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We study the impact of inventory constraints on bundling in a dynamic pricing setting, challenging the clas-
sical view that bundling consistently enhances revenue. Traditional bundling theory, which usually assumes
abundant inventory and static pricing settings, typically asserts that bundling generates higher revenue than
selling products individually. However, we show that limited inventory, in fact, distorts the revenue extrac-
tion capability of bundling in favor of selling the products or services separately. We study the optimal
dynamic mixed bundling strategy in a large market regime where the market size grows relative to limited
inventory. Leveraging this framework, we derive optimal dynamic pricing policies and value functions for
commonly used bundling strategies, including mixed bundling, pure bundling, bundle-size pricing, and com-
ponent pricing. Our analysis reveals that as inventory becomes more constrained relative to market size, the
most general dynamic mixed bundling strategy converges to a dynamic component pricing strategy, out-
performing both dynamic bundle-size pricing and dynamic pure bundling. Moreover, the performance gap
between these strategies increases with the number of items, a factor typically viewed as favoring bundling
when inventory is abundant. Notably, our numerical experiments suggest that these insights also extend to
the fluid-regime policies, revealing that as the market size increases relative to inventory, the dynamic mixed

bundling strategy derived from the fluid regime mimics a dynamic component pricing strategy.

1. Introduction

Bundling, the practice of offering multiple products together as a single package, is employed across
industries by firms seeking to extract more value from heterogeneous consumer preferences. Whether
in the form of subscription services, promotional packages, or mixed bundling offers, the practice
allows firms to price discriminate, reduce transaction complexity, and enhance perceived consumer
value. The conceptual foundation for bundling is rooted in the seminal works of Stigler (1963) and
Adams and Yellen (1976), who demonstrated its effectiveness as a price discrimination tool and, hence,
the ability to extract larger consumer surplus rather than selling the items or services separately.
Subsequent research has explored bundling in various contexts, highlighting the aggregation benefits

of bundling. However, most of these studies focus on static environments with non-perishable and
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unlimited inventory or capacity, which may be more representative of digital goods than physical
ones. There is a consensus in the literature about the benefits of bundling in terms of extracting
consumer surplus, best summarized by the following quote from Tjan (2010):

“There is a simple and pretty consistent rule of thumb on the question [of bundling]. Here it

is: unbundling or a la carte pricing benefits the buyer and packaged or bundled deals give the

advantage to the seller.”

There are mainly three types of bundling strategies in addition to selling the products separately

that a firm may use:

(i) Component Pricing (Additive Bundle Pricing) (CP): The firm sets individual prices for each
product separately. If a customer purchases multiple products (a bundle), they pay the sum of
these individual prices—hence the term “additive bundling."

(ii) Pure Bundling (PB): The firm offers only a comprehensive bundle that includes all its products
or services. Customers either choose to buy the entire bundle or nothing since purchasing items
separately is not an option.

(iii) Bundle Size Pricing (BSP): The firm sets the bundles’ prices based solely on the number of
products they contain, regardless of which specific products or services are included.

(iv) Mized Bundling (MB): The firm sets prices for each product or service, along with every possible
combination of these as distinct bundles.

Mixed bundling represents the most general strategy, subsuming the other strategies as specific
instances. Meanwhile, bundle size pricing subsumes pure bundling and certain instances of component
pricing, such as a uniform price for all products. We illustrate the relationship among the four

strategies in Figure 1. Considering this hierarchy, the literature primarily studies the value of bundles
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Figure 1 Relationship between the different bundling strategies
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in static environments with unlimited inventory. In other words, the inventory significantly exceeds
the market size, which refers to the potential demand. This situation typically involves a finite number
of items, denoted as N (usually N=2), along with specific assumptions regarding the distribution of
valuations, often for items that have zero marginal costs. Within this setting, the prevailing consensus
on the surplus extraction capability of different bundling schemes can be summarized by the following

ordering;:
MB z BSP > PB >~ CP [INV. >> MARKET SIZE | N < o]

where Mixed Bundling (MB) is generally the most effective at extracting consumer surplus, whereas
Component Pricing (CP) is the least. While mixed bundling is the most general strategy, it is also the
most complicated. In particular, letting N represent the number of items, mixed bundling requires
setting up to 2% — 1 prices, compared to N prices for BSP and CP, and a single price for PB. It is
worth noting that despite BSP requiring only N prices, Chu et al. (2011) demonstrated that BSP
closely approximates the revenue extraction of MB. Nevertheless, finding the optimal BSP and MB
is generally intractable. For this reason, much of the bundling literature focuses on comparing CP
versus PB as simpler strategies to characterize.

Another relevant line of research is the large-scale bundling literature, which analyzes the asymp-
totic performance of pricing policies as the number of items becomes large (N — oo) (Bakos and
Brynjolfsson 1999, Abdallah et al. 2021). This literature provides valuable insights into the relative
effectiveness of different pricing schemes in extracting surplus under general valuation distributions.
In particular, it highlights the effectiveness of simple bundling strategies, demonstrating that even
these simple pricing strategy can very well approximate the performance of the more general MB
streategies. In particular, under assumptions of zero marginal costs and unlimited inventory for large

N, the literature identifies the following ordering in terms of surplus extraction ability:
MB ~ BSP ~ PB »> CP [INV.>>MARKET SIZE | N — 0]

In this asymptotic regime, simpler strategies, such as Bundle-Size Pricing (BSP) and Pure Bundling
(PB), significantly outperform Component Pricing (CP) and achieve performance nearly comparable
to that of mixed bundling (MB). These robust theoretical findings may help explain the success
of digital platforms such as Netflix, Spotify, and Amazon Prime, which effectively employ pure
bundling strategies by aggregating various goods and services into single comprehensive packages.
These platforms notably benefit from near-zero marginal costs and virtually unlimited inventory,

enabling them to leverage bundling as an effective mechanism for revenue optimization.
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Inspired by these successes in digital products and services, bundling strategies have been increas-
ingly adopted in industries that deal with physical goods, such as retail, hospitality, and trans-
portation. Companies like Dollar Shave Club, Stitch Fix, and Sephora Play! utilize bundling as a
key aspect of their business models, often incorporating it into subscription services or promotional
campaigns. However, bundling in industries involving physical goods, where finite inventory and
operational constraints prevail, introduces complexities that traditional models typically overlook.
For example, retailers, airlines, and hotels frequently operate under conditions of scarce inventory,
uncertain demand, and time-sensitive selling opportunities. The existing literature on bundling often
abstracts away these operational realities, focusing instead on stylized scenarios without inventory or
time constraints. Conversely, classical literature on multi-product dynamic pricing explicitly models
inventory and time constraints but typically overlooks bundling effects by treating each bundle as an
independent product with distinct demand (Gallego and Van Ryzin 1997).

In this paper, we bridge this gap by examining how operational factors, such as limited inventory
levels and finite time horizons, influence the dynamics of bundling and its effectiveness in enhancing
surplus extraction and price discrimination benefits. Furthermore, we address the effective design
and implementation of dynamic bundling strategies when inventory is scarce relative to the potential
market size. Specifically, we study the dynamic mixed bundling and pricing problem under the large
market regime recently proposed by Abdallah and Reed (2025b,a), for the single-item setting where
the market size (expected arrivals over the time horizon) is scaled while the inventory is held fixed.
The large market regime contrasts with the fluid regime, in which both market size and inventory
are both scaled proportionally (Gallego and Van Ryzin 1997). The large market regime provides
clearer analytical insights compared to the fluid regime, where both market size and inventory scale
together, resulting in a deterministic limiting problem that is complicated by non-convex inventory
constraints, which are challenging to analyze.

Leveraging this large market regime framework, we characterize the convergence of optimal policies
for dynamic mixed bundling, bundle-size pricing, pure bundling, and component pricing, along with
their respective expected revenues under general valuation distributions and any number of items
N < oco. Importantly, our analysis reveals that in settings where inventory is scarce relative to the

market size, the ordering of policies by their effectiveness in extracting consumer surplus reverses,
MB ~ CP > BSP >> PB [INV. << MARKET SIZE | N < o0]

where component pricing (CP) now significantly outperforms bundle size pricing (BSP) and pure
bundling, achieving performance comparable to mixed bundling (MB).
This reversal highlights that the advantages of bundling diminish significantly under conditions

of scarce inventory, causing optimal dynamic mixed bundling strategies to closely resemble dynamic
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component pricing (additive bundling). Furthermore, we demonstrate that the relative performance
of pure bundling (PB) and bundle size pricing (BSP) decreases as the number of items N increases,
reversing the insights from existing literature on large-scale bundling with abundant inventory, which
suggest that increased number of items generally enhances the effectiveness of PB and BSP. Our

contributions are summarized next.

1.1. Contribution

o We extend the large market regime introduced by Abdallah and Reed (2025b,a) from a single-
item setting to a multi-item setting where firms must dynamically optimize their prices for individual
products and bundles with limited inventory. Unlike prior work on bundling that ignores inventory
effects, this paper develops a multi-dimensional framework that captures the complex interactions
between dynamic bundling decisions and inventory constraints.

o We characterize the value functions and optimal dynamic pricing policies for the four pricing
strategies, MB, BSP, PB, and CP, in the large market regime. Unlike prior work that often relies on
specific distributional assumptions or asymptotic approximations, our results hold for any number
of items N < 0o and fairly general distributional assumptions.

o Our characterization of the value functions and optimal pricing policies for the four strategies
allows for a systematic comparison of their performance under general valuation distributions and
finite N. First, we show that as the market size increases relative to inventory, the revenue difference
between mixed bundling (MB) and component pricing (CP) vanishes. That is, firms cannot lever-
age bundling strategies to increase revenue beyond what optimal component pricing achieves. This
result fundamentally revises prior assumptions about the superiority of bundling, showing that in
an inventory-scarce environment, the advantage of bundling diminishes. Second, we find that in the
large market regime, pure bundling (PB) and bundle size pricing (BSP) become less effective as N
increases, contrary to classical bundling theory, which suggests that bundling improves with more
items.

o We demonstrate numerically that our theoretical insights hold beyond the large market regime
assumptions, particularly for moderate inventory-to-market-size ratios (IMR). We observe that the
revenue advantage of pure bundling (PB) over component pricing (CP) holds only for a large
inventory-to-market-size ratio, but as the market size increases, CP catches up and eventually sur-
passes PB. The impact of the number of items N is also reversed as the market size grows, where
larger N favors PB over CP for small IMR. However, as the market size increases, particularly beyond
IMR thresholds between 22% and 42%, CP begins to dominate PB, with the gap widening for larger
N.
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o Our numerical results demonstrate that our insights regarding the diminishing value of bundling
also apply to the policies of the fluid regime, where inventory and market size grow proportionally.
In particular, we demonstrate that the optimal dynamic mixed bundling (MB) solution derived from

the limiting fluid problem closely resembles dynamic component pricing (CP).

2. Related Literature

Our results are closely related to the literature on monopolistic bundling and network revenue man-
agement. Certain forms of opaque pricing strategies are also closely related to our work (see, for
example, Briest and Roglin (2010) and Elmachtoub and Hamilton (2021)). We focus now on recent
advances in these fields.

Bundling. There is extant literature on the static monopolistic bundling problem with unlimited
inventory using a stylized two-item model that dates back to the work of Stigler (1963) and Adams
and Yellen (1976). This literature emphasizes the benefits of bundling as a price discrimination tool.
Interested readers are referred to the review by Venkatesh and Mahajan (2009).

An active research area (mainly in computer science) focuses on providing conditions under which
simple selling mechanisms are optimal or nearly optimal in a setting with no inventory constraints and
an arbitrary number of items. Hart and Nisan (2017) show that component pricing and pure bundling
guarantee a fraction of the optimal mechanism revenue in this setting. This fraction, however, shrinks
to zero as the number of items grows large. Babaioff et al. (2014) show that the maximum revenue of
component pricing and pure bundling is a constant-factor approximation to the optimal revenue. Fang
and Norman (2006) also compares component pricing and pure bundling and provides distribution-
dependent conditions for when one strategy is better. Ma and Simchi-Levi (2015) study a new
bundling strategy, called bundling with disposal, under a general cost structure and show that it can
well approximate the optimal revenue mechanism. They also show that this strategy is asymptotically
optimal as the number of items grows large.

Bakos and Brynjolfsson (1999) elegantly highlight the power of pure bundling for a large number
of items with zero marginal costs and unlimited inventory. They show that as the number of items
increases, a simple pure bundling strategy essentially extracts all of the consumer surplus. This is
mainly due to the heterogeneity-reduction property of bundles, where for a large number of items, the
valuation of a bundle becomes concentrated around its mean. Abdallah (2019) shows the limitations
of pure bundling in the presence of positive marginal cost by providing distribution-free bounds on
its asymptotic profit in this setting. Abdallah et al. (2021) consider a simple bundling policy called
bundle size pricing. They show that bundle size pricing is more effective at extracting consumer
surplus than pure bundling in the presence of marginal costs. They also provide a closed-form solution

for the asymptotically optimal bundle size pricing policy.
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An emerging research area (mainly in operations management) focuses on the optimization problem
arising from the static pricing problem for a given bundling strategy without inventory constraints.
Honhon and Pan (2017) examine bundling strategies in the context of vertically differentiated prod-
ucts, demonstrating that offering bundles can increase profits even in the absence of consumption
complementarity. Their analysis explicitly considers positive variable costs, a departure from the
typical assumption of negligible costs in bundling literature. Chen et al. (2017) study distribution-
free pricing problems and show that they can be used efficiently for pure bundling for any number
of products. Wu et al. (2008) study the bundle size pricing problem with deterministic valuations
and propose a Lagrangian-based heuristic to solve it. Using clever reformulations Wu et al. (2018)
show that bundle size pricing problems with deterministic valuations that satisfy the single-crossing
property can be solved exactly using linear or dynamic programming approaches. Li et al. (2022)
have shown that bundle size pricing problems with random valuations can be approximated by a
convex optimization problem using a family of semi-parametric choice models. Recently, Sun et al.
(2025) study the design and pricing of a single optimal bundle alongside individual sales of remaining
products, demonstrating that this strategy can yield higher profitability and social welfare relative
to pure bundling or separate component pricing.

There is limited research on the effects of inventory constraints in bundling problems, even in a
static setting. Ernst and Kouvelis (1999) show that in a newsvendor problem with two items ignoring
substitution effects in the presence of bundles and stockouts is suboptimal. Cao et al. (2015) study
the bundling problem of two items in a newsvendor setting when the supply of the attractive product
is limited. They show that, in this case, bundling extracts a larger surplus. Song and Xue (2021)
study a multi-period joint replenishment and pricing problem for product assemblies where a product
can be viewed as a bundle of sub-assemblies. They provide exact and heuristic methods for different
assembly systems.

Multi-product Dynamic Pricing. Gallego and Van Ryzin (1997) is the canonical paper in the
multi-product dynamic pricing literature. They study this problem in a fluid regime that scales both
the inventory levels and the arrival rate. They propose asymptotically optimal heuristics based on
the resultant limiting deterministic problem. Jasin (2014) and Chen et al. (2015) propose improved
heuristics for the same problem requiring minimal real-time price adjustments. There have been sev-
eral extensions to this canonical model to include dynamic pricing joinlty with other considerations
such as learning (see Araman and Caldentey (2009), Besbes and Zeevi (2012), Keskin and Zeevi
(2014), den Boer and Zwart (2015)), consumer behavior (Chen and Farias (2018), Liu and Cooper
(2015), Najafi et al. (2024)), and competition (Martinez-de Albéniz and Talluri (2011), Adida and
Perakis (2010), Gallego and Hu (2014)). Closely related to the multi-product dynamic pricing litera-

ture is the multi-product capacity control literature (see, for example, Talluri and Van Ryzin (1998),
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van Ryzin and Vulcano (2008), Topaloglu (2009)), Kunnumkal and Talluri (2015)). Interested readers
are also referred to the books by Talluri and Van Ryzin (2006) and Gallego et al. (2018).

The paper most closely related to our work from a modeling perspective is Bulut et al. (2009).
They numerically solve a single-period static bundling problem using heuristics with two items and
limited inventory. They also extend their numerical results to a multi-period dynamic bundling
problem, noting that the performance of bundling is highly sensitive to model parameters in terms
of demand and inventory levels. Liao et al. (2017) study the capacity control version of two-item
dynamic bundling in a multi-period discrete time setting. The components’ and bundle prices are
fixed, but the firm must decide which bids to accept or reject. They provide a comparative statics
analysis and propose heuristics for cases involving more than two items.

Our model follows the canonical framework of Gallego and Van Ryzin (1997), where bundles are
composed of multiple items assembled as products. We note, however, that Gallego and Van Ryzin
(1997) assume that the demand for each product/bundle is exogenous and satisfies some concavity
property and that demand for each product/bundle is independent. In our case, the demand for

products/bundles is determined endogenously, as it depends on item valuations and set prices.

