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m Initializations
<< Notation™
The following commands define symbolizations that are convenient for labeling things.

Symbolize[Anything_. . ]; Symbolize[Anything_g .. ];

m Basic problem (Section 15.1.1)

m Model dynamics

MRute = Mg > (Mg_q /- Mg > 0) + AS¢ + 1+ €¢;
Prute = Pt_ = M +¥ (St /- So » 0) ;

Wrute = We_ > Weq - (Sg-1 /- S0 »0) /; ! t===0;
eZap =€ - 0;
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® Minimize the total expected purchase cost over T = 3 periods.

T=3;

=
ExpCost = ([Z Pt St] // - {Prute> MRrule » ezap}]
t=1

S1 (u+7{Sl+)xSl) + S»o (2/,1+)\Sl+)/52+)L82) + S3 <3,U+)le+)kSZ+YSB+153>

;
Lagrangian = ExpCost + & [1 - Zst]
t=1

S1 (u+7{Sl+)\Sl) + S»o (2U+)\51+Y52+)&52) +
6(1l-S1-S2-S3) +S3 (BU+ASy+ASy+¥S3+AS3)

FOC = Append[ (8s, Lagrangian) == 0& /@ Range[T], (85 Lagrangian) = 0]

(-6 +U+YS1+ASy+ (Y+A) S +ASp, +AS3 =0,
-5 +2U+AS, +¥YSy+ASy+ (Y+A) Sp+AS3 =0,
-5+3U+AS; + XS, +¥YS3+ASz+ (y+A)Sz3=0,1-5;-5,-53=0}

solutions = Solve[FOC, Append[Table[s;, {i, T}], 611 // Simplify

2 2y +2+3u 1 2y +2A-3u
{{6e7 (Y+2}+3H),Sl%7,32—)7,534)7}}
3 6y+3A 3 6y+32X

In the no-drift case:
solutions /. u->0// Simplify

{{5—>§ (7{+2)k),81—>§,82—>§,83—>§}}

Clear([T];

7 Procedure

The following procedure automates the solution.



TradingStrategiesl.nb

OptOrders|[T_: 3, AlIRules_: {}, params_: {}, PrintFlag_: True] :=

Module[{a, Lagrangian, solutions},

;
a= (Zpt st] //. AllRules //. params;

t=1

.
Lagrangian = a + 6 [1 - Zst] ;
t=1

FOC = Append[ (8s, Lagrangian) == 0& /@ Range[T], (85 Lagrangian) == 0] ;
solutions =

Solve [FOC, Append[Table[s;, {i, T}], 611 // Simplify // Chop // Flatten;
If[PrintFlag,

Print[“Lagrangian: ', Lagrangian];

Print["First order conditions:"]; Print[TableForm[FOC]];
Print["Solutions:"]; Print[TableForm[solutions]];

1;

solutions

E

sol = OptOrders[3, {Prute» Mrule» €Z8P}];

Lagrangian: S; (u+YyS1+AS1) +S2 (2u+AS1+Y¥S2+AS2) +
6(1-S1-S2-S3) +S3 (BU+ASy +ASy+7¥S3+ AS3)

First order conditions:

-0+ U+YS1+AS1+ (Y+A)S1+AS2+AS3 =0
-6+ 2U+AS1+YSp+ASy+ (Y +A) Sp+AS3=0
-5+3U+AS;1+AS2+YS3+AS3+ (y+A) Szg=0
l1-s1-S,-53==0

Solutions:

52 (y+22+3p)
2y+2+3

6y+3 1

1

Sz—>§

S1 >

2y+A-3

S3 2 Hyaa

m Analysis of time structure

O Find the coefficients of « in the solutions when T = 3;

T=3;
Ssolutions = OptOrders[T, {Prute» Mrute» €Zap}, {}, False] // FullSimplify

2 1 u 1 1 u
{6%—(y+21+3u),Sle—+—,82—>—,83—>—— }
3 3 2vy+2 3 3 2y+2
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Coefficient[#, u] & /@ (Table[si, {i, T}] /- Ssolutions)

1 1
{27(+)k’ o 727{+)\}

Compare with:

(T+1) -2t

Table
[ 2 (2y+2Q)

