyte I eRules)
k=1

K K
Ps + Z Z 67j+k+S ej

k-=1j-0

For example, let

K=3;
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K

Ps + Z (Ap5+k / - APgyte / - eRules)
k=1

Ps + €1.5 60 + €2.5 60 + €3,5 6p + €s O1 + €1,5 O1 +
€2,501+€ 1,562+€Es62+€1,502+€ 2,503 +€ 1,503 +€E563

...grouping by €'s:

Collect[%, Table[ex, {k, s-K-1, s+K}]]

Ps + €3.5 60 + €25 (60 +O1) + €145 (B0 +61 +62) +€ 2,503 +€ 1,5 (O2+63) +E€s (61 +62 +63)
To construct a forecast (as of time s), use the factthat s [ex | Ps, Ps-15 ---]1 =0V Kk>s

% /- €k »0/; Simplify[k>s]

Ps + € 2,503 +€ 1.5 (02 +03) +€Es (01 +6,+063)

This can all be summarized in the forecast function

K
Trute = s_» |Col IeCt[ps & Z (Aps+k /- APgyge /- eRuIes) ’
k:l

Table[ex, {k, s-K-1, s+K}]] /-ex »0/; Simplify[k>s]|;

Te /- Trute
Pt+€2.£03+€ 1,¢ (62+63) +€Et (61 +62 +063)

The first difference of the forecast is proportional to e¢, and so is a M'gale:
fe-Fea /- Frute /- (Pe-Pe1) » (BP¢ /- APryte /- Orutes) // Simplify
€t (Bg + 61 + 63 + O3)

when my = Fy, the above is = we and of =
Coefficient[%, e¢]? o?
02 (6p + 61 + 65 +63)2

cf. eq. (8.10) in the text.

7 Pricing error (when m¢ = Fy)
Pt-me /- me > Fe /- Truge

—€ 2,403~ €_1,t (02 +03) — €t (01 +62 +03)
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The lower-bound for o2 is:
Plus ee Table[Coefficient[%, e¢.;], {i, 0, K-1}]% o2
02 ((-62-63)% + (~61 - 6 - 63) % + 63)

cf. (8.12) in the text.

m Exercise 8.1
The model is observationally equivalent to one in which there is no lag on the efficient price. The autocovari-
ances and moving average representation are the same.

m Exercise 8.2
By rearranging, the model can be writtenas (1 - (1 - a) L) p¢ = ame. Taking first differences
(1-(1-a) L) Apg = €t = oawg SO:

o[L_]1:=1-(1-a)L

The MA representation is Ap, = 6 (L) egwhereo (L) = ¢ (L) -1 Furthermore © (1)? =

$[1]7°
1

a2

Since 02 = a2 02,6 (1)2 02 = o2

m Exercise 8.3

Over five-minute intervals

Orute = 02 » 0.00001;

e[L 1 :=1-0.3L + 0.1L2

Random-walk variance:

\/9[1]2 05 / - ORule

0.00252982

Over one day:
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\/6*12*9[1]2 o2 /- Orule
0.0214663
i.e., about 2%
For the pricing error variance, the C; coefficients are generally:
Exponent [6[L],L]
Caute = C[6_, T_] > Z -Coefficient[o[L], L, j1;
J=i+1
and here ...
Table[C[e, 1], {i, 0, 2}] /. Crule

(0.2, -0.1, 0}

Exponent[e[L],L]-1
=12 2
Z C[e1 I] O¢ /o CRU'Q /- ORule

i=0

0.000707107

i.e., about seven basis points

m Exercise 8.4

The structural model is:

Mg = Meo1 + W

Wt = Aqt + Ut

Pt = Me1+COqc

Notice that the price is determined with respect to lagged value of the implicit efficient price.

(a) Using the structural representation, determine the Ap, autocovariances yo, 1 and verify that y, = 0.