3. The Model

We consider a firm selling N > 1 different item types over a finite time horizon of length ¢ > 0.
The initial inventory of item n is @)y, units for n=1,...,N. We set Qo = (Qo1,RQ02,---,Qo.n) tO
be the initial inventory position of the firm. We assume that all random variables are defined on a
common probability space (£, F, P). Customers arrive according to a Poisson process M with a rate
A >0 known to the firm. Customer m (m > 1) arrives at time 7, and has idiosyncratic nonnegative
valuation X, ,, for item n. We set X, = (X, 1,..., X ) to be the item valuation vector for customer
m. We also assume that the X,, ,, are independent and identically distributed (i.i.d.) across customers
and item types, and we denote their common distribution function by F', which we assume to be
absolutely continuous.

Given N item types, the firm may offer B =2 — 1 unique bundles to price accordingly. We index
these bundles by b=1,..., B. Let H be an N x B matrix where the (n,b)th entry of H equals 1 if
bundle b contains item n=1,..., N and 0 otherwise. We refer to H as the bundle design matrix.
Consistent with the bundling literature, we assume that a customer’s valuation for a bundle is additive
in nature. Specifically, the bundle valuations for a customer with items valuation vector X € RY are
given by V' = H'X € RE, where H' denotes the transpose of the bundle design matrix. We note that
the non-negative valuation can be relaxed if we allow for the free disposal of items with negative
values.

At each point in time 0 < s <t, the firm sets a price p, € ]Rf for the bundles. Given the additive

valuation, we make two assumptions on p, without loss of optimality. Our first assumption is the
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monotonicity of p with respect to the items in a bundle. Specifically, for each bundle type b €
{1,2,..., B}, denote by 1, C {1,2,..,N} the set of items contained in bundle b. We assume that if
b, b € {1,2,..., B} are such that 1, C ¢/, then p, <p,s. In other words, this assumption states that
adding an item to a bundle will not decrease its price. Our second assumption on p, is that it is
subadditive as a function on the set of items {1,2,..., N'}. Technically speaking, this assumption may
be written as py, < p, +py for b, b',b" €{1,2,..., B} such that ¢, = Y,y Utp,r. The primary implication
of subadditivity is that purchasing a set of items as a single bundle is never more expensive than
purchasing them as two or more smaller bundles. Moreover, if some item n=1,..., N is stocked out,
we force the price of any bundle b that contains item n to oo. Therefore, given ¢ € RY, we denote
the feasible pricing vectors by P(q).

An arriving customer will determine which bundles to purchase by maximizing the surplus of their
bundle valuation vector V relative to the firm’s current pricing vector. We assume that customers
have a unit demand for each item type. Therefore, using the monotonicity assumption of the pricing
policy, it is straightforward to show that a customer will never purchase bundles with overlapping
items. Also, note that the firm’s inventory position constrains the bundles available for customers
to purchase, which is reflected in the pricing vector p € P(q). Given the unit demand assumption,
let y € {0,1}? denote the bundle purchasing decision of a customer where y, =1 if the customer
purchases bundle b=1,..., B and is zero otherwise.

Given a pricing vector p and inventory position ¢, the optimal bundle purchasing decision of a

customer with bundle valuation vector V' is then given by a solution to the optimization problem

max (V —p)’ 1
max (V= p)'y (1
s.t. H-y<e,

where e is the all-ones vector of length N and B(q) is the set of feasible binary bundle purchase vectors
for bundles that are not stocked out. More specifically, B(q) C {0,1}? is the set of all binary vectors
such that y, =0 for b=1..., B if there exists n € ¢, such that g, = 0. That is, B(q) is the feasible set
of decisions that take into account the firm’s inventory position and restricts the customers’ choices
only to bundles that do not include a stocked-out item. Note that there may exist more than one
optimal solution to (1); however, from a technical perspective, this can be ignored since we assume
that the valuation distribution F' is absolutely continuous. We now denote by y*(X, ¢, p) the unique
choice P-a.s.

The firm may dynamically adjust the price of each bundle in response to the previous history
of customer purchases and its current inventory position. We denote the set of admissible pricing

policies by Y. To be admissible, a pricing policy p = {p,,0 < s < ¢} in an R¥-dimensional space,
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where ps = p(Qs,t — s) € P(Qs), must fulfill two conditions. The first is that p must P-a.s. be right-
continuous with left limits. Second, for each b € {1,..., B}, we require that the 1-dimensional bundle
b pricing process p(b) = {p,(b),0 < s <t} be measurable and adapted to the filtration {FP”, s > 0},
where

My

Di(p) = Y v (Qr—s Xin: Pr) (2)

m=1
is a B-dimensional vector representing the cumulative amount of each type of bundle purchased by

time s, and

Qs(p) = Qo — HD,(p) (3)

is the time s inventory position of the firm. For any admissible pricing policy p, it can be shown
that there exists a unique solution to (2) and (3). Also, since by (1) customers take into account the
inventory position of the firm when making their purchasing decision, it follows that for any p € U,
Qs(p)>0for 0<s<t.

Consistent with the revenue management literature, we assume all items have zero marginal cost.
The firm is, therefore, interested in maximizing its expected revenue. Now note that for any admissible
pricing policy p € U, the realized revenue of the firm over the selling horizon [0,¢] may be expressed

as
M t
Zp‘rmf'y*(Q‘rmvamvamf> = /0 p;_st(p)
m=1

Given an admissible policy p € Y and initial inventory position ¢ € NV, we denote the expected

revenue of the firm by

t
B0sa.t) = E| [ p@ut—syiD.p)]. (1)
Thus, the optimization problem of the firm may be written as
J (N g, t) = sup Jy(A;q,t). (5)
peU

Next, we show that the firm’s optimization problem may be written as a stochastic intensity control

problem and provide some results on its corresponding HJB equations and optimality conditions.

3.1. Optimality Conditions

First note that by assumption on the tie-breaking rule at most 1 bundle will be purchased by a
customer. Hence, for any pricing policy p € U, it follows by the results in II.1 of Brémaud (1981) that
D(p) is a B-dimensional point process. Moreover, it can be shown that for each b € {1,2,..., B}, the
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process D, is a 1-dimensional point process with stochastic intensity function A\,(s) = A\p(Qs—,ps—)

for 0 <s<t, where A, : NY x RZ — R, is given by

Mo(q,p) = AE[y; (¢, X,p)] for (¢,p) € NY x RF. (6)

It then follows by D7 of I1.3 of Brémaud (1981) that

B| [ 5@t =9a0.0)] = E[ [ 9(@ut=97\Qup(@ut —s))as].

where A(q,p) = (Mi(q,p), A2(¢,p), ..., Ap(g,p)) € RE, and so we may write

J*(Aig,t) = sup E [/Otp’(Qs,t— S)A(Qs,p(Qs,t—S))dS] -

peEU

We now arrive at the following result by applying C2 and T3 of VII.2 of Brémaud (1981).

THEOREM 1. The family of functions {J*(\;q,-),q € NV} are a solution to the system of equations

oJ* )\; ,t B )

(&SQ) = sup {Z)\b(Q7p) o — AJ (/\;q,b,t)]}, Vi>0, geNV, )
PEP(q) p=1

J*(Q7O) - 0, q € NN7 (8)

J*(0,Xt) =0, t>0, o)

where AJ*(X;q,b,t) = J*(\;q,t) — J*(\;q — Hy,t) and H, denotes the bth column of H for b=
1,2,..., B. Moreover, there exists an optimal solution p* to (5) such that p}(w) = p*(Qy,t), where the
family of functions {p*(X\;q,-),q € NN} are measurable and such that

p*(Aig,t) = arg sup {Z Ao(q,p) [P — AT*(N; ¢, 0, t)]} , t>0. (10)

peRE p=1

Closed-form solutions for the above system of nonlinear differential equations are not known except
in a few instances for the single-item setting (see Gallego et al. (2018)). Note, however, that the
HJB equations (7)-(9) are similar in structure to those of the classical network revenue management
problem studied by Gallego and Van Ryzin (1997), who examine their multi-item problem under an
asymptotic fluid regime that scales both the market size At and initial inventory levels @y to oo.
In the following subsection, we present a simple example illustrating why the fluid regime may be
ill-suited for analyzing dynamic mixed-bundle pricing problems. We then study the problem using
the large-market regime recently introduced by Abdallah et al. Abdallah and Reed (2025b,a) in the
single-item setting, where the initial inventory remains fixed while the market size At approaches

infinity..
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3.2. Challenges of the Fluid Regime: A Simple Example

The fluid regime is defined by the following scaling, given k£ >0 ¢ = kAt and A\t — oco. That is, both
the inventory and market size are scaled proportionally to infinity. One of the main advantages of the
fluid regime is that it leverages the law of large numbers to show that the “stochastic” value function
J*(gq,t) can be well approximated with a “deterministic” value function, which is the solution to
a simpler optimization problem. Furthermore, one can leverage the solutions to the deterministic
problem to obtain policies that perform well for the original stochastic problem. In our setting, the

fluid deterministic problem can be written as

B
TN, t) = (M) sup > Ely; (g, X, p)lps (11)
PEP(9) p—1
subject to Z Ely; (g, X,p)] < I for = 1,...,N
b:neyy A

It is worth noting that one of the key assumptions for the convergence in the fluid regime to hold
is that the revenue function Y7 K[y (¢, X,p)|ps needs to be concave and the inventory-related
constraints should be convex, which is not the case even for the simplest mixed bundling problem.
Nonetheless, even if we assume that the convergence holds for the dynamic bundling problem, the
purchase probabilities under mixed bundling E[y; (¢, X, p)] do not admit closed-form expressions in
general. To the best of our knowledge, the one exception is the uniform distribution with only two
items. In particular, letting N =2 and denoting by b =1,2,3 the bundles containing item 1 only,
item 2 only, and the bundle, respectively, the deterministic problem under i.i.d. standard uniform

valuations is given by

J4 N q,t) = (At) sup pr(1=p1)(ps — p1) +pa(1 = pa)(ps — pa)

1
+ D3 ((1—173 +p1)(1—ps +p2)—§(p1 +P2—p3)2> (12)
. 1
subject to (1 —p1)(ps —p1) + (1 =ps+p1) (1 —ps +p2) — 3 (p1+ 2 —p3)2 < % (13)
1 q
(1=p2)(ps —p2) + (1 —=ps +p1)(L = ps+p2) — B} (p1+ D2 —p3)2 < )\% (14)

0<p1 <1,0<p, <1,0<p3s <p1+p2

If we ignore the non-convex inventory constraints (13)-(14), a closed-form solution exists for this
simple case without inventory constraints (see, for example, Eckalbar (2010)). When the non-convex
inventory constraints are present, the problem becomes more challenging, even for this simple exam-
ple. Additionally, as the number of items N increases modestly, the problem becomes even more
challenging due to the combinatorial number of decisions and constraints involved and the fact that it
becomes very difficult to explicitly capture the interdependencies between the bundles. This renders
the fluid regime not suited for solving the dynamic bundle pricing problem. Instead, we next study

the dynamic bundle pricing problem in the recently introduced large market regime.
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4. The Large Market Regime

In the large market regime, we consider the stochastic control problem (5) of the firm when the
market size At — oo while the inventory is kept fixed. Observe that straightforward change of variables
in the Hamilton—Jacobi-Bellman equation (7) yields J*(X;q,t) = J* (1;¢,\t) = J* (At;¢,1) implying
that the optimal value function depends only on the initial inventory ¢ and the composite quantity
At, rather than on A, ¢, and ¢ separately. We therefore adopt the simplified two-parameter notation
J* (g, At), from which the full three-parameter form may be recovered via the change of variables.

In this regime, the pressure to liquidate inventory quickly to avoid unsold inventory at the end
of the selling horizon is significantly reduced. However, as shown by Abdallah and Reed (2025b,a),
this pressure still exists because the uncertainty is not resolved as At becomes very large due to the
structure of the problem, which is fundamentally governed by extreme value behavior.

Indeed, extreme value theory provides the appropriate lens through which the large market regime
should be analyzed. Without this perspective, one might incorrectly conclude that the problem
becomes trivial in the limit and that a static pricing policy, where the firm simply sets a high price
and waits, is the optimal policy. As demonstrated by Abdallah and Reed (2025b), such static “price-
high-and-wait” policies perform poorly in this regime. A key insight arises from the Fisher—Tippett
theorem, the central result in extreme value theory, which characterizes the limiting distribution of
the maximum of a sequence of random variables. Notably, under this limiting behavior, the maxi-
mum customer valuation remains stochastic even as At becomes large. Consequently, demand uncer-
tainty persists, and the firm can continue to benefit from intertemporal price discrimination, whether
through dynamic pricing or, in our multidimensional setting, dynamic bundling strategies.

In particular, let My = max{Xy,..., Xy} be the maximum valuation out N random valuations.
The Fisher-Tippett theorem, stated next, characterizes the convergence in distribution of an appro-

priately scaled My.

THEOREM 2 (Fisher-Tippett Theorem). If there exists norming constants by € R and ay >0

for N > 1 and some non-degenerate distribution G such that

My -0
TNCN 4G oas N — 00,

an
then G belongs to one of the following three extreme value distributions:

Type I (Gumbel): A(z) = exp(—exp(—z)),z €R,

0 <0

Type II (Frechet): ®o(z) =4 =
ype IT (Frechet) (z) exp(—z~?), x>0,
Type 1T (Weibull): 0, (z) = 4 P07, 2 <0,
1, x>0,

where a > 0 for either Type II or Type III.
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In addition, the tail characteristics of the distribution F' of X determine the resulting distribution
as IN approaches infinity. We note that ay and by can be adapted to constants with continuous
indexes a(t) and b(t). In addition, the Fisher-Tippett theorem continues to hold if the index N is
replaced by a Poisson random variable N(¢) with rate ¢ (see Chapter 4 in (Embrechts et al. 2013)).

We say that the distribution F' belongs to the domain of attraction of G if there exist sequences
ay >0 and by € R such that P(My <by + ayz) — G(z) as N — oco. In this paper, we focus on
distributions in the Weibull and Fréchet domains of attraction. However, we show numerically in
Section 8 that the key insights derived under these domains extend to the Gumbel domain as well.

Even though the Fisher-Tippett theorem is not used directly in our proofs, we present an equivalent
statement to the Fisher-Tippett in terms of the purchasing probability 1 — F', which plays a central
role in our proofs (see Proposition 3.1.1 in Embrechts et al. (2013)).

PROPOSITION 1. Given ay >0 and by € R, the following are equivalent

My —by
an
N(1—F(by +anz)) = —logG(x) as N — 0.

d
— G as N —

for each = such that G(z) > 0.

5. A Generalized System of Equations
Before presenting our main results on the optimal dynamic bundling policies in the large market
regime, we first recall a system of equations introduced by Abdallah and Reed (2025a) in the single-
item setting. We also present its multidimensional generalization, which enables us to characterize
various optimal dynamic bundle pricing policies in the large market regime.

In the single-item setting and for x > 0, Abdallah and Reed (2025a) introduced the following

system of equations
1
Vit = ;(US —wv,_;) for ge Ny, (15)

where vy = 0. The value of xk depends on the tail properties of the distribution and corresponds to
its domain of attraction. In particular, K > 1, k=1, and xk < 1 correspond to the Weibull, Gumbel,
and Frechet domains of attraction, respectively. The system of equations (15) has a unique positive
solution that increases with r, satisfying v,(k) = ¢ when x = 1. Therefore, v,(x) > ¢ for K <1 and
vy(k) < g for k > 1. Figure 2 illustrates the relationship between v,(x) and ¢ for different values of .

Furthermore, v,(x) admits the following asymptotic expansion (Abdallah and Reed 2025a)

k—1

vy(K) = q+ Ing+o(lng) as ¢ — oc. (16)
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Figure 2 The values of {v,(k)/q,q > 1} for different values of &.

The same system of equations (15) helps characterize the optimal dynamic mixed and pure bundling
policies in the large market regime. However, this system of equations is not suited to characterize
the optimal dynamic bundle-size pricing policies. Next, we introduce a new system of equations that
allows us to characterize the optimal dynamic bundle-size pricing in large markets.

Given ¢ e NV let N(¢)={n€e{l,..,N}:q, > 1} be the set of items that are not stocked out and
denote by |[N(q)| its cardinality. Now for any x>0 and ¢ such that |[N'(q)| > 1, consider the system

of equations

~k—1 __ |'/\/'(q)|(%_1)/"‘i ~Ko ZHEN(Q) /ﬁz’;—en
b= % TN ) 17)

a K

where ¢ : N¥ = R, 9o =0, and e, is a single-entry vector with 1 in the n'* entry. Note that for
k>0 and [N (q)| =1, then 0,(k) =v,, (k) for n € N'(q). Therefore, the system of equations (17) can
be viewed as a multi-dimension generalization of (15). We summarize the properties of the solution

to (17) in the following proposition.

PROPOSITION 2. The solution to the system of equations (17), 0,(k), satisfies the following prop-
erties
i. For every k>0, there is a unique positive solution {0,(r),q € NV : [N (q)| > 1}.
ii. For each ¢ € NN with [N (q)| > 1, 0,(k) is continuous and strictly increasing in k>0,
iii. For each ¢ € NN and k>0, 9,(k) is strictly increasing in q, where Uyie, (k) > 0,(k) for every
n=1,...,N.
. For each ¢ € NV and k>0, 0,(k) is permutation invariant with respect to q. That is, letting o(q)

be a permutation of q, then Uy(q) (k) = 0q(K).
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v. For each q € N such that |N(q)| > 1, the relationship between the multidimensional 0, and v,,

satisfies
>0 fork>1,
ﬁ;(m)—z:v;n(ﬁ) =0 forrk=1, (18)
n=1 <0 for0<k<l1.
vi. For each ¢ € N with N'(q) > 1 and for every k>0 where  # 1, the relation 0 (k) —>,,_, v =0

holds if and only if IN(q)| =1 or |IN(q)| > 1 with g, =1 for each n € N(q).