. (L, T

1 1
{27{+)k’ 2 72){+)\}

0O WithT =4

T=4;
Ssolutions = OptOrders[T, {Prute> Mrute» €Zap}, {}, False] // FullSimplify;
Coefficient[#, u] & /@ (Table[sj, {i, T}] /- Ssolutions)

3 1 1 3

{2 (2y+A)  Ay+2x 2 (2y+An) 2 (2%1)}

Compare with:

(T+1) -2t

Table
[ 2 (2y+A)

. (t, T

3 1 1 3
{2 2y+0) 2 2y+N) . 2(2y+rn) 2 (2y+k)}

0O WithT =5

T=5;
Ssolutions = OptOrders[T, {Prute. Mrute» €Zap}, {}, False] // FullSimplify;
Coefficient[#, u] & /@ (Table[s;, {i, T}] /- Ssolutions)

2 1 9 1 2
{27{+)k’ 27(+A’ ’ _27{+)k’ _27(+)k}

Compare with:

(T+1) -2t
Table[—, {t, T}]
2 (2y+Q)

2 1 9 1 2
{27{+)k’ 27(+A’ ’ _27{+)k’ _27(+)k}

Clear([T];
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Exercise 15.1

7 Model dynamics

MRute = Me_ > (Mg /- Mg > 0) + X ¢ Se + U+ €5
Prute = Pt_ = Me +¥ (St /- So > 0) ;

Wrute = We_ > Weg = (St-1 /- So»0) /; ! t===0;
€eZap =€ - 0;

solution = OptOrders[3, {Prule> Mrule» €ZaP} /- u->0 /. ¥y - 0] // Simplify;

Lagrangian: 6 (1-S; -S> -S3) +s§ A1 +S2 (S1 A1 +S2A2) +S3 (S1 A1 +S2 A2 + S3 A3)
First order conditions:

-6 +2S1 A1 +Sp A1 +S3 A1 =
-6 +S1 A1 +2Sp A2 +S3 Ao =
—6+S1 A1 +Sp A2 +2S323 =0
l1-s1-S,-53==0

Solutions:

22y (A3+21 A3-4 22 23)
S—» ——~= - = = 77
A2 (A2-423)

224 A3

S > 1+
23-4 25 23

A (222 23)

Sp > —M—
Az (A2-423)

A1
LM
S3 o4y

solution /. ({2, A »1, 23> 1/2} // TableForm

6-0
S; - -1
S, » 0
Sz > 2

As a check, verify that with constant A, we obtain the original solution to the basic problem.

solution /. {1_- 2} // TableForm

O

N
N
~

Wk WR W ‘*J|
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Geometrically declining non-stochastic temporary impact (Section 15.1.2)

[ Definitions:

MRute = Me_ > (Me_y /- Mg = 0) + A S + p + €]

Prute = Pt_ = Mt + ¥ At
Wrute = We_ o> Weg - (Sg-1 /- S0~ 0) /5 1 £===0;
Arute = At_ > St +0 A1 /; ' t===0;

Example:

Collect[As //- Arule» ©]

95A0+9431+9352+9233+954+S5

AlIRules = {pPrute > Arule» Mrule» €Z8P1};

7 Quadratic analysis

sol = OptOrders[2, AllIRules];

Lagrangian:
S1 (U+AS1+Y (QAO+Sl)) +6 (1751752) + So (2/.1+A81+7\82+Y (e (9A0+Sl) +S2))

First order conditions:

-6+ U+ AS1+ (Yy+A)S1+Y (BAp+S1) + (¥yO6+A) S2 =0
5 +2U+AS1+ASo+ (Y+A) Sa+y (6 (OAg+S1) +S2) =0
1-s1-5,=0

Solutions:

53 (¥ (2+6) +3 (A+u) +v6 (1+6) Ag)
=Y (-2+0) +A+u+y (-1+0) 6 A

2y (-2:0) 21
Y (-2+0) -A+u+y (-1+6) 6 Ag

2y (-2:0) 21

S1 - -

Sy >

Flatten[s; /- sol /. u-» 0] // Apart

=

Y (*1+9) QAO
2 2 (-2y+yO0-2)

params = {u->0, y»>1/10, A->1/10,6-51/2, Ag »0};

pp[T_, params_: {}] -= Transpose[{Range[T],
Table[s;, {i, T}] /. OptOrders[T, AllRules, params, False] // Flatten}];
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graphText = {Text["T=10", {11, -12}],
Text["T=5", {6, -23}], Text["'T=4", {5, .27}]1, Text["T=3", {4, -35}]1};

baseStyle = {FontFamily - "Times", FontSize -» 12};

pl = ListPlot[
{pp[3, params], pp[4, params], pp[5, params], pp[10, params]}, Joined - True,
Frame -» True, FrameTicks -» {Range[10], Range[0, 0.4", 0.17], None, None},
FramelLabel -» {"Trade period, t ", "Proportion of total trade",
"A. Optimal trading strategies over various horizons"™, None},
Background - GrayLevel [1], PlotRange -» {{0O, 12}, {0, 0.47}},
PlotStyle -» {Thickness[0.0017 ]}, Epilog -» graphText, BaseStyle -» baseStyle]

A. Optimal trading strategies over various horizons

04
\/ =
o 0.3F
B T=4
£_~H§ \—/
=] N . T=5
5 02F Y //
g —
5
S T=10
0. I I I I I I I I I I

1 2 3 4 5 6 7 8 9 10
Trade period, t
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p2 =

Plot[sl /- FIatten[OptOrders[S, AllRules, {u->0, Y- % A % A -»0}, False]] ,

{6, 0, 1}, Frame -» True, Background - GrayLevel [1],
PlotRange -» {{0, 1}, {0.3297, 0.357}}, FrameLabel -
{""Persistence parameter, 6", "Proportion of total\nexecuted on first trade",

"B. Persistence and the first trade, T=3", None},
FrameTicks -» {Range[0, 1, 0.27], Range[0.33", 0.357, 0.01"], None, None},

BaseStyle - baseStyle]

B. Persistence and the first trade, T=3
0.35

0.34r

Proportion of total
executed on first trade

0.33 | |
0. 0.2 0.4 0.6 0.8 1.
Persistence parameter, 6
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GraphicsRow[{pl, p2},

Spacings -» {Scaled[-0.05"], Scaled[0]}, Background - GrayLevel [1]]

A. Optimal trading strategies over various horizons

0.4
3 . T=3
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= 03t
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o
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m Geometrically declining stochastic temporary impact (Section 15.1.3)

o Definitions:

MRute = Me_ > (Mg /- Mg > 0) + AS¢ + U+ €¢;

Prute = Pt_ = Mt + ¥ At

WRule = wg > Wgq - (Sg1 /-S> 0) /5 ! £t===0;
ARute = At > St + O App +Ug /5 ' T===0;
eZap =€ - 0;

uZap =u_ - 0;

params = {u -» 0};

m "Manual" Backwards optimization

At time T the expected cost is:
Pt Wr /- Prute /- MRute /- ST » Wr /. params

Wr (Y AT +M_g 7 + AWT + €7)

EVT = PTWr /- Prute /- Mrute /- Arute /- ST > Wy /. €Zap /- uZap /- params // FullSimplify

Wr (YO A 1 7+M g1+ (¥+A) Wr)

At time T-1, the value function is:
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(EVT + pr_1 S7-1) /- Prute /- WRule

oo (WA r+Mogr) + (“lg g +Wqr) (WOA L7 +Mgur+ (Y+A) (mLlg7+W.1,7))

V =
(EVT + p1_1 ST-1) /- params /. wRule /. prute /- Mrute /- Arute /- €Zap /. uZap /. params //
FullSimplify

(¥ (=2+6) + 1) 12 1 +1 4.7 (¥ (-1+6) OA 7+ (¥ (-2+6) - ) W_q,7) +

Wyt (YO Am+ Mg+ (Y +2A) W)
Optimizing:
sol = Flatten[Solve[0==0s , .V /.params, Sr.i, parans| // Simplify][[1]]

Y (-1+06) 6A 7+ (¥ (-2+6) - A) W_q,T
Py 20E) 2o

1.7

s=sol[[2]] // Apart

Y (-1+6) 6Ao 1 W7t
+
2 (-2y+y6-21) 2

Verify that the sign of the At_» coefficient is negative:
Simplify[Coefficient[s, A7.,]1 <0, {¥y>0,0<6<1, A>0}]

True