In this and the following parts, assume that ¢ = 2 and X = 1.
(b) Verify that autocovariances are the same as the autocovariances for the (statistical) MA(1) model
APy = €¢ + 6 Where

ol = %(Gﬁ+\/(aﬁ+l)(oﬁ+9) +5)
and

0=4(-ot+ (e + 1) (ot +9) -5)

(c) Verify that o2 = (1 + ©)2 o2
(d) Compute (in terms of the MA parameters) the lower bound for o2 where s¢ = pe - me. Verify that the




20

RollBasicAndGeneralized.nb

lower bound is exact when o2 = 0.

o Analysis

nValues = {c»2, A - 1};

MRute = Me_ = Me_1 + We,
WRute = Wt_ = A (¢ + Ut

Prute = Pt_ > M1 + CQr;

Pricing error s¢ =
Pt - Mt /- Prute /- Mg = (Mg /- Meyte) /- Wrule
COc - AQe - Ug

This implies that the pricing error variance is
(c-2)2+02 /. nvalues

2

1+0f

Price changes:

APpyte = APy (Pt /- Prute /- MRute /- Wrule) = (Pt-1 /- Prule) 3
APy /- APRrute

-CO_1.¢ + AQ_1,¢ + COt + U_1.¢
Var [A pt] = Yo:
&[Expand [Ap /. Apgure]] /7 - Erutes
2c?-2cr+ A%+ 02
2c¢?2-2xc+A%+ 2
2c2-2ca+ A%+ 02
CoV [APg, APy 4] = v1:
&[Expand [Apy APy_1 /- APryte]] /7 - Erutes
-c?2+c

Cov[apy. APy o] = v2!
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&[Expand [Ap; APy_; /- APryte]] 7/ - Erutes
0
Summarize the first two autocovariances in terms of the structural parameters:

yStructuralp, s = {¥0>2c*-22c+2A%+ 05, y1» -C® +CA};
yStructuraly,,.s // TableForm

Yo—=2C2-2CA+2%+03

Y1 -C2+C2

Now evaluate Var [we] = oa:
&[Expand [wg /. Weate]] 7/ - &rutes
22+ 05

The autocovariances computed from the statistical and structural representations must agree. The autocovari-
ances for the MA(1) process Ap; = €¢ + O€¢-1 are:

yStatisticalg, e = {¥0» (6% +1) o2, y1 » 6 0Z}; yStatisticaly,. // TableForm

Yo = (1+92> Ug

yleecg

StatStructEqu = Apply[Equal, Join[yStatisticaly, s, ¥yStructuraly .|, {1}];
StatStructEqu // TableForm

vo = (1+6°) 02
Y1 = 6 02
Yo=2C?>-2CA+2%+03

Y1 = -C%2+CA

which implies:
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sol =So|ve[StatStructEqu, {e, og}, {¥o0, 71}] // Simplify

1
{{ogea (2C2—2CA+)k2+oL2,—\/)\2+ol2J \/402—4CA+A2+05),

2C2—2C)t+/\2+0l21Jr\/)LZJrOlZJ \/40274C}+}2+05
6 - - },
2c2-2c

1
{ogeg (2C2—2CA+12+0L2]+\/)\2+05 \/402—4CA+A2+OE),

2C2—2C)+/\2+057\/A2+05 \/40274C}+}2+05
6 - — }}
2c2-2c

InvertibleSolution = sol[[2]]

1
{OE%E (2C2*2CA+AZ+OE+J12+OE J4C2—4CA+)\2+05 ),

2C2—20/\+)kz+0l2,f\/)\2+05 \/402—4c/\+/\2+<jl2J

o7 2c2-2ca }

Fullsimplify[InvertibleSolution /. nvalues, {1>0, of >0, ¢ >0}]

{ogﬁg (5+03+/{L+cz) (8+2) ),e%% (-5-c3 {1 ed) (9+2) )}

Simplify [ (L+6)° o2 /. InvertibleSqution]

2, 52
AS + 0

i.e., the coefficient of e¢ is the same in both representations.

Simplify[e® oZ /. InvertibleSolution /. nvalues, {1>0, o >0, c > 0}]

N| P

5+ 0% -[(L+03) (9+0F) |

Simplify[e” oZ /. InvertibleSolution /. nvalues /. o5 » 0, {1>0, of >0, c > 0}]

1

Solve[ (6% 02 /. InvertibleSolution) == (c-2)%+ 03, of]

{{od > 0}}



RollBasicAndGeneralized.nb

23

InvertibleSolution /. nvValues /. o2 -0 // Simplify

{05»4, 6»—%}