6. Weibull Domain of Attraction
We begin our analysis of the optimal dynamic bundling problem in the large-market regime by focus-
ing on distributions that belong to the Weibull domain of attraction. This class includes distributions
with a finite right endpoint xy < 0o, where xy =sup{z : F'(z) < 1}, and whose upper tail, roughly
speaking, exhibits polynomial decay near xy. Examples include the uniform and beta distributions.
The following result, due to Resnick (2013), characterizes all distributions that belong to the Weibull
domain of attraction.

DEFINITION 1 (WEIBULL DOMAIN OF ATTRACTION). The item valuation distribution F' is in

the Weibull domain of attraction if and only if 2y < oo and for some index « > 0,
F(zy —1/z) =1 -2 “L(x) for x >0,

where L: R, — (0,00) is a slowly varying function. That is, for any « > 0, L(xt)/L(t) — 0 as t — oc.
We focus on a fundamental class of distributions belonging to the Weibull domain of attraction that
satisfies the so-called von Mises condition. (Resnick 2013).

DEFINITION 2. A distribution function F' with a finite right endpoint xy < oo is said to satisfy
the von Mises condition of the Weibull domain of attraction if F' is absolutely continuous in a left
neighborhood of xy; with positive density f and satisfies

lim (zy —2) f()

A ) 19
ey —F) 7 (19)

The von Mises conditions are classical sufficiency conditions in extreme value theory, with each
domain of attraction having its own set of these conditions. The Weibull domain of attraction includes
distributions that satisfy the von Mises condition or are tail equivalent to a distribution that satisfies
the von Mises condition. Almost all continuous distributions satisfy their respective von Mises condi-
tions (see, for example, Chapter 8 of Arnold et al. (2008)). It can be verified that both the Uniform
and Beta distributions satisfy the von Mises condition (19). Moreover, if F' is in the Weibull domain

of attraction with a non-increasing probability density function f, then (19) hold (Resnick 2013).
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The norming and centering functions in the Fisher-Tippett Theorem 2 for distributions that belong

to the Weibull domain of attraction are given by
b(t) = 2y and a(t) = oy — F(1—t71). (20)
where
a(t) = t7Y2Ly(t), (21)

for some L; slowly varying function.
We are now ready to state our main result for the optimal dynamic mixed bundling in the large

market regime for valuation distributions that belong to the Weibull attraction domain.

THEOREM 3. If F is in the Weibull domain of attraction with indexr o > 0 and satisfies the von-

Mises condition (19), then for each ¢ € NV, the optimal value function is given by

T = X wF ( —(qu(a))aw‘?;ia))+o<a<At>>. (22)

neN(q) n

Moreover, an optimal dynamic pricing policy for bundles b€ {1,2, ..., B}, satisfies

(g, At) = Z F~ < wq;\ia)> + o(a(At)). (23)

neYy
and the purchasing probabilities under the optimal pricing policy are given by

Yaal®) 4 o(1/(N)) if ¢y = {n}

(1/()\t)) Zf|wb’ > 9, (24)

(¢, At) = {
where w,, (o) =v,, ((a+1)/a) .

In the single-item setting, N =1, Abdallah and Reed (2025a) show that the optimal pricing policy
for distributions in the Weibull domain of attraction is given by p*(gq, A\t) = F~! (1 - wq/\i(f)) +o(a(At)).
Building on this, Theorem 3 implies that the optimal mixed-bundle pricing policy asymptotically
resembles additive (dynamic) pricing, i.e., dynamic component pricing. Moreover, the additional
value gained from selling any bundle beyond its individual components is asymptotically negligible
and of order o(a(At)). In the large market regime, equation (24) further implies that the probability
of purchasing a bundle involving more than one item (i.e., 13| > 2) is negligible compared to the
probability of purchasing single-item bundles.

Leveraging the results of Abdallah and Reed (2025a) for the single-item case, it is straightfor-
ward to establish that an additive dynamic bundle pricing policy (dynamic component pricing) is

asymptotically optimal in the large market regime, which we state as a corollary.
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COROLLARY 1. If F is in the Weibull domain of attraction with index o > 0 and satisfies the
von-Mises condition (19), then for each q € NV, an additive dynamic bundle pricing policy (i.e.,
component pricing) p € U where for each bundle b€ {1,2,..., B},

p(g, At)= > F~! (1 — Zan (O‘)) (25)

iyl Y

s asymptotically optimal such that
J*(q,\t) = JP(q,\t)
a(At)

Theorem 3 and Corollary 1 show that the optimal and asymptotical dynamic mixed bundling

—1 as A\t — oo. (26)

policies mimic a dynamic component pricing policy in which the value of selling any bundle diminishes
in the large market regime. Next, we characterize the performance two important bundling strategies
in the large market regime: 1) pure bundling, where all items are sold together only as one grand
bundle, and 2) bundle size pricing, where the price is set based on the number of items in the bundle,

regardless of which items are included in the bundle (Chu et al. (2011), Abdallah et al. (2021)).

6.1. Optimal Dynamic Pure Bundling

In this section, we restrict the space of policies to pure bundling. Under a pure bundling policy,
customers cannot buy the items separately and can either buy all of the offered items or none. A pure
bundling strategy is mathematically equivalent to a special mixed bundling strategy where all bundles
are priced equally. In this case, given the non-negative (or with free disposal) additive valuation
assumption for the bundles, customers will only consider the grand bundle or nothing. In particular,
letting B denote the largest bundle that includes all the items, under a pure bundling pricing policy,
the set of admissible pricing policies should satisfy py(q, At) = pg(q, At) for every b=1,..., B. In this

case,
Vs —pr(g,A\t) = b:rglf}zB{Vb — (g, At)}

Denoting by F*¥ the N-fold convolution distribution of the sum of N random valuations, the
valuation of the grand bundle Vg = Zi\;l X, follows the distribution F*~. To keep the characteri-
zation simple, when considering pure bundling policies, we only consider settings when the starting
inventories of all items are equal, that is, ¢; =...= ¢y > 1. The result can be naturally extended to
settings where the initial inventories are imbalanced.

Letting J*PB represent the optimal value function under pure bundling and assuming equal initial
inventories, the HJB conditions (7)-(9) now reduce to

9B (q, \t)

= Asup {1—F"N(pp) (pp — AT *P%(q, B, M)}, V>0, o=...=qn >1, (27)
ot PE>0
‘]*(Q7O) = Oa for g1 =...=d4n > 03 (28)

J*(0,Mt) =0, fort>0, (29)
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Observe that the structure of the dynamic pure bundling problem is identical to that of the single-
item problem studied by Abdallah and Reed (2025a) but with the convolution distribution F**
instead of F'. Therefore, to be able to leverage the results of Abdallah and Reed (2025a), we state an
important property related to the closure of convolutions of distributions within the Weibull domain

of attraction.

LEMMA 1 (Maddipatla et al. (2011)). Consider independent random wvariables, X, ~ Fx,,
n=1,...,N, such that Fx, belongs to the Weibull domain of attraction with index a,, > 0, then F*~

belongs to the Weibull domain of attraction with index 22[:1 Q.-

Since F*" is in the Weibull domain of attraction, then given the i.i.d. valuation assumption, we

can choose the centering and norming constants for the dynamic pure bundling problem as
-1
PN () = Nzy and a*N(t) = (NxU _FN(I—1 /t)> _ ¢ 1/V) 5N () (30)

-1
where F*N is the generalized inverse of F*~ and L} (t) is a slowly varying function.
We can now use the results of Abdallah and Reed (2025a) for the single-item setting to characterize

the optimal dynamic pure bundling in the large market regime which is stated next as a Corollary.

COROLLARY 2. If F is in the Weibull domain of attraction with index o >0 and F*N satisfies the
von-Mises condition (19), then for each ¢ € NN such that ¢ =...=qy >1 as M\ — oo, the optimal

value function under dynamic pure bundling is given by

'qu(NOé) e qu(NOé) *, N
P ) v >+o(a (M) (31)

JPR(g, ) = g FN (1 - (

and the optimal dynamic pure bundle price is given by

Pl M) = Fon (1 _ W) +o(a*N (X)), (32)

where wy(Na) =v,((Na+1)/Na).

The characterizations in Corollary 2 and Theorem 3 allow us to compare the performance of
dynamic component pricing relative to pure bundling in the large market regime for distributions
that belong to the Weibull domain of attraction. First, notice that since > 0 then a(At) — 0 and
a*N(\t) = 0 as At — oo. Therefore, Corollary 2 and Theorem 3 imply, that for ¢; = ... =gy,

lim J*(gq,At) = /\%im J*PB(g,\t) = Nqnay.
— 00

At—o00
Upon initial inspection, it may appear that dynamic component pricing and pure bundling yield

similar results in the large market regime. However, this conclusion would be misleading, as it does not

account for the appropriate extreme value scaling in the large market regime. In fact, it is possible to
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construct static component and pure bundle pricing policies that can achieve the same limit Ngyzy .
However, static policies tend to perform poorly in the large market regime, as shown by Abdallah
and Reed (2025b).

To understand the difference in the behavior of these selling strategies, it is important to note
that the optimal dynamic component pricing policy achieves the bound Ngyxy at a rate a(At) =
(At)~Y«L,(\t), while the optimal dynamic component pricing policy achieves the bound at a rate
a* N (At) = (\t)"VYNe LN (\t). Therefore, for N > 2, the dynamic component pricing policy achieves
the bound faster. Our subsequent corollary makes this comparison precise at the appropriate extreme

value scale.

COROLLARY 3. If F is in the Weibull domain of attraction with inder o > 0 and both F' and

F=N satisfy the von-Mises condition (19), respectively, then for any N >2 and q € NY such that
qlz...:qul,

J*(q,\t) — J*PB(q, \t)

N O — (wyy (Na)) VTIN5 Xt — 00, (33)

and,

J* (g, At) — TP (g, At)
a(At)

— 400 as At — o0. (34)

More generally, we have

T(g, M) = TR (g \) = (wgy (N@) NotD/N) =N (4g) — (N () @D/ ) a(At) + o(a™N (AF)).

(35)

Corollary 3 highlights the limitations of pure bundling in the large market regime for valuation
distributions in the Weibull domain of attraction. To better visualize the difference in performance,
we plot in Figure 3 the right-hand side of (35) (ignoring o(a*"(At) term) valuations that follow a

standard uniform distribution and for different values of equal initial inventory per item ¢; = ... = gy

Figure 3 shows that as the number of items N increases, the revenue loss from pure bundling
becomes larger. However, the loss per unit sold eventually decreases as the initial inventory increases.
This suggests that as the inventory becomes more abundant, the price discrimination advantage of
bundles starts to counterbalance the limitations of the large market regime.

Next, we consider the performance of dynamic bundle size pricing, which is more general than

pure bundling but simpler than mixed bundling.
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Figure 3 Revenue loss from optimal dynamic pure bundling compared to optimal dynamic component pricing for

market size A\t = 100 for valuations from a standard uniform distribution (o =1)

6.2. Optimal Dynamic Bundle Size Pricing

We now restrict the space of policies to bundle size pricing (BSP), where the firm prices the bundles
based on the number of items included in the selected bundle, i.e., the bundle size, regardless of the
specific items included in the bundle. Therefore, given N items, the firm only sets the price of bundle
sizes k=1,..., N compared to the 2% — 1 prices of mixed bundling.

We denote by By, = {b: |1,| = k} the set of all bundles of size k=1,...,N. For ¢ € NV let By(q) C
B;, be the set of all the bundles of size k that are not stocked out and recall that [N (¢)| corresponds
to the largest possible bundle size that can be purchased from items that are not stocked out. Now,
given ¢ € NV and remaining time ¢ > 0, we denote a bundle size pricing policy by p € UBP where
UBSP is the set of all admissible bundle size pricing policies. Note that 8P C U/ since any p € UBP
is mathematically equivalent to special mixed bundling policies that set equal prices for the bundles

of the same size k=1,..., N, i.e.,
(g, At) = pi(q, At) for b€ By.

It is worth noting that the size k = N represents the grand bundle where all the items are included.
Therefore, setting the prices of all bundle sizes k=1,..., N — 1 greater than or equal to the price of
the grand bundle with k= N, BSP reduces to pure bundling.

Letting 74 (g, At) = A\x (g, p) /A be the probability that an arriving customer picks a bundle of size k =

1,..., K, then conditional on the size of the chosen bundle and given the i.i.d. valuation assumption,
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the probability that a bundle b € By(q) is chosen is 1/|B(q)|. It now follows that for ¢ € NV the
HJB equations for the optimal dynamic BSP policy can written as

0J*BP (g, \t) 1 BSp
—_— = sup Tk q> )\t Pr — AJ*7 > (q7 b7 )\t) ) Vt Z 0> ’N(q)’ Z 17
ot pE[O oco)V Z |Bk (q)’ be%;(q)
(36)
JB(q,0) = 0, geNY, (37)
J*BP(0,\t) =0, t>0. (38)

Next, we characterize the optimal dynamic BSP policy and its value function in the large market

regime for valuations that belong to the Weibull domain of attraction.

THEOREM 4. If F is in the Weibull domain of attraction with index o >0 and satisfies the von-
Mises condition (19), then for each ¢ € NV with |N'(q)| > 1 and under the optimal dynamic bundle
size pricing policy the optimal value function is given by

*BSP( -1 () \" ()
B = S g F ( (W(q)’%) . >—|—0(a()\t)). (39)

neN (q)

Moreover, only the price of size one bundles contributes meaningfully, and is given by

(g M) = F) (1 (W( )lla/ aﬂ)) w;(:d) +ola(M)) (40)

while the prices of bundles of size k > 2 are inconsequential. In particular, the purchasing probabilities

for bundle sizes k=1,..., N are given by

(g, \t) = e e o1/ (\) for k=1,
o(1/(At)) fork=2,...,N,

(41)

where Wy (a) =0,((a+1) /).

First, comparing the remainder terms (39) with (31) and (22), we observe that the remainder term
from the optimal dynamic BSP policy matches that for the mixed bundling and is (asymptotically)
smaller than pure bundling. Hence, roughly speaking, dynamic bundle size pricing strictly improves
on dynamic pure bundling and may be comparable to component pricing on the same extreme value
scale. However, this improvement stems from the fact that the optimal bundle size pricing policy
addresses the diminishing value of bundles, and its optimal pricing policy mimics a BSP of size 1,
which restricts customers to picking only one item. In fact, we next show that a dynamic BSP that
allows only purchases of bundles of size 1 achieves the same value function of the optimal dynamic

BSP (up to o(a(At))) in the large market regime.
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PROPOSITION 3. If F' is in the Weibull domain of attraction with index o« >0 and satisfies the
von-Mises condition (19), then for each g € NV such that [N'(q)| > 1, a single size bundle size pricing
policy p € UPST where

F-1 (1—(%) wi—(f)) for k=1,

pi(q; At) = (42)
kxy fork=2,...,N,
is asymptotically optimal among BSP policies such that
J*,BSP M\ _Jp,BSP M\
(g, A%) (4. 1) —1 as A\t — oc. (43)

a(At)
Next, we compare the optimal dynamic BSP to the optimal dynamic mixed bundling.
COROLLARY 4. If F is in the Weibull domain of attraction with index o >0 and F satisfies the
von-Mises condition (19), then for ¢ € NV, we have

J*(q, M) — J*B3P(q, \t)
a(At)

N
- wéa+1)/a(a) - Z wéz“)/o‘(a) >0 as A\t — o0. (44)
n=1

Focusing on (44) and invoking property (vi) from Proposition 2, it turns out that, except in the
special cases N =1 or ¢, =1 for every n € N(¢), the optimal dynamic BSP is strictly dominated
by the optimal dynamic component pricing policy. This is perhaps surprising, especially since in the
large market regime, the value of a bundle of two or more items is negligible (see Theorem 4), and
hence it may not be immediately clear why BSP is inefficient.

In fact, the inefficiency of dynamic BSP in our setting is related to the inefficiencies of (static) BSP
policies under heterogeneous costs highlighted by Abdallah et al. (2021). Note that, even though
the items have zero marginal cost in our setting, the dynamics of the pricing problem effectively
give rise to virtual marginal costs, which are determined by the marginal value of depleting an item.
This can be observed in the optimization problem (36), where the virtual marginal cost is given
by Ypen, ) AT B (q,0,7)/|Bi(q)]. A seller who adopts a BSP policy cannot control which items
customers choose, so they must set prices based on the average marginal value of those items. This can
lead to inefficiencies, as items with lower available inventory have a higher marginal value compared
to items that are more abundant.

To better visualize the right-hand side of (44), we plot in Figure 4 the difference between J* and
J*BSP for valuations that follow a standard uniform distribution and for different numbers of items
with equal initial inventory per item ¢, = ... = qy. First, compared to the optimal dynamic pure
bundling in Figure 3, we observe that the revenue loss is smaller yet can still be significant, especially
for larger values of V. In contrast to Figure 3, the revenue loss per unit sold appears to increase with
the initial inventory. This is likely because, with a larger initial inventory, the possible imbalances
in the inventory along the sample paths are more pronounced, which, as argued earlier, is the major

source of the inefficiency of BSP.
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Figure 4 Revenue loss from optimal dynamic bundle size pricing compared to optimal dynamic component pricing

for market size At =100 for valuations from a standard uniform distribution (o =1)

7. Frechet Domain of Attraction
Next, we consider valuation distributions that belong to the Frechet domain of attraction. This
domain of attraction corresponds to item valuation distributions with a “heavy” power-law tail and
infinite support. The Pareto and Cauchy distributions are some examples of distributions in the
Frechet domain of attraction. More generally, the following definition characterizes all distributions
that belong to the Frechet domain of attraction (Resnick 2013).

DEFINITION 3 (FRECHET DOMAIN OF ATTRACTION). The item valuation distribution F' is in

the Frechet domain of attraction if and only if xy; = co and for some index o > 0,
F(z) =1—L(x)z™® for z >0,

where L: R, — (0,00) is a slowly varying function, that is, for any x >0, L(xt)/L(t) — 0 as t — co.
We refer to a as the tail-index of the distribution. Note that the distribution has an infinite mean
when « <1, which can cause our problem to be ill-defined in the limit. For this reason, we consider
only a > 1 in the Frechet domain of attraction.
Similar to the Weibull domain of attraction, the von-Mises condition of the Frechet domain of
attraction provides sufficient conditions for distributions to belong to it, which we state next.
DEFINITION 4. A distribution function F' with an infinite right endpoint xy = 0o is said to satisfy
the von-Mises condition of the Frechet domain of attraction if £ is absolutely continuous with positive

density f on (xg,00) for some xy >0 and satisfies

_af(z)
Jim T F) a>0. (45)
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For the rest of this section, we assume that the item valuation distributions satisfy the von Mises
condition of the Frechet domain of attraction with « > 1. In this case, the centering and norming

functions of the Fisher-Tippett Theorem 2 are given by
a(t) = F7'(1—t7") and b(t) =0, (46)

for t > 0. Moreover, it may be shown that a(t) =t/“L,(t), where L, is a slowly varying function.
Next, we characterize the optimal value function and the optimal dynamic mixed bundle pricing

policy in the large market regime.

THEOREM 5. If F is in the Frechet domain of attraction with index o« > 1 and satisfies the von

Mises condition (45), then for each ¢ € NV as At — oo,

J*(g,\t) = an ( ( ¢:za)>a %gio‘)) +o(a(\t)) (47)

Moreover, an optimal dynamic pricing policy for bundles b€ {1,2,..., B}, satisfies

P =3 F- < ¢q}§“)) +o(a(\b) (48)

neyy,

and the purchasing probabilities under the optimal pricing policy are given by

o = B oL/ () i = {n}
b(0.3) = {a(l/w» i [Un] 2 2, (49)

where ¢,, (@) =v,, ((a—1)/a) forn=1,...,N.

In the Frechet domain of attraction, similar to the Weibull domain, it turns out that in the large
market regime, the optimal dynamic mixed bundle pricing policy also mimics a dynamic additive
bundle pricing policy or, in other words, a dynamic component pricing policy. We can leverage the
results of Abdallah and Reed (2025a) to show that an additive dynamic bundle pricing policy is

asymptotically optimal for the Frechet domain of attraction.

COROLLARY 5. If F is in the Frechet domain of attraction with index o > 1 and satisfies the
von Mises condition (45), then for each q € NV, an additive dynamic bundle pricing policy (i.e.,
component pricing) p € U where for each bundle b€ {1,2,..., B},

Pq (a))
At) = = -
o (a, > ( v (50)
neyy

s asymptotically optimal where

J*((L )‘t) —J’ (Q7 )‘t)
a(t)

—1 as A\t — o0. (51)
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7.1. Optimal Dynamic Pure Bundling

We now restrict the policies to dynamic pure bundling in order to characterize the performance of
the optimal dynamic pure bundling policy. For the Fréchet domain of attraction, we next provide
a stronger characterization for the optimal dynamic pure bundling than in the Weibull domain of
attraction (Corollary 2) that does not depend on the convolution distribution F*¥—the distribution

of the bundle’s valuation.

PROPOSITION 4. If F is in the Frechet domain of attraction with index o > 1 and satisfies the

von-Mises condition (19), then for each q € Nf such that g1 =...=qn > 1 as \t — o0,

J*’PB(q,)\t) _ qNNl/aF—l <1 _ < an )a ¢‘1N (Oé)> +0(a()\t)) (52)

Dy (@) At
and
ps(g, M) = NYop~1 (1 — W) +o(a(\t)), (53)

where ¢q, () = vy, (@ —1)/a).

First observe that in contrast to the Weibull domain of attraction, the remainder terms in (52) and
(53) are, loosely speaking, on the same order (o(a(At))), of those for the optimal mixed bundling
policy (component pricing) (47) and (48), respectively. On the other hand, for N > 2, and since
a > 1, we observe that when the inventory is balanced the first order term in the optimal dynamic
pure bundling price (53) is strictly lower than the sum of the component prices in the optimal mixed
bundling policy. This lower price also reflects in lower revenues as captured in the first order term in

(52). We make the value function comparison precise in the following corollary.

COROLLARY 6. If F is in the Frechet domain of attraction with index o > 1 and satisfies the

von-Mises condition (45), then for any N >1 and ¢ € NY such that ¢, = ...=qn > 1, we have
J*(q, \t) _
) N(a 1)/a 2\ 54
J*PB(q, \t) 5 as > 00, (54)
and

J*(q,\t) — J*PB(g, At) Sl (4) -
’ ’ 1—NO=/9) s Xt — o0, 55
Ngna(At) an ( ) (55)
To better visualize the impact of the «, N, and initial inventory @)y, we plot the right-hand sides
of (54) and (55) in Figure 5.
We observe that in the Frechet domain of attraction and similar to the Weibull domain of attrac-
tion, the optimal dynamic pure bundling is strictly dominated by the optimal dynamic additive

bundle pricing (component pricing) for N > 2. Furthermore, the right-hand sides in (54) and (55) are
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Figure 5 Limiting performance of the optimal dynamic pure bundling policy versus the optimal dynamic compo-

nent pricing policy

both strictly decreasing in /N. This implies that as the number of items N grows large the performance
of pure bundling deteriorates. This is in contrast to the celebrated result of Bakos and Brynjolfs-
son (1999) that states that when items have zero marginal costs and there is sufficient (unlimited)
inventory, pure bundling can extract all the consumer surplus. Next, notice that the right-hand sides
in (54) and (55) are both strictly increasing in « > 1. This implies that the performance of pure
bundling deteriorates as the tail gets lighter.

Finally, regarding the impact of inventory levels ¢y, note that the right-hand side of the normalized
revenue loss per unit sold (55) depends on ¢{%~"/*(«) /qy. However, from Abdallah and Reed (2025a)
we have ¢, (o) =¢— (1/2a)Ing+ o(Ing) and hence

d)(a 1)/04( ) L 1 lnq (a—1)/«
— /o 1— N) 1 (a—1)/a
7% q ( % an +o0 (( ngy) /qN)

Observe that up to the o(-) term, ¢{%~1/*()/qy is strictly decreasing in ¢y and approaches zero
as qy — 00. This again highlights that bundling performs poorly in the large market regime mainly
due to the scarce inventory. As the inventory levels increase, the relative performance of the bundles

improves.

7.2. Optimal Dynamic Bundle Size Pricing

Next, we restrict the space of policies to bundle size pricing and characterize the optimal dynamic
BSP policy and its value function in the large market regime for valuations that belong to the Frechet
domain of attraction. Recall that under a BSP, the firm sets the prices based on the number of items

in the bundle, regardless of which items are included.
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THEOREM 6. If F' is in the Frechet domain of attraction with index o> 1 and satisfies the von-
Mises condition (45), then under the optimal dynamic bundle size pricing policy for each q € NV with

IN(q)| > 1, we have

TBPgA) = 3 g P! <1 - (!N(q)an> @S)) +o(a(At)) (56)

neN(q) ng(a)

Moreover, only the price of size one bundles contributes meaningfully, and is given by

ph(a. M) = W (g @D P (1 - quf)) +o(a(\)) (57)

while the prices of bundles of size k > 2 are inconsequential. In particular, the purchasing probabilities

for bundle sizes k=1,...,N are given by

1 . ¢~>q(a) 1/(\ . 17
(g, At) = { W ()| o/ (=1 e +o(1/(At)) for -
o(1/(At)) fork=2,...,N,

where ¢g(a) =v,((a—1)/a) .

We next show that similar to the Weibull domain of attraction, a dynamic BSP that allows only
purchases of bundles of size 1, achieves the same value function of the optimal dynamic BSP (up to

o(a(At))) in the large market regime.

PROPOSITION 5. If Fx is in the Frechet domain of attraction with index o > 1 and satisfies the
von-Mises condition (45), then for each ¢ € NN with N'(q) > 1, a single-size bundle size pricing policy

p €UPSP where

1/(a-1) =1 (1 _ q(®) _
gy = { VO OTIET (1= 52) for k=1, (59)
oo fork=2,...,N,
is asymptotically optimal among BSP policies where
J*BSP (g \#) — JPBSP (g Mt
(g, A) (g, A1) —1 as Xt — . (60)

a(At)
Next, we compare the optimal dynamic BSP to the optimal dynamic mixed bundling.

COROLLARY 7. If F' is in the Frechet domain of attraction with index o >1 and F satisfies the

von-Mises condition (45), then for ¢ € N¥, we have

J*(qa )‘t) - J*7BSP(Qa At) al a— a T(a— «
a(M) = Y0 (@) = 3V (@) 20 as Mt~ oo, (61)

n=1
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Note that by Property (vi) in Proposition 2, it turns out that, similar to the Weibull domain of
attraction and in most of the cases, the optimal dynamic BSP is strictly dominated by the optimal
dynamic component pricing policy. The only cases in which they are asymptotically equivalent are
N=1orq,=1for all n € N(q). Again, the inefficiency of BSP policies stems from the fact that the
problem dynamics yield (virtual) heterogeneous marginal costs represented by the marginal value of
losing one unit of inventory, where items with lower available inventory have a larger marginal value
than items with abundant inventories.

To better visualize the right-hand side of (61), we plot in Figure 6 the difference between J*

J*,BSP

and and its normalized version per unit sold for valuations that follow a standard Pareto

distribution (o =2) and for different numbers of items and assuming equal initial inventory per item

g1 =...=(gnN.
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Figure 6 Revenue loss from optimal dynamic bundle size pricing compared to optimal dynamic component pricing

for market size A\t =100 for valuations from a standard Pareto distribution (o =2)

First, compared to the optimal dynamic pure bundling in Figure 5, the revenue loss is significantly
smaller under the optimal BSP, yet can be large, especially for larger N. Moreover, the revenue loss
per unit sold appears to be increasing in the initial inventory and number of items, which is consistent
with what was observed in the Weibull domain of attraction, Figure 4. Similarly, this is likely because,
with larger initial inventories, the possible imbalances in the inventory along the sample paths are

more pronounced, which, as argued earlier, is the major source of the inefficiency of BSP.
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8. Numerics
In this section, we perform several numerical simulations to examine how inventory levels and market
size influence the effectiveness of various bundle pricing strategies. The results are organized into

three subsections, corresponding to the three domains of attraction of extreme value theory.

8.1. Uniform Distribution: Weibull Domain of Attraction
We revisit the example from Section 3.2, where we analyze a setting with two items, N = 2, and valu-
ations that follow a standard uniform distribution that belongs to the Weibull domain of attraction.
We focus on this setting since it allows us to derive closed-form expressions for the purchase proba-
bilities associated with mixed bundling (MB). As a result, we can numerically determine the optimal
dynamic mixed bundling policy and the dynamic fluid-optimal mixed bundling prices obtained using
the fluid-resolving heuristic.

Figure 7 presents two plots that compare the effectiveness of the optimal dynamic component
pricing (CP) and pure bundling (PB) strategies against the optimal dynamic mixed bundling policy.
Figure 7a, we fix the initial inventory @); = (), and vary the market size, while in Figure 7b we fix

the market size At = 10 and vary the initial inventory of both items while keeping them equal.
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(a) Relative expected revenue loss (b) Expected revenue loss per unit sold

Figure 7 Expected revenue loss from the optimal dynamic component pricing and optimal dynamic pure bundle
pricing relative to the optimal dynamic mixed bundling for V = 2 and valuations that follow a standard

uniform distribution (Weibull domain of attraction)

We observe from Figure 7a that when the market size is small (A < 20), the insights from the
classical bundling literature hold, where the optimal dynamic pure bundling outperforms optimal
dynamic component pricing. However, as the market size increases, we observe that component pricing

dominates pure bundling and eventually approximates optimal dynamic mixed bundling closely.
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Figure 7b provides a complementary view of the initial inventory’s impact on the performance of
pricing strategies while keeping the market size fixed, At = 10. When inventory is scarce (¢; = ¢z < 6),
dynamic component pricing dominates dynamic pure bundle pricing. Yet, dynamic pure bundling
dominates component pricing as inventory increases and becomes abundant (g; = g2 > 6).

Next, we compare the performance of the asymptotically optimal (in their respective regimes) LM
and fluid policies to the optimal dynamic mixed bundling policy and the component pricing policy
in Figure 8. In particular, the asymptotically optimal Fluid policy in the fluid regime dynamically
re-optimizes the deterministic problem (12)-(14).

Initial Inventory @1 = Q2 = 10 (N = 2)

T

T

—6— Optimal CP | |
-6 =LMCP
= 8 —Fluid MB

20 40 60 80 100 120 140 160 180 200
Market Size A\t

Figure 8 Expected revenue loss of the LM dynamic component pricing policy and the Fluid dynamic mixed
bundling relative to the optimal dynamic mixed bundling and dynamic component for N =2 and

valuations that follow a standard uniform distribution (Weibull domain of attraction with a = 1)

We observe from Figure 8 that the fluid dynamic mixed bundling policy dominates the optimal
dynamic component pricing policy and the LM dynamic component pricing policy for small market
sizes, while the reverse is true for large market sizes. It is worth noting that the mixed bundling
policy is more complicated than component pricing as a selling strategy. Apart from the uniform
distribution case with N =2, it is not possible to write the deterministic problem explicitly; hence,
one may need to resort to simulation optimization. On the other hand, even if there is no closed

form for the optimal component pricing policy, it is easier to compute numerically. Meanwhile, the
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most straightforward policy to compute is the LM policy, whose performance is competitive with the
optimal mixed bundling policy for moderate to large market sizes, A\t > 75.

The insights from Figures 7 and 8 align with the findings of Abdallah and Reed (2025a), which
indicate that the inventory-to-market-size ratio (IMR) is the primary driver of policy performance
in large market regimes. To explore this further, we conduct a numerical investigation of the IMR
boundary to identify when one policy begins to outperform another. These boundaries are illustrated
in Figure 9. Specifically, we focus on the boundary between optimal dynamic pure bundling and opti-
mal dynamic component pricing in addition to the boundaries separating the fluid-optimal dynamic
mixed bundling policy from the optimal dynamic component pricing policy and the LM-optimal

dynamic component pricing policies.

50 T T T T
Inventory > Market Size N=2
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40 F = = —Fluid MB — LM CP |
30 1

IMR = 54%

N
o
T

Initial Inventory @y

10 IMR = 18%
IMR = 10%
0
0 10 20 30 40 50
Market Size At
Figure 9 Inventory-to-market-size ratio boundary under which dynamic component pricing policy starts domi-

nating dynamic pure bundle pricing (Weibull domain of attraction)

We observe from Figure 9 that the optimal dynamic component pricing policy outperforms the
optimal dynamic pure bundling policy (both determined numerically) when the IMR falls below 54%.
Additionally, the optimal dynamic component pricing outperforms the fluid-optimal dynamic mixed
bundling policy when the IMR is under 18%. Furthermore, when the IMR drops below 10%, even
the LM-optimal dynamic component pricing policy surpasses the more complicated fluid-optimal

dynamic mixed bundling policy.
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Finally, we examine numerically how the IMR impacts the fluid-optimal dynamic component pric-

ing, pure bundling, and mixed bundling relative to the optimal mixed bundling policy. For the fluid

policies, we continuously reoptimize their corresponding deterministic problems, which are analogous

to (12)-(14) depending on the policy type.
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Expected revenue loss of the Fluid-Optimal component, pure bundling, mixed bundling pricing relative

to the optimal dynamic mixed bundling and dynamic component for N = 2 and valuations that follow

a standard uniform distribution (Weibull domain of attraction with o =1)

Interestingly, we observe in Figure 10 that the IMR effects on fluid-optimal policies align with

those for large market regime policies. When inventory is below 50% of the market size, fluid-optimal

dynamic component pricing starts dominating the fluid-optimal dynamic pure bundling policy. Fur-

thermore, inventory becomes scarce; the fluid-optimal dynamic component pricing closely matches

the fluid-optimal mixed bundling policy.

8.2. Pareto Distribution: Frechet Domain of Attraction

Next, we consider valuations distributed according to a standard Pareto distribution with o = 2

that belongs to the Fréchet attraction domain. We note that for a Pareto distribution, the purchase

probabilities under a mixed bundling policy do not have closed-form expressions. For this reason, we

focus on comparing component pricing with pure bundling.
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In Figure 11, we show two plots that compare the relative value function difference between the
optimal dynamic component pricing (CP) and the optimal dynamic pure bundle pricing (PB) for
different market sizes (At), initial inventory levels, and the number of items N. We assume equal
initial inventories for all item types in both plots, i.e., Q1 =...=Qn.

Similar to the case of uniform distribution, we observe that the relative performance depends
mainly on the IMR, where a lower IMR favors dynamic component pricing. In particular, Figure 11a
illustrates that the principles of classical bundling theory regarding the profitability of pure bundling
apply to small market sizes (At < 25). However, we observe an interesting effect of the number of
items N on the relative performances of the policy. For small market sizes, we observe that larger N
increases the dominance of pure bundling relative to component pricing. However, as the market size
increases, component pricing catches up and surpasses pure bundling; however, the impact of N is
reversed, where now a larger IV favors component pricing more. Figure 11a shows a comparable trend
when we keep the market size constant and adjust the initial inventory, where abundant inventory

favors pure bundling, especially for larger V.
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Figure 11 Relative expected revenue from the optimal dynamic component pricing compared to the optimal
dynamic pure bundle pricing for valuations that follow a standard Pareto distribution (Frechet domain

of attraction)

In Figure 12, we analyze the inventory-to-market-size ratio boundary (IMR) boundary to determine
when optimal dynamic component pricing becomes more effective than pure bundling while varying
the number of items, N. The transition point where component pricing surpasses pure bundling

appears to occur when the IMR is between 22% and 42%, depending on N. Notably, for smaller
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values of IV, this transition occurs at a higher IMR threshold. As IV increases, the boundary becomes

more stable and less sensitive to changes in V.
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Figure 12 Inventory-to-market-size ratio boundary under which dynamic component pricing policy starts domi-

nating dynamic pure bundle pricing (Frechet domain of attraction)

8.3. Exponential Distribution: Gumble Domain of Attraction
Our final set of numerics examines valuations that follow a standard exponential distribution belong-
ing to the Gumbel attraction domain. This domain more broadly encompasses distributions with
bounded support, light tails, and moderately heavy tails. Readers can refer to Abdallah and Reed
(2025b) for more detailed information about this domain. Although our theoretical findings were
established for the Weibull and Frechet domains of attraction, we numerically demonstrate that
the insights regarding the diminishing value of bundles in the large market regime continue to hold
for valuations that belong to the Gumbel domain of attraction. Similar to Section 8.2, we compare
optimal dynamic component pricing (CP) effectiveness against optimal dynamic pure bundling (PB)
since the purchase probabilities for mixed bundling policy do not admit a closed-form expression. We
note that the optimal dynamic component pricing problem admits a closed-form solution (Gallego
and Van Ryzin 1994), while the pure bundling problem does not. Therefore, we numerically solve the
HJB equations to obtain the optimal value function for the optimal dynamic pure bundling policy.
We present two plots in Figure 13 that illustrate the differences in the relative value function

between optimal dynamic component pricing (CP) and pure bundle pricing (PB) for different market
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sizes and initial inventory levels. We consider equal initial inventories for all item types for both
plots, i.e., @1 =...= Qu. The findings from both plots align with theoretical and numerical insights
regarding the Weibull and Frechet domains of attraction, revealing how the advantage of the com-
ponent pricing strategy over pure bundling changes as market size increases or inventory becomes

scarce.
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Figure 13 Relative expected revenue from the optimal dynamic component pricing compared to the optimal
dynamic pure bundle pricing for valuations that follow a standard exponential distribution (Gumbel

domain of attraction)

Notably, the patterns shown in Figure 13 are strikingly similar to those in Figure 12 concerning
the Pareto distribution. With high IMR, whether due to large inventory or small market size, pure
bundling significantly outperforms component pricing, and this advantage grows as N increases.
Conversely, component pricing dominates for lower IMR, characterized by either small inventory or
large market size, especially as N becomes larger.

It appears that the switching point when component pricing begins to dominate pure bundling
is more robust across different numbers of items than in the case of Pareto distribution. This is
highlighted in Figure 14, where we numerically investigate the switching point when optimal dynamic
component pricing dominates that of pure bundling. We observe that the inventory-to-market size
boundary appears robust regardless of the number of item types. The transition to component pricing
seems to occur when the IMR is around 30 — 36%. However, in contrast to Figure 12, a larger number

of item types NN leads to a transition at a slightly higher IMR boundary.
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9. Conclusion

This paper examines the revenue implications of bundling and component pricing in inventory-
constrained settings, focusing on how the inventory-to-market-size ratio (IMR) influences the optimal
pricing strategy. Our results reveal that bundling, while traditionally viewed as a revenue-enhancing
strategy, is, in fact, revenue-distorting in the large market regime. Specifically, we show that when
inventory is sufficiently scarce relative to market size, dynamic component pricing outperforms com-
monly used bundling strategies such as bundle size pricing and pure bundling. In fact, we show that
the optimal dynamic mixed bundling strategy mimics a simple dynamic component pricing policy
in the large market regime. We also identify numerically the switching points that depend on IMR
where firms should transition from bundling to component pricing as market conditions change. This
insight challenges classical bundling theory and highlights the importance of considering inventory
constraints when deploying bundling strategies.

While this study provides a structured framework for understanding bundling in inventory-
constrained environments, there are several avenues for future research. First, our analysis assumes
a monopolist setting; extending the model to competitive markets could provide deeper insights
into how firms strategically adopt bundling when facing rivals. In particular, understanding how
price competition interacts with inventory limitations could refine our conclusions on bundling’s

effectiveness. Second, our analysis is based on known demand distributions; future research could
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investigate learning-based pricing models that adjust prices in real time based on the observed data.
Exploring how such methods interact with bundling decisions under uncertainty—where firms learn
about demand distributions dynamically—could enhance the practical applicability of our frame-
work. Finally, another future research direction is investigating how scaling different operational
considerations, such as different scaling of inventory levels, market size, and number of items, impacts
the optimal dynamic bundling strategy. This is important for firms whose market conditions are not

properly approximated by the large market regime.
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Appendix.

In this Appendix, we present the proofs for the results stated in the main body of the paper. The appendix
is organized as follows: In Section A, we present the proofs related to the properties of the multi-dimensional
system of equations 9(g). In Section B and C, we establish the results for distribution that belong to the

Weibull and Frechet domains of attractions, respectively.
A. Proof of Section 5: Properties of 9(q)

In this section, we prove the properties of 9,(k), the solution to the multi-dimensional system of equations
(17).

Proof of Proposition 2. The proof of properties (i) and (ii) is similar to the properties for v,, for g, >0
in the single item setting as established by Abdallah and Reed (2025a) and are omitted. We next show
properties (iii)-(vi).

(iii) Let x> 0 and recall that by definition @5(x) = 0. The statement is true for ||¢|[; =0. Suppose it
is true for all ||g||; <1 for some [ > 0 and fix ¢ such that ||¢|; = and ¢+ e, for some n=1,...,N, i.e,
lg+en]l1 =14+ 1. We consider two cases depending on g,.

Case I (¢, =0): the sytem of equations (17) can be written

1 _ N(gte)| "
Uq+en -

N (g+e)|Bfee, =55 — > T e, (A1)

K
meN(q)

Consider the function

—_ Nq+en 71/’{ K ~K ~K
g(x):xk I_M IN(q+en)|z -7y — Z Ugten—em |

" meN ()

where x € [2,,00) and z, =) /IN (¢+e€,)]. We have from Property (i) that g has a unique

mEN(q+6n) i}g"'en_ern
root at & = Oy, . Moreover, it is straightforward to verify that g(x,) >0 and g(z) = —o0 as z — co. It
follows from the continuity of ¢ that for > ¥4, , then g(z) <O0.

Now suppose for a contradiction that 0, > ¥4, . This implies that g(7,) <0 and hence

~K— |N(q+e")‘71/ﬁ ~K ~K
vq ! g - ‘N(q)‘vq - Z vq—&-cn—cm . (A2)

K
meN(q)

However, by the induction hypothesis we have > () U51e, —enn > 2oment(q) Po—c.,» heNCE

<N

o Wigte)tr ) . Ng+e)\ " .
‘;;1<‘ (q E)' |N(q)|v;_ Z U;{_em — (l |'(/3/.(q)e| )) ,Ug 17 (A3)

meN (q)
which is a contradiction.

Case II (g, >1): we have N (¢) =N (q+e,). Now notice that from (17), then 9, and 0., satisfy

- - K . N
Z Uq—em = ’Uq <1 — qu ) fOr q e N 5 (A4)
meN(q) N(q)
ke - K 4 N
Z Ygten—em = Ugten (1 - /\W”qm) for g e N™. (A5)

meN(q)
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Since, by the induction hypothesis > .y 0 > ment(q) Vi—en» it follows that ¥gy., > 0,

K
gten—em
(iv) We again prove the statement by induction. Fix N > 1, the statement is true when ||¢|[; = 0. Now
fix some [ > 1 and suppose that @, is permutation invariant for all q such that ||g||; <1 — 1. Next, consider
q such that ||¢||; =1 and denote one of its permutations by o(q). Noting that |N(q)| = |N(a(q))], it follows

from (17) that

<
|

(k=1)/5 o
1 _ V(@) (55_ Eent ) (46)

! K NV (q)
i)ﬁ—l _ |'/\/‘(0-(q))‘<'§71)/H or Z”GN(‘I) ﬁ;(Q)_en ) (A?)
w " 0 T IN)
By the induction hypothesis, we have ) N Vot@)—en = Y one N . Therefore by the uniqueness of the

solution to the system of equations (17), we have 0y = 0y(q)-

(v) For k=1, we have v,, =¢, for n=1,...,N and it is straightforward to verify that (q) = 25:1 Gn
satisfies (17).

Now let k > 1 and fix N > 1. The statement is true for ||¢||; = 0. Now fix some [ > 2 and suppose the
statement is true for all ||¢||; <1 — 1. Consider ¢ such that ||¢||; =! and suppose for a contradiction that
Uy < Zi:,:l Vg = ZnEN(q) vy, then similar to the proof of property (iii) and by the uniqueness of the solution

of (17), we have

(k—1)/kK ~
Zne./\f(q) 1 ZneN(q) ru:;*e
= ko MENG) 97en ) A8
( M)l N WP ey v (A%

neN(q)

Note that 0 < (k —1)/k < 1 and hense applying Jensen’s inequality, we obtain

Z N (k=1)/k
ne (q) an
( N o) ) > g v (49)

neN (q)
Turning to the right-hand side of (A8), note that by the induction hypothesis, for n € N'(q), we have

~K K K K
Uq_en 2 : : U‘Zk (’UQH ,U‘In_l) :

which implies

l Z o — ZnGN(q) ﬁ:;fen < l ZneN(q) ’U:;n 71}:"71
K i WV (q)] TR IV (q)| IN ()]

neN(q)

Z vrt (A10)

neN(q)
and hence is a contradiction.

The case for k < 1 follows analogously where the inequalities are flipped, and instead of the concavity
property, we have convexity.

(vi) The if part is straightforward, so we show the only if part. The statement is true for |N(g)| = 1. First
consider k> 1 and Fix g € NV such that |V (q)| > 2 and suppose 0} = 2 nen(q) Vi, - 1t follows from (17), that

Z (r—1)/r 1 Z s
neN(q) Y _ 1 k __ 4=mEN(q) “q—en
( N (@) ) 2w = W) < g X (At

neN(q) HGN(‘I
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where the inequality is due to property (v) and (A10). However, similar to the proof of property (v), by
Jensen’s inequality for strictly concave functions, we obtain
Soevw )L 1 -

( N (o) ) > W@, 2 -
with equality if and only if vy, =v,, for all n,m € N(q). Therefore, 0§ =3, /) vq, implies vy, = vy, for
all n,m € N(q). But since v is strictly increasing in g, then g, = q,, for all n,m € N'(q).

Now pick any item m € N(q), we have 0 = [N'(¢)|v} . In this case, (17) yields

1 Donen(@) Ug—en
Y = (W @l = =N )

However, by the permutation invariance property (iv), we have >

(A13)

nen(e) V-, = N(@)]04—c,,, and therefore

ot = - (W@, 95, (A14)

qm q—em

K

which implies that o) . = |N(q)|vf —(vy —vf )= (Zn;émGN(q) v,’j) +wv} . Applying Jensen’s inequal-
ity again implies that g, = g, for all n,k € N'(q — e,,), which is impossible unless m ¢ N'(q — e,,) or in other
words g,, = 1. Therefore, ¢, =1 for all n € N'(q).

The case k < 1 follows analogously and is skipped. O

Before starting the proofs of the Weibull and Frechet domain of attractions, we first establish Lemma A1,
which allows us to limit our attention to optimal bundle prices that are greater than or equal to the marginal

value of the components included in the bundle.

LEMMA Al. For each t >0 and q € NY, there exists an optimal pricing policy p* € U such that pj(q,t) >
AJ*(q,b,t) for each be{1,2,...,Bx}.

Proof of Lemma A1. Let p* be an optimal policy and fix t > 0,q € Nf. Now suppose that there exists
some set B C {1,2,..., B} such that p;(q,t) < AJ(q,b,t) for b€ B, and p;(q,t) > AJ(q,b,t) for b€ B¢. Now
consider an alternative policy p € U such that p,(q,t) = AJ(q,b,t) for b€ B and py(q,t) = p;(q,t) for b€ BE.

It follows from the HIB equation (7) that it is sufficient to show that
B

D A(@:0) (pu(g:1) = AT*(g,b,1)) = Y No(g,p") (P (4, 8) — AJ(g,b,1)) . (A15)

b=1
Since py(q,t) = pi(q,t) for b€ BS and \y(q,p)(ps(q,t) — AJ(q,b,t)) =0 for b € B, then in order to show

(A15) it suffices to prove that
> o(a,p) = Mo(@: ) (3 (a,1) = AT (a,6,8) = Y~ Nola,p") (93 (a,1) — AJ (g, b,1)).

beBC beB
However, since p;(q,t) < AJ(q,b,t) for b € B, it next suffices to prove that

> (@) = Mola,p")) (B3 (a0, 1) — AJ(q,b,1)) > 0.

beBC

Moreover, since py(q,t) > p;(q,t) for b€ B and p,(q,t) = pi(q,t) for b € BY, it is straightforward to show that
Ao(4,p) = Xo(q,p") for be BC. O
As a consequence of Lemma Al and throughout the proofs, we can limit ourselves to admissible pricing

policies p € U such that for each t >0 and g € Nﬁ ,

pu(q,t) > AJ*(q,b,t). (A16)
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B. Proofs of Section 6: Weibull Domain of Attraction

In this section, we present and prove an equivalent version of Theorem 3 in addition to Corollary 1.
We start by introducing some new notation. Note that since F' is in the Weibull domain of attraction,

then it has a bounded support with xy < co. Now for each ¢ € NV and ¢t > 0 set
N
J(a,t) = (Z qn> 2 — T (1) and §i(a.t) = [dylzu —pi(a.1)- (B1)
n=1

where v, C {1,2,.., N} the set of items contained in bundle b. Furthermore, denote by v = {||,b =
1,...,B}C{1,...,N}? the vector corresponding to the number of items in each bundle.

Now for be B(q), let AJ*(q,b,t) = J*(q,t) — J*(q — Hy,t) = [hp|zy — AJ*(q,b,t), where J*(0,-) = 0. The
HJB equations (7)-(9) may be written as

A B
* t — A
@D {be(q,w[]—ﬁxqu,b?w—m)}, V20 geNY: W21, (BY)
peP(a) | p=1
N
J*((LO) = (an> Ty, qGNNa (B3)
n=1
J*(0,t) =0, t>0. (B4)

Next note that from Lemma 1 that 1 — F*I¥sl (| |z —1/2) =z~ 1¥vl* L (2) and the extreme value theory
centering and norming functions are given by b*¥»!() = | |zy and a*¥0l(t) = <|¢b|xU _ P (1— 1/t)) =
t=/ (¥l [y, (). Therefore, by standard properties of slowly varying functions and for any b such that |1, > 2,
we have

a(t)

m—)O, as t — oo. (B5)

Now, we can establish some important properties regarding the optimal policies in the Weibull domain of
attraction. Denote by B(q) the set of bundles that are not stocked out given ¢ € NV, we have the following

lemma.

LEMMA B1l. Given any ¢ € NV, the following properties hold:
1. For every be B(q), we have

. Pila,t) _ . AJ*(g,b,t)
limsu < limsup ——————= < 0. B6
>\t>0p a(At) — )\t>0p a(At) (B6)
2. For every b€ B(q) such that || > 2,
: Pila,t) L AJ*(g,bt)
1 =1 =0. B7
i sup a* Pl (At g a*Pel (At (B7)

3. Letting B, denote the singleton bundle containing only item n, then for every n=1,...,N such that
qn > 1, we have

A Tx
lim inf 7J (g, 5n,?)

Xt>0 a(At) >0 (B8)
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Proof of Lemma B1. First, notice that (B6) together with (B5) imply (B7), so we establish (B6). From
Lemma Al and for every b € B(q), we have
pi(a.t) _ AJ(a.bt) _ JH(a.t)
a(At) = a(At) T oa(A)
However, since component pricing (additive bundle pricing) is a feasible policy, it follows from Abdallah and
Reed (2025a) that limsup,,., J*(g,t)/a(\t) < 0o, which establishes (B6).
To establish (B8), denote by Z,, prn) =max{X,, ,:m=1,...,M(\t)} the largest valuation of item n out
of the M (\t) random customer arrivals. We have that AJ*(q,5,,t) < E

Aj(Qanat) > zy — E[Zy maw) > p TU — Ln,M(2t) 1
a(At) a(At) a(At)

where the second inequality is due to Markov’s inequality. However, by the Fisher-Tippet theorem for random

(B9)

[Znm(xt)] and therefore

(B10)

indexed extremes (see, for example, Theorem 4.3.2 in (Embrechts et al. 2013)), we have that

_Zn
p (v onMn —1/e>0, ast—0,
a(At)

which implies (B8). O

Now, letting () = (A) Ja(At), we are now ready to state and prove an equivalent statement to Theorem 3.

THEOREM B1. If Fx is in the Weibull domain of attraction with index o >0 and satisfies the von-Mises

condition (19), then for each g € NV,

s 0= (S ). (B1)

and, for each bundle b€ {1,2,..., B}, an optimal bundle pricing policy satisfies

lim pi(q.1) 2; wy/*(e) (B12)
and,
Altlinoo At (1= F=19l ([ |z — a(M)py(g.1)))) = {g’qn (@) Z Tf/i)bIZZ{;L} (B13)

where wg, (@) =vg, ((a+1)/a) .

Proof of Theorem B1. Before proceeding with the proof we establish the equivalence of (B11) and (22).
Noting that a(At/z) = xy — F71(1 — x/(At)) and letting ((g,) = (wy, (@)/q,)" w,, (@), then (22) can be

equivalently written as

an w = a(At/¢(gn))) + o(a(At))

n=1

However, in the Weibull domain of attraction and by Corollary 1.2.10 in (Haan and Ferreira 2006), we have
a(Mt/C(qn)) = a(At)((gn)Y* + o(a(At)). Therefore, (22) is now equivalent to

> nry —J* anc )"/“a(At) + o(a(At))

= Sl 0l +ofa(h0)

n=1
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which is also equivalent to (B11). The rest of the equivalency follows analogously.

We now proceed with the proof. Note that it is sufficient to establish the result for A =1, so fix ¢ € NV and
assume without loss of generality that ¢, > 0 for every n=1,..., N; otherwise, those items can be ignored.
It follows from the equivalent HJB equations (B2)- (B4) that for a sufficiently large ¢ > 0, p*(g,t) attains the
supremum of

ﬂ*(q7N7 t) = sup {ZAIJ (Qﬂzsz —a(t)])) |:Aj*(q’ ba t) _pb:| }

pE0,2u]B =g

> N (g e — alt)p (a.0) [AT*(a,0,0) = pi(a.)] (B14)

b=1
First, we establish the following convergence result

N
lim ¢ (H*<q, N1 = 300~ Flay — a0}, (0.1) (AT (0, 5uut) ~ 5, <q7t>)> =0 (BI)

t—o00
n=1

which, by the principle of optimality, implies
N
lim ¢ (H*(q, N,t)=> sup (1-F(zy—a(t)pn)) (AJ*(q, Br,t) — pn)> =0. (B16)

t—oo n=1 pn€l0,zy]

To this end, note that for b=1,..., B, we have that

t- X (q,xu —a(t)p*(q,1)) < t (1= FY(jgy|zy — a(t)ps(q,t)))
— ¢ (1 _ s <|1/Jb|$U _ a&l%@)%%(q,t))) (B17)

Moreover, since by Lemma 1, F*¥% is in the Weibull domain of attraction, then by Proposition 1, then for

¢ >0, we obtain
t(1—F*" (|gylay —a™1™l(2) - ¢) — . (B18)

However, by Lemma Bl and for any bundle b such that [¢;| > 2, we have (a(t)/a*1¥*|(t))p}(g,t) — 0 as

t — oo. Therefore, for any b such that |i,| > 2 we have
t- X (¢, [Yolzy — a(t)py(q,t)) = 0 as t — oo, (B19)

which establishes (B15) and therefore (B16). Also note that this establishes (B13) for || > 2.
Next, similar to the single-item case (Abdallah and Reed 2025a), it follows from the FOC of the optimiza-
tion problem in (B16) and invoking the von-mises condition (19), that

o (q,t)

< as t — 00. (B20)
AJ*(q,Bn,t)  atl

Moreover, since from Lemma B1 we have limsup,., AJ* (g, Bn,t) < 00, then after some algebra and similar

to the single-item case, we obtain

«

lim (t(lF(:z:Ua(t)p*(q,t))) (AJ*(q,ﬂmt)fﬁZ(q,t)) RE ()Ml (Aj*(q’ﬂ”’t))a+l> 7

t—o0 « o+ 1
(B21)
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which together with (B16) yields
. Y1/ a \*T a+1
lim (tH*(q,N, £) — ; - (a+1> (AJ*(q,ﬂmt)) ) - 0. (B22)
On the other hand, note that differentiating J *(q,t) directly with respect to ¢, we obtain
0J (q,t) _ 1 af*( ) _d(t) ;

ot alt) a(t) 7 (a.1)
_ 1( (g tzé? j*(qgt)). (B23)

We are now ready to show by induction that J*(¢,t) — anl w{* /(@) as t — oo. The statement is true

for ||¢|ls =0, now fix [ > 1 and suppose the satement is true for all ||¢||; <=1—1 and consider ¢ such that

lally=1-
Note that after some algebra, we can rewrite (B23) as
dJ*(q,t) 1/, Sy
where
o a+l N N Ito
(t) = (a+1> Z (J*(Qa ) — Zwéz"'l)/a(a) + ('LU((I:H)/O‘( )— é‘jﬂ)/“( ))) — atll* (g, N, t)
n=1 k=1
ta'(t)
J*(g,t) | — -1 B25
a0 (ol 1) (B25)

a a+l N N 1to
C c C a+l)/a
g(x) = 2 — (oz—&—l) Z (m _ Zwézﬂ)/x(a) ( (S:;H)/a _ (n+1)/ (o ))) ) (B26)
n=1 k=1
Regarding ¢(t), note that by the inverse value theorem and von-Mises condition (19)

da(t) /0t 1
—t——F"— — — ast—oo.
a(t) !

One the other hand, by the induction hypothesis, then for n=1,..., N, we have

q—en %Zw(aﬂ)/a <w<a+1>/a( ) — <a+1>/a(a)> as £ — oo,

n ‘In—l
which together with (B22), yields
¢(t) >0 ast— oo.

Turning our attention to g (J *(q, t)), note that since component pricing (additive bundle pricing) is a feasible
policy, it follows from Abdallah and Reed (2025a) that limsup,-, J*(q,t) < Zi\;l wle /(). Moreover, by
the induction hypothesis and (B8), for a sufficiently large ¢, we have j*(q,t) > v(q,t) where

)= s {3l - () ) b 3

,,,,,

However, note that for x € [y(q,1), fo: wit /()] and for any n=1,..., N, we have

w7 (@) Zw“‘*”/“ ) +wle e (@) S wle e (@),
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It now follows from the properties of the recursion defining w,, and the uniqueness of the solution of v,,

(see (Abdallah and Reed 2025a)) that

atl 14+
&3 a+1 a a+1l)/a (a+1)/a
(aﬂ) (7= 3ot (i) - 2 ) )
Zw a+1)/a +U) a+1)/a( ),

and summing over n, we obtain

a+l N

1+«
« a+1 a a+1)/a (0‘+1)/0‘
(250) 2 (= St (i) - w2 ) )
<z+(N <x—2w(a+1)/a )

and therefore for z € (v(q,t),zgzlwfzj:“)/“(a)), we have g(z) > 0. Similarly, we can show that for z €
(Z]kvzl wiet/ (), oo), we have g(z) < 0. Moreover, it can be verify that for z =Y~ wiet/% (o) we have
g(x) =0 and hence x = Zgzl wi /(@) is a unique root of g(z) on (v(q,t),00). Therefore, since &(t) — 0
as t — 00, it can be shown using the comparison theorem (Arnold 1992) that J*(q,t) — ch\;l wlet/ () as
t — oo.

To establish (B12), note that from (B20) together with (B11), we have that as t — 0o

S ok « @ «@ @ @ @
D5, (0:1) = S (w7 (@) — w1 @) = wil (@) (B27)

where the last equality is due to (15) and the fact that w,, (o) =v,, ((a+1)/a).
Finally, (B13) for |¢| = 1, follows from (B12) together with Propoistion 1 for the Weibull domain of
attraction. [

Proof of Corollary 3.  From Theorem B1 and its analogous version for the pure bundling policy, we obtain

T7(0,8) = T P3(a,1) = (1 (Na) ¥ HDN) 0¥ () — (N (o) /%) a(0)

+ o(a™ N (At)) +o(a(\t)).

and the remaining results follow properties of slowly varying functions, which for N >2

a(At)

mﬁo as A\t — oco.

O

B.1. Proofs for Bundle Size Pricing: Weibull Domain of Attraction

We first state a similar result to Lemma A1 whose proof is similar and so is skipped.

LEMMA B2. For each t >0 and q € N such that |IN(q)| > 1, there exists a p*(q,t) such that p}(q,t) >
Sty ATE(0,5,0)/1Bu(@)] for each k< N (@)



Abdallah and Reed: The Diminishing Value of Bundles A9

Now for each ¢ € NV and ¢ > 0 set

N
JBSP(q,t) = (Z qn> zy — JBP(q,t) and pi(q,t) = kay — pi(q,t). (B28)

n=1
Also set Aj*’BSP(q, b,t) = f*’BSP(q,t) — f*’BSP(q — Hy,t) = kzy — AJ*BP(q,b,t), where j*(O, ) =0.
The HIB equations (36)-(38) may be written as

IN(g)l

aj*’BSP(CL t) N 1 7%,BSP N
T = swp > Melg, kay — p) Bl S AT bt) = | ¢l V0, [N ()| > 1,
S (U k4 beB (q)
(B29)
N
#5000 = (S0 v, gent (B0)
n=1
JBP(0,1) = 0, t>0. (B31)
Next, we state a Lemma that is similar to Lemma B1, and so its proof is skipped.
LEMMA B3. For any g € NV we have
1. for IN(q)| > 1, then for every k=1,...,|N(q)|, we have
: Pi(q; 1) . 1 Dbes) AJ*(q,b,t)
limsu < limsu < 00. B32
P00 = SPE@T a0 232
2. for |IN(q)| > 2, then for every k=2,...,|N(q)l,
A 7%,BSP
. Pr(g,t) . 1 ZbeB(q) AJ*BF(q,b,1)
limsup ————= = limsu =0. B33
o g - AP E@ eI (233)
3. Letting B, denote singleton bundle containing item n, then for |N(q)| > 1, we have
1 . AJ*(g, st
liminf 2o nifueba(a) ( ) > 0. (B34)
>0 [Bi(q)| a(At)

We now state and prove an equivalent statement to Theorem 4.

THEOREM B2. If F is in the Weibull domain of attraction with index o >0 and satisfies the von-Mises
condition (19), then for each g € N~ with N'(q) > 1 the optimal BSP value function is given by

lim J*B5P(g,t) = w{*tD/*(a). (B35)

At— o0

Moreover, the only relevant price is the price of the bundles of size 1 where,

: % 1 ~1/a
Jim pi(g,t) = N Va (av) (B36)
and the purchasing probabilities for bundle sizes k=1,...,N are given by

qu/q(i(;ll) fOTk'Zl,

0 fork=2,...,N,

lim tA,(q, p*) = { (B37)
At—00

where Wy(a) =7,((a+1)/a) .
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Proof of Theorem B2. 1t is sufficient to establish the result for A = 1. Now fix ¢ € NV and assume without
loss of generality that ¢, > 0 for every n =1,..., N; otherwise, those items can be ignored. It follows from

the (modified) HIB equation (B29) that for a sufficiently large ¢ > 0, p*(q,t) attains the supremum of

K
N . 1 Ny .
H*yBSP(q7N7t) = sup ZAk(qvka 7p) B Z AJ 7BSl:>(Q7b7 t) — Pk
pE0,00)N | 1 Bi(q) bEBr (q)
- 1
= Mg ko =p (@) | e DL ATFF(g,b,0) = pia.t) | - (B38)
k=1 1Bi(9)] beB (q)

Now similar to the proof of Theorem B1, we can establish that for k£ > 2
tAr (¢, kzy — p*(q,t)) =0 as t— oo,
which implies (B37) for k> 2. It now follows that for k=1,
t(Mi(q, kxy — p*(g,t)) — P(max{Xy,...,Xn} >z, —a(t)pi(q,t))) =0 ast— oo,

On the other hand, given the i.i.d. assumption, then

i

P (max{Xy,..., Xy} > 2y —a(t)pi(,1) = (1 = F (zv —a(t)pi(q:1)) ) (F (zv — a(t)pi(g,1)))" -

n

Il
=)

and since a(t)pi(q,t) — 0 as t — oo, we have

P Xi,...,X —a(t)pi(q,t
(max{ 1 ; N}>‘TU\* CL( )pl(qa )) 1 &St-)OO,
N (1= F(zy —a(t)pi(g.t))
Therefore, together with (B38) and Lemma B3 property 1), we obtain

lim ¢ (ﬁ*’BSP(q, N, t) — sup {(1 — Fzy —a(t)pr)) (Z AJ*BP(q, B,,t) — Np1> }) =0. (B39)

t—o0 p1>0

Next note that for a sufficiently large ¢, we have that the supremum inside the lefthand side of (B39) is
attained by p7(q,t) that satisfies the FOC. After some algebra and invoking the von Mises condition (19), it
follows that

Npi(g,t)

~ o as t — 00. (B40)
Zn:l AJ*BSP (Q7 ﬁna t) o+ 1

However, since by Lemma B3, limsup,- Z:{:l AJ*BSP < o0, then after some algebra and similar to (B21),

we obtain
N a+1
. N[ a T[N AT (g, B, 1)
lim [ ¢II°®%P(q,N,t) — — ( —— =l — =0. B41
500 (4, N ¢) a \a+1 N (B41)

Now note that, differentiating J*8P(q,t) directly with respect to ¢ yields

0J*PP(qt) 1 9JFP(gt)  d'(t) 5.
T e (¢,t)
1 ta'(t)

= = [ —tI1BP (g, N, t) —
; (e oy - 8

J*vBSF’(%,w) . (B42)
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We are now ready to show by induction that J*(¢,t) — it/ as t — co. The statement is true for ||g||; =0.
Fix [ > 2 and suppose the statement is true for all ||g||; <! — 1 and consider an arbitrary ¢ € NV such that
lally =1.

Observe that after some algebra, we can rewrite (B42) as

W 1 (é(t) +g (J*’Bsp(q,t))) : (B43)

:at

where

a+1 N - (a+l)/a I+a
« N Wy_e .
é(t) N < > ( 7*7BSP(q,t) Zn:l q—€n > +11 ,BSP(q’ 7\f’ t)

+ J*BP (g 1) (—atZ;g) - 1) (B44)

a+1 N  ~(a+l)/a I4a
o(x) = 2—N (0‘ ) (x BpRLLY S ) . (B45)

a+1

Regarding ¢é(t), note that by the inverse value theorem and the von-Mises condition (19)

— é as t — oo, (B46)
Furthermore, by the induction hypothesis and (B41), have that for n=1,..., N, then

TP (g — e, 1) = 0TV as t— oo (B47)
It now follows from (B41), (B46) and (B47) that

¢(t) >0 ast— oo.

Turning our attention to g (J *BSP(q, t)), note that by the induction hypothesis and (B34). for a sufficiently

large ¢, we have J*(q,t) > maxn{ﬂ)éiti)/a} and hence
N ~(a+l)/a
s _ Wes
J*(q,t) > Zn_l qd—€n .

N

On the other hand, from the properties of the recursion defining ,, it follows that for z €

[Zszl @'tV /N 00 ), g(x) has a unique root given by x = @D/ Moreover, by the uniqueness of the

a—en
root, it is straightforward to verify that g(z) > 0 for z € [Yn_, @\“tV/*/N, wlet/>) and g(z) <0 for z €

q—€n

(wletD/e 00). Therefore, since &(t) — 0 as ¢ — oo, then again using the comparison theorem (Arnold 1992)
it can be shown that J*BP(g,t) — @1/ as t — oc.
To establish (B36), note that from (B40) together with (B35), we have that as t — 0o

N (at1)/a
a > W (o) 1
Ak ~(a+1)/a o n=1"'g—¢én _ 1/a
pi(g,t) >a+1 (wq (@) N ) - Nl/(a+1)qu

(@) (B48)

where the last equality is due to (17) and the fact that w,, (@) =9,((a+1)/®).
Finally, (B37) for k=1, follows from (B36) together with (1) for the Weibull domain of attraction. O
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Proof of Proposition 3. It suffices to establish the case for A =1. Assume that F satisfies the von Mises
condition (19) then F is absolutely continuous on (zg,zy). This then implies that 1 — F(F~'(1—r)) =r for
any r < 1— F(z¢) =79. Now, let p € UBP where p;(q,t) = F~1(1—1/(N*/@+D) (@, () /t) and pi(q,t) = kxy
for k> 1. Without loss of generality, we assume ¢ € NY with gy > 1, i.e., [N(g)| = N since otherwise the
stocked-out products can be ignored. It then follows by standard theory that for each ¢ € NY and ¢ >
Wy()/(roN*/(@FD)  we have

8jBSP , N, AJBSP s My
_a(lt)p@t(qt) = P(max{Xy,..., Xn}>zy —a(t)pi(q,t)) <Zn1 /J)V L3200 _fbl(%t)> :

Denote by IIBSP (¢, N, t) = —1/a(t) (ajfsp(q,t)/at), then similar to (B39) and after some algebra, we have

tliglot (ﬂBSP((LNat) - (1 _F(IU _OJ( )pl q7 (ZAJBSP q, an ) Npl(‘]aﬂ)) = 07 (B49)
n=1

which similar to (B41) yields

N N
. AT (g, Brst)
lim | tI1%%F (¢, N,t) — Npy(q,t)*+! 2wz 895 (0, B, -1]]=0 B50
Jim < (¢, N,t) = Npi(q,t) N (B50)
However, since p1(q,t) = pi(q,t) —o(a(t)) with a(t) — 0 as t — oo, it follows that
1Dl/a
. N T % _ q
tli>nolo P1 (Q7t) - tliglo P1 (Q7t) - Nl/(OH-l) ’
which, after some algebra, implies
1

. BSP ~a+1/a e+ [ jBSP( BSP ( _ _

lim (tH (¢,N,t) — <N (J ZJ —en,t) /N) _z 1)) —
(B51)

We are now ready to show by induction that j:)asp (g,t) — wgaH)/a as t — 0o. The statement is true for
llg|[x = 0, now suppose it is true for all ||q||; <! —1 for some [ > 2 and consider an arbitrary q € NV such
that ||g][1 = 1.

Note that similar to (B42), we have

9J5%(q,t) 1

= — [ —atII®P( Nt)—awj%"(q’“( t) (B52)
ot ot @ a(t) °* GE )

which can be written as

OJ*BP(q,t) 1 4. cp
— % " a <€(t) +g (Jp (q,t)))~ (B53)
where
N
1 N
() = awa+1/a Nl/(a+l) JBSP (Oa—le»l /a 1 —atH*’BSP q’N7t
( ) ( g q n w;/a ( )
5 ta'(t)
BSP(, ) [ — 1 B54
2.0 (~a'es (B54)

N
1
g(z) = :c—wg“/a (Nl/(a“) (m— g ~((Iat:)/a/N> ey 1) . (B55)
W

n=1 q

Note that by (B46), (B51), and the induction hypothesis we have &(t) — 0 as ¢ — oco. As for g(z), and
from the properties of @, (), it is straightforward to verify that g(x) has a unique root z = mga“)/ ® where
g(w{etH/*) = 0. Meanwhile, for 2 > @{**1/*, then g(x) < 0 and for z € DO w(a‘H)/a/N7 it/ we have

g(x) > 0. Therefore, again by the comparison theorem we have that jpBSP(q,t) — wg"“)/" ast—oo. O
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C. Proofs of Section 7: Frechet Domain of Attraction

Let 5, € {1,2,...,B} denote the singleton bundle that only contains item n, that is 3 = {n}. Given
q € NV, denote by B(q) ={b€ B:q, >1 for all n €} be the set of bundles that are not out of stock and

let () :=(-)/a(At). We establish the following intermediate Lemma and then state and prove an equivalent

statement to Theorem 5.

LEMMA C1. Given an optimal policy p* €U, then for every g € NV and bundle b € B(q),
limsup p; (¢, t) < oo (C1)
At>0
Proof of Lemma C1. Tt is sufficient to establish the case for A =1. Let p* € Y be an optimal policy and
fix ¢ € NV such that |A/(g)| > 1. Suppose for a contradiction that there exists a bundle b € B(q)

lim sup p; (¢, ) = o0,
>0

and denote by o,,(¢) C B(q) the set of bundles that contain an item n € N'(q). Then, by the subadditivity

and monotonicity of the pricing policies over bundles, there exists at least one item n such that for every

bea,(q)

lim sup p; (¢q,t) = oo. (C2)

t>0

Fix this item n and let B*(¢) = {b € B(q) : limsup,.,p;(¢,t) < co}. Note that B*(q) No,(q) = ¢.
We now show that (C2) yields

liminfysq Zt)\b(%a(t)ﬁ*(%t)) (?(q7t) - Aj*(qvb7 t))

b=1

= liminf;., Z t)‘b(qva(t)p*(qﬂf)) (?(qat) - Aj*(%bv t)) : (C?’)
beB*(q)

To see this, note that

> thlga®)pi(a.t) (B (a.t) — AT*(g,b,1)) > t(@=Fl(at)p;(e.1)) Bh (g, t)
beB(q)\B*(q) beB(q)\B*(q)

IN

< Y Nt(1-F(a(t)y(a,t)/N)) i (g, 1)-
beB(q)\B*(q)
(C4)
However, from Proposition 1 for the Frechet domain of attraction then for any 0 < ¢ < 0o, we have
t(1—F(a(t)e))e=c1" ast— oo, (C5)
and since > 1 then for each b€ B(q)\B*(q)
liminft (1 F(a(t)p"(¢,1)/N)) P (g, 1) =0, (C6)

which implies (C3).



Ald Abdallah and Reed: The Diminishing Value of Bundles

Next, consider, without loss of generality, an alternative pricing vector p such that p,(q,t) = p;(g,t) for

be B*(q) and py(g,t) = oo otherwise. We have that

liminf ) Ay (a(t)p(g.1) (B(a.t) — AJ*(a.b.1))
= limint th(a()p (a.8)) (B (a.t) — AT*(q,b,1)) (C7)
beB*(q)

Denote by o7 (q) = {b € 0,(q) : there exits b’ € B*(¢) U {0} such that ¢,\{n} = ¢} where 0 is the empty
bundle that represents a no-purchase. In words, each bundle in ¢7(g) has an adjacent bundle that is either
empty or in B*(¢q) that consists of the same items except for item n. Also denote by ((b) € B*(¢q) U{0} this
adjacent bundle where 1¢4) =¥, \{n}.

Now consider the another alternative pricing vector p such that

= { i e
where pg(g,t) =0.

It is straightforward to verify that p is consistent with the subadditivity and monotonicity rules and, hence,
admissible.

Note that for b € B(g)\ (B*(q) Uo(q)), we have p(q,t) = p(g,t) = co and hence the pruchasing probabilities
are given by E[y;(q,t,a(t)p)] = Ely; (q,t,a(t)p)] = 0. Therefore, it is sufficient to compare the purchasing
probabilities for b € o (q) and b € B*(q).

Case I — E={X, <2J*(¢q,t)}: Consider the event E, then for any b € 0(q) we have

Z Xy —2J"(q,t) — a(t)pew (g, 1) < Z Xy — a(t)Pew) (g, 1)
k€, k€W ()
Therefore y;(q, X,a(t)p) = y;(q, X,a(t)p) = 0, for every b € o}(q). Similarly, for every b € B*(q),
Yy (¢, X, a(t)p) = y; (¢, X, a(t)p) given E.
Noting that A,(q,a(t)p(q,t)) = AE [y; (¢, X, a(t)p(q,t))], then by conditioning on E, we obtain
> (g at)p(a, DIE) (u(q,t) — AT (g,b,1) = Y th(q,a®)p(q. t)|E) (Bu(q.t) — AT*(q,b,1))

beB beB*(q)

= Z t)\b(Q7 a(wﬁ(‘]vt)) (ﬁb(q,t) - Aj*(qa bv t)) 9 (Cg)

beB* (q)
where the last inequality holds since the purchasing decisions under p is independent of X,,. In particular,
since by construction p,(q,t) = oo for all b € o,,(q).

Case II-E° = {X,, > 2J*(q,t)}: Similar to the arguments in Case I, when {X, > 2J*(q,t)}, we have
Y3 (¢, X,a(t)p) = 0 given E° for every b € B*. However, y;(q,X,a(t)p) =yl (g, X,a(t)p) almost surely for
every b € 07 (q) since adding item n increases the utility. Note that when if {X, =2J*(q,t)}, the customer
is indifferent between b € 0,,(¢)* and ((b). However, by the tie-breaking rule, the customer prefers the larger
bundle and hence prefers b € o (q).

Next by conditioning on E° and recalling that that the purchasing decisions under p € P are independent

of X,,, we obtain
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ZtAb q,a )‘Ec) (Z_)b(Qv t) - Aj*(Qa b7 t))
= Z tAc (@.a(D)p(a.1)) (27 (0, 1) + Pewy (0.) — AT*(g.b,1))
beah (a)
beB* (q)U{0}

where (~1(b) € 07 (q) is such that 1;—1 ;) =1, U {n} and the last inequality is due to the fact that J(g,t) >
AJ(q,b,t) for all b€ B, ¢ € N* and t > 0.
Putting (C9) and (C10) together, we have

Zt)\b((ba(t)ﬁ(cb t)) (ﬁb(Qa ) AJ* q7b t Zt)\b (pb(qa ) Aj*(qab7t))

= (1=FQJ(¢,0) | > th(a®)i(a,1) (27*(g,1) + AT*(g,b,t) = AT* (¢ (b), 1))

beB(g)*U{0}
> (1= F(2J*(q.t)) (tJ*(g,1)) (C11)

where the last inequality is due to the fact that >, 5,10y As(a(t)p(g;t)) =1 and J*(q,t) > AJ*(q,b,t) for
all be B.
Next note that
lirtn>ionf J*(¢,t) = k(g) > 0 and lin?>soup J*(q,t) = n(q) < oo,
where the inequalities follow from Abdallah and Reed (2025a). Hence, since 1/t =1 — F(a(t)) and for each
¢>0,(1=F(cx))/(1—-F(z)) = ¢ * as x — oo uniformly for all ¢ in a compact interval, it follows that

liminf(1 — F(2J*(q,t)) (tJ*(q,t)) > lirtn>ionf J*(q,t) lirtn>ionft (1—F(2a(t)J*(q,1)))

t>0

=7(q) > 0, (C12)

where v(q) = r(q)(2n(q)) .
Putting (CT7), (C11), and (C12) together, yields

B

lirtr;ioant)\b t)) (Bv(q,t) — AJ*(q,b,t)) > hmmth)\b p*(q.t)) (P (q,t) — AJ*(q,b,1))

b=1
which is a contradiction to the optimality of p*(g,t) in the HJB equations. O

We now prove the following equivalent theorem to Theorem 5.

THEOREM C1. If Fx is in the Frechet domain of attraction with index oo >1 and satisfies the von Mises

condition (45), then for each q € NV,

lim T (q,8) /(M) = (Z ¢g;;—l>/a> | (c13)

n=1
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and, for each bundle b€ {1,2,..., B}, an optimal bundle pricing policy satisfies

lim pi(g.)/a(r) = 3 6100 (C14)
neYy
and,
lim A (1= P (a(30)53(0.6)) = {?f A (c15)

where ¢q, =v,, ((a—1)/a) .

Proof of Theorem C1. Tt is sufficient to establish the result for A = 1. We proceed by induction. The
statement is true for ||g||; = 0; now, suppose it is true for all ||g||; <! —1 and consider ¢ € NV such that
[lg||: = 1. Assume without loss of generality that g, > 1 for each n=1,..., N, since otherwise, we can ignore

such items as they cannot be sold. Note that according to the HJB optimality conditions and the von Mises

condition (45), for any ¢t >0, p*(g,t) attains the supremum of

1*(q, N, t)

PEP(q) | p—1

sup {Z )\b(a(t) ﬁ) [ﬁf Aj*(qa bat)} }

= > Mo (a®)p*(a,1) [p3(a.t) = AT*(q,b,1)] (C16)

where () :=(+)/a(At).

First note that since additive bundle pricing (component pricing) is a feasible policy, it follows from
Abdallah and Reed (2025a) we have liminfy~o J*(q,t) > 25:1 (Z)‘(]‘;’l)/“. Therefore, it follows by the induction
hypothesis that for every b=1,..., B, we have liminf,-o AJ*(g,b,t) > 0. Moreover, by Lemmas Al and C1,

we obtain that

0< lirgi()anj*(q,b, t) < limsup AJ*(q,b,t) < oo (C17)
>0
and
0 < liminfp;(g,t) < limsupp;(q,t) < oo (C18)
t>0 t>0
We start by establishing the following asymptotic upper-bound
N
limsup ¢- (H*(q, N,t) =Y (1= F(a(t)ps, (¢,1))) (D5, (a,1) — AJ*(%BM))) <0, (C19)
> n=1

where 8, € {1, ..., B} is the singleton bundle that contains only item n.
Now for each b=1,2,..., B, and p € R, let

I{Z Xn>p} = Z X, >p}+e(b X,p). (C20)

neyy neYy,

Taking expectations, we have
Ble(b, X,p)] = (1= F*1"\(p)) = [th|(1 — F(p)). (C21)

where F**¢| is the convolution distribution of bundle b’s valuation, i,e, >

and b=1,2,..., B,

new, Xn- Next, note that for p € R?
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y:(quvp)l{z X, >pb}y}:(QaX7p)a

neyvy

and so we may write

Yy (¢, X,p) = (Z HX, >pb}> Yy (¢, X, p) +e(b, X, py)y; (¢, X, p).

n€y

This then implies that
M(g,p) =Y E[{X, > py}ys (0. X,p)] + Ele(b, X, p )y (0, X, )]
neyy,
Substituting the previous expression into f[*(q, N, t) and interchanging the order of summation, we obtain

after some algebra that

T (q, N, t) = > (Z tE[{X, > pj(g,0)}u; (0, X, 0] (53 (g, 1) —Aj*(q,b,t))>

n=1 \b€on,

B
+ > tE[ey(0, X, 0" (a. X, pY)] (B (0.1) — AT* (.b,1)) (C22)
b=1

where o, C{1,2,..., B} denotes the set of bundles that contain item n.

Regarding the second term on the right-hand side of (C22), note that

LE e )

1= F(a(t)py(g;t))

However, since by (C18) we have a(t)p;(q,t) — 0o as t — oo, it then follows by a standard result by Feller

(B len(a, X0 )i (0, X, )] < (1 — Fa(0)53(0,) (

(1991) regarding convolutions of regularly varying functions, that

1— Fll (a(t)p; (g,1))
1 —F(a(t)p;(q,t))

and by Proposition 1 for the Frechet domain of attraction together with (C18), we have

— |1hy| as t— oo. (C23)

lirrtl>soupt (1= F(a(t)py(g:t))) < oo,

and therefore

ZtE[sb(q,X,p*)yZ(q, X, p")] (ﬁ;(qj) — AJ*(q,b, t)) —0 ast— oo. (C24)
Now setting
gn(a,t,p") = Y E[{X,>p(q, 1)}y (X, p9)] (5 (g,1) — AT*(g,b,1)) , (C25)

bean(q)

forn=1,...,N, it follows from (C22) and (C24) that

N
t <H*(q,N, t) — Zgn(q,t,p*)> — 0as t— oo. (C26)
n=1
Hence, to establish (C19) it is sufficient to establish following asymptotic upper bound on g,,

t>0
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Fix n € {1,2,..., N} and note that if g, =0 the statement is trivially true. Assume g, > 0, then by the
monotonicity property of the bundle pricing policies, we have that for each b € 0,,(¢) we may write p;(q,t) =

pp, (¢,t) + & (g, t) with €(q,t) =0, and
tE [1{X,, > py (0, ) s (X, 0M)] (D5 (0, 1) — AT*(q,b,1))
= B [{X,, > p;(¢.6) 3 (X, 0)] (5, (a,1) = AT*(a,b,1))
+tE [1{X,, > p; (¢, 1) }us (X, D)) G (g, 1). (C28)

Regarding the second term on the right-hand side, note that since p;(q,t) = p, (q,t) +€;(q,t) with &(q,t) >0
it follows that

HX, >py(q.)}us (X,0) < X, > 15, (0,11 Y X >6(g.t) ¢ (C29)
kEYy
k#n

By the independence of the components of X, we have that

tE |1{X, > p5, (¢.t }1{ > X >H &(q.t)
ke, k#n
= t(1 - F(a(\)p}, (4 ( Y X alt)E (et )>a<q,t>. (C30)
ke, k#n

However, since 0 < liminf,.opj (¢,t) < limsup,.,pj, (¢,t) < oo, we have that limsup, ,t(1 —
F(a(t)ps, (g,t))) < oo. Moreover, since by Lemma C1 we have limsup,., € (q,t) < oo, it follows from (C30)
that

E 1{)_(n>p/37 q,t) { Z X, > € (q, )}] €(q,t) = 0 as t— 0. (C31)

kEy,k#n

From (C25) through (C31) it now follows that

lim ¢ { gu(q,t,p") = Y E[H{Xa>p;(q,0)}ys(X,)] (95, (a:t) — AT (q,b,1)) | = 0. (C32)

t—o0
bEon ((I)

Now note that since pj(q,t) = pj, (q,t) + & (g, t) with €(g,t) >0 for each b € 0,,(q) it follows that

WX, > py (g, 1)}y (X,p) < H{X,, > 5, (¢,8)}y (X, D), (C33)
and so (C32) implies
limsup | tg.(q,t,7") - > tE X, >ph, (0.0} s (X.p)] (85, (¢.6) — AT (q,b,t)) | <0.  (C34)
beon(q)

Interchanging summation and expectation we now have that

> B [1{X, > ph, (0, 0) s (X.9)] (85, (¢.1) — AT*(q,b,1))

beon(q)

=tE |{X,>p} (¢.0)} Y vi(X.p) (05, (a,t) — AJ(g,b,1)) |, (C35)

beon(q)
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A19
and so since
> o wXp <t
bEon(q)
with 37 (X,p) >0 for b€ 0,,(q) and AJ*(q, B, t) > AJ*(q,b,t) for b€ o,, it follows that
tE | 1{X, >p5, (0.)} > vi(X.p) (B, (0.t) — AT*(q,b,1))
bEon (q)
< t(1—F(a(t)ph, (4,1))) (95, (1) = AT(q, Bns1)) - (C36)

Putting (C36), (C35), and (C34) together yields the asymptotic upper bound in (C27). Therefore, we now
have that

limsup ¢t- (H*(q7 N, t) —Z(l—F(a(t)ﬁgn(q,t))) (pﬁ (q,t) — AT*(q, B, ))) < 0. (C37)

t>0

Next, we show that component pricing (additive bundle pricing) asymptotically achieves this upper bound.

To this end, consider an additive bundle pricing policy p(g,t) € Rf such that

)Y ph,(q.t) forb=1,...,B. (C38)

neYy
By the optimality principle, we have

b

*(g, N, t) Z ¢,t) [po(a.t) — AJT*(q,b,1).]. (C39)

where Ay(g, a(t)(q,1)) = Ely; (X, )]

However, it follows from the additive pricing assumption that

Hyp (X,p) =1} < Taey, 1{X0 > a(t)ps, }, (C40)

since 1{X,, < a(t)ps, } implies the customer strictly prefers the smaller bundle without item n.
Next, recall by the von-Mises condition that for a sufficiently large ¢ (and hence large a(t)pg, ), the distribu-
tion Fx admits a density. Therefore, by taking expectations on both sides and considering the independence

of the components of X, it follows that for a sufficiently large ¢
Elyi (X.p)] < Moey, (1= F(a(t)ps, (0:1))}- (Ca1)
It now follows from Proposition 1 that for any bundle b that includes more than one item, || > 2, we have
t-Ely;(X,p)] =0 ast— oo. (C42)

Therefore, the following convergence result holds

N

}L%t (Z >\b [Pb(% ) - Aj*(q7 b’ t)] - Z(l - F(a(t)ﬁ;}n (q’t))) (ﬁ}n (q’t) - Aj*(%ﬁmﬂ)) = 0;

which together with (C37) and (C39) implies

tligl()t( QaNt Z 1-F <Q7t))) (pﬁ ( ) AJ (q an ))) = 0.
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and in particular, by the optimality of IT*(q, N,t) we have

lim ¢ (ﬁ*<q, N.t)= " sup (1= Fla(t)p.)) (5, - AJ*((LﬂM))) 0. (043)

Note that while the pricing policies converge to an additive bundle pricing policy (i.e., component pricing),
this may not guarantee the convergence of the value function. So, we proceed to show that the optimal value
function indeed converges to optimal dynamic component pricing.

We next show that

t—o00 pn>0 «

lim (t sup (1= F(a(t)5n)) (7n — AT (¢, B ) — (T)a_ (AT*(q, gn,o)”) —0. (C44)

For ¢ sufficiently large, the supremum is attained, and it is straightforward to show that the maximizer

p%(q,t) satisfies the FOC. Invoking the von Mises condition (45) to the FOC and after some algebra, we

obtain
Pr(g;t) ( (1—F(a(t)p;(g,1))) >_1
— = Culg,n,t)=(1— — as t — oo, C45
I TR B T O AP I AOTACR) - (19
where the convergence holds by the von-Mises condition.
Noting that 1/t =1— F(a(t)) = a(t)"/*L(a(t), then after some algebra, we have
t §U>I)()(1 - F(a(t)ﬁn)) (ﬁn - Aj*(Qv ﬁ’nv t))
PnZ
La(t)pt(q,t - o
= Co(g.nt) " Colgon.t) — 1) LADPULD) (7 T g, 1) (C16)

L(a(t)
Since by the definition of slowly varying functions, we have L(a(t)p}(q,t))/L(a(t) — 1 as t — oo, then (C45)
and (C46) imply (C44) which together with (C43) yields

N

Jim (tﬂ*(q,N, t) —é (T)a_lz (AJ*(q,ﬁn,t))”> = 0. (C47)

On the other hand, differentiating .J *(g,t) directly with respect to ¢, yields
T (qt) _ 1 9J*(g,t) d(t) 5

o —a@ ot an’ @Y (C48)
% T (q, ) tz(g) J* <q7 t)) ’ (049)
which, after some algebra, we may write
where
= <O‘tﬁ*(q’N 1) <a;1>1 2. ( )= + (gt — g )1“>>
Tx ta'(t)
-7 (107 (©51)

a_1\* X N l—a
g(x) = (a) Z r— Zaﬁ(“ Dfe 4 ((bf]jf*l)/“ qﬁqnﬁ/a)) — . (C52)
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for @ € (7(g,),00) where 7(q,) = max {230, ¢~/ — (gfa/e — gl T/} <Y gfe /e,

However, for x € (y(gq,t),00), g(z) is strictly decreasing in x, and by definition of the recursion for
¢4, then g(x) has a unique root at z = 21137:1 gleH/e Moreover, Noting that ta’(t)/a(t) — 1/a and
limsup,., J*(¢,t) < 00, it follows from (C47) and the induction hypothesis that &(t) — 0 as t — oo and
therefore it can be shown using the comparison theorem Arnold (1992) that J*(q,t) — ch\;l ple= Dl as
t — oo0.

To establish (C14), note that from (C45) together with (C13), we have that as t — co

—k « a— @ @ [e4 —1/«

P, (a.6) = = (047 (0) = 0V (0)) = 6,/ (@) (C53)
where the last equality is due to (15) and the fact that ¢,, (o) =v,, ((« —1)/a). Finally, (C15) for ¢, = {n}
follows from (C14) together with Proposition 1. O

C.1. Proofs for Pure Bundling: Frechet Domain of Attraction

First, we show that if F' satisfies von Mises condition (45), then so does F*'V.

LEmMMA C2. If F satisfies von Mises condition for the Frechet domain of attraction (45), then so does
F*N_ In particular,
ofN (@)

AN

where f*N is the density function of F*.

Proof of Lemma C2. Since Fx satisfies the von-Mises condition, it follows from Proposition A3.8(b) in
Embrechts et al. (2013) that fx € RV_;_,. Moreover, by the convolution closure of regularly varying densities
by Bingham et al. (2006). we get that also f¥* € RV_,_,. Finally, from Proposition A3.8(c) in Embrechts
et al. (2013), we get that F'Y* also satisfies von Mises condition (45). O

Proof of Proposition 4. It suffices to prove the result for A = 1. First, from Lemma C2, F*" belongs to
the Frechet domain of attraction with the same index a of F. It now follows from Proposition 1 that for

x>0
t(1— F*N(a*N(t)x) =27 ast— oo, (Ch4)

where a*" (t) = F:}V(l —1/t). Moreover, it now follows from Abdallah and Reed (2025a) that

JIE(q,t) = qna™" (to5" /a%) +o(a”™ (t)),and (C55)
p(a.t) = a™¥(t/dqy) (C56)
However, from a standard result for convolutions of functions with regularly varying tails (Feller 1991) that
71 — F*7N($) —1 —
NO—F(2) as T — 00
which together with (C54) yields
1

— Nz t — 0.
tA—F(aN) 0 T

Inverting both sides and applying the convergence of inverses of monotone functions, we obtain,
F-g) (£)7" astoro
a*N(t) N ’
Noting that a(t) = F~!(1 —1/t), we obtain that
a(t)
a*N(t)
and together with (C55) and (C56) establishes the desired result. O

S N7V ast— o0,
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C.2. Proofs for Bundle Size Pricing: Frechet Domain of Attraction

First, recall that the HJB equations for the optimal dynamic BSP policy are given by

9B (q,1) - BSP N
T = sup Z Ak(Qap) pk(Q3t) - 87 Z AJ* (Qa bat) ) vt > Oa qc N )
p€[0,00) N —1 | k(Q)‘ beBy,(q)
[Br(¢)|>1
(C57)
J*B¥(q,0) = 0, qeN, (C58)
J*,BSP (07 t) — 07 t Z 0’ (C59)
We first state a similar Lemma to Lemma C1 whose proof is similar and hence is skipped.
LEMMA C3. Given an policy p* € PP, then every q € Nf and bundle k < |N(q)],
limsup pi(q,t) < oo (C60)

t>0

We now state and prove an equivalent version of Theorem 6.

THEOREM C2. If F' is in the Frechet domain of attraction with index oo > 1 and satisfies the von-Mises
condition (45), then under the optimal dynamic bundle size pricing policy for each q € NV with N'(q) > 1

and, we have

lim J*BP(q,t) = qu;"l)/“(a) (C61)

At—00

Moreover, the only relevant price is the price of the bundles of size 1 where,

lim 5 (q,) = NV/@-Dg-1/(q) (062)
At—o00
and the purchasing probabilities for bundle sizes k=1,...,N are given by

et bgla) for k=1,
0 fork=2,...,N,

)\ltim tAe(g, p*) = { (C63)

where ¢y(a) =0,((a—1)/a) .

Proof of Theorem 6. it is sufficient to establish the result for A =1. Fix ¢ € NV and assume without loss
of generality that g, > 0 for every n=1,..., N; otherwise, those items can be ignored. It follows from the

(normalized) HJB equation (C57) that for a sufficiently large ¢ > 0, p*(q,t) attains the supremum of

_ - 1 -
5% (¢, N,t) = sup Z/\ a:a()p) | =g D ATFF(g,b1)
pE0, )V | 5 ‘ k(Q)| beBy,(q)
K 1 -
= Z)‘ q,a qa t)) ﬁZ(Q7t) - m Z AJ*BSP(q)b? t)_ . (064)
k=1 k\q beB (q)

Similar to the proof of Theorem C1, we can show that for k > 2

the (g, a(t)p"(g,1)) =0 as t—0
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and for k=1,

; (xl(q,a(t)ﬁ*(q,t)) — P(max{Xy,..., Xy} > a(t),a;(q,t))) 1 ast—0

whereby the i.i.d. assumption implies

P(max{Xy,..., Xy} >a(t)pi(q,t)) = (1 - F (a(t)pi(g,t) Z t)pi(g,1)))"

and since a(t)p(q,t) = 0o as t — 0o, we have

P (max{Xy,...,Xn}>a(t)pi(g,t))
N (1= F(a(t)pi(g:t))

which together with (C64) yields the following convergence result

lim ¢ <H*’Bsp(q,N, t) — sup {(1 - (Z AT*BP(q, Bp,t) — N[)1> }) =0. (C65)

p120

—1 ast— o0

Now note that for a sufficiently large ¢, we have that the supremum is attained by pj(g,t) that satisfies the
FOC. Invoking the von Mises condition (45) to the FOC, then after some algebra we obtain

Npi(at)
Zgzl AJ*BSP(Q)ﬁnat) a—1

and since limsup,, 25:1 AJ*BSP < o0, then after some algebra, we obtain

-« N 7. I-a
_ A *,BSP
hm tH*’BSP(q,N,t) _ E ( « ) (Zn—l J (q7ﬁnat)> _ 0 (C67)

as t — oo, (C66)

t—00 « a—1 N

On the other hand, differentiating J*B5P(¢,t) directly with respect to ¢ yields

aj*’BSP(qat) 1 aJ* Bsp(qvt) . a’'(t) JjrBSP

o —am o aw’ @Y
_ % ( 1185 _ tz(i)) JBSP(a, ”(q,t)). (C68)

We are now ready to show by induction that J*(q,t) — ¢{*~1/%(a) as t — co. The statement is true for
[lg]|1 =0, now suppose it is true for all ||¢||; <=1—1 and consider ||q||; =1.
Note that we can rewrite (C68) as

0T (4,1)

D = (e(1) g (75 (0,))) (C69)

where

11—« T(a—1)/a l1-o
(N 7 *,BSP _ o 7x,BSP _ Zn 1 Poen (@)

S, BSP B ata’(t)
+ 77 (g, ) (1 a(t) > (C70)

g(z) = N (a>1_a (;n_ Zoe 1¢5§;i (o )>1a . (1)
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Regarding €(t), note that by the inverse value theorem and von Mises condition (45)
a'(t)
a(t)

Furthermore, by the induction hypothesis and (C67), then after some algebra, we obtain

t

1
— — ast— 00, (C72)
«

€(t) =0 ast— 0.

Moreover, by the induction hypothesis and uniqueness of the system of equations defining 7,, it follows

that g (z) has a unique root « = ¢{*~V/%(a) on the interval S $ e () /N, oo). Furthermore, g(z) <0

qg—e€n

for z € [Zszl 0% (@)/N, qua*)/a(a)) and g(z) > 0 for x € (¢{*~1/*(a), 00). Therefore, since &(t) — 0 as

gq—é€n

t — 0o, and again using the comparison theorem (Arnold 1992) it can be shown that J*BP(g,t) — QNSEIO“I)/O‘

as t — o0.

Regarding the convergence of p%(g,t), note that given the convergence of J*B5" (g, t), then (C66) now yields

= <€5(“—1>/°‘(a) - St ‘Z)f(laei)/a(a)

Jim pi(g:t) o N

= NV(ehg-i/a(q) (C73)

where the last equality follows from the fact that ¢,(a) =9((ew —1)/a). Finally, (C63) for k=1 follows from
(C62) together with Proposition 1. [

Proof of Proposition 5. 1t suffices to establish the case for A = 1. Since F satisfies the von Mises condition
(45), then F is absolutely continuous on (zg,00). Let p € PEP where pi(q,t) = F~1 (1 — N*/(1=9¢, (a)/t).
Without loss of generality we assume ¢ € NY with [N (¢)| = N since otherwise the stocked out items can be
ignored. It then follows by standard theory that for each ¢ € Ni’ and t > dN)q(a)/N"‘/("‘“),

o 21]:[:1 AJESP (Q7 6n7 t)
N .

017" (g,t)

ﬁT = P(max{Xy,..., Xy} >a(t)pi(q,t)) (fh(q,t)

Denote by II%P (¢, N, t) = 1/a(t) (0J2"(q,t)/0t), then similar to (C65) and after some algebra, we have

lim ¢ (HBSP(q,N, t) - {(1 — F(a(t)p(g,1))) (N,bl(q,t) - Zﬁjfsp(q,ﬁmt)> }) =0  (C14)

t—o00

which yields

t—o0

N
_ AJESP (g, B, t
lim (tHBSP(q,N,t)—Nm(q,t)I“ (1— 2ot &7, 7(0: )>> —0

However, since p1(gq,t) = pi(g,t) — o(a(At)), it follows that
lim f1(g,t) = lim pf(q,t) = N/ =D/ (a).
t—o00 t—o0

which, after some algebra, implies

N
tliglo (tl:[BSP(q,N, t) _ q;g—l/a(a) (1 — Nl/(l_a)&é/a(Oé) <JESP(‘]7t) - Z jESP(q - emt)/N>>> =0
n=1

(C76)
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We are now ready to show by induction that J5(q,t) — éfl"’m/“(a) as t — oo. The statement is true for
[lg|| = 0, now suppose it is true for all ||q|| <=1—1.
Note that similar to (C68), we have

OJBP(q,t) 1 _ ta'(t) -
PT =— (atHBSP(q, N, 1) —aa((t))JESP(q’t) (q,t)> , (C77)
which can be written as

aj*,BSP (q,t)

0D L (e(t) g (T (a,)) (C78)

where

N
£(6) = ol (g, N 1) — adi-1/"(a) (1 EPVIRSE VAN (f,?mt) —zng:;?/a(a)/zv))

n=1

yBSP ta’'(t)
+ JPF(q.t) (1—a o) ) (C79)
g(z) = ag?™/*(a) (1 R (¥ ( Z Ao ( )/N)) (C80)

Note that by (C76), (C72), and the induction hypothesis we have €(t) — 0 as t — co. As for g(z), and
the from the properties of w,(«), it is straightforward to verify that g(x) has a unique root x = ¢EI"_1)/ o,
Meanwhile, for z > ¢{*~1/(a), then g(z) > 0 and for z € [anl qb((la D @)/N, q[;((]“’wa(a)), we have g(x) <

0. Therefore, again by the comparison Theorem we have that J5F(q,t) — (5((1"‘_1)/& () ast—o0. O
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